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Dissertation topic
Relevance. In recent decades, a new field of physics, spintronics, has been developing. It
includes a wide range of fundamental phenomena associated with the presence of a spin
degree of freedom in many-body systems, as well as a large number of both already imple-
mented and under development proposals for using the spin for storing, transmitting and
using information. Spintronics is a rapidly developing, multidisciplinary field. A number of
modern textbooks and many reviews are devoted to its individual aspects. In modern soci-
ety, there is an urgent need for the development of energy-saving technologies. Therefore, a
special place in the field of spintronics is occupied by low-dissipation spintronics, which at
the moment is mainly represented by two large areas - magnonics of magnetic insulators and
superconducting spintronics [1, 2]. This dissertation is devoted to the theoretical study of a
certain range of issues of superconducting spintronics.

The specifics of the effects introduced into spintronics by superconducting elements can
be conventionally divided into several groups. The first group of effects is associated with
the non-dissipativity of spin-polarized currents carried by triplet Cooper pairs [1, 2]. Stan-
dard spintronic effects such as spin-transfer torque, spin-orbit torque and the magnetiza-
tion switching or motion of magnetic defects caused by these torques can be generated by
non-dissipative spin currents in structures with triplet superconductivity, for example, S/F
heterostructures or triplet superconductors, as well as superconductors with spin-orbit in-
teraction.

The second group of effects is determined by the remarkable properties of weak super-
conductivity in Josephson junctions, which are currently the basic elements of quantum
electronics. For example, using a ferromagnet as a weak link, one can obtain the phase
difference 𝜋 in the ground state of a Josephson junction [3]. Such 𝜋-junctions are widely
used as elements of superconducting quantum systems. In addition, it is possible to realize
a phase difference 𝜙0 intermediate between zero and 𝜋 in the ground state of the Josephson
junction. Such junctions can serve as phase batteries. For a long time, the search for physical
principles and technological solutions has been carried out to create a superconducting tran-
sistor based on a Josephson junction with controlled switching between the superconducting
and normal states. It is expected that such systems can serve as the element base of an
energy-saving superconducting computer, as well as in the field of quantum information.

The third group of effects is associated with the presence of a superconducting gap in
the density of states of a superconductor, which leads to a strong energy dependence of the
density of states near the Fermi level. In Zeeman-split superconductors, this dependence
acquires particle-hole asymmetry in each spin subband separately, while the total particle-
hole symmetry of two spin subbands is conserved in total. This remarkable property of a
superconductor leads to the presence of giant thermoelectric and thermospin effects [4] in
superconductors and forms the basis of superconducting spin caloritronics, providing almost
the highest possible efficiency of heat-to-spin conversion.

Magnetoelectric effects in superconducting structures should be singled out as a separate
group. Generally speaking, the essence of magnetoelectric effects is the appearance of a
connection between the electric current and the spin degrees of freedom in the system.
Magnetoelectric effects in non-superconducting systems are well known. The reason for the
occurrence of magnetoelectric effects is the presence of a spin-orbit interaction in the system
or the inhomogeneity of the magnetization, which in the local spin basis can also be reduced
to an effective spin-orbit interaction. The presence of superconducting elements in the system
brings fundamentally new physics into magnetoelectric effects. First, the generation of spin
polarization by supercurrent becomes a non-dissipative process. Secondly, it turns out that
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the inverse magnetoelectric effect often manifests itself not by the generation of an electric
current in response to the application of a Zeeman field, but by the appearance of an exotic
phase-inhomogeneous, so-called helical state of the superconductor. In Josephson junctions,
the inverse magnetoelectric effect is realized as an anomalous phase shift in the ground
state [5,6]. Recently, there has been an understanding that the inverse magnetoelectric effect
in superconductor/magnet heterostructures is an extremely important physical phenomenon,
since provides a direct connection between the magnetization of the magnet and the phase
of the superconducting condensate, which is a macroscopic quantum quantity.

