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1. BBegenue

B KJIaCCUYIEeCKOM aHaJIu3€ BPEMEHHBIX PALOB KaXIOMY MO-
MEHTY BpPEMEHU CTaBUTCA B COOTBETCTBUE ﬂeﬁCTBHTeﬂbHoe qan-
c10. DTOoT HAGOp HAOMIOIEHUU W COCTABISAET BPEMEHHOU P,
Ecan xax1oMy MOMEHTY BpeMeHHN CTABUTCA B COOTBETCTBUE He-
YeTKOe YUCIO, TO BPEMEHHOU PAJ HA3BIBACTCA HEIeTKUM.

OCHOBHYIO POJIb B KJIACCUYIECKOM AHAIN3E BPEMEHHBIX PAIOB
UrPaeT BePOATHOCTHAA MO IEIb, KaxK JOMY HAOII0ICHUIO COOCTa-
BIACTCA CIydalHad BeJUIMHA, [0 MMEMeMycsa Habopy Hab.Io-
TeHUH YCTAHABAMBAIOTCA CBOUCTBA DTUX CIYIAMHBIX BEJUYIUH U
XapaKTep B3aUMOCBA3M MeXKIy HUMH. BepoATHOCTHLIE MOIeIn
BPEMEHHBIX DALOB UMEIOT 6OJII)IIIO€ IMpaKTU4IeCKOe 3HaYCHNE 1 B
SKOHOMUKE, 1 B TEXHUKE.

B nmocjaegHme ABa AECATUICTUA HaYaJ0Ch U3YyICHUEC U IIPpUMe-
HEeHIEe HeYeTKUX BPEMEHHBIX PAJOB. IIpu 5TOM CymecTBYIOT ABa
PA3INYIHLIX MOAXOAA K IIOCTPOCHUIO MOJEICH AJI1 TAKIX BPEMeH-
HBIX PDAIOOB.

[TepBbin mogxox — >TO WPsMOe 060OIIEHNE METOIOB KIaCCH-
YeCKOI'0 aHaIM3a BPEMEHHBIX PAI0B. Kax romy HaO.II0 I€HWIO, He-
YETKOMY YHCIY, COIOCTABIACTCA HEUICTKO-CIVIANHAA BEANIUHA.
Taxou moaxox mpeacTaBIeH, HanpuMmep, B [2], [4]. [Ipasa, Ha ce-
FOﬂHHmHHﬁ JCHb He‘leTKO—CJIy‘IafIHBIe AHaJOI'M MOCTPOEHEBI JUIIb
A1 OTPAaHUYIEHHOT'O InCJIa BEPOATHOCTHBIX MOﬂeﬂeﬁ BPEMEHHBIX
pagoB. OCHOBHOE BHUMAHWE VIEAAETCA JUHEMHBIM MO IEIAM.

Bropon moaxos oCHOBaH Ha NPUHIUIKAILHO IPYIHUX HIEAX,
YeM KJIACCHYECKUN AHAIN3 BPEMEHHBIX PAJIOB, UCIOAL3YETCA IO-
HATHE HEYEeTKOT'0 OTHOIICHHA. ANIapaT TEeOPUH BEepOATHOCTEH
MOXKeT He IPUMEHATHCA BOOOLIe. JDTOT MOAXOJ K AHAIMN3Y He-
9eTKNX BPEMEHHBIX DSJI0B IIPEACTaBIeH, HAPUMED, B [3].



Hacrosamas paboTa OTHOCHTCA K MEpPBOMY U3 JABYX HA3BaH-
HBIX MOIX00B. Vcmoab3yercsa onpeneieHne HeUeTKO-CIYIalHON
BEJINYIMHBL 13 pAGOTHI [1], M P HTOM IpUMeHseMble 1 AHAT3A
HEIETKUX BPEMEHHBIX PDATOB KOHCTPYKIUN OKAa3bIBAIOTCA 3HAYIN-
TeIbHO (oJee MPOCTHIMHE, YeM B paborax (2], [4].

O6cyx)eHne TOro, KakK CBA3AHO OINpENeJeHHe HEeIeTKO-CIy-
GalHOW BEJIMYWHBI W3 PabOTHl [1] ¢ ApyruMu CyuiecTBYOMUMA
ONpeNeIeHUAMI He4eTKO-CIyYalHbIX BEAMYNH, IPUBOANTCA B [1].

[TepBui maparpad HacToAMmEH pabOTHI — DTO Pa3BUTHE Pa-
6orer [1]. [aerca HOBOe oOmpefeleHHE KOBAPUAIMUA HEUETKO-
CIyYAUHBIX BeawduH. [Ipy 5TOM OIpegeleHnn OKa3BIBACTCA, ITO
A TOOBIX HEYeTKO-CIYUAMHBIX BeIMIMH X M Y H JIA JIo-
OBIX MTEMCTBUTEJNbHBIX YHCEA A W [ BBITIOJHIETCS PABEHCTBO
Cov ()\ )N(,/M}) = AuCov (f(,f/), a He TOJbKO IS CIydas, KO-
ria A I ft He UMEIOT HPOTUBOMOJIOKHBEIC 3HAKH, KAK DTO OBLIO
B [1]. Tak:ke KOBapuAIMA HE3ABUCUMBIX HEIETKO-CIYIANHBIX Be-
JWYIH OpH STOM ONpefeJeHUM paBHACTCA HyJIIO. Bo BTOpoMm
naparpade pacCMaTpPUBAIOTCA HEYeTKO-CIyYalHbe MOTCIN I
HEIE€TKUX BPEMEHHBIX DAIO0B.



