
English translation is provided below.

Ìàãèñòðàòóðà ïî ìàòåìàòèêå

ôàêóëüòåòà ìàòåìàòèêè ÍÈÓ ÂØÝ

Òðåáîâàíèÿ ê ïîñòóïàþùèì

Âñòóïèòåëüíûå èñïûòàíèÿ íà ìàãèñòåðñêóþ ïðîãðàììó ïî ìàòåìàòèêå ñî-
ñòîÿò èç ïèñüìåííîãî ýêçàìåíà ïî ìàòåìàòèêå è êâàëèôèêàöèîííîãî òåñòà ïî
àíãëèéñêîìó ÿçûêó. Ýêçàìåí ïî ìàòåìàòèêå ñîäåðæèò ñåìü çàäà÷. Êàæäàÿ çà-
äà÷à îöåíèâàåòñÿ â 20 áàëëîâ. Ýêçàìåí îöåíèâàåòñÿ ïî 100-áàëëüíîé ñèñòåìå.
Îöåíêà âû÷èñëÿåòñÿ êàê ìèíèìóì èç 100 è íàáðàííîãî ÷èñëà áàëëîâ. Ìèíè-
ìàëüíûé çà÷åòíûé áàëë ïî ìàòåìàòèêå ðàâåí 21. Ïðîäîëæèòåëüíîñòü ýêçàìåíà
ïî ìàòåìàòèêå � 300 ìèíóò. Ðåçóëüòàòû òåñòà ïî àíãëèéñêîìó ÿçûêó ó÷èòûâà-
þòñÿ òîëüêî êàê çà÷åò èëè íåçà÷åò è íå ó÷èòûâàþòñÿ ïðè êîíêóðñíîì îòáîðå
àáèòóðèåíòîâ. Ìèíèìàëüíûé çà÷åòíûé áàëë ïî àíãëèéñêîìó ÿçûêó ðàâåí 31.
Ïîñòóïàþùèå â ìàãèñòðàòóðó ôàêóëüòåòà ìàòåìàòèêè äîëæíû ïðîäåìîí-

ñòðèðîâàòü çíàíèå ñëåäóþùèõ òåì:

(1) ýëåìåíòû êîìáèíàòîðèêè (ñî÷åòàíèÿ, ïåðåñòàíîâêè) è òåîðèè âåðîÿòíî-
ñòåé (íåçàâèñèìîñòü, óñëîâíûå âåðîÿòíîñòè).

(2) Òåîðèÿ ãðóïï: ãðóïïû, ïîäãðóïïû, ñìåæíûå êëàññû, ãîìîìîðôèçìû,
ôàêòîðãðóïïû, ñòðîåíèå êîíå÷íîïîðîæäåííûõ àáåëåâûõ ãðóïï. Íåîáõî-
äèìî òàêæå çíàêîìñòâî ñ êîíêðåòíûìè ïðèìåðàìè ãðóïï, âêëþ÷àÿ ñèì-
ìåòðè÷åñêèå, çíàêîïåðåìåííûå ãðóïïû, ãðóïïû ñèììåòðèé, ìàòðè÷íûå
ãðóïïû, ãðóïïû âû÷åòîâ.

(3) Òåîðèÿ êîëåö: êîëüöà, èäåàëû, ôàêòîðêîëüöà, ïðÿìîå ïðîèçâåäåíèå êî-
ëåö, êèòàéñêàÿ òåîðåìà îá îñòàòêàõ, åâêëèäîâû êîëüöà, ôàêòîðèàëü-
íîñòü, îáðàòèìûå, ïðîñòûå è íåïðèâîäèìûå ýëåìåíòû, ïðîñòûå è ìàê-
ñèìàëüíûå èäåàëû. Çíàêîìñòâî ñ êîíêðåòíûìè êîëüöàìè äîëæíî âêëþ-
÷àòü êîìïëåêñíûå ÷èñëà, ãàóññîâû öåëûå ÷èñëà, êîëüöà âû÷åòîâ, êîëüöà
ìíîãî÷ëåíîâ è ñòåïåííûõ ðÿäîâ, êîëüöà ìàòðèö.

(4) Ëèíåéíàÿ àëãåáðà: âåêòîðíûå ïðîñòðàíñòâà è ëèíåéíûå îòîáðàæåíèÿ,
áàçèñû, ðàçìåðíîñòü, ñèñòåìû ëèíåéíûõ óðàâíåíèé, æîðäàíîâà íîð-
ìàëüíàÿ ôîðìà, õàðàêòåðèñòè÷åñêèé è ìèíèìàëüíûé ìíîãî÷ëåíû, êâàä-
ðàòè÷íûå ôîðìû, ïîëîæèòåëüíàÿ îïðåäåëåííîñòü.