The next group includes the principles of the interaction of magnetic moments through
the superconducting state. The indirect exchange interaction between magnetic moments
carried by conduction electrons in a metal (RKKY-interaction) is well known. This inter-
action provides antiferromagnetic coupling between magnetic layers in GMR structures and
spin valves. However, the strongly oscillating and damping character of this interaction on
atomic scales makes it possible to achieve interaction between magnetic moments at char-
acteristic distances not exceeding several nanometers in individual layered structures. In
recent years, research has been actively carried out in which the nonmagnetic interlayer be-
tween magnets in spin valves is replaced by a superconductor. The characteristic scale of the
interaction of magnets through a superconductor is the superconducting coherence length,
at which the proximity effect with the magnet manifests itself in the superconductor, or the
penetration depth of the magnetic field, if the interaction is based on the electromagnetic
proximity effect [7]. The inverse magnetoelectric effect in superconducting heterostructures,
providing a connection between the magnetic moment and the superconducting phase, makes
it possible to implement a fundamentally different way of using the features of the super-
conducting state to establish a long-range indirect interaction between magnetic moments,
proposed in the dissertation [8].

In addition, the study of the influence of spin effects on the superconducting state itself
is of great fundamental and applied importance. It is well known that superconductivity
and ferromagnetism are two antagonistic types of ordering. While in traditional singlet
superconductors Cooper pairs consist of electrons with opposite spins, ferromagnetic order
implies the same direction of electron spins. Therefore, in particular, equilibrium uniform
singlet superconductivity cannot coexist with magnetism above the so-called paramagnetic
limit of superconductivity when the exchange energy ℎ exceeds ∆/

√
2, where ∆ is the value

of the superconducting order parameter at zero exchange field. However, a number of very
interesting effects are predicted in the coexistence region. In particular, the emergence of a
spatially inhomogeneous superconducting Larkin-Ovchinnikov-Fulde-Ferrell (LOFF) [9, 10]
state, spatial oscillations of the condensate wave function in a ferromagnet (a mesoscopic
analog of the LOFF state), as well as partial conversion of singlet correlations into triplet
ones, which strongly interact with each other [11, 12]. The described proximity effects are
already being used in applied superconducting electronics. Of particular interest, both from
the fundamental point of view and from the point of view of spintronic applications and ap-
plications of superconducting electronics, is the issue of external control of superconductivity,
including triplet superconductivity. Controlled 0− 𝜋 transitions are of great interest.

The goal of this work is to study the fundamental features of spin phenomena in su-
perconductors and to search for effects that are of potential interest for applied supercon-
ducting spintronics.

To achieve this goal, it was necessary to solve the following tasks:
1. To study the effect of various types of nonequilibrium distribution of quasiparticles on

the superconducting state, including the weak superconductivity of Josephson junc-

4



tions, in the presence of a Zeeman field in a superconductor.

2. To develop a theory of the thermospin effect in superconductors with Zeeman splitting
of the density of states. On its basis, to explain the experimental data on the observa-
tion of a weakly decaying spin imbalance in nonlocal experimenters on superconducting
films in a parallel magnetic field or superconductor/ferromagnet heterostructures. To
study the effect of temperature-induced spin imbalance on the superconducting state
in Zeeman-split superconductors. To develop a theory of thermally induced motion
of magnetic defects in superconductor/magnet hybrids based on the giant thermospin
effect. To estimate the expected efficiency of thermally induced motion of defects in
comparison with known experimental data on non-superconducting structures.

3. To study the manifestations of the inverse magnetoelectric effect, specific for the su-
perconducting state - the helical state and the anomalous shift of the phase difference
in the ground state of Josephson junctions - in systems with inhomogeneous magneti-
zation.

4. To investigate the fundamental mechanism of long-range interaction of magnetic mo-
ments via the condensate phase, based on the inverse magnetoelectric effect.

5. To study the features of magnetoelectric effects in superconducting heterostructures
with 3D topological insulators.

6. To develop a generalization of the quasiclassical theory that successively includes the
terms necessary to describe the direct magnetoelectric effect in superconducting het-
erostructures with spin-orbit interaction.

7. To study one more superconducting magnetoelectric effect - generation of triplet cor-
relations by moving condensate. To derive effective equations to describe the effect. In
particular, to study the dynamic generation of triplet correlations by a high-frequency
electric field. To explore the potential use for the creation of high-frequency supercon-
ducting transistors and photo-magnetic devices.

