English translation is provided below.

MATHUCTPATYPA 10 MATEMATUKE
OAKVYJIBTETA MATEMATUKY HUY BIID
TPEBOBAHUS K ITOCTYITAIOIIIUM

Berynureabable MCHBITAHUS Ha MardCTEPCKYIO HPOTPAMMYy II0 MaTeMaTHKe CO-
CTOSAAT W3 MUCHMEHHOTO HK3aMeHa M0 MaTeMaTHKe W KBaJHu(pUKAIMOHHOIO TECTa, 110
AHTJIMIICKOMY SI3BIKY. DK3aMeH 110 MaTeMaTHKe COIEePKHUT CeMb 3aad. KaxKmgas 3a-
nada ornenubaercd B 20 0astoB. DK3aMen ornennBaerca mo 100-6apHO cucreme.
Omnenka Boraucagercd kak MuauMyM u3 100 m HabpanHoro umciaa OamwroB. MuHn-
MaJIbHBI 3a4eTHBIH a1 1o MaremMaTuke paseH 21. IIpogo/KuTebHOCTD 9K3aMeHa,
o mMarematuke — 300 MuHYT. Pe3yabraTsl TecTa MO aHTJIHICKOMY A3BIKY YUINTHIBA-
I0TCS TOJTBKO KaK 3a4eT WM He3adeT W He YUNTHIBAIOTCS MPH KOHKYPCHOM OTOOpE
abuTypreHTOB. MUHMMAIBHBINA 3a4eTHBIN OaJ/L1 10 aHIJIMICKOMY SI3bIKY paBeH 31.

[Tocrymatomme B Maructparypy akyabreTa MaTeMaTHKH JOJKHbBI IPOJIEMOH-
CTPUPOBATH 3HAHUE CJIEIYIOIINX TEM:

(1)
(2)

(7)

9JIEMEHTHI KOMOMHATOPUKH (COYeTaHNs, IEPECTAHOBKH) M TEOPHH BEPOSITHO-
creii (HE3aBUCHMOCTb, YCJIOBHbBIE BEDOSITHOCTH ).

Teopusa rpymnim: rpynmbl, MDOATPYIINBI, CMeYKHBbIE KJIACCHI, TOMOMOP(MOU3MEL,
dakToprpynnel, crpoeHne KOHEYHOOPOZK/IEHHBIX abeseBbiX Tpymni. Heobxo-
JIIMO TaK’Ke 3HAKOMCTBO ¢ KOHKPETHLIMHU MIPUMePaMHU TPYII, BKIIOYAsT CHM-
MeTpHUYeCKne, 3HAKOTePeMEHHbIe I'PYIIIBI, TPYIILI CAMMETPHil, MATPUIHBIE
['PYIIIIbI, IPYIIIbl BHIYETOB.

Teopust kKoJten;: Kojba, uiaeasbl, (PaAKTOPKOJIBIA, PSIMOE TPOU3BEJIEHNE KO-
Jlen, KuTaiickasi TeopeMa 00 OCTaTKax, eBKJUJIOBBI KOJIBIA, (hakTOpHaIb-
HOCTh, OOpaTUMBIE, TIPOCTHIE W HETPUBOMMbBIE 3JIEMEHTHI, MTPOCThIE U MaK-
CUMAJIbHBbIE UJeasIbl. 3HAKOMCTBO ¢ KOHKPETHBIMH KOJbIIAMU JTOJZKHO BKJIIO-
YaTh KOMIIJIEKCHBIE YUCTA, TAYCCOBBI IeJIble YHCIa, KOJIbIa BHIYeTOB, KOIbIa
MHOTOYJIEHOB U CTENEHHBIX PSJ/IOB, KOJbIAa MATPUII.

Jluneitnasg anrebpa: BEKTOpPHBIE MPOCTPAHCTBA W JUHEIHbIe 0TOOpaKEeHHUd,
0a3uChl, PA3MEPHOCTH, CHCTEMbl JUHEHHBIX YPABHEHUH, YKOPJAAHOBA HOD-
MastbHas (hOPMa, XapPAKTEPUCTUIECKUN U MUHUMAJIbHBI MHOTOYJICHBI, KBA/I-
parudabie (DOPMBI, TOJTOKUTETHHAS ONPE/IET€HHOCTb.