1. HequKO-CﬂyqaﬁHbIe BE€/JINYIMHBI 1 IX MOMEHTBI

Onpegenrenns, IpuBOAMMBIE B 5TOM Taparpade, 9acTuIHO CO-
BIIAIAIOT C ompefeneHusAMEu u3 paborel [1]. Oguako mMeroTcs u
oTamaua. Kpome TOro, ncnoap3yorea apyrue o6o3HadeHns, 60-
Jee yIOOHBIe I MPUMEHEHHUA B AHAIN3E BPEMEHHBLIX PAJIOB.

KoopauraTs B poctpancTse R? Gyzem o6o3HadaTh (€, 7).

Onpeaenenue 1. Muoxectso 7 C R? massBeTCA Heuemrxum
YUCAOM, ECIU BBINOTHEHBI caenytomue yeaosus. [pu n ¢ [0, 1]
mepecedeHre MHOXKECTBA Z ¢ OpaMou 1 = 7y mycto. Ilpm 1, €
[0, 1] mepecedenre MHOKECTBA Z ¢ TPAMOU 1) = 7); UMEeT BU/I

{(&n) : 2"(m) < €< 2" (m),n=m},

rjie 2z — MOHOTOHHO HeyOLIBAIOMIAA HEMIPEPLIBHAA CIEBA (DYHKIIAA
apryMenTa 17, 2% — MOHOTOHHO HEeBO3PACTAIOMAL HEIpepEIBHAS
caeBa (PyHKIOWA apryMeHTa 7).

B pa6ore [1, crp. 8] mokazaHo, 9TO Tak ONpPEIETEHHOE MHO-
KECTBO Z ABAAETCA 3aMKHYThIM. Clie10BaTEIbHO, MOCKOIBKY DTO
MHOXKECTBO OFPAHUYEHO, OHO ABAAETCA U KOMIIAKTHBIM.

Onpegenenne 2. Dynxunn 2= (n) u 2%(n), 0 < n < 1, nasw-
BAIOTCA, COOTBETCTBEHHO, AE6bIM UHICKCOM U NPABLIM UHIEKCOM
HEYETKOT'O IUCTA Z.

[lycTsb 4 — HeYeTKoe YUCIO C JeBBIM uHexcoM u’(n) u ¢ npa-
BBIM HHIeKcoM uf(n).

Omnpegpenenue 3. Cymmoti HEIETKOTO UUCIA Z U HEIETKOTO
qucaa i Ha3bIBATCA HEMeTKOe THUCI0 ¢ JeBBIM mHaekcoM 27 (n)+
+u(n) u ¢ npaseim ungexcom z%(n) + uf(n). O6o3nauaerca >To
HEYETKOE 9UCIO Z + .

Onpeaenenune 4. [Ipouzsedenuem TeUCTBATEILHONO TUCIA
A ¥ HEYEeTKOT'O YHMCIA Z Ha3bIBaeTca mpu A > 0 HeIeTKOe TUCIO0



c JeBeIM uHIeKcoM A zU(n) u ¢ mpaseiM nrgexcom A z%(n) u npu
A < 0 — HeweTKoe {UCIO ¢ MeBBIM HHAeKcoM A 27(n) u ¢ npasbM
urgexcom A z"(n). O603HATAETCA DTO HETIETKOE U0 A 2.

O4eBnAHO, YTO WIS JTIOOBIX TEMCTBUTEIBHBIX UHCET A U [ U
LIS JIOOBIX HEIeTKUX YhcCea Z U U

ApZ=A(p3), AE+0)=AF+ )\

Eciu meuctBuTe BHBIE YUCAA A\ U 4 HE UMEIOT TPOTUBOTIOIOKHBIE
3HAKM, TO AJA JIOOOr0 HEIeTKOTO TUCIA 2

A+ p)Z=AZ+puz.

Onpegenenne 5. Cpednum 3nauenum HEIETKOTO HUCTA 2
HA3BIBAETCA UCIO

1
L R
z"(n) + 2"(n)
— = dn.
2
0

O4eBUIHO, 9TO CpeIHEe 3HAYECHHE CYMMBI HEUETKHUX YHCEJ
paBHO cymme cpenHux 3Hadenun. CpenHee 3HAYEHWE MPOU3BE-
NeHUs NEeUCTBUTEIHHOTO YUCIAa A M HEYETKOrO YUCIa Z PaBHO
OPOM3BEICHUIO \ U CPEIHEr0 3HAYCHUA 2.

Onpegenerane 6. Cranapnvim npoussedenuem HEIETKOTO
qucaa Z U HeYeTKOr'O YUCIa U HAa3hIBAETCA IUCIO0

(2a) = / zL(n);zR(n) _ uL(n);uR(n) i

Herpymuo yBugeTh, ITO A1 JTIOOBIX HEYETKUX UYUCET Z, U U
U M JIA JIOOBIX TeUCTBUTEIBHBIX TUCET A U i



(Z+0,0) = (z,u) + (0,a),
(ANZ,pay =Au(z, a).

