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INTRODUCTION

This is a summary of the works [1,[2] and [9] of the author presented
for the thesis defence.

The works are dedicated to the study of various homological ([I]) and
differential geometric ([9]) invariants for a certain class of singularities
with the action of nonabelian finite groups of symmetries as well as
establishing examples of mirror symmetry for such singularities (|2]).
More precisely, we study Fermat type singularities f, y = 27 +...+ 2%
with an action of groups, which are generated by rescalings and per-
mutations of coordinates.

0.1. Overview of the area. Following late 80s works of physicists
(JI10, [21], [22]) the so-called Landau—Ginzburg orbifolds are widely
studied both in mathematical physics and mathematics. These are es-
sentially the pairs (f, G) of a polynomial f with an isolated singularity
at the origin and G, its finite group of symmetries. After [4] Landau-
Ginzburg orbifolds with f being a so-called invertible polynomial and
G being a diagonal group of symmetries became an integral part of
mirror symmetry. For this class of pairs (f,G) they construct a dual
pair (f7,GT) and match some invariants for the dual pairs. However,
most of the known results in this area considers only the case of an
abelian group G.

The important homological invariant of such pair is the Hochschild
cohomology HH*(M F(f,G)) of the dg-category of G-equivariant ma-
trix factorizations of f or in physical terms B-phase space. It has a
natural structure of a Frobenius algebra with the multiplication given
by the U-product. The main result of [20] explicitly describes the Frobe-
nius algebra HH*(MF(f,G)) for abelian G. This space also possesses
the left-right charge bigrading introduced in [IT], which plays the role
of the Hodge decomposition.

In [12] the mirror map on the level of phase spaces was constructed
for invertible polynomials and their diagonal groups of symmetries (the
setting of [4]). Under the mirror map, left and right charges are inter-
changed.

In [6] and subsequent works of the same authors the generalization of
the Berglund-Hiibsch—Henningson mirror symmetry was proposed and
studied. The pairs (f, G) considered there are of the following form: f
is an invertible polynomial and G is a semidirect product of a subgroup
of permutations of coordinates, satisfying a specific condition called
parity condition and a diagonal group of symmetries. The duality here
transorms f and the diagonal part of G in the same way as in [4] and
preserves the permutation part of G. Some variations and examples of
the mirror symmetry for nonabelian Landau—Ginzburg orbifolds were

also studied in [13] and [17].
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It is interesting to extract information about classical (nonequivari-
ant) singularities from the study of equivariant ones. Mirror symmetry
serve as one of examples of such procedure. For a different example see
for example [14].

An important example of a structure appearing in studying of the
classical singularities is the structure of Frobenius manifolds on the
space of versal deformations of a singularity and related notion of the
primitive form. They were introduced in [18]. The key existence theo-
rem for primitive forms for general singularity was proved in [19]. How-
ever, there are very few examples of explicit constructions of primitive
forms.

0.2. Overview of the results. In [I] we compute the Hochschild co-
homology as a bigraded Frobenius algebra of Landau-Ginzburg orb-
ifolds ( f, v, G) with G being a subgroup of a group generated by rescal-
ings and permutations of coordinates (see Section for the details).
Building up on this, in [2] we construct the mirror map for some sin-
gularities of this type (see Section for the details). This results
explore the proposal of [6] on generalization of the original conception
of Berglund—Hiibsch—Henningson. The crucial novelty of these results
as that their are among the very first results of these type with the
group of symmetries being nonabelian.

In [9] we provide one of the few explicit constructions of Saito primi-
tive forms in case of the so called Gepner singularities. The interest to
this question comes from the works of physicists [7],[3] providing the
relations with Kazama-Suzuki models (see Section [1.3| for the details).

0.3. Methods. We drew inspiration from [20],[6] and [3] in pausing
the questions. We apply and noticebly generalize the ideas of [20], [12]
and [5].