Teopust moJeit: 1moJIst, XapaKTEPUCTUKA, CTPYKTYPa KOHEUHBIX TOJIEi.
Tomosiorust: OTKpBITHIE U 3aMKHYTHIE TToAMHO)KecTBa B R". KoMmakTHOCTB,
CBA3HOCTH, BHYTPEHHOCTH U 3aMbIKaHUe, BCIOLY IJIOTHBIE U HUTIE He IIJIOTHBIE
MHOXKecTBa. HempepniBHBIE OTOOpazKeHWs, paBHOMePHas HENPepPBIBHOCTD,
paBHOMEpHAas CXOIUMOCTD. TeopeMa 0 MpOMeyKyTOTHOM 3HAYEHUH HElPePhIB-
Hoit byukmuu. HakpeITusg, roMoTonuu, TpUAHTYISINN, (DyHIaMeHTaATbHASI
IpyIIia.

[Ipejesnt nocseioBare/ ibHOCTEN U 1Ipejiesibl (DYHKIUI, CXOAUMOCTD PsiJIOB.
1



(8) duddepennmanbroe ucancjaenne: Mpou3Bognbie u auddepenimanb 0To6-
paxkenuit u3 R B R", Teopema 0 npomsBoaHOI C/I0KHOW (DYHKIUU, P
Teitnopa, cmocobbl HAXOKAEHHUS SKCTPEMYMOB, MHOKUTeN Jlarpamxka.

(9) Unrerpanbhoe ucuucienue: mepa u uarerpai Jlebera B R™. Teopema @y-
Oounu. Berauciaenne JUH KPUBBIX W TJIONIA e TTOBEPXHOCTEN MPH TOMOIIIH
UHTErpaJioB.

(10) Teomerpusi: adpdunubie 1 1POEKTUBHBIE IPOCTPAHCTBA, adOUHHBIE U TIPOEK-
TUBHbIE 0TOOPAZKeHUsI, KPUBBIE BTOPOTO MOPs/IKA (KOHUKH).

(11) KoMmruiekcHbIf aHaIM3: KOMILUIEKCHAs IPOU3BOJHAsI, TOJOMOPGHBIE (DYHK-
nuu, uarerpay Kommu, Teopema o Bbiuerax, jemma [lIBapna.

(12) dnddbepennnanbubie ypaBHeHHs: TeopeMa CYyIIeCTBOBAHWS W €JINHCTBEH-
HOCTH, pellleHre ypaBHEHWIl MeTOJI0OM pa3JeseHus MepeMeHHBbIX, JUHeHHbIe
YPaBHEHWS MePBOTO W BTOPOTO MOPSIKOB, OJHOPO/IHBIE YpaBHEHU. Y paBHe-
HUS C YACTHBIMY MPOU3BOIHBIMU TIEPBOTO MOPSIKA: METOJ, XapaKTePUCTHUK.

MASTER OF SCIENCE PROGRAMME IN MATHEMATICS
Facurty oF MATHEMATICS, NRU HSE
ADMISSION REQUIREMENTS

Admission tests for the Master of Science programme in Mathematics include a
written exam in Mathematics and a qualifying English language test. Mathematics
exam consists of seven problems. Each problem is worth 20 points. The exam grade
is computed out of 100. It is equal to the minimum of 100 and the total number of
points obtained. The lowest passing grade for the exam in Mathematics is 21. The
duration of the exam is 300 minutes. The English language test results are accounted
for as pass or fail only, and the grade obtained on the test is not used for ranking
the candidates. The lowest passing grade for the English language test is 31.

All candidates for the M.Sc. positions in Mathematics at the Faculty of
Mathematics, NRU HSE, must demostrate the knowledge of the following subjects:

(1) basics of combinatorics (combinations, permutations) and probability theory
(independence, conditional probabilities).