B caydae, eciim y Kax0ro HEYETKOTO YHUCAA JEBHIU WHIEKC
COBHALAET C MPABLIM MHAEKCOM (& 5TO BO3MOXKHO JWIIb TOLIA,
KO A KaXK I MHIEKC KaK (DYHKINA apryMeHTa 1) ABIAeTCS KOH-
CTAHTON), BCE ONpE[eJeHHBIe BHINIE OMNEPAINN HAN HEIeTKUMU
YUCAAMEI COBIATAIOT C ONEPAIUAME HAJ OOBITHBIMEU JE€UCTBU-
TeJbHBIMI YUCIAME. B 9aCTHOCTHU, MOXHO CKJIAIbIBATH HETETKIE
YUCIA U JeUCTBUTENbHBIE YUCIa, €CIN PACCMATPUBATH JEUCTBU-
TeJbHBIE YHMCIa KaK HedeTKHWe YUCIa C COBIATAIONINMU WHIEK-
CaMMU.

[Iycts K — MHOXeCTBO, dJIeMEHTAMU KOTOPOTO ABIAIOTCA
KOMITAKTHBIe TOIMHOXKECTBA TNpocTpaHcTBa R2. K apagerca
METPUYIECKUM MPOCTPAHCTBOM OTHOCUTEIHHO PACCTOIHUA XayC-
nopda. To, aro I ABIsgeTcs MeTPUIECKUM TPOTPAHCTBOM, IO-
3BOJIAET TOBOPUTDL 00 M3MEPUMEIX OTOOpaKeHUAX

Q— K,
rae (2,X, P) — BepoaTHocTHOE mpocTpancTBo. (Iloapobuee cMm.
[1, cTp. 5 - 7].)
Omnpepnenenue 7. Heuemko-cayuainot eesuuunoti Ha3bIBa-
eTcsa m3MepuMoe 0TOOpaKeHme
X:Q-K,

ecIn mpu mo6oM w € ) MHOKeCTBO X (W) — HETETKOE THCIO.

U3 »Toro ompemesenHus caeayer, UTO HpH J0O60M w € Q u
npu mobom 7, € [0, 1] mepecedenne MuOxKecTBa X (W) ¢ IPAMO
1) = 1, UMeeT BUJ

{(&mn): X (w,m) <€ < XBw,m),n=m}.

[Ipu duxcuposarnom w € Q byskman XX (w,n) 1 XE(w,n)
KaK (PYHKIIMU apCyMeHTa 1) HelpepLIBHLI CIeBa, U IPU
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0<m<n<1

BBIIIOJIHAIOTCA HepaBeHCTBa
Xt (w,m) < XE(w,m) < XF(w,m) < X (w,m).

Omnpegenenne 8. Dynxkumn X' (w,n) uw X%(w,n) waswsa-
IOTCA, COOTBETCTBEHHO, 4C6blM UHICKCOM U NPABbIM UHOEKCOM
HEYEeTKO-CIYIANHON BEIMIHHEL X .

B pa6ore [1, cTp. 9, 10] 1okazano, 4To mpu GUKCUPOBAHHOM
n € [0,1] dynxkmuu X'(w,n) u XE(w,n) xax ynknuu apry-
MEHTa W ABIAIOTCA M3MEPUMBIMUA.

Hanoxum TpeGopanue, 1To6sl pynxnm X “(w,n) u X £(w,n)
OBLIM OT'PAHMYEHLI MO A0COMIOTHON BEIMYNHE HEKOTOPOU KOH-
CTaHTOU.

Paccmorpum dyuknnm

) = [ XE@mar, o) = [ Xw,mdP. (1)

Herpyauo yBugets, uro dyukmuu z”(n) u xf(n) senpepsis-
HEIE CaeBa; GyHKIuA (1) MOHOTOHHO HeyOBIBaOmAA U (DYHKIUA
2f(n) momoronno mepospactatomas; z”(1) < z%(1). IlosTomy
by X (n) n 2%(n) asasioTca, cooTBeTCTBEHHO, TEBHIM HH-
JTEKCOM U TPaBBIM MHIEKCOM HEKOTOPOTO HEeYeTKOrO YUCIA .
(JomosnuTensuble noACHeHusA cM. B [1, crp. 11].)

Omnpenenenue 9. Hederkoe «umcao T ¢ JIeBBIM WHIEK-
com z¥(n) m ¢ mpaseim umugexcom x(n), ompenerenHbME 1O
dopmyaam (1), HABIBAETCA HEUEMKUM O0HCUJAHUEM HETETKO-
CIyIAMHON BEIMIHHEL X .

Omnpeaenenne 10. Oxcudanuem HEIETKO-CIYIAMHOU BEIW-
quHbl X HA3BIBAETCA CPefHee 3HAYEHHe HEYeTKOTO OKUIAHIA
DTOW HEYETKO-CAYIANHOW BEJUIUHBI.