(5) Òåîðèÿ ïîëåé: ïîëÿ, õàðàêòåðèñòèêà, ñòðóêòóðà êîíå÷íûõ ïîëåé.
(6) Òîïîëîãèÿ: îòêðûòûå è çàìêíóòûå ïîäìíîæåñòâà â Rn. Êîìïàêòíîñòü,

ñâÿçíîñòü, âíóòðåííîñòü è çàìûêàíèå, âñþäó ïëîòíûå è íèãäå íå ïëîòíûå
ìíîæåñòâà. Íåïðåðûâíûå îòîáðàæåíèÿ, ðàâíîìåðíàÿ íåïðåðûâíîñòü,
ðàâíîìåðíàÿ ñõîäèìîñòü. Òåîðåìà î ïðîìåæóòî÷íîì çíà÷åíèè íåïðåðûâ-
íîé ôóíêöèè. Íàêðûòèÿ, ãîìîòîïèè, òðèàíãóëÿöèè, ôóíäàìåíòàëüíàÿ
ãðóïïà.

(7) Ïðåäåëû ïîñëåäîâàòåëüíîñòåé è ïðåäåëû ôóíêöèé, ñõîäèìîñòü ðÿäîâ.
1



(8) Äèôôåðåíöèàëüíîå èñ÷èñëåíèå: ïðîèçâîäíûå è äèôôåðåíöèàëû îòîá-
ðàæåíèé èç Rm â Rn, òåîðåìà î ïðîèçâîäíîé ñëîæíîé ôóíêöèè, ðÿä
Òåéëîðà, ñïîñîáû íàõîæäåíèÿ ýêñòðåìóìîâ, ìíîæèòåëè Ëàãðàíæà.

(9) Èíòåãðàëüíîå èñ÷èñëåíèå: ìåðà è èíòåãðàë Ëåáåãà â Rn. Òåîðåìà Ôó-
áèíè. Âû÷èñëåíèå äëèí êðèâûõ è ïëîùàäåé ïîâåðõíîñòåé ïðè ïîìîùè
èíòåãðàëîâ.

(10) Ãåîìåòðèÿ: àôôèííûå è ïðîåêòèâíûå ïðîñòðàíñòâà, àôôèííûå è ïðîåê-
òèâíûå îòîáðàæåíèÿ, êðèâûå âòîðîãî ïîðÿäêà (êîíèêè).

(11) Êîìïëåêñíûé àíàëèç: êîìïëåêñíàÿ ïðîèçâîäíàÿ, ãîëîìîðôíûå ôóíê-
öèè, èíòåãðàë Êîøè, òåîðåìà î âû÷åòàõ, ëåììà Øâàðöà.

(12) Äèôôåðåíöèàëüíûå óðàâíåíèÿ: òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè, ðåøåíèå óðàâíåíèé ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ëèíåéíûå
óðàâíåíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ, îäíîðîäíûå óðàâíåíèÿ. Óðàâíå-
íèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà: ìåòîä õàðàêòåðèñòèê.

Master of Science Programme in Mathematics

Faculty of Mathematics, NRU HSE

Admission requirements

Admission tests for the Master of Science programme in Mathematics include a
written exam in Mathematics and a qualifying English language test. Mathematics
exam consists of seven problems. Each problem is worth 20 points. The exam grade
is computed out of 100. It is equal to the minimum of 100 and the total number of
points obtained. The lowest passing grade for the exam in Mathematics is 21. The
duration of the exam is 300 minutes. The English language test results are accounted
for as pass or fail only, and the grade obtained on the test is not used for ranking
the candidates. The lowest passing grade for the English language test is 31.
All candidates for the M.Sc. positions in Mathematics at the Faculty of

Mathematics, NRU HSE, must demostrate the knowledge of the following subjects:

(1) basics of combinatorics (combinations, permutations) and probability theory
(independence, conditional probabilities).

(2) Group theory: groups, subgroups, cosets, homomorphisms, quotient groups,
structure of �nitely generated commutative groups. It is also required that
basic examples of groups be known, including symmetric groups, alternating
groups, symmetry groups, matrix groups, groups of residues.