(2) Group theory: groups, subgroups, cosets, homomorphisms, quotient groups,
structure of finitely generated commutative groups. It is also required that
basic examples of groups be known, including symmetric groups, alternating
groups, symmetry groups, matrix groups, groups of residues.

(3) Theory of rings: rings, ideals, quotient rings, direct product of rings, the
Chinese Remainder Theorem, Euclidean rings, unique factorization property,
invertible, prime and irreducible elements, prime and maximal ideals.
Particular examples known to the candidate must include complex numbers,
Gaussian integers, rings of residues, rings of polynomials and formal power

series, matrix rings.
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(4) Linear algebra: vector spaces and linear maps, bases, dimension, systems
of linear equations, Jordan normal form, characteristic and minimal
polynomials, quadratic forms, positive definite forms.

(5) Fields, characteristic, structure of finite fields.

(6) Topology: open and closed subsets of R™. Compactness, connectivity,
interior and closure, dense and nowhere dense sets. Continuous maps,
uniform continuity, uniform convergence. The Intermediate Value Theorem.
Coverings, homotopies, triangulations, fundamental group.

(7) Limits of sequences and limits of functions, convergence of series.

(8) Differential calculus: differentials of maps from R™ to R"™, the Chain
Rule, Taylor series, methods of finite-dimensional optimization, Lagrange
multipliers.

(9) Integral calculus: Lebesgue measure and integral in R™. The Fubini theorem.
Computations of arc lengths and surface areas using integrals.

(10) Geometry: affine and projective spaces, affine and projective maps, second
degree curves (conics).

(11) Complex analysis: complex derivative, holomorphic functions, Cauchy
integral, the Residue Theorem, the Schwartz lemma.

(12) Differential equations: the existence and uniqueness theorem, separation of
variables, linear first and second order ODEs, homogeneous equations. First
order partial differential equations: the method of charateristics.
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BAILA‘H/I AJId ITIOATOTOBKHU K BCTYIIUTEJIBHOMY 9K3AMEHY
PRACTICE PROBLEMS FOR PREPARATION TO THE ENTRANCE EXAM

1. Ilpeamo/iozKuM, 9T0 IPyIIy MOXKHO IPEJCTaBUTh B BU/Ie O0bEIMHEHUS JIBYX IIO/I-
rpymi. JlokazKuTe, 9TO O/IHA U3 ITUX MOJATPYII COBIIAIaeT CO BCeil IpyMIIoil.

1. Suppose that a group is representable as a union of two subgroups. Prove that at
least one of these subgroups coincides with the group.

2. Haiture 0°M, rie o — ciepyiomas nepecTaHoBKa:

1 2 3 456
4 6 3 1 2 5)°
2. Find 0?°'!, where o is the following permutation:
1 2 3 456
4 6 31 2 5)°
3. CKOJIbKO TepecTaHOBOK U3 7 3JIEMEHTOB MOTYT OBITh IIPEJICTABICHBI B BUJIE IIPO-

W3BEJIeHNs JIBYX (HECOBIIAIAIONINX ) TPAHCIIO3UIIUTT?

3. How many pernutations of n elements can be represented as a product of two
(different) transpositions?

Ckosibko aBromopdusmos y rpyunst (Z/27) & (Z/27.)?
How many automorphisms does the group (Z/27Z) @ (Z/27) have?
Haiiaure nopsinok rpymnst GL,(F,), rae F, — nose u3 ¢ smemenTos.

Find the order of the group GL,(F,), where F, is the field with ¢ elements.

S vt e s

. BepHo Jiu, 9T0 10716 U3 YETHIPEX JEMEHTOB H30MOPMHO MO/IIOJIIO OIS U3 BOCHMHU
snemenToB? OOOCHYIiTE OTBeT.

6. Is it true that every field with four elements is isomorphic to a subfield of every
field with eight elements? Rigorously justify your answer.