0.4. Future prospects and applications. Although we provided an-
swers for some essential questions, there is still a lot to be done. It is
important to further generalize the computations of [I] as well as to fur-
ther explore the mirror map of [2] beyond the considered cases, which
we plan on doing.

Building on the obtained results we plan to approach the question
of intrinsic construction of Saito primitive forms for equivariant singu-
larities.

It is essential to better understand the categorical aspects of the
story. In particular, there should be interesting relations with the cate-
gorical McKay correspondence and the semiorthogonal decompositions
of [16]. The study of the connections with the McKay was already
studied by the author in [10].

Finally, the intrinsic definition and the structures of A-phase space

for Landau-Ginzburg orbifolds with nonabelian G remains mysterious
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and needs further investigation. Mirror symmetry conjectures, the
computations of [I] and the mirror map of [2] could provide a hint
in this direction. In this context the relations with [15] and [§] are of
particular interest.

0.5. Acknowledgements. The author is greatly indebted to his un-
timely departed teacher Sergey Natanzon.

The author also wants to express his gratitude to A.Basalaev and
M. Kazarian.

1. FORMULATION OF THE RESULTS

For fixed positive integers n and N consider a polynomial
fan = 2 + ...+ 2} and its full group of symmetries, the wreath
product G,y = Sy Uty = Sy X (11,)", where the N copies of group
of the n-th roots of unity pu, acts by rescaling of the respective coor-
dinates and Sy acts by permuting the coordinates. It is an invertible
polynomial, which is self-dual in the sense that f;{ N = [N

1.1. Hochschild cohomology of Fermat type polynomials with
nonabelian symmetries. In paper [I], joint with A. Basalaev, we ex-
pand the methods of [20] and compute the bigraded Frobenius algebra
HH*(MF(f,n,G)) for all G C G, n. This is one of the first times
such results were obtained in case of nonabelian G.

Following [20] we observe a chain of ring isomorphisms

HH*(MF(f,G)) = HH*(C[x] x G, f) = HH"(C[x], f; C[x] x G)€,

where the second ting is the Hochschild cohomology of a curved alge-
bra and the third ring is the subring of G-invariants in the Hochschild
cohomology of a curved algebra with the coefficients in the bimodule.
It is therefore, sufficient to understand HH*(C[x], f,.n; C[x] % G, n)
together with action G, n to compute HH*(MF(f,n,G)) for any
G C G, n, as C[x] x G is a direct summand subbimodule of C[x|xG,, n.

The decomposition with respect to the second factor
Clx] x G = D, Clxly yield the G-grading

HH*(C[x], f;C[x] x G) = @ HH*(C[x], f; C[x],),
geG
compatible with the multiplications. The summands in the second
sum are called sectors. For each sector as C[x]-module there is an
isomorphism
HH"(Clx], f; Clxlg) = Jac(f?)&,,

where Jac(f9) is the Jacobi ring of f9, the restriction of f to the fixed
locus of g, and & is the generator representing the top exterior power of
the conormal bundle to the fixed locus of g. It follows that it is sufficient
to compute the products and G-action on the generator elements &,.

For the sake of clarity we first present the answer for G = Sy.
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Theorem 1.1. 1) (Corollary 21) Over C[x| the algebra
HH*(C[x], fan;C[x] x Sy) is generated by the transposition
elements §;).

2) (Propositions 12, 17) For a permutation o € Sy we have

§o U &ij) = £&oij)
if i and j lie in different cycles of o and

§o U&uj) = En Z xfxéfo(ij)
k+l=n—2
if v and j lie in the same cycle of .
3) (Proposition 38) We have (i7)*(§my) = &) (k) (i) -

Let us also describe the full answer for G = G,, v, which has similar
structure, but is more technical. Let t; be the group element multiply-
ing the ¢-th coordinate by a fixed n-th primitive root of unity ¢,. Now
for the generators we consider the product of the transposition (ij)
and tftj_d as well as elements t¢ (Proposition 22). Relations with the
generators of the first type are similar to the relations with the trans-
position (Proposition 23). An additional relation for the generators of
the second type are

n

. n—2
- Cd - 13:1 fe

ftf U 5’2— d

and
@;l U{t;dg =0
for dy # ds and both nonzero (Proposition 28). The group action is
described by Propositions 33, 37, 38.
We also verify the compatibility of the product and the G-action
with the bigrading (Proposition 30) and the residue symmetric bilinear
form (Theorem 32, Proposition 45).