(3) Theory of rings: rings, ideals, quotient rings, direct product of rings, the
Chinese Remainder Theorem, Euclidean rings, unique factorization property,
invertible, prime and irreducible elements, prime and maximal ideals.
Particular examples known to the candidate must include complex numbers,
Gaussian integers, rings of residues, rings of polynomials and formal power
series, matrix rings.
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(4) Linear algebra: vector spaces and linear maps, bases, dimension, systems
of linear equations, Jordan normal form, characteristic and minimal
polynomials, quadratic forms, positive de�nite forms.

(5) Fields, characteristic, structure of �nite �elds.
(6) Topology: open and closed subsets of Rn. Compactness, connectivity,

interior and closure, dense and nowhere dense sets. Continuous maps,
uniform continuity, uniform convergence. The Intermediate Value Theorem.
Coverings, homotopies, triangulations, fundamental group.

(7) Limits of sequences and limits of functions, convergence of series.
(8) Di�erential calculus: di�erentials of maps from Rm to Rn, the Chain

Rule, Taylor series, methods of �nite-dimensional optimization, Lagrange
multipliers.

(9) Integral calculus: Lebesgue measure and integral in Rn. The Fubini theorem.
Computations of arc lengths and surface areas using integrals.

(10) Geometry: a�ne and projective spaces, a�ne and projective maps, second
degree curves (conics).

(11) Complex analysis: complex derivative, holomorphic functions, Cauchy
integral, the Residue Theorem, the Schwartz lemma.

(12) Di�erential equations: the existence and uniqueness theorem, separation of
variables, linear �rst and second order ODEs, homogeneous equations. First
order partial di�erential equations: the method of charateristics.
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• Á.Â. Øàáàò, Ââåäåíèå â êîìïëåêñíûé àíàëèç, Ëàíü 2004
• Â.È. Àðíîëüä, Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, Èæåâñê:
ÐÕÄ 2000

• Â.È. Àðíîëüä, Ëåêöèè îá óðàâíåíèÿõ ñ ÷àñòíûìè ïðîèçâîäíûìè, Ì: Ôà-
çèñ 1999
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• V. Arnold, Ordinary di�erential equations, Springer 2006

Çàäà÷è äëÿ ïîäãîòîâêè ê âñòóïèòåëüíîìó ýêçàìåíó

Practice problems for preparation to the entrance exam

1. Ïðåäïîëîæèì, ÷òî ãðóïïó ìîæíî ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ äâóõ ïîä-
ãðóïï. Äîêàæèòå, ÷òî îäíà èç ýòèõ ïîäãðóïï ñîâïàäàåò ñî âñåé ãðóïïîé.

1. Suppose that a group is representable as a union of two subgroups. Prove that at
least one of these subgroups coincides with the group.

2. Íàéäèòå σ2011, ãäå σ � ñëåäóþùàÿ ïåðåñòàíîâêà:(
1 2 3 4 5 6
4 6 3 1 2 5

)
.

2. Find σ2011, where σ is the following permutation:(
1 2 3 4 5 6
4 6 3 1 2 5

)
.

3. Ñêîëüêî ïåðåñòàíîâîê èç n ýëåìåíòîâ ìîãóò áûòü ïðåäñòàâëåíû â âèäå ïðî-
èçâåäåíèÿ äâóõ (íåñîâïàäàþùèõ) òðàíñïîçèöèé?

3. How many pernutations of n elements can be represented as a product of two
(di�erent) transpositions?

4. Ñêîëüêî àâòîìîðôèçìîâ ó ãðóïïû (Z/2Z)⊕ (Z/2Z)?

4. How many automorphisms does the group (Z/2Z)⊕ (Z/2Z) have?

5. Íàéäèòå ïîðÿäîê ãðóïïû GLn(Fq), ãäå Fq � ïîëå èç q ýëåìåíòîâ.

5. Find the order of the group GLn(Fq), where Fq is the �eld with q elements.

6. Âåðíî ëè, ÷òî ïîëå èç ÷åòûðåõ ýëåìåíòîâ èçîìîðôíî ïîäïîëþ ïîëÿ èç âîñüìè
ýëåìåíòîâ? Îáîñíóéòå îòâåò.

6. Is it true that every �eld with four elements is isomorphic to a sub�eld of every
�eld with eight elements? Rigorously justify your answer.

7. Íàéäèòå âñå îáðàòèìûå ýëåìåíòû

(1) â êîëüöå ìíîãî÷ëåíîâ íàä ïîëåì C,
(2) â êîëüöå öåëûõ ãàóññîâûõ ÷èñåë, òî åñòü ÷èñåë âèäà a + bi, ãäå a, b ∈ Z,

à i =
√
−1.