With all the variety of problems considered in the dissertation, they are all devoted to the
study of the fundamental features of the superconducting state in the presence of a Zeeman
field of various physical nature, the study of exotic types of pair correlations induced under
such conditions and their influence on the magnetic subsystem.

Key results

Research methods. To solve the set problems, which include the description of super-
conductivity, magnetism and dynamic effects, a combination of the quasiclassical theory of
superconductivity in terms of Green’s functions and the Landau-Lifshitz-Gilbert equation to
describe magnetic dynamics is used. Most of the tasks posed are related to the description of
nonequilibrium effects, so the Keldysh technique is used to calculate the Green’s functions.
Problems related to magnetoelectric effects require a generalization of the standard quasi-
classical theory to the case of taking into account the exchange field or spin-orbit interaction
beyond the limits of the quasiclassical approximation. The corresponding generalizations of
the theory are developed in the dissertation.

Main results submitted for defense:
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1. The superconducting state in thin films in the presence of a Zeeman field under nonequi-
librium conditions has been studied. The dependences of the superconducting order
parameter on the magnitude of the control parameter (voltage) and temperature are
calculated when a nonequilibrium spin imbalance is created in a superconductor. It is
shown that when a certain spin imbalance is created in the system, the superconduc-
tivity suppressed by the Zeeman field is partially recovered and can exist above the
paramagnetic limit of superconductivity.

2. The effect of various nonequilibrium modes on the Josephson current in supercon-
ductor/ferromagnet/superconductor junctions has been studied. It is shown that the
creation of a symmetric charge-neutral energy disequilibrium or spin imbalance can
sharply increase the decay length of triplet correlations in a ferromagnet in a controlled
way. In turn, this leads to a sharp increase in the Josephson current through the junc-
tion. The creation of a spin imbalance makes it possible to obtain a controlled 0 − 𝜋
transition with a sufficiently strong exchange field of the ferromagnet compared to 𝑇𝑐.
In the case of a weak exchange field of order 𝑇𝑐, to obtain controlled 0− 𝜋 transitions,
it is sufficient to create an energy (spin-neutral and charge-neutral) nonequilibrium.
The transition between the 0 and 𝜋 states occurs due to the controlled population of
different regions of the sign-alternating current-carrying density of states.

3. A theory of a long-range spin imbalance in a Zeeman split superconductor has been
developed. The theoretical results are in good qualitative agreement with the experi-
mental data.

4. The effect of thermally induced spin imbalance on the superconducting state in a
Zeeman field has been studied. The effects of thermally induced suppression and
enhancement of superconductivity have been predicted.

5. A theory of thermally induced motion of magnetic domain walls in thin-film bilayer
superconductor/ferromagnet and superconductor/antiferromagnet structures has been
developed. It is predicted that the efficiency of this mechanism based on the giant
thermospin effect, i.e. the speed of motion that can be achieved for a given temperature
difference, should greatly exceed its value for thermally induced motion, reported in
experiments for non-superconducting structures.

6. A generalization of the quasiclassical theory has been obtained, which successively
takes into account first-order corrections in the ratio of the spin-orbit splitting to
the Fermi energy. Based on this theory, triplet correlations in some superconducting
heterostructures with spin-orbit interaction and the direct magnetoelectric effect in
ballistic Josephson junctions through a metal with spin-orbit interaction have been
calculated.

7. A generalization of quasiclassical equations has been developed for describing super-
conducting heterostructures with a topological insulator for the nonequilibrium case
and for describing superconductivity induced at the surface conducting layer of a topo-
logical insulator by the proximity effect with a conventional superconductor.

8. For heterostructures with topological insulators, a giant magnetoelectric effect in the
density of states and, as a consequence, the effect of supercurrent-controlled spin fil-
tering has been predicted.
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9. The effect of splitting of the easy axis of a ferromagnet in Josephson junctions with
a composite weak link, which is a ferromagnet/topogical insulator bilayer, has been
predicted.