7. Haiijture Bce oOpaTumbie 3/1eMEeHTbI

(1) B kOJBIE MHOTOUWTEHOB Ha mojieM C,
(2) B KOJIbIIE TIEJIBIX TAyCCOBBIX YHCET, TO €CTh YHCeJ Buia a + bi, rjue a,b € Z,
at=+—1.
7. Find all invertible elements
(1) in the ring of polynomials over C,

(2) in the ring of Gaussian integers, i.e. complex numbers of the form a + bi,

where a,b € Z, and i = /—1.
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8. dsnsierca sm unean 8 (a) Clz|, (b) C[[z]], (¢) Z[[x]], nopoxaeunsiii s;1eMenTOM
MakcuMabHbiM? 371ech R[x] 0603HaUaeT KOIBIO MHOIOUIEHOB ¢ KOd(hduimenramu
B Kosiblle R, a R[[z]] — kob110 HhOpMATBHBIX CTENEeHHBIX PsI0B HAT .

8. Is the ideal in (a) Clz], (b) C[[z]], (¢) Z][x]], generated by x maximal? Here R[z]
denotes the ring of polynomials with coefficients in the ring R, and R][[x]] denotes
the ring of formal power series over R.

9. Illyctp R = Z[\/a], rae d — 1eJjioe YHCI0, He SBJISIONIeecs IMOJHBIM KBaIPATOM.
Jlokazkute, 9T0O 2 He ABIAETCS MPOCTHIM JEMEHTOM B R (T.e. HEBEpHO, UTO ecjiu ab
JIJIATCS HA 2, TO 00 a, 1160 b penures Ha 2), oaHako, npu d < —3, 3T0T JTEMEHT
HenpuBoauM B R (r.e. ecam 2 = ab, To aubo a, smbo b obparum).

9. Set R = Z[\/d], where d is an integer that is not a complete square. Prove that
2 is not a prime in R (i.e. it is not true that if ab is divisible by 2, then a or b is
divisible by 2), however, in the case d < —3, this element is irreducible in R (i.e. if
2 = ab, then a or b is invertible).

10. JTokazkure, uro MuOrouaeH x> + 2722 4 5x + 97 HenpUBOAUM HAJL HEJIbIMU YHC-
JIAMH.

10. Prove that the polynomial x® + 2722 + 5x + 97 is irreducible over integers.
11. Koneuno jim MHOKeCTBO pasaudHbiX nognoseii B C, uzomopdusix momawn R?

11. Is it true that there are only finitely many subfields of C isomorphic to the field
R?

12. MozkHO Ji TpaBUAbHBI 14-yTOJBHUK MOCTPOUTH IUPKYJIEM U JIHHEHKOH?

12. Is it possible to construct a regular 14-gon by means of a straighedge and a
compass”?

13. Haiiaure KyOm4yecKuit MHOTOUJIEH ¢ TEJIbBIMU KO puimeHTaMu, KOpHAMI KOTO-
POTO ABJIAIOTCS KBAIpaThl KOpHel MHorowrena x° + 2% — 2z — 1.

13. Find a cubic polynomial with integer coefficients, whose roots are squares of the
roots of the polynomial 23 + 22 — 2z — 1.

14. Yemy paBHO HpOM3Be/IeHNE MOMAPHBIX Ppa3HOCTell KOpHeil cremenn n u3 17
14. Compute the product of all pairwise differences of n-th degree roots of unity.

15. CymrecTByer Jin MaTpUIA, XapaKTePUCTUICCKUl MHOTOU/IEH KOTOPOil paBeH X, a
MUHUMAJIBHBIR [, Te
(1) x(A) = (A° = 1), p(A) = (A* = 1);
(2) x(A) = (A=12(A = 2)%, p(A) = (A = 1)(A = 2);
(3) x(\) = (A=1)°(A=2)°, p(A) = (A = 1)*(A = 2)*7
Eciu na, mpuseguTe npuMep Takoit Marpuibl. Ecim Her, JoKaKuTe.
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15. Does there exist a matrix, whose characteristic polynomial is equal to y, and
whose minimal polynomial is equal to p, where

(1) x(X) = (A= 1), pu(A) = (W —1);

(2) x(A) = (A =1)*A=2)%, u(A) = (A= 1)(A = 2);

(3) x(A) = (A =1)°(A=2)°, p(A) = (A = 1)*(A = 2)*?
If the answer is yes, then give an example of such matrix. If the answer is no, then
prove.