7. Find all invertible elements

(1) in the ring of polynomials over C,
(2) in the ring of Gaussian integers, i.e. complex numbers of the form a + bi,

where a, b ∈ Z, and i =
√
−1.
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8. ßâëÿåòñÿ ëè èäåàë â (a) C[x], (b) C[[x]], (c) Z[[x]], ïîðîæäåííûé ýëåìåíòîì x,
ìàêñèìàëüíûì? Çäåñü R[x] îáîçíà÷àåò êîëüöî ìíîãî÷ëåíîâ ñ êîýôôèöèåíòàìè
â êîëüöå R, à R[[x]] � êîëüöî ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ íàä R.

8. Is the ideal in (a) C[x], (b) C[[x]], (c) Z[[x]], generated by x maximal? Here R[x]
denotes the ring of polynomials with coe�cients in the ring R, and R[[x]] denotes
the ring of formal power series over R.

9. Ïóñòü R = Z[
√
d], ãäå d � öåëîå ÷èñëî, íå ÿâëÿþùååñÿ ïîëíûì êâàäðàòîì.

Äîêàæèòå, ÷òî 2 íå ÿâëÿåòñÿ ïðîñòûì ýëåìåíòîì â R (ò.å. íåâåðíî, ÷òî åñëè ab
äåëèòñÿ íà 2, òî ëèáî a, ëèáî b äåëèòñÿ íà 2), îäíàêî, ïðè d ≤ −3, ýòîò ýëåìåíò
íåïðèâîäèì â R (ò.å. åñëè 2 = ab, òî ëèáî a, ëèáî b îáðàòèì).

9. Set R = Z[
√
d], where d is an integer that is not a complete square. Prove that

2 is not a prime in R (i.e. it is not true that if ab is divisible by 2, then a or b is
divisible by 2), however, in the case d ≤ −3, this element is irreducible in R (i.e. if
2 = ab, then a or b is invertible).

10. Äîêàæèòå, ÷òî ìíîãî÷ëåí x3 + 27x2 + 5x+ 97 íåïðèâîäèì íàä öåëûìè ÷èñ-
ëàìè.

10. Prove that the polynomial x3 + 27x2 + 5x+ 97 is irreducible over integers.

11. Êîíå÷íî ëè ìíîæåñòâî ðàçëè÷íûõ ïîäïîëåé â C, èçîìîðôíûõ ïîëþ R?

11. Is it true that there are only �nitely many sub�elds of C isomorphic to the �eld
R?

12. Ìîæíî ëè ïðàâèëüíûé 14-óãîëüíèê ïîñòðîèòü öèðêóëåì è ëèíåéêîé?

12. Is it possible to construct a regular 14-gon by means of a straighedge and a
compass?

13. Íàéäèòå êóáè÷åñêèé ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè, êîðíÿìè êîòî-
ðîãî ÿâëÿþòñÿ êâàäðàòû êîðíåé ìíîãî÷ëåíà x3 + x2 − 2x− 1.

13. Find a cubic polynomial with integer coe�cients, whose roots are squares of the
roots of the polynomial x3 + x2 − 2x− 1.

14. ×åìó ðàâíî ïðîèçâåäåíèå ïîïàðíûõ ðàçíîñòåé êîðíåé ñòåïåíè n èç 1?

14. Compute the product of all pairwise di�erences of n-th degree roots of unity.

15. Ñóùåñòâóåò ëè ìàòðèöà, õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí êîòîðîé ðàâåí χ, à
ìèíèìàëüíûé µ, ãäå

(1) χ(λ) = (λ6 − 1), µ(λ) = (λ3 − 1);
(2) χ(λ) = (λ− 1)2(λ− 2)3, µ(λ) = (λ− 1)(λ− 2);
(3) χ(λ) = (λ− 1)5(λ− 2)5, µ(λ) = (λ− 1)2(λ− 2)3?

Åñëè äà, ïðèâåäèòå ïðèìåð òàêîé ìàòðèöû. Åñëè íåò, äîêàæèòå.
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15. Does there exist a matrix, whose characteristic polynomial is equal to χ, and
whose minimal polynomial is equal to µ, where

(1) χ(λ) = (λ6 − 1), µ(λ) = (λ3 − 1);
(2) χ(λ) = (λ− 1)2(λ− 2)3, µ(λ) = (λ− 1)(λ− 2);
(3) χ(λ) = (λ− 1)5(λ− 2)5, µ(λ) = (λ− 1)2(λ− 2)3?

If the answer is yes, then give an example of such matrix. If the answer is no, then
prove.