8



[l1s OKUIAHUA HEIeTKO-CAYIAUHON Bean<IuHbl X Oygem mc-
M0b30BaTh 0O03HaAYTeHNe F (X) Taxum o6paszowm,

B (%) - / [N X )

2

11 HeIeTKO-CIyIaHOM Bemmaunsl Y o603uadenus Y (w, n),
YE(w,n), y¥(n), y®(n), § mmeroT ToT xe cMBICT, 9TO U 0603HAYE-
A X (w,n), XE(w,n), z%(n), 2%(n), T n1a neveTKo-crygaiHon
BEJINYYUNHBI X

Onpegenenue 11. Craaapuvim npoussedenuem HEIETKO-
CIYIAMHON BEIMIHHEL X U HEUeTKO-CIYIANHON BeInIuHbl Y Ha-
BBIBACTCSA THCIO

1
. XE( X
(X,7) // “”7+ (w,m),
0 Q

Vi) Y ) g,

Ucnoaw3ys TOT ke mpueM, 910 u B [1, cTp. 12, 13], MoxHO
N0Ka3aTh, 9TO B MOCIeTHEW (hOPMY./e BHYTPEHHUU UHTErPa,
KakK (DYHKIUA apryMeHTa 1), UMEeeT OrPAHUYEeHHYI0 BapUaIWio Ha
orpeske [0, 1]. CregoBaTenbHo, dTa QYHKIMA ABIAETCA U3MEPU-
mou Ha orpeske [0, 1].

Onpepenenne 12. Kosapuayueti HEIETKO-CIYIanHON BEIN-
quHBL X U HEYeTKO-CIyYalHON BEIMIHHBL Y HA3BIBACTCA MHCIO

Con (X.7) :0/1/<XL w,m) + X (w,) va(n)+$R(n)>_

2 2

_ (YL(w,n) + Y% w,m) oyt + yR(”)> dP dn
2 2 |

9



HeTpyauo yBugeTs, 94T0

CoorHomenne (2) ABIAETCA AHAJIONOM XOPOIIO HU3BECTHOIO
BBIDAKEHUS [ KOBAPUAINYU CIyIanHbIX Beaudud X u Y

Cov(X,Y) = E(XY) - E(X)E(Y).

Onpenenenne 13. /Jucnepcueti HEIOTKO-CIYIANHON BEJIH-
JUHBL X HA3LIBACTCA THUCIO

Var( ) Cov (X',X) )
Jlast mOGOM HeYeTKO-CIy9ailHON BEAMIHHEL X
Var ()2' ) > 0.

13 orpaHMYIeHHOCTH MHIEKCOB CICIYET CYMIECTBOBAHUE OXKM-
NAHWU, TUCTIEPCUN ¥ KOBAPUALNK /I TIOOBIX HEIeTKO-CIY YalHBIX
BEJIUYNH.

U3 onpenenenns CKaJIspHOTO MPOU3BEIEHUS CIEAYET, ITO I
HE3ABHCHMBIX HETETKO-CIyIANHBIX BEIUIUH X 1 Y

(X,Y) = (2,7).

(Onpenenenne HE3ABUCUMOCTH HEYETKO-CIYIANHBIX BEAUIUH CM.
B [1, cTp. 14, 15].) [elcTBUTEIBHO, 11 HE3ABUCUMBIX HEUETKO-
cIydauHBIX BeamauH X u Y

/1/ (w, 7 +XR(wn)dP

"<z

VE(w,n) +Y(w,n)
9

dP dn =

10



_ /1 et () + )y ) +y"m)
2

Onpegenenne 14. Cymmoti HEIETKO-CIYIANHON BEJIUINHBI
X ¥ HEYETKO-CIyYAlHON BeIMYMHLL Y HA3BIBAETCA HEYETKO-
crydaiiHad BedmdmHa ¢ JeBbIM uHAekcoM XX (w,n)+ +YF(w,n)
u ¢ npaBeiv mHAeKcoM X F(w,n) + Y E(w,n). O6oznauaerca sra
HEYeTKO-CIyIaiHAS BeIMInHA X + Y.

B wacTHOCTH, M3 mOCIEIHETO OUpEeNeNeHWus CJAeayeT, UTO
CyMMa HEIeTKO-CIy9IailHON BETMYMHBL X 1 CIYIANHON BeIMIUHBI
7 — 3TO HEYeTKO-CIyIalHasA BeIMINHA C WHICKCAMU

Xw,n) + Z(w), XB(w,n) + Z(w).

Onpegenenne 15. IIpouzsedenuem NTeUCTBUTEIHLHOTO YW-
cla A\ M HEIeTKO-CIVIAMHON BeIMduHBL X HA3BIBACTCA IpH
A > 0 HeYeTKO-CIydalHAasd BeIWYMHA C JEBBEIM HHIEKCOM
AXL(w,n) u ¢ npaseiM mrgekcom A XE(w,n) mw mpm A < 0 —
HEYeTKO-CIydailHad BeruduHa ¢ JeBbiM uHgekcom A X Z(w,n) un
¢ npasbim ungekcoM A X F(w,n). O6o3nauaeTcas >TO HETETKO-
CcIyvaiHAA BeImInHA \ X .