16. Haiture MuHUMA/IbHBITT MHOTOY/IEH KBAJIPATHON 70 X 1 MATPUILBI

000 0 ay
1 00 ... 0 ag
010 0 as
000 ... 1 a,
16. Find the minimal polynomial of the square n X n matrix
000 0 ay
1 00 ... 0 ag
010 0 as
000 ... 1 a,

17. Jlokazkure, 9TO BCAKOE OTKPBITOE IMOAMHOXKeCTBO B R" MOXKHO IIPeJICTaBUThL B
BHJIe OObEIUHEHUS CUETHOIO YHC/Ia 3aMKHYTHIX MHOZKECTB.

17. Prove that every open subset of R™ can be represented as a union of countably
many closed sets.

18. Ilycts A m B — momgmuoxkectBa B R. Jlokaxkure, uro moaMuoKecTBO A X B B
R? 3aMKHYTO TOTJa I TOJBKO TOT/IA, KOI/a 00a MoAMHOXKecTBa A 1 B 3aMKHYTHI.

18. Let A and B be subsets of R. Prove that the subset A x B of R? is closed if and
only if both sets A and B are closed.

19. Ilycts C' — 3amkHyTOE OAMHOXKECTBO B R”. JloKaxkuTe, 94TO CyIecTBYeT TaKas
OCIeIOBATEIBHOCTD X, € C, 9410 JM06yI0 TOUKy MHOXKeCTBA C' MOXKHO MOJYIHTH B
KauecTBe 4aCTUIHOI'O IIpejiesia 3TOI 10C/1e/10BaTeIbHOCTH.

19. Let C be a closed subset of R™. Prove that there exists a sequence x,, € C' such
that every point of the set C' can be obtained as a partial limit of this sequence.

20. Orobpazkenne f : R? — R? naswiBaerca cobcmeentvim, eciau 1poobpas OTHO-
CUTEJILHO [ BCSIKOrO KOMIAKTHOI'O MHOXKECTBa KoMmakTeH. Jlokaxkure, 9T0 JH0OO0I
KOMILIEKCHBIIT MHOTOUIEH f, pacCMaTpUBaeMblii KaK OTOOparKeHHe IJIOCKOCTH KOM-
MJIEKCHBIX YUCEJT B ce0sl, STBJISIeTCsT COOCTBEHHBIM OTOOpaYKeHUeM.
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20. A map f : R? — R?is said to be proper if the full preimage of every compact set
under f is compact. Prove that every complex polynomial f regarded as a self-map
of the plane of complex numbers is a proper map.

21. (a) Cymecrsyer jiu HenpepbiBHoe otobpazkenue f : R? — R, taxoe, uro f(R?) =
0,1], u Muox)ecTBO f~!(2) orpanuuenno g Jo6oro x € [0, 1]?

(b) Tor e BOMPOC TPH JOTOJHATETHHOM TPEANOJIOKEHUN, ITO f MOHOTOHHO, TO
ecTb TpPoOOPa3 BCAKOrO CBA3HOIO MHOXKECTBA CBA3CH.

21. (a) Does there exist a contunuous map f : R*> — R such that f(R?) = [0,1], and
the set f~!(x) is bounded for every z € [0, 1]?

(b) The same question under the additional assumption that f is monotone, i.e.
the preimage of every connected set is connected.

22. Ilyctp npocrpanctBo X MojiydaeTcs W3 JIBYMEPHOI'O TOPa CKJAEUBAHUEM JIBYX
Touek B ojiHy. Haiiure dpyHaMeHTaJIbHYIO TPYIITY TPOCTpancTBa X .

22. Suppose that the topological space X is obtained from the two-dimensional torus
by identifying two different points of it. Find the fundamental group of the space
X.

23. Ilyctr A — muOXkecTBO B R3, spjgfomeecss 06beuHeHAEM OCH 2, eJMHUYHON
OKPYZKHOCTH B IJIOCKOCTH T,y u Touku (3,3,0). Tokaxkure, uro dbyHIaMeHTATbHAS
rpymnmna mMuokKecTBa R? — A comepsxut noarpytmy, nzomopdguyio rpymmne Z.