16. Íàéäèòå ìèíèìàëüíûé ìíîãî÷ëåí êâàäðàòíîé n× n ìàòðèöû
0 0 0 0 a1
1 0 0 . . . 0 a2
0 1 0 0 a3

. . .
0 0 0 . . . 1 an

 .

16. Find the minimal polynomial of the square n× n matrix
0 0 0 0 a1
1 0 0 . . . 0 a2
0 1 0 0 a3

. . .
0 0 0 . . . 1 an

 .

17. Äîêàæèòå, ÷òî âñÿêîå îòêðûòîå ïîäìíîæåñòâî â Rn ìîæíî ïðåäñòàâèòü â
âèäå îáúåäèíåíèÿ ñ÷åòíîãî ÷èñëà çàìêíóòûõ ìíîæåñòâ.

17. Prove that every open subset of Rn can be represented as a union of countably
many closed sets.

18. Ïóñòü A è B � ïîäìíîæåñòâà â R. Äîêàæèòå, ÷òî ïîäìíîæåñòâî A × B â
R2 çàìêíóòî òîãäà è òîëüêî òîãäà, êîãäà îáà ïîäìíîæåñòâà A è B çàìêíóòû.

18. Let A and B be subsets of R. Prove that the subset A×B of R2 is closed if and
only if both sets A and B are closed.

19. Ïóñòü C � çàìêíóòîå ïîäìíîæåñòâî â Rn. Äîêàæèòå, ÷òî ñóùåñòâóåò òàêàÿ
ïîñëåäîâàòåëüíîñòü xn ∈ C, ÷òî ëþáóþ òî÷êó ìíîæåñòâà C ìîæíî ïîëó÷èòü â
êà÷åñòâå ÷àñòè÷íîãî ïðåäåëà ýòîé ïîñëåäîâàòåëüíîñòè.

19. Let C be a closed subset of Rn. Prove that there exists a sequence xn ∈ C such
that every point of the set C can be obtained as a partial limit of this sequence.

20. Îòîáðàæåíèå f : R2 → R2 íàçûâàåòñÿ ñîáñòâåííûì, åñëè ïðîîáðàç îòíî-
ñèòåëüíî f âñÿêîãî êîìïàêòíîãî ìíîæåñòâà êîìïàêòåí. Äîêàæèòå, ÷òî ëþáîé
êîìïëåêñíûé ìíîãî÷ëåí f , ðàññìàòðèâàåìûé êàê îòîáðàæåíèå ïëîñêîñòè êîì-
ïëåêñíûõ ÷èñåë â ñåáÿ, ÿâëÿåòñÿ ñîáñòâåííûì îòîáðàæåíèåì.
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20. A map f : R2 → R2 is said to be proper if the full preimage of every compact set
under f is compact. Prove that every complex polynomial f regarded as a self-map
of the plane of complex numbers is a proper map.

21. (a) Ñóùåñòâóåò ëè íåïðåðûâíîå îòîáðàæåíèå f : R2 → R, òàêîå, ÷òî f(R2) =
[0, 1], è ìíîæåñòâî f−1(x) îãðàíè÷åííî äëÿ ëþáîãî x ∈ [0, 1]?
(b) Òîò æå âîïðîñ ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè, ÷òî f ìîíîòîííî, òî

åñòü ïðîîáðàç âñÿêîãî ñâÿçíîãî ìíîæåñòâà ñâÿçåí.

21. (a) Does there exist a contunuous map f : R2 → R such that f(R2) = [0, 1], and
the set f−1(x) is bounded for every x ∈ [0, 1]?
(b) The same question under the additional assumption that f is monotone, i.e.

the preimage of every connected set is connected.

22. Ïóñòü ïðîñòðàíñòâî X ïîëó÷àåòñÿ èç äâóìåðíîãî òîðà ñêëåèâàíèåì äâóõ
òî÷åê â îäíó. Íàéäèòå ôóíäàìåíòàëüíóþ ãðóïïó ïðîñòðàíñòâà X.

22. Suppose that the topological spaceX is obtained from the two-dimensional torus
by identifying two di�erent points of it. Find the fundamental group of the space
X.

23. Ïóñòü A � ìíîæåñòâî â R3, ÿâëÿþùååñÿ îáúåäèíåíèåì îñè z, åäèíè÷íîé
îêðóæíîñòè â ïëîñêîñòè x, y è òî÷êè (3, 3, 0). Äîêàæèòå, ÷òî ôóíäàìåíòàëüíàÿ
ãðóïïà ìíîæåñòâà R3 − A ñîäåðæèò ïîäãðóïïó, èçîìîðôíóþ ãðóïïå Z.