13 ompegereHnA OXUJAHUA HEICTKO-CIYIAMHON BEINTIMHEL
CIeLyeT, 9TO A JIOOBIX HEIeTKO-CIYIAMHEIX BEIMIHH X 1 Y
U 114 TI000T0 IeHCTBATEILHOTO TUCIA A

E(X+Y)=E(X)+E(Y), E(\X)=\E(X).

U3 onpeneneHnsa CKaJIApHOO WTPOW3BENEHUSA HEYETKO-CIY-
YAUHBIX BEJUYIUH CAETYEeT, 9TO NI JIOOBIX HEeIeTKO-CIYIaMHBIX
BeswawH X, Y, 7 mis JI0OBIX TeUCTBUTEIBHBIX THCET A, [

() = (7. 0),

(X+Y,2)=(X,Z)+ (Y, Z),

11



AX, uY)y=Ap(X,Y).

C ydyeToMm GopMmyabl (2) ¥ CBOUCTB CKAJAPHBIX MPOM3BENEHUN
HEYeTKO-CIYIANHBIX BEJNYNH U CKAMAPHBIX OPOU3BEICHUN He-
YeTKUX YUCeT TaK¥ke CIeIyeT, ITO

Var ()Z'+37 =Var (f() +Var (17) +2Cov (X,f/),
Var (AX) =\ Var (X') .

[Toxaxem, 9TO mMeeT MecTO HepaBeHCTBO Komu — ByHAKOB-
CKOT'0, TO €CTh 1A JIOOLIX HEYeTKO-CIVIAMHBIX BeamdnH X u

Y
‘C’ov (X', }7)‘ < (Var (X))I/Q (Var (?))1/2 .
[Tpu m060M MEUCTBUTETHHOM A

0<Var (X'+M~/) = Var (f() +2XCov (f(,f/) + A Var (17)

Ecmu Var (Y) > (0, TO MUHIMAJIBHOE 3HAYEHNE TPABOYN TaCTH
TOCTUTAETCA TIPU

Cov (5( , }7)
A= —r-—~,
Var (Y)
PaccmarpuBas HepaBeHCTBO Mpu 5TOM A, MOJIyYaeM
N2
0<Var (X)—OOU ’Y)



TIH o . .
Cov (X, Y) <Var (X) Var (Y) .

3 onpepeneHus KOBAPUALNN HEYETKO-CIYIANHBIX BEJIUYUH CJIe-
ayeT, 9T0 ecau Var (17) =0, ro Cov (X', 17) = 0. HepaBencTBo
Komm — ByHAKOBCKOTO TOKa3aHO.

3amerum, aTo coorHomerme (X, X) = 0 BHIOIHACTCA He
TOMIBKO [ HEIeTKO-CIy YAl HON BeIMIUHBL X , y KOTOPOI 004 MH-
nexca — HyJaeBble (pyHKIuu. Hampumep, 5T0 COOTHOIIEHNE NMeeT
mecto npu X (w,n) = —1, XE(w,n) = 1.

[lycTh 4 — HEeYETKOE YUCI0, Z — CAyIalHAs BeJNTNHA TaKad,
aTo Z(w) — orpannyeHHas (HYyHKIUA HA MHOKeCTBe ().

Teopema 1. 11 HEUETKO-CIYIANHON BeMIMHBL X = 1 + Z

E(X') =u+ E(Z), Var (X) =Var(Z2),

rae u — CpelHee 3HAYEHUE HEIOTKOrO TUCIA 0.
Aorazamenvbcmaso. NHIEKCH HETOTKO-CAYIAUHON BEJUIUHBI
X uMeroT BUJ

X*w,n) =u"(n)+ Z(w),  X™w,n) =u(n)+ Z(w),

OTKYIa
X w,n) + XF(w,m)  u"(n) +u(n)
5 = 5 + Z(w).
[TosTomy
(%)= (UL(n)JQruR(n) +Z(w)> 4P dip —



3 (1) crenyer, 9To

a"(n) +2%(n) _ u"(n) +u(n)
. = . + E(2).

[TosTomy

VM(X):Z!(X”WWW;X”%W_

2" (n) + 2%(n)\’
— ) dP dn =

= /1/(Z(w) — B(Z))*dP dn = /IVar(Z)dn = Var(Z).

Teopema 1 gokasaHa.

[lycTh 4 — HEeYETKOE YUCI0, / — CAyIanHAs BeJNTNHA TaKad,
910 Z(w) — HEOTpUIATENbHAA OTPAHUYEHHAS (DYHKIMA HA MHO-
xkectre (). [lox HEUETKO-CIyIAMHON BEIMYIWHON Z U OyIeM MOHU-
MaTh HEYETKO-CIYIAWHYIO BEJUIUHY C WHIEKCAMU

Xtw,n) = Zw)yu (),  X(w,n) = Z(w)u"(n).
TeopeMma 2. [[11 HEUETKO-CIyIalHON BeamanHbl X = Zi
E(X)=uB(2), Var(X)=(i,a)Var(2),

rae u — CpelHee 3HAYEHUE HEIOTKOrO UCIA 0.
Loxazameavcmso. Nmeem

X*(w,n) + X (w,n)

) ut(n) + ()
2

2

=Z(w

14



[TosTomy
B (X) :/1/ (Z(w) M) dP dy = uwE(Z).

