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DEFINITIONS
. A sin (7t) A 2w
sinc (t) = - Q, = T

I. CONTINUOUS-TIME FOURIER SERIES

A. Properties of Fourier series

Periodic signal Fourier serie coefficient
x(t) = i apelkot ag = i x (t) eIkt gt
k=—00 TO T
z(t) | Periodic with ag
y(t) [ periodTy br
Ax (t) + By (t) Aay, + Bby,
x (t—to) ape—ik2m/To)to
ejM(QTr/TO)th (t) M
z* (1) a’y,
x (—t) a_p,
x (at) ,a > 0 (Periodic with period Tp/a) ak
/ 2 () (t—7)dr Toarby
To
z(t)y(t) Z abg—i
l=—00
d 27
Z ot 7
dtx( ) J T U
t 1
/ 2 () dT (Bounded and periodic only if ag = 0) ——————a)
—00 ]k (27T/T0)
If x (t) is real valued then
ag = aik
Riar} = R{a_r}
z (t) SH{ary = =S {ax}
|a| = |a—g|
arg {ar} = —arg{a_x}
ze(t) = E{x(t)} R{ax}
zo(t) = O{x(t)} 7S{ak}

apel®0t 4 g e IR0t = 2R 1Las} cos(kQot) — 23{az } sin(kQot)

Parsevals relation for periodic signals

1 [e.9]
— z(t)2dt = ak|?
7o, It = 3

k=—00
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B. Fourier series table

z(t) a, or the Fourier series expansion
1
a) Yol 0t —nT) = all k
b) 1 (a0 = 1, a = 0 otherwise), V Ty >0
c) et a1 = 1, ap, = 0 otherwise
1
d) cos ,t a1 =a-1 =g, ak = 0 otherwise
1

e) sin Q,t a1 =—a_1 = 27’ ap, = 0 otherwise

Lolt<D QT in kQ,T"

T. . sin
f) 0, Th <|t|< ?0 ap = — 1smcm7‘;T1 = Imo !
period T{
g) { _%: _gittig %(silllt+si%3t+si%5t+m)
t t

b d={ 5 22iEh RIS S SR AR
. int _ sin2t , sin3t
i) t, —mT<t<m g (Sint _ sin2i y sindt ...
j) t, 0<t<2r mog (SR 4 sin2t y sindt 4 )

. 2 4 2t 4t 6t
k) |sint|, —nm<t<m ;—;(C‘f?} + e+ e +)

0, O<t<m—a ) ] )
1) (1)7 T—a <f < S. +a % _ % (smalcost _ sm2a26082t 4 sm3a3cos3t . )
, THa<t<2w
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II. CONTINUOUS-TIME FOURIER TRANSFORM

A. Properties of the Fourier transform

Non-periodic signal Fourier transform
() = % / X Q) dn x(jo) 2 / " o(t)e it
- Alternativly with frequency f instead of anguigr frequency §2.
o) = [ Xy(pernttas X102 [ ate it = X @) acan
0 X(j9)
y(t) Y(5Q)
ax(t) + by(t) aX (jQ) +bY ()
2(t — to) eI X (j€)
eI Wl (t) X(5(2 = Q0))
z*(t) X*(j(=9Q))
z(—t) X(j(=))
1 Q
x(at) mX (a)
(t) * y(t) XY ()
#(t)y (1) 5= X(9) + Y ()
Lalt) JOX(j9)
/_ oty leX(jQ) + X (0)5(Q)
. d .
ta(t) I5X0Q)

If x(t) is real valued then
X(492) = X*(j(=5))
3“%X(JQ)} = R{X (=)}
) X )

() S{X ()} = -S{X (-
(X)) =1X0G (D)
arg{ X (jQ)} = —arg{X (j(-Q))}

ze(t) = E{z(t)} R{X ()

zo(t) = Ofx(t)} j%{XJUQ%}

Duality

o 00 R g(t)Lf(]Q)
r= [ e, 90708

Parsevals relation for non-periodic signals

| opa =5 [ xge)tie
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B. Fourier transform table

The table is valid for R{a} > 0 and R{5} >0

z() DFiD) X(f)

D w4 D) (1) gl 1T — Taine( )
b) Sir;‘:/tzgsincy u(Q+W)—u(@Q-W) u(f—l—%)—u(f—%)
K T T [sin QT /41> T