10. A long-range mechanism of pairwise interaction of magnetic moments through the
condensate phase based on the inverse magnetoelectric effect has been predicted. A
specific implementation of this interaction in a system of coupled Josephson junctions
has been studied.

11. The effect of generation of long-range triplet correlations by a moving condensate has
been predicted. Effective boundary conditions were derived for the Usadel equations,
which allow one to calculate the effect. The corresponding triplet correlations were
calculated in systems where the condensate motion is realized by Meissner currents
screening an external magnetic field, as well as by the application of an alternating
electric field. The Josephson current was calculated through a junction in which long-
range triplets are generated by a condensate. Possible experiments to observe the effect
were proposed. It was proposed to use the effect to create superconducting transistors,
photo-magnetic devices and controlled 0− 𝜋 junctions.

12. A theory of the direct and inverse magnetoelectric effect in thin-film superconduc-
tor/inhomogeneous ferromagnet hybrids has been developed. Generalized quasiclassi-
cal equations were formulated taking into account the terms responsible for magne-
toelectric effects. Based on the developed theory, the helical state in bilayers with a
helical ferromagnet and the state with a spontaneous phase difference in bilayers with a
domain wall were studied. The torques caused by the supercurrent flowing through the
superconducting part on the magnetization were calculated. An analytical calculation
is applicable for the case when the characteristic size of the magnetic inhomogeneity
exceeds the superconducting coherence length.

13. A theory of the direct and inverse magnetoelectric effect in Josephson junctions through
a strong ferromagnet has been developed. It was shown that the Josephson current is
capable of inducing the dynamics of the magnetization of a ferromagnet in the weak
link region, but in this case the junction passes into a special resistive state even
at currents less than the critical one. This state is characterized by the presence of
voltage at the junction, but the absence of normal current through it and, accordingly,
the Joule losses in it. And the work done by the current source goes to compensate for
the Gilbert damping in the magnetic subsystem. This voltage is induced by magnetic
dynamics through the inverse magnetoelectric effect and can be used for electrical
detection of magnetization dynamics.

14. It has been shown that supercurrent induces a new type of chiral interaction between
magnetic moments. It is triple. The symmetry of the interaction energy with respect
to time reversal is ensured by the fact that the interaction constant is an odd function
of the supercurrent. Specific implementations of the effect in a system of magnetic
impurities placed in a superconducting matrix and in a Josephson junction through
non-coplanar magnetic structures were studied.

Author’s personal contribution to the results submitted for defense consists in set-
ting tasks, carrying out analytical calculations, discussing the results obtained, and preparing
manuscripts for publications.
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Scientific novelty. All results submitted for defense are new. In the case of items 2, 6,
7, they partially generalize the results obtained earlier by other authors - then a comparison
with previous results discussed in the text and references are given. In the cases of items
3, 12 and 13, there are results independently and simultaneously obtained by other authors,
which partially intersect with the results submitted for defense. Relevant discussion and
references to the literature are also included in the text. Such a comparison simultaneously
confirms the reliability of the presented results.

Practical significance. Developed in the thesis methods and results can be used to de-
scribe a wide range of phenomena in superconducting spintronics. Via proposed approaches
and based on the results obtained, it is possible further development of the theory of spin
caloritronics and magnetoelectric effects in superconducting heterostructures. All the results
obtained can be applied to the analysis of experimental data. In some cases, such data are
already available, and comparison shows good agreement between theory and experiment.
Many predicted effects, such as, for example, triplet correlations induced by condensate mo-
tion, thermally induced motion of domain walls, and the dynamics of magnetic moments in
a system of coupled Josephson junctions, can serve as a motivation for new experiments. A
number of the results obtained have the potential for application in the field of low-dissipation
spintronics.

Reliability of the obtained results is ensured by the reliability of the applied theoretical
methods, agreement with the theoretical results obtained in other works, and agreement
with the data of experiments performed by other authors.

Publications and approbation of research.

The numbering of publications in the lists of publications of the advanced level and the
standard level corresponds to the numbering of the list of publications of the author in the
dissertation text.

Publications of the advanced level:

[P1] I.V. Bobkova and A.M. Bobkov, Recovering the superconducting state via spin ac-
cumulation above the pair breaking magnetic field of superconducting/ferromagnet
multilayers, Phys. Rev. B 84, 140508(R) (2011).