1.2. Mirror map for Fermat polynomial with nonabelian group
of symmetries. In paper [2], joint with A.Basalaev, we apply the
results of the previous work to generalize the mirror map of [I2]
to the case of f,ny with n = N (necessary for mirror symmetry
Calabi-Yau condition) being a prime number (technical condition, sat-
isfied, for example, in the essential case of n = N = 5 of [I3]) and
groups of symmetries suggested by [6]. We provide a homological
interpretation of the parity condition of [6], by noticing that it is
equivalent to saying that the canonical line bundle is locally trivial
as an S-equivariant sheaf for the group of permutation symmetries
S C Sy. This leads us to the definition of a subspace of stable sec-
tors HH*(MF(f,n,G))* C HH*(MF(f,n,G)) as the subspace of
sectors, whose generator &, is stabilized by the centralizer of g € G.
Fix S C Sy, let Tj be a group of diagonal symmetries of f,, y with

the determinant 1 (denoted SL; in loc.cit.) and (J) >~ u, be a group
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of scalar symmetries of f, n, so that the pairs (f,.n, (J))T = (fun, To)
are dual. We construct a mirror map

7: HH*(MF (fon,S % Tp))* = HH*(MF(fun,5 x (J)))*
and prove

Theorem 1.2. 1) (Theorem 1) The mirror map 7 is an isomorphism
and interchanges the gradings.

2) (Theorem 1) If S satisfies the parity condition we have
HH*(MF(fun,G))* = HH*(MF(fon,G)).

3) (Theorem 2) If n = N = 5 the mirror map 7 extends to an
isomorphism

T HH*(MF(fs5,S x To))——HH*(MF(fs5,S x (J))).

The latter mirror map covers several of the cases listed in [6] (see
also [13]) and provides an additional insight on their proposal.

1.3. Primitive forms for Gepner singularities. The following
summarizes the results of [9].

In this paper we study the pair (f, v, Sy) to obtain the information
about the quotient singularity of {f,x = 0}/Sn called the Gepner
singularity g, n (the pair f, n is Fj, in loc.cit., renamed here to be
consistent with the notations of other paper; g, n is G, n in loc.cit. re-
named here for not to be confused with the group G,, y above). Namely,
we provide a construction of Saito primitive forms (Theorem 7.1) and
Frobenius manifolds (Theorem 6.5) for g,y by studying the relation
between Saito primitive forms for the Gepner singularities and primi-
tive forms for f, y invariant under Sy-action. More precisely, we use
the construction of [5] of a Frobenius manifold from a data of a Frobe-
nius manifold with a finite group action to construct primitive forms
for g, n starting from the primitive form for f, 5 invariant with re-
spect to Sy-action. It is a natural singularity theory analogue of one
of the cases of the abelian /nonabelian correspondence in [5] relating the
quantum cohomology of the Grassmannian Gr(N,n) and the product
of projective spaces (P"~1)*V,

The interest in the Gepner singularities appeared after the isomor-
phism of the chiral ring of a SU(N + 1),-n_1/(SU(N),—n x U(1))
Kazama-Suzuki model, the Milnor ring of the Gepner singularity g, n
and the cohomology ring of the Grassmannian Gr(N,n) were estab-
lished in [7]. The interest in primitive for Gepner singularities arose
after [3]. Remarkably, the relation we study should also impose a rela-
tion between the SU(N+1),,—n_1/(SU(N),—nxU(1)) Kazama—Suzuki
model and the tensor product of N copies of the minimal SU(2),,/U(1)

model, which is to be investigated.
6



REFERENCES

[1] A. Basalaev, A. Tonov, "Hochschild cohomology of Fermat type polynomials
with non-abelian symmetries", J. Geom. Phys. 174, (2022)