3 (1) crenyer, 9To

v (n) +2(n) _

[TosTomy

v () = ] [ (XX

_M> 4P d —
— 0/1 (M)QQ/(Z(@—E(Z))ZMDCIU: (@, @) Var(Z).
Teopema 2 goxasama.
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2. JIuHenHbIE HEYETKO-CIy9YauHbI€ MO Je/In
JJA HEYETKUX BPEMEHHBLIX PAJOB

Onpegenenune 16. Heuemkum spemennvim padom Ha3bIBa-
eTcAa HAaOOp HEYEeTKNUX IUCeTd Ty, ..., IT.

Onpegenenmne 17. Heuemko-cayuatinbim npoyeccom HA3BI-
BAeTCA HAGOD HEUETKO-CIYIANHEIX BeamdnH {X; by 1.

B kagecTBe muOX)ecTBa T MOXKET paccMaTpPpUBATHCSI MHOXKE-
CTBO IEJBIX YMUCET 7, MHOXKECTBO HATYPAJbHBIX JYucea N, MHO-
xecrso {1,...,T}.

B kraccuveckom aHaamse BpeMEHHBIX PATOB MPUHATO HA3BI-
BATh BPEMEHHBIM PAJOM He TOJBKO HAOOP HAOMIOIEHUU, HO U Ha-
60p CAYIAWHBIX BEJUYUH, CIYXKAIIMA BEPOATHOCTHOW MOIEIBIO
I DTOr0 Habopa HAOMIOIEHNN, TO €CTh CAYYAHBIN mpouecc. B
HACTOAIIEN paboTe Takke OyIeM HA3BIBATH HEIETKO-CAYIANHBIN
IPOILECC HEIETKO-CIYIANHBEIM BPEMEHHBIM PSIIOM.

Onpenenenne 18. HedeTko-CoydanHBI BpPEMEHHOU P
{Xt}teZ HA3LIBACTCA CMAYUOHAPHBIM , €CIN CYIIECTBYIOT Iel-
CTBUTENIbHOE YnCI0 (4 ¥ pyHKImA 7 : Z — R Takme, 1uTo

E (f(t) =U nas moboro  t € 7,

Cov ()N(H_h,j(t) = ~(h) 1A mooux ¢, h € Z.

3 npuBeIeHHOTO ONpPENEJeHNs HEeTPYIHO YBUAETh, €TO
dyHKIMA ¥ 06A3aHA OBITH YETHOU, TO €CTh JOMKHO BBINOTHATHCA
yCI0BHE

v(h) = v(=h) s aoboro  h € N.

Onpepenerune 19. OyHKIMA v HABBIBACTCA (6MOKOEAPUA-
Yuonnoti Pynrxyueti CTAIMOHAPHOIO HEYETKO-CIYIAUHOIO Bpe-
MeHHOrO psaa { Xi}iez.
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N3 mepaBencTBa Kommu — ByHaKoBCKOTO caexyeT, ITO
|v(h)| < ~(0) 11 doboro  h € Z.

Onpegenenune 20. Asmoxroppessyuonnoti pynryuet cramu-
OHAPHOT'O HEYETKO-CAYIaNHOrO BPEMEHHOI'O PAIA {Xt}teZ Ha3bI-
BaeTcsA HazbiBaeTcsa GpyHknus p : Z — R, onpenensemas coOTHO-
[IIeHTeM

p(h) =~(h)/~(0) mpu h e Z.

Onpepenerue 21. Yacmuoti asmokoppessyuonnot @Gynk-
yueti CTAIMOHAPHOIO HEIETKO-CIYIAMHOTO BPEMEHHOTO PAA
{Xt}teZ HasbIBaeTCca HasbiBaerca gyukmua a : N — R, s3aga-
BaeMasg COOTHOIIECHUEM

a(n) =ap, npu né€EN,

re 9UCIO (yy, ONPEIENSeTCA W3 CUCTEMBI TUHENHBIX YPABHEHUN

p(0) p(1) p(2) p(n —1) n1
p(1) p(0) p(1) p(n — 2) Gz | _
p(n—1) p(n—2) p(n—3) p(0) Qnn
p(1)
_ p(2)
p(ﬁ)

Omnpegenenme 22. Heuerko-caywaimeni npomece {W,} ma-
3BIBAETCA  HEUETMKO-CAYUATNBIM OEabLM WYMOM , €CIN BCe He-
IEeTKO C.Hy‘laﬁHbIe BCIMNINHBI Wt HE3aBUCUMBI, UMEIOT HYJIEBOC
OXKUJIAHUE U OJUHAKOBYIO NUCIEPCHIO.

17



HeweTko-crydanHein GBI MIyM — DTO CTAINOHAPHLIN HEIEeTKO-
CIyIalHBIN TPOIECC C aBTOKOBAPUAIMOHHON (DYHKITIEN

o2 mpm h=0

v(h) = 0 npu h # 0

OCKOJIBKY KOBAPUAIMA HE3ABUCUMBIX HEIETKO-CIYIANHBIX BeJIH-
4rH paBHA 0.