23. Let A be a subset of R3 that is the union of the z-axis, the unit circle in the
x, y-plane and the point (3, 3, 0). Prove that the fundamental group of the set R3−A
contains a subgroup isomorphic to the group Z.

24. Âû÷èñëèòå ñóììó ðÿäà
∑∞

n=1 1/n
3 ñ òî÷íîñòüþ äî 0,01. Äàéòå ñòðîãîå îáîñ-

íîâàíèå òîãî, ÷òî îòâåò ïîëó÷åí ñ çàäàííîé òî÷íîñòüþ.

24. Compute the sum of the series
∑∞

n=1 1/n
3 with two decimal digits. Rigorously

justify that your answer satis�es the required precision.

25. Äîêàæèòå, ÷òî

lim sup
n→∞

sin(nx) = 1.

äëÿ ïî÷òè âñåõ x ïî ìåðå Ëåáåãà.

25. Prove that

lim sup
n→∞

sin(nx) = 1.

for almost all x with respect to the Lebesgue measure.

26. Äîêàæèòå, ÷òî âñÿêóþ íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ íà ÷èñ-
ëîâîé ïðÿìîé ìîæíî ïðåäñòàâèòü â âèäå ðàçíîñòè äâóõ íåïðåðûâíûõ ñòðîãî
âîçðàñòàþùèõ ôóíêöèé.
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26. Prove that every continuous di�erentiable function on R can be represented as
a di�erence of two continuous strictly increasing functions.

27. Ïóñòü f : R → R � èíòåãðèðóåìàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî ñóùåñòâóåò
òàêîå ÷èñëî t ∈ [0, 1], ÷òî ∫ t

0

f(x)dx =
1

2

∫ 1

0

f(x)dx.

27. Let f : R → R is an integrable function. Prove that there is a number t ∈ [0, 1]
such that ∫ t

0

f(x)dx =
1

2

∫ 1

0

f(x)dx.

28. Ïóñòü A è B � ìàòðèöû n × n. Íàéäèòå ñìåøàííóþ ïðîèçâîäíóþ ∂2f
∂x ∂y

ìàòðè÷íî-çíà÷íîé ôóíêöèè f(x, y) = exp(xA + yB) ïðè x = y = 0. (Ïðîèç-
âîäíûå ôóíêöèé ñî çíà÷åíèÿìè â ìàòðèöàõ îïðåäåëÿþòñÿ òî÷íî òàê æå, êàê
ïðîèçâîäíûå ÷èñëîâûõ ôóíêöèé).

28. Let A and B be n × n matrices. Compute the mixed derivative ∂2f
∂x ∂y

of the

matrix-valued function f(x, y) = exp(xA+yB) at the point x = y = 0. (Derivatives
of matrix-valued functions are de�ned in the same way as derivatives of ordinary
real or complex-valued functions).

29. Ôóíêöèÿ f : R → R äèôôåðåíöèðóåìà ïî÷òè âñþäó (â ñìûñëå ìåðû Ëåáåãà),
è ïî÷òè âñþäó f ′(x) = 1. Ñëåäóåò ëè îòñþäà, ÷òî f(1) − f(0) = 1? Åñëè äà,
äîêàæèòå. Åñëè íåò, ïðèâåäèòå êîíòðïðèìåð.

29. A function f : R → R is di�erentiable almost everywhere (in the sense of
the Lebesgue measure), and f ′(x) = 1 almost everywhere. Does this imply that
f(1) − f(0) = 1? If the answer is yes, then prove. If the answer is no, then give a
counterexample.

30. Ñóùåñòâóþò ëè ãëàäêèå ôóíêöèè f1, f2, f3 : R5 → R, òàêèå, ÷òî ìíîæåñòâî
X = {x ∈ R5 | f1(x) = f2(x) = f3(x) = 0}

ãîìåîìîðôíî âåùåñòâåííîé ïðîåêòèâíîé ïëîñêîñòè, è ïðè ýòîì â êàæäîé òî÷êå
ìíîæåñòâà X äèôôåðåíöèàëû ôóíêöèé f1, f2, f3 ëèíåéíî íåçàâèñèìû?

30. Do there exist smooth functions f1, f2, f3 : R5 → R such that the set

X = {x ∈ R5 | f1(x) = f2(x) = f3(x) = 0}
is homeomorphic to the real projective plane, and, at every point of the set X, the
�rst di�erentials of the functions f1, f2, f3 are linearly independent?