12t < 2 [Sm} Linc(Tf/2
C) { TO, otherWQise 2| 9T/ 27" 72
—« 1 1
d) e~ u(t) Ota j2nf +a
7a\t| 270[ 270[
e) ¢ 02+ a? (2mf)% + o
1 —at _ ,—pt 1 1
D el —er]ul GO )Gt R | Gonf+o)Ganf 1)
—« 1 1
g) te™u(t) GO+ a2 (j2rf +a)?
et 1 1
h) RS GO+ay G2nf +ayr
i) o (at)? ﬁe—(ﬂﬂa)z ﬁef(wf/oz)2
. i ‘o, “a,
) e” " sin(Qot)u(t) Gt )2+ 02 (j2rf + a)2 + Q2
. _Qo _Qo
eat sln(QOt)u(—t) (O[ _ jQ)2 + Qg (Oﬁ . j27rf)2 4 Qg
. + 50 +j2rf
k) e cos(Qot)u(t) (32 i a)J2 + 2 (j27:;f +]oz)7; + Q2
«@ —Jj —J2 f
e cos((Qot)u(~1) (a —ajsz)j2 +Q2 (o —aj%jf)z +9
T [sin(@— Q)5 T [sinaT(f ~ fo)
2| (Q-Q)% 2 [T—
) | (cos Q) [u £+ ) = (t = 2] : R
sin(Q + Q) 2) SnﬂT<f+f>}
Q1 0)T) mT(f + fo)
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Generalized Fourier transform (power signals)

a(t) X () X(/)
a) 5(t) 1 1
b) d(t —to) e—J8o e—J2mfto
> U — T 1 & n
o) S 6(t— nT) = Z(S(Q—%n) =36
1 1 1
d) u(t) 75(Q) + o 5000 o
t 2 1
e) sgn(t) = T 0 o
f) - —jsen(®) —jsign()
g) K 2rK6(Q) Ko(f)
1 ' 1
h) tu(t) jmd'() — 3% 4777 "(f) - 122
) x 2(j)"0(@) (&) o=
i) cos Q,t T[0(Q — Qo) + 6(2+ Q)] %[&f — fo) +6(f + fo)]
k) sin Q,t g[a(g —Q,) = 6(Q+ Q)] ;[6(f — Jo) = 0(f + /o))
) i e Tt o i cnd <Q — 2;”) i nd (f— %)
m) eIt 26 (Q2 — Q) 5(f = fo)
n) Periodic square wave
Lo ltlsh DA Q-EQ) | D A(HI(f —kfo)
O Tisltls 5 | = T T sink2eg,T
periodT, Ap() = % Ap(f) = %
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III. DISCRETE-TIME FOURIER SERIES

A. Properties of discrete-time Fourier series

Periodic signal

Fourier serie coefficient

x[n]: Z akejk(Zﬂ/N)n
k=<N>

z|n Periodic with
period N

Azx[n] + By[n]

o 1] = { z[n/m], If nis a multiple av m
(m) 7% = 0, otherwise

z[n] — x[n — 1]

Z [K] Bounded and periodic

a1l —jk(27/N)n
= 5 Z x[n]e™
n=<N>

ag Periodic with
by, period N

Aay, + Bby,

ake—jk(QW/N)no

—ay, period mN

Nayby

E arby_;
I=<N>
(1 _ e—j27r/Nk) ag

1

only if ag =0 1 _ o—jk2n/N %k
k=—o00
If z[n] is real valued then
ag = atk
T Qap — %{a,k}
x[n] S{art = —S{a-r]}
|ak| = |a—|
arg{ay} = —arg{a_}
ze[n| = E{z[n] R{a}
zo|n) = O{z[n]} 7S{ak}

Parsevals relation for periodic signals

v X = Y

n=<N>

k=<N>
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B. Fourier series table

x[n] ag
> 1
Y 6(n—kN) ar = — for all k
N
k=—o00
1 [ 1, k=0+N,42N,...
%k = 0, otherwise
2mm
Wo =N
. 1, k=mmE£NmE2N,..
eJwon ap =
0, otherwise
Wo . . . . ..
or = irrational : The signal is non-periodic
T
2mm
Wo =~
3, k=tmAmENtmE2N,..
COS WoNn ap =
0, otherwise
wO . . . . . .
or = irrational : The signal is non-periodic
s
2tm
Wo =~
L k—mmEN,mE2N,...
. 257
sin wyn ar =
_QLj’ k=—m,—m=£N,—m=2N,...
Wo . . . . ..
— = irrational : The signalen is non-periodic
s
i 21k 1
sin 2% (N1 + 5
1, |n|< N v ( 2), k40,4 N, 42N, ...
in Tk
N N sin 77
O, Nl <| n |§ 5 ag =
; 2N +1
period N - k=0,-£N,£2N,...
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IV. DISCRETE-TIME FOURIER TRANSFORM

A. Properties of the discrete-time Fourier transform

Non-periodic signal

Fourier transform

X (e/*) el dw

n multiple of m
0, n not multiple av m

(e 9]

X(ej‘“)é Z zn)e™Iem

n=—oo

Periodic with
period 27

xe )

aX(e?¥) 4+ bY (/)
e Jwno X (e/¥)

X (el (w=wo))
X*(eI-w)

X (7))
X(ej(mw))

X(e)Y (e/)

1
27T2

(1—el*) X(elv)

X (e (e?«=9)dg

1
i) _
. eij(e +7X(0 E d(w — 27k)

k=—o00 k——oo
. d jw
e L X(e)
If z[n] is real valued then

X (e/¥) = X*(ej(_“’))