[P3] T. E. Golikova, M. J. Wolf, D Beckmann, G. A. Penzyakov, I. E. Batov, I. V.
Bobkova, A. M. Bobkov and V. V. Ryazanov, Controllable supercurrent in mesoscopic
superconductor-normal metal-ferromagnet crosslike Josephson structures, Supercond.
Sci. Technol. 34, 095001 (2021).

[P4] I.V. Bobkova and A.M. Bobkov, Triplet contribution to the Josephson current in the
nonequilibrium superconductor/ferromagnet/superconductor junction, Phys. Rev. B
82, 024515 (2010).

[P5] I.V. Bobkova and A.M. Bobkov, Long-range proximity effect for opposite-spin pairs in
superconductor-ferromagnet heterostructures under nonequilibrium quasiparticle dis-
tribution, Phys. Rev. Lett. 108, 197002 (2012).

[P7] I. V. Bobkova, A. M. Bobkov, Injection of nonequilibrium quasiparticles into Zeeman-
split superconductors: A way to create long-range spin imbalance, Phys. Rev. B 93,
024513 (2016).

[P8] I. V. Bobkova and A. M. Bobkov, Thermospin effects in superconducting heterostruc-
ture, Phys. Rev. B 96, 104515 (2017).
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[P9] I. V. Bobkova, A. M. Bobkov, and Wolfgang Belzig, Thermally induced spin-transfer
torques in superconductor/ferromagnet bilayers, Phys. Rev. B 103, L020503 (2021).

[P10] G. A. Bobkov, I. V. Bobkova, A. M. Bobkov, and Akashdeep Kamra, Thermally
induced spin torque and domain-wall motion in superconductor/antiferromagnetic-
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perconducting heterostructures in the presence of spin-orbit coupling, Phys. Rev. B
95, 184518 (2017).
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netoelectrics in disordered topological insulator Josephson junction", Phys. Rev. B
94, 134506 (2016).

[P13] I. V. Bobkova and A. M. Bobkov, Electrically controllable spin filtering based on
superconducting helical states, Phys. Rev. B 96, 224505 (2017).

[P14] M. Nashaat, I. V. Bobkova, A. M. Bobkov, Yu. M. Shukrinov, I. R. Rah-
monov, and K. Sengupta, Electrical control of magnetization in superconduc-
tor/ferromagnet/superconductor junctions on a three-dimensional topological insula-
tor, Phys. Rev. B 100, 054506 (2019).

[P15] G. A. Bobkov, I. V. Bobkova, and A. M. Bobkov, Long-range interaction of magnetic
moments in a coupled system of superconductor-ferromagnet-superconductor Joseph-
son junctions with anomalous ground-state phase shift, Phys. Rev. B 105, 024513
(2022).

[P16] M. A. Silaev, I. V. Bobkova, and A. M. Bobkov, Odd triplet superconductivity induced
by a moving condensate, Phys. Rev. B 102, 100507(R) (2020).

[P17] I.V. Bobkova, A.M. Bobkov, and M.A. Silaev, Dynamic Spin-Triplet Order Induced by
Alternating Electric Fields in Superconductor-Ferromagnet-Superconductor Josephson
Junctions, Phys. Rev. Lett. 127, 147701 (2021).

[P18] A. A. Mazanik and I. V. Bobkova, Supercurrent-induced long-range triplet correlations
and controllable Josephson effect in superconductor/ferromagnet hybrids with extrinsic
spin-orbit coupling, Phys. Rev. B 105, 144502 (2022).

[P19] I.V. Bobkova, A.M. Bobkov, and M.A. Silaev Gauge theory of the long-range prox-
imity effect and spontaneous currents in superconducting heterostructures with strong
ferromagnet, Phys. Rev. B 96, 094506 (2017).

[P20] I. V. Bobkova, A. M. Bobkov, and M. A. Silaev, Spin torques and magnetic texture
dynamics driven by the supercurrent in superconductor/ferromagnet structure, Phys.
Rev. B 98, 014521 (2018).