23. Let A be a subset of R3 that is the union of the z-axis, the unit circle in the
x, y-plane and the point (3, 3,0). Prove that the fundamental group of the set R3— A
contains a subgroup isomorphic to the group Z.

24. Boraucamre cymmy psiaa y oo, 1/n® ¢ rounoctsio g0 0,01. daiite cTporoe 060c-
HOBaHHE TOI'O, YTO OTBET 110JIy4Y€H C 3aﬂaHHOI‘;I TOYHOCTBIO.

24. Compute the sum of the series > >~ 1/n® with two decimal digits. Rigorously
justify that your answer satisfies the required precision.

25. JlokazkuTe, 9TO

limsupsin(nz) = 1.
n—o0

JIJIst IOYTH Beex x 110 mepe Jlebera.

25. Prove that

lim sup sin(nz) = 1.
n—o0

for almost all x with respect to the Lebesgue measure.

26. Jlokakure, 4TO BCSAKYIO HelpepbiBHO juddepeHnupyemMyio (pyHKIMIO HA YUC-
JIOBOIT TIPAMOil MOXKHO TPEJICTABUTH B BHJIE PA3HOCTU JIBYX HENPEPBIBHBIX CTPOIO
BO3pacTaOIMUX (QYHKIUI.



26. Prove that every continuous differentiable function on R can be represented as
a difference of two continuous strictly increasing functions.

27. Ilycrs f @ R — R — unrerpupyemas dyukuus. JokaxKkure, 410 CyHmecrByer

rakoe auc,io t € [0, 1], aro
t 1 1
/ f(z)dx = —/ f(z)dx.
0 2 Jo

27. Let f: R — R is an integrable function. Prove that there is a number ¢ € [0, 1]

such that . i
/Of(x)dx:§/0 f(x)dx.
>

28. Ilyctrb A u B — wmarpunpl n X n. HaiiauTe cMemanmyo OpOH3BOJHYIO - 9
mMaTpuaHo-3HauHOl dyukiun f(z,y) = exp(xA + yB) npu x = y = 0. (IIpous-
BO/IHBIE (DYHKIUiI CO 3HAYEHUSIMH B MATPHUIAX ONPEIETSIIOTCS TOYHO TaK Ke, KaK
IIPOU3BOJHBIE YUCTOBBIX (DYHKITHIA).

28. Let A and B be n x n matrices. Compute the mixed derivative % of the

matrix-valued function f(x,y) = exp(xA+yB) at the point z = y = 0. (Derivatives
of matrix-valued functions are defined in the same way as derivatives of ordinary
real or complex-valued functions).

29. Oyukmus [ : R — R quddepennupyema nouru By (B cMmbicae Mepbl Jlebera),
u mouru Beiogy f'(x) = 1. Cremyer qm orcioma, aro f(1) — f(0) = 17 Ecan na,
JnokazkuTe. Ecin HeT, mpuBeauTe KOHTPIPUMED.

29. A function f : R — R is differentiable almost everywhere (in the sense of
the Lebesgue measure), and f'(x) = 1 almost everywhere. Does this imply that
f(1) — f(0) = 1?7 If the answer is yes, then prove. If the answer is no, then give a
counterexample.

30. CymecrsyioT jm raagakue Gyakmun fi, fa, f3 : R® — R, Takue, 9410 MHOXKECTBO
X ={z eR®| fi(z) = fo(z) = fs(x) = 0}

romeoMop@HO BeIeCTBEHHON TPOEKTHUBHON IJIOCKOCTH, W TIPA 3TOM B KarK/IOW TOUKE
muoxkecTBa X auddepennuanst Gyukmuit fi, fo, f3 IuHelHO HE3aBUCUMBI?

30. Do there exist smooth functions fi, fo, f3 : R® — R such that the set
X ={z e R*| fi(zx) = fo(z) = fy(x) = 0}

is homeomorphic to the real projective plane, and, at every point of the set X, the
first differentials of the functions fi, fo, f3 are linearly independent?

31. Beraucanre uaTerpas

/max(a:l, ooy ) dry dy . dTy,

mo kyoy 0 <z; <1,i=1,..., n.