31. Âû÷èñëèòå èíòåãðàë∫
max(x1, . . . , xn) dx1 dx2 . . . dxn

ïî êóáó 0 ≤ xi ≤ 1, i = 1, . . . , n.
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31. Compute the integral∫
max(x1, . . . , xn) dx1 dx2 . . . dxn

over the cube 0 ≤ xi ≤ 1, i = 1, . . . , n.

32. Ïóñòü q : Rn → R � ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà íà
Rn:

q(x) =
n∑

i=1

aijxixj, aij = aji.

Âû÷èñëèòå èíòåãðàë ∫
Rn

exp(−q(x1, . . . , xn)) dx1 . . . dxn.

32. Let q : Rn → R be a positive de�nite quadratic form on Rn:

q(x) =
n∑

i=1

aijxixj, aij = aji.

Compute the integral ∫
Rn

exp(−q(x1, . . . , xn)) dx1 . . . dxn.

33. Ðàññìîòðèì ôóíêöèþ f , ãîëîìîðôíóþ â åäèíè÷íîì äèñêå |z| ≤ 1. Äîêàæè-
òå, ÷òî ∫ 1

0

f(x)dx =

∫
|z|=1

f(z) log(z)dz,

ãäå â ëåâîé ÷àñòè èíòåãðèðîâàíèå âåäåòñÿ ïî ïðÿìîëèíåéíîìó îòðåçêó [0, 1], à
â ïðàâîé � ïî åäèíè÷íîé îêðóæíîñòè ñ íàïðàâëåíèåì îáõîäà ïðîòèâ ÷àñîâîé
ñòðåëêè (äåëàåòñÿ òîëüêî îäèí îáõîä, íà÷èíàþùèéñÿ â 1). Âûáèðàåòñÿ âåòâü ëî-
ãàðèôìà, äåéñòâèòåëüíàÿ íà ïîëîæèòåëüíîé ïîëóîñè äåéñòâèòåëüíîé ïðÿìîé.

33. Consider a function f that is holomorphic in the unit disk |z| ≤ 1. Prove that∫ 1

0

f(x)dx =

∫
|z|=1

f(z) log(z)dz,

where in the left-hand side, the integration is performed over the straight line
interval [0, 1], and in the right-hand side over the unit circle traversted once in
the counterclockwise direction starting at 1. We choose the branch of the logarithm
that takes real values on the positive ray in the real line.

34. Èçâåñòíî, ÷òî âñå êîðíè êîìïëåêñíîãî ìíîãî÷ëåíà èìåþò ïîëîæèòåëüíóþ
ìíèìóþ ÷àñòü. Äîêàæèòå, ÷òî âñå êîðíè åãî ïðîèçâîäíîé òîæå èìåþò ïîëîæè-
òåëüíóþ ìíèìóþ ÷àñòü.
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34. It is known that all roots of a complex polynomial have positive imaginary part.
Prove that all roots of its derivative also have positive imaginary part.

35. Ïóñòü f ∈ C[z] � ìíîãî÷ëåí ñòåïåíè ≥ 2. Äîêàæèòå, ÷òî ñóììà âû÷åòîâ
1-ôîðìû dz/f(z) ïî âñåì êîìïëåêñíûì íóëÿì ìíîãî÷ëåíà f ðàâíà íóëþ. Âåðíî
ëè ýòî óòâåðæäåíèå, åñëè f èìååò ñòåïåíü 1?

35. Let f ∈ C[z] be a polynomial of degree ≥ 2. Prove that the sum of residues of
the 1-form dz/f(z) over all complex roots of the polynomial f is equal to zero. Is
this true in the case, where f has degree 1?

36. Âû÷èñëèòå èíòåãðàë ∫ ∞

−∞

ei k x

1 + x2
dx.

36. Compute the integral ∫ ∞

−∞

ei k x

1 + x2
dx.

37. Ïóñòü f1, f2, f3, f4 : R2 → R� ÷åòûðå ìíîãî÷ëåíà ñòåïåíè 2 íà ïëîñêîñòè (íå
îáÿçàòåëüíî îäíîðîäíûõ). Äîêàæèòå, ÷òî åñëè ÷åòûðå òî÷êè A1, A2, A3, A4 ∈ R2

ëåæàò íà îäíîé ïðÿìîé, òî îïðåäåëèòåëü ìàòðèöû (fi(Aj)), i, j = 1, . . . , 4, ðàâåí
íóëþ.

37. Let f1, f2, f3, f4 : R2 → R be four second degree polynomials on the plane (not
necessarily homogeneous). Prove that if four points A1, A2, A3, A4 ∈ R2 belong to
the same line, then the determinant of the matrix (fi(Aj)), i, j = 1, . . . , 4, is equal
to zero.