[2] A. Basalaev, A. Ionov, "Mirror map for Fermat polynomial with non-abelian
group of symmetries", Theor. and Math. Phys. 209(2): 1491 1506, (2021)

[3] A. Belavin, D. Gepner, Y. Kononov, "Flat coordinates for Saito-Frobenius
manifolds and String theory", Pis'ma v Zh. Eksper. Teoret. Fiz., 103:3, 168—
172 (2016)

[4] P. Berglund, T. Hiibsch, "A generalized construction of mirror manifolds",
Nuclear Phys. B 393, pp. 377-91 (1993)

[5] I. Ciocan-Fontanine, B. Kim, C. Sabbah, "The abelian/nonabelian corre-
spondence and Frobenius manifolds", Invent. math. 171: 301 (2008).

[6] W. Ebeling, S. Gusein-Zade, "A version of the Berglund-Hiibsch-Henningson
duality with nonabelian groups", Int. Math. Res. Not. (2018)

[7] D. Gepner, "Fusion rings and geometry", Commun. Math. Phys., 141:381—
411 (1991)

[8] M. Gross, T. Kelly, R. Tessler, "Open FJRW Theory and Mirror Symmetry",
preprint arXiv:2203.02435.

[9] A. Ionov, "Primitive forms for Gepner singularities", J. Geom. Phys, 140,
125-130 (2016)

[10] A. Tonov, "McKay correspondence and orbifold equivalence", preprint
arXiv:2202.12135.

[11] K. A. Intriligator, C. Vafa, "Landau-Ginzburg Orbifolds", Nucl. Phys., B
339:95-120 (1990)

[12] M. Krawitz, "FJRW rings and Landau-
Ginzburg Mirror Symmetry", PhD thesis, (2009)
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/77910 /mkrawitz_1.pdf

[13] D.Mukai, "Nonabelian Landau-Ginzburg orbifolds and Calabi-Yau/Landau-
Ginzburg correspondence", arXiv preprint:1704.04889 (2017)

[14] P. Orlik, "Singularities and group actions", Bulletin of the American Math-
ematical Society, 1(5), 703-721, (1979)

[15] A. Polishchuk, A. Vaintrob, "Matrix factorizations and cohomological field
theories", J. Reine Angew. Math., 714, 1-122, (2016)

[16] A. Polishchuk, M. Van den Bergh, "Semiorthogonal decompositions of the
categories of equivariant coherent sheaves for some reflection groups", J.
EMS, 21, no. 9, 2653-2749 (2019)

[17] N. Priddis, J. Ward, M. Williams, "Mirror Symmetry for Nonabelian
Landau-Ginzburg Models", SIGMA 16, 059 (2020)

[18] K. Saito, "Period mapping associated to a primitive form", Publ. R.I.M.S.
19, 1231-1261 (1983)

[19] M. Saito, "On the structure of Brieskorn lattice", Ann. Inst, Fourier (Greno-
ble) 39, no.1, 27-72 (1989)

[20] D. Shklyarov, "On Hochschild invariants of Landau-Ginzburg orbifolds",
Adv. Theor. Math. Phys., 24(1), 189-258 (2020)

[21] C. Vafa, "String vacua and orbifoldized LG models", Modern Physics Letters
A 4.12 pp. 1169 1185 (1989)

[22] E. Witten, "Phases of N= 2 theories in two dimensions", Nuclear Physics
B. Aug 16;403 (1-2):159-222 (1993)



	Introduction
	0.1. Overview of the area
	0.2. Overview of the results
	0.3. Methods
	0.4. Future prospects and applications
	0.5. Acknowledgements

	1. Formulation of the results 
	1.1. Hochschild cohomology of Fermat type polynomials with nonabelian symmetries
	1.2. Mirror map for Fermat polynomial with nonabelian group of symmetries
	1.3. Primitive forms for Gepner singularities

	References