31. Compute the integral

/max(:cl,...,xn) dxydxy . . .dz,
over the cube 0 < z; <1, ¢1=1, ..., n

32. Ilyctb ¢ : R" — R — mooKuTeIbHO ONpeie/ieHHasd KBaapaTudHas dpopMa Ha

R™:

n

q(l’) = E CLZ‘j[EZ‘ZL'j, aij = aji-
i=1
Broruuciure unrerpadi

/ exp(—q(z1,...,x,))dry ... dz,.

32. Let ¢ : R® — R be a positive definite quadratic form on R":
n
g(x) = aywirs,  ai; = aj;.
i=1
Compute the integral

/ exp(—q(z1,...,x,))dry ... dz,.

33. Pacemorpum dbyukmuio f, roaomopduyo B equananom jgucke |z| < 1. Jlokaxu-
Te, 9TO

/0 S [ ) og(:)d

e B JIEBOI YacTH WHTEIPUPOBAaHUe BEJETCH 10 HpsMoJnHeliHoMy orpesky [0, 1], a
B IIPaBOil — IO €JIMHUIHON OKPYZKHOCTH ¢ HalpaBJeHHeM 00XOja IIPOTUB YaCOBOI
CTpesKE (J1e1aeTcst TOMBKO OJMH 00X0/1, HaunHaomuiics B 1). BeiGupaercst BeTBb Jio-
rapudma, jeficreure/ibHasi Ha MOJOKUTE/IHLHON 1OJIyOCH JIeHCTBUTEIBLHON 1IPSIMOIA.

33. Consider a function f that is holomorphic in the unit disk |z| < 1. Prove that

/0 e = [ ) 0g(:)d

where in the left-hand side, the integration is performed over the straight line
interval [0,1], and in the right-hand side over the unit circle traversted once in
the counterclockwise direction starting at 1. We choose the branch of the logarithm
that takes real values on the positive ray in the real line.

34. U3BecTHO, YTO BCE KOPHU KOMILJIEKCHOIO MHOI'OYJIEHA UMEIOT IMOJIOXKHUTE/THHYIO
MHHUMYIO 9acTh. /loKazKuTe, 9TO BCe KOPHU €ro MPOU3BOIHON TOXKE UMEIOT MOJIOKH-
TeJIbHYI0O MHUMYIO Y9aCTh.



34. Tt is known that all roots of a complex polynomial have positive imaginary part.
Prove that all roots of its derivative also have positive imaginary part.

35. Ilycrs f € Clz] — muorowren crenenn > 2. JlokaxKuTe, 4TO CyMMa BBIYETOB
1-cbopmbt dz/ f(2) 110 BceM KOMILIEKCHBIM HyJisiM MHOTOWIeHA [ paBHa HY/I0. BepHo
JIX TO YTBEepKICHUEe, eCau [ UMeeT CTeneHb 17

35. Let f € C[z] be a polynomial of degree > 2. Prove that the sum of residues of
the 1-form dz/f(z) over all complex roots of the polynomial f is equal to zero. Is
this true in the case, where f has degree 17

o] ikx
/ ¢ dx.
oo L 2?

00 eikx
Sdx.
o L+
37. Ilycrs fi, fa, f3, f12 : R? — R — deTblpe MHOTOY/IeHA CTeNleHH 2 Ha ILJIOCKOCTH (He
0bs3aTe/IbHO OIHOPOAHBIX). JloKazkuTe, 4To ecyin yeTpipe Toukn Aj, Ay, As, Ay € R?

JeXKaT Ha OJHOI IpsMoii, To onpeneantens Matpuist (f;(A;)), 4,7 =1,...,4, paBen
HYJITO.

36. Beraucanre nnterpaJ

36. Compute the integral

37. Let f1, fa, f3, fa : R? = R be four second degree polynomials on the plane (not
necessarily homogeneous). Prove that if four points A;, As, Az, Ay € R? belong to
the same line, then the determinant of the matrix (f;(4;)), 7,7 =1,...,4, is equal
to zero.