38. Ñêîëüêî ñóùåñòâóåò 9-çíà÷íûõ ÷èñåë, ñóììà öèôð êîòîðûõ íå÷åòíà?

38. How many 9-digit numbers are there, whose sum of digits is odd?

39. Ñêîëüêî ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ èìååò óðàâíåíèå

xyz = 2 · 3 · 5 · 7 · 11?
39. Find the number of solutions of the following equation in positive integers:

xyz = 2 · 3 · 5 · 7 · 11.
40. Áàñêåòáîëèñò Êîñîðóêîâ ñîáèðàåòñÿ âûïîëíèòü ñåðèþ èç 100 áðîñêîâ ïî
êîëüöó. Ïðè ïåðâîì áðîñêå îí âñåãäà ïîïàäàåò, ïðè âòîðîì � âñåãäà ïðîìàõèâà-
åòñÿ, à ïðè êàæäîì ïîñëåäóþùåì áðîñêå âåðîÿòíîñòü ïîïàäàíèÿ ðàâíà ïðîöåí-
òó ïîïàäàíèé ïðè âñåõ ïðåäûäóùèõ áðîñêàõ èç ýòîé ñåðèè. Êàêîâà âåðîÿòíîñòü
òîãî, ÷òî îí ïîïàäåò ðîâíî 50 ðàç?

40. Basketball player Kosorukov makes a series of 100 shots. When shooting the
�rst ball, he always makes it to the basket; when shooting the second ball, he always
misses. For all subsequent shots, the probability of a successful shot is the number
of previous successful shots divided by the number of all shots already made. What
is the probability that he misses the basket exactly 50 times?
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41. Íàéäèòå ìàêñèìàëüíîå âîçìîæíîå ÷èñëî òî÷åê ïåðåñå÷åíèÿ äèàãîíàëåé âû-
ïóêëîãî n-óãîëüíèêà.

41. Find the maximal possible number of intersection points between the diagonals
of a convex n-gon.

42. Ìîæíî ëè íà ïëîñêîñòè ðàñïîëîæèòü îêðóæíîñòü è ïàðàáîëó òàêèì îá-
ðàçîì, ÷òîáû èõ ïåðåñå÷åíèå ñîñòîÿëî ðîâíî èç äâóõ òî÷åê, ïðè÷åì â îäíîé
îêðóæíîñòü êàñàëàñü áû ïàðàáîëû, à â äðóãîé � íåò?

42. Is it possible to place a circle and a parabola in the plane so that their intersection
consist of exactly two points, one point being a point of tangency, and the other point
a transveral intersection?

43. Ñîñòàâüòå äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿþò âñå
îêðóæíîñòè íà ïëîñêîñòè (ðàññìàòðèâàåìûå ëîêàëüíî, âáëèçè òî÷åê ñ íåâåð-
òèêàëüíûìè êàñàòåëüíûìè, êàê ãðàôèêè ôóíêöèé îò îäíîé ïåðåìåííîé).

43. Form a di�erential equation satis�ed by all circles in the plane that are
viewed locally, near points with non-vertical tangent lines, as graphs of one-variable
functions.

44. Íàéäèòå ñèñòåìó óðàâíåíèé

r̈ = f(r, ϕ, ṙ, ϕ̇), ϕ̈ = g(r, ϕ, ṙ, ϕ̇)

â ïîëÿðíûõ êîîðäèíàòàõ, ðåøåíèÿ êîòîðîé â äåêàðòîâûõ êîîðäèíàòàõ (x, y)
èìåþò âèä x = at + b, y = ct + d, ãäå a, b, c, d � ïðîèçâîëüíûå ÷èñëà, íå
çàâèñÿùèå îò t.

44. Find a system of equations

r̈ = f(r, ϕ, ṙ, ϕ̇), ϕ̈ = g(r, ϕ, ṙ, ϕ̇)

in polar coordinates, whose solutions in the Cartesian coordinates (x, y) have the
form x = at+ b, y = ct+ d, where a, b, c, d are arbitrary numbers independent of t.

45. Íàéäèòå ïðîèçâîäíóþ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẍ− ẋ+ θx = te−t

ñ íà÷àëüíûì óñëîâèåì x(0) = 1, ẋ(0) = 0 ïî ïàðàìåòðó θ ïðè θ = 0.

45. Find the derivative of the solution of the di�erential equation

ẍ− ẋ+ θx = te−t

subject to the initial condition x(0) = 1, ẋ(0) = 0 by the parameter θ for θ = 0.
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