B kraccmdeckoMm aHaIm3e BpeMEHHBIX PSAIOB pacCMaTpPUBa-
eTcA MOJEeTb aBTOPEerpeccun

Xt = a1 thl + ...+ ap thp + Wt, (3)

rae X; — caydadHBIE BeIMYUHBI, VW; — mpormecc 6emoro myma,
ai,...,a, — JEUCTBUTeIbHBIE 4HCIA, a, 7 0. Kpome Toro, na-
KJIaIBIBAETCA YCJIOBHUE, UTO BCe KOPHU MHOTOWICHA

l—a1z—...—ay2’ (4)

JIEYXKAT CTPOTO BHE EIMHUYHOTO KPYTa.
[Ipu >TUX ycJI0BUAX yCTAHABAUBAECTCA, UTO MJIA MPOIECCA aB-
TOperpeccuu UMeeT MeCTO IpecTaBIeHue

Xt == Z Cj Wtfj- (5)

=0

3 popmyast (3) HETPYIHO YBUAETD, 9TO

Cop — ]_,
J .
¢g = 2 a; ¢y mpu 1<j<p, (6)
=1
p .
c; = .Zlaicﬂ'—i apa j > p.
1=

18



[Mocaenuee w3 ypasueHui (6) ABIACTCA OTHOPOTHBIM PAZHOCT-
HBIM ypaBHEHHeM TOpAAKa p A1d BeaumuauH c;. [lockoabky Bce
KODHM MHOrO4IeHa (4) JexaT CTPOro BHe eIUWHUYHOTO Kpyra,
¢; — 0 mpm j — 00 CO CKOPOCTBIO MeOMEeTPHIECKOU MPOT'PECCHH.

[lepexoms K HEIETKO-CAYIAUHBIM MOJIEIIM aBTOPErPECCHUH,
OTPAHUYUMCA PACCMOTPEHUEM CIydas

ap >0,...,a, > 0.

Torga u3 (6) crexyer, 9To ¢; > 0 mpu J1060M j.
SaduxcupyeM m € Z u upu t > m — p PaCCMOTPUM HETETKO-
CJIy‘IaﬁHBIe BEJINYNHBL

t—m+p
Xt = Z C; Wt,i, (7)
i=0
rie GUCIa C, C1, . . ., Ci—m+p ONpeRensoTes u3 (6); W, — HedeTKo-

CIyIAUHBIN OEJIBIA IIIYM.

[Tomb3yACh TeM, 9TO AIA HEOTPUIATEIbHBIX A U (I UMEeT Me-
c1o (A4 p)Wi_i = AW,_ i+ Wy_;, HeTpYIHO YBUAETE, 9TO IpH
t>m

Xe=a1 Xy + ...+ ay Xo_p + Wi (8)

HeveTko-crydanHbie BeIn<IHHbBI Xm_l, ..oy Xpm—p, OIpeeneH-
uble 1m0 (opmyae (7), ABIAIOTCA HAIATBHBIMEA 3HAMEHUAME [/
HeveTKO-cay4danHoro nporecca (8). [Ipu m — —oo dopmyaa (7)
ABIsgeTCsA aHaaoroM gopmyast (5).

Onpegerenne 23. Heuerko-cayuaitmeni mpomece {X,}, sa-
naBaembin ypasHenuamu (6), (7), (8), HaseIBaeTca meuemko-
CAYuatinblm npoyeccom agmopeepeccuy mopAgka p. [Ipu srom
CYMTAETCA, 9TO BCe KODHM MHOrOWIeHa (4) JexkaT cTporo BHE
eIUHUIHOTO KPYyTa.
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13 dopmyasr (7) 0MeBHAHO, ITO OXKUAAHUA BCEX HETETKO-
crydanabix BeawdnH X; pasuel 0. Kpome Toro, us (7) crenyer,
yronpu t >m —p, h >0

t—m+p

Cov (Xt,Xt+h) = O'2 Z Ci Cith-
1=0

Bymem cumrats m HACTOIBKO GOJBIIAM MO AOCOTIOTHOU BeJIU-
YAHEe OTPULATEJbHBIM YUCJAOM, UTO IPHA ¢ > —pP MOKHO HUCIOTIb-
30BaTh NPUOINKEHHYIO (DOPMY.IY

o0
¥ % 2
Cov (Xt, Xt+h) = 0" ¢iCin
i=0

[IpaByio gacTh mocaegnen Gopmyasl 0603uHaduM depes y(h).
Paccmarpusas npu ¢ > 0 koBapualuu JeBOU 1 IPABOU IaCTeN

(8) ¢ Xy—1, ..., Xy_p, IMOXYIAEM p YPABHEHUN
(1) = ay0)+ ... Fayp-1)
: : : (9)
vp) = ayp-1+ ... +a,7(0),

coBmagafomue ¢ ypapueHumamu HOaa — Yokepa B KIacCHYIECKOM
AHAJIM3e BPEMEHHBIX DAIOB.

[Tpu ¢t > 0 MOX)HO Takke PACCMOTPETHh KOBAPUALNN JEBOU U
npagoit wacreit (8) ¢ X;, uTo gaer

Y(0) = a1 y(1) + ...+ a,y(p) + o°. (10)
Omnpegenenue 24. Buibopounotli as8morxosapuayuonmo
Pynkyueld HEIETKOrO BPEMEHHOI'O pAga Iy, ..., T HA3BIBAETCA

pyHKIUA

20



2
rie

_ L i (n) +2f(n)

() = =

() Tg; 5

Onpegenernme 25. Buibopounoti a8mokoppesiyuonHo

PynKyuel HEIETKOrO BPEMEHHOrO psaga Iy, ..., 7 HA3BIBAETCA
pyHKITA

p(h) =~(h)/4(0),  0<h<T.