38. CKOJIbKO CyIIecTByeT 9-3HaYHBIX YHCes, CyMMa Iudp KOTOPHIX HedeTHA?

38. How many 9-digit numbers are there, whose sum of digits is odd?

39. CKOJBKO pellleHnii B HATYPATbHBIX YHCJIaX UMeeT ypaBHEeHHe
xyz=2-3-5-7-117

39. Find the number of solutions of the following equation in positive integers:
xyz =2-3-5-7-11.

40. Backerbosinct Kocopykos cobupaercst Bbinojinuth cepuio u3 100 6pockoB 110

koJibIity. [Ipu nepBoM Gpocke oH Beerjia monajiaer, Ipu BTOPOM — BCer/ia IPOMaXuBa-

eTCsI, a MPH KayKI0M MOC/Ie/IyI0IeM OPOCKe BEPOSITHOCTD TTOMAIaHUs PABHA TTPOIEH-

TY TOMAJAHU IPHU BCEX MPEIbIIYIINX OPOCKaxX u3 3Toit cepun. KakoBa BeposiTHOCTH
TOr0, 9TO OH TomnajaeT poBHO 50 pa3?

40. Basketball player Kosorukov makes a series of 100 shots. When shooting the
first ball, he always makes it to the basket; when shooting the second ball, he always
misses. For all subsequent shots, the probability of a successful shot is the number
of previous successful shots divided by the number of all shots already made. What

is the probability that he misses the basket exactly 50 times?
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41. Haiianre MakcuMaJJIbHOE BO3MOYKHOE YHCJIO TOUYEK TepecevdeHust naroHajeil Bbl-
IMYKJIOTO N-YTOJIbHUKA.

41. Find the maximal possible number of intersection points between the diagonals
of a convex n-gon.

42. MOXKHO JU Ha IJIOCKOCTH PACIOJIOXKHUTh OKPYKHOCTH W mapabosy TakuM 00-
pa3oMm, 4TOObI X IEePecedeHne COCTOSLIO POBHO U3 JBYX TOYEK, IMPUYEM B OJHOI
OKPY?KHOCTH KacaJiach Obl mapadoJibl, a B APyroit — uer?

42. Is it possible to place a circle and a parabola in the plane so that their intersection
consist of exactly two points, one point being a point of tangency, and the other point
a transveral intersection?

43. CocraBbre mauddepeHnuaIbHOe ypaBHEHHE, KOTOPOMY VJIOBJIETBOPSIOT BCE
OKPYZKHOCTH Ha ILIOCKOCTH (pacCMATPUBAEMBIE JIOKATBHO, BOJIM3UM TOYEK C HEBEp-
TUKATHHBIMU KACATETbHBIME, KaK rpaduku GyHKIuii 0T 0JHON mepeMenHoil).

43. Form a differential equation satisfied by all circles in the plane that are
viewed locally, near points with non-vertical tangent lines, as graphs of one-variable
functions.

44. HaiinuTe cucteMy ypaBHeHUI
i;:f(r,(b’?;,(é)’ ¢:g(r7¢77;7¢)
B HOJIIPHBIX KOOPJMHATAX, PelIeHus KOTOPOil B JIEKAPTOBBIX KoopjauHaTax (T,%)

umeror Bugx ¢ = at +b, y = ct + d, e a, b, ¢, d — TpPOU3BOIbHBIE UYHCIA, HE
3aBHUCIIINAE OT .

44. Find a system of equations
i=fr,0,70), 6= g(r,¢,i0)

in polar coordinates, whose solutions in the Cartesian coordinates (z,y) have the
form x = at 4+ b, y = ct + d, where a, b, ¢, d are arbitrary numbers independent of ¢.

45. Haiigure npon3poanyio pemenns 1uddepeHnuanbHoro ypasHeHns]
-3+ 0z =te?
¢ naganbubiM yesiosueM x(0) = 1, £(0) = 0 mo mapamerpy 6 npu 6 = 0.

45. Find the derivative of the solution of the differential equation
-3+ 0 =te?

subject to the initial condition x(0) = 1, ©(0) = 0 by the parameter 6 for § = 0.
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