R{X (e7)} = R{X (e ));
a[n] 3{X ()} = —{X (/"))

‘X(eﬂw)|'— ‘X eJ( w) }

arg{X ()} = —arg{X (e/))}
we[n] = E{x[n]} R{X (e7)}
zoln] = O{z[n]} FS{X (™)}

Parsevals relation for non-periodic signals

Y el =

n=—0oo

1 .
L / X () 2
271' 2
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B. Discrete-time Fourier transform table

z[n] X(e™)
o[n] 1
d[n — ng] e Jwno
> 2T 21k
k=—o0 k=—00
1 27 Z 0 (w—27k)
k=—0c0
elwon 27 Z d (w—w, — 2mk)
k=—00
COS WoN T Z [0(w —wo — 27k) + 0(w + wo — 27k)]
k=—o0
sinwyn T [0(w—wo — 27k) — 0(w + wo — 27k)]
J k=—00
uln| =~ + Wk_z_ 0(w — 27k)
“u(n), Ja] <1 1
@), 1 —ae v
(n+ Dauln), o] <1 1
n a"uln], |a _
(1 — ae—iw)?
(n+m—1)! 1
nl(m —1)! a’uln], af < (1 —ae3w)™
1 1
In| 1
1-a2? o] < 1+ a? — 2acosw
17 |TL| S Nl 00 ok
T
0, Ni<|n| <= 21 Z agd <wN>
period N k=—c0
1, |n|<M sinw (N1 + 3)
0, |n| >N sin
{ sin Wn Wsincwn { 1, jw<W
IR 0, W<lw|<nm
T s 7r ;
0 <Th/ < period 27

10
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V. SAMPLING AND RECONSTRUCTION

The sampling theorem:
Let 2(t) with transform X.(j2) be a bandlimited signal such that X .(jQ) =0, [Q] > Q.
Then z(t) is uniquely described by the samples z(nT), n=0,£1£2...if

Qs > 2Q0
where 5
T
QS = ? = 27Tf5

Given z(nT), if the sampling theorem is satisfied, it is possible with an ideal reconstruction
filter to exactly reconstruct z(t).

Discrete-time processing of continuous-time signals
Sampling:

[e.9] o0

rt)= Y a(nT)s(t —nT) — Xg(j) = > a(nT)e T

n=—oo n=—oo

”Normalization in time” gives

z[n] = z(nT) «— X(ejw) — Z x[n]e—jwn _ Z :L'(nT)e_jQ"T
where 0
QT:W:E or szq:;;

Poissons summation formula:

Xu9) = 7 >0 Xli(@ - k0))

k=—o00

X(@) = 3 XliGe -2

k=—o00

If the sampling theorem is satisfied then

1 T T
X070 = =X (4Q —— << =
a(j) = 7 X[, -7 <A< 5
o 1 1 1
X =_-X —_ —
alf)=7X() —5p <f<g5p
Ideal reconstruction:
ve(t) = Y a(nT)h(t - nT)
where O 0t o
_ c . c ST, |wl|<Q
h(t) = T?mnc? — H(jQ) = { 0, otherwise
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VI. Z-TRANSFORM

A. Properties of the Z-transform

12

signal Z-transform ROC
A = n
x[n] X(z) = Z x[n]z R,
az[n] + by[n] aX(z)+bY (2) Contains R, N Ry
.'I}[n — no] ZinoX(Z) Rx, except possible addition
or deletion of the origin or oo
zgx[n] X(z/z0) |z0| Ra
x*[n] X*(z*) R,
x*[—n] X*(1/z%) 1/R,
x[n] * y[n] X(2)Y(2) Contains R, N R,
[n] L R _—
nxrin Zdz z x4y except possible addition
or deletion of the origin or oo
R{z[n|} F1X(2) + X*(2%)] Contains R,
S{z[n]} L[X(2) = X*(2%)] Contains R,

Initial value theorem

z[n] =0, n <0 lim, . X(2) = z[0]
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B. Z-transform table

0, otherwise

1—az1

x[n] X(z) ROC
3[n] 1 All 2
d[n — no) z~Mo All z, except 0(ng > 0)
or oo(ng < 0)
1
uln] 1 |z| > 1
1
—u[—n — 1] = |z| <1
n 1
a U[n] m ’Z‘ > a
n 1
—a u[—n — 1] 1—7a2_1 |Z‘ <a
~1
az
na"u[n] m |Z‘ > a
n az"1
—na u[—n - ].} m |Z‘ <a
1 — [coswp]z™?
>1
[cos won]u[n] 1~ Zeoswole 1 22 E
) 1 — [sinwp)z 1
1
[sinwon]uln] 1 —[2coswp|z~t + 272 12 >
1 — [rcoswp)z1
n
[r™ cos won]u[n] [~ 2rooswole1 1252 |z| > 7
) 1 — [rsinwg]z™!
n
>
[r™ sin won]u[n] = 2reoswolz 1 1222 |z| >r
n . 1— N _,—N
{a, 0<n<N-1 a’ z 2] > 0

13