Omnpepenerue 26. Boibopounoti uwacmuoti asmokoppesay-
onnoti Pynkyueti HEIeTKOrO0 BPEMEHHOTO psaxa Iy, ..., L7 Ha3bI-
BaeTCA (PYHKIUA

a(h), 0<h<T,

rae a(h) ompegeaserca Mo BEIGOPOIHBIM aBTOKOppeamusam p(1),
.., p(h) Tem xe cmoco6om, KOTOpEIM a(h) OmpeneIseTcs no aB-
roxkoppemsnuam p(1), ..., p(h).

Samensas B ypasrenuax (9) u (10) aBroxoBapmanum Ha BBI-
OOPOYHEIE ABTOKOBAPUAIINY, IOLYIACM YPABHCHUA IIA HAXOXK I6-
HUA A1, ..., (p

1) = a0+ Fai-1)

W) = aAp-D+ .. +ap30)

1 ypaBHeHUe 119 HaXOXKJICHUI 02

7(0) = a1 4(1) + ... + @, Y(p) + &%

a1y ey Ay, 62 ABIAIOTCA OIEHKAMH, IOCTPOCHHBIMI METOJOM MO-
MeHTOB. OJHAKO NMPUBEIEHHOE BHIINIE MOCTPOEHUE OIEHOK SBJA-
ercs (POPMATBLHBIM, BOMPOC O CBOUCTBAX DTUX OIEHOK OCTAETCS
HEU3y1IC€HHBIM.
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N3 dpopmyast (7) crenyer, aro npu h > 0

5 h—1 B t—m-+p 5
Xen =Y cWini+ Y, ciWin i
i=0 i=h

YIT06BI mOTyInTh IPOrHO3 X; ), Ha h MAroB BIEpel, CIelaHHbIA
B MOMEHT BpPEMEHHU f, B IEPBOU CYMMe W3 MPABOU IACTU MOKHO
sameHuTb W, ; myaavu. Torma

t—m+p
Xon= Y, ¢iWin i
i=h
[ omubKY IPOTHO3MPOBAHMUA IO AHAJOTHH C KIACCUYIECKAM
AHAJN30M BPEMEHHBIX PATOB MOXKHO HCIOJb30BATH BHIpAXKEHUE

h—1
Zt,h = Z C; Wt-l—h—i- (11)
i=0
V3 cBOMCTB OXUIAHUA M JUCIEPCUN HEYIETKO-CAYIaUHBIX Be-
JUYWH CJAeIyeT, 9TO OXKUaHNe OMMOKNA TPOTHO3UPOBAHUA PABHO
0, m
Var (Z, =’ (1++ +c
t,h) — I h—1) -

Dopmyaa (11) mo3BoaseT Takke MOIYIATH KOBAPUAIMHA OIIIH-
60K MPOTHO30B Ha h IIAroB BIEpes, CIeJaHHBIX B MOMEHTHI Bpe-
MeHU t —ju t

h—j—1
~ ~ o? Z Ci Citj npu 0 S] <h
Cov (thj,h; Zt,h) = =0

0 npu j > h

MoOKHO pacCMOTPETh HEIeTKO-CIyIalHbIe TPOIEeCCH aBTOPErpec-
CHUM — CKOJB3AIMIET0 CPpeTHero

Xt:aletfl+---+apthp+Wt+bIWtfl+---+qutfq-
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OrpaHuvuMcs caydaeM

a120,...,ap>0, blz(),...,qu().

[ycre 7 = max(p,q), apt1 = ... = a, = 0 mpu p < r,
byt1=...=0b, =0 mpu ¢ < r. Ilo anaroruu ¢ popmy.on (7) pis
BTOTO MPOIECca MOKHO HCIOIb30BATH NPEICTABICHIE

B t—m-+r _
Xi= ) W, (12)
i=0
rie
Ch = ]_,
J .
¢ = Y a;ci_;+b mpu 1 <j5<r,
i=1
r .
;i = ). a;Cji_ npu j > 7.
i=1

Dopmyaa (12) MokeT OBITH IPUMEHEHA IS TTOCTPOEHUS TPOrHO-
30B Tak ke, Kak dopmy.a (7).
Ecin He9eTKO-CIyIaiHble MPOLeCCH X; U Y; CBA3AHBL COOT-
HOIIIEHUEM
}N/t = Xt +u mra aoboro t e T,

rue @ — HEHYyJIeBO€ HeYeTKOe YucCjao, u Xt ABJAAECTCA HEYIECTKO-
CIYYaWHBIM MPOIECCOM ABTOPETPECCUN — CKOIB3SAIIETO CPEIHETO,
T0 Y} — 5TO HEIETKO-CIYIANHEII IPOLECC ABTOPErPECCHE — CKOIb-
3AMIEr0 CPEIHEr0 ¢ HeHYJIEBBIM OXKUTAHIEM.
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