[P21] D.S. Rabinovich, I. V. Bobkova, A. M. Bobkov, and M. A. Silaev, Chirality selective
spin interactions mediated by the moving superconducting condensate, Phys. Rev. B
98, 184511 (2018).

[P22] D.S. Rabinovich, I.V. Bobkova, A.M. Bobkov, and M.A. Silaev, Resistive State of
Superconductor-Ferromagnet-Superconductor Josephson Junctions in the Presence of
Moving Domain Wall, Phys. Rev. Lett. 123, 207001 (2019).

[P23] D. S. Rabinovich, I. V. Bobkova, A. M. Bobkov, and M. A. Silaev, Magnetoelectric
effects in superconductor/ferromagnet bilayers, Phys. Rev. B 99, 214501 (2019).

[P24] I. V. Bobkova, A. M. Bobkov, and M. A. Silaev, Magnetoelectric effects in Josephson
junctions (Topical Review), J. Phys.: Condens. Matter 34 353001 (2022).
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Publications of the standard level:

[P2] I. V. Bobkova, A. M. Bobkov, Recovering of superconductivity in S/F bilayers under
spin-dependent nonequilibrium quasiparticle distribution, Pis’ma v ZhETF, 101, 442
(2015) [JETP Lett. 101, 407 (2015)].

[P6] I. V. Bobkova, A. M. Bobkov, Long-range spin imbalance in mesoscopic superconduc-
tors under Zeeman splitting, Pis’ma v ZhETF, 101, 124 (2015) [JETP Lett. 101, 118
(2015)].

Talks at conferences and seminars. The main results of the dissertation were re-
ported at international conferences: "Nanophysics and nanoelectronics" (Nizhnii Novgorod,
2010, 2012, 2014, 2015, 2016, 2018, 2020, 2021, 2022), International conference on supercon-
ductivity and magnetism (Turkey, 2014, 2018, 2021), International workshop on supercon-
ducting spintronics "SUPERSPIN15" (Norway, 2015) , International conference "Interaction
of Superconductivity and Magnetism in Nanosystems" (Moscow, 2015), MIPT conference
and International School "Superconducting hybrid nanostructures: physics and applications"
(Dolgoprudny, 2016), WE-Heraeus-Seminar "Trends in mesoscopic superconductivity" ( Ger-
many, 2016), Moscow International Symposium on Magnetism (Moscow, 2017), XIII-th Ren-
contres du Vietnam, Nanophysics: from Fundamentals to Applications (Vietnam, 2017),
International Scientific meeting “Non-equilibrium superconductivity and spintronics” (UK,
2019 ), Workshop “Superconductivity in low-dimensional and interacting systems” (Germany,
2019), VII Euro-Asian Symposium “Trends in MAGnetism” (Ekaterinburg, 2019), Coherent
order and transport in spin-active systems: Interplay between magnetism and superconduc-
tivity, SPICE online workshop (Germany, 2020, online), All-Russian Scientific and Practical
Conference “Nature. Man. Society”, (Dubna, 2021, online), International Conference on
Low-dimensional materials: theory, modeling, experiment (LDM2021, Dubna, 2021), Trends
in MAGnetism 2021 (Italy, 2021, online), 2021 Molecular Foundry User Meeting ( USA,
2021, online).

Also, the results of the dissertation were reported and discussed at seminars at the Insti-
tute of Solid State Physics RAS (Chernogolovka), MIPT (Dolgoprudny), at the Kurchatov
Institute (Moscow), at JINR (Dubna), at the IPM RAS (Nizhny Novgorod), at the University
of Konstanz (Germany), at the Center for Quantum Spintronics (QuSpin, Norway).

Contents

Introduction substantiates the relevance of the topic, formulates the goal of the work,
the novelty and practical value of the results obtained are substantiated, the content of the
dissertation by chapters is described.

The first chapter is devoted to the study of the superconducting state in the presence
of the Zeeman field under nonequilibrium conditions. All results presented in this section
were obtained in collaboration with A.M. Bobkov and published in papers [P1,P2] from
the author’s list of publications on the topic of the dissertation. As an introduction, a
short review of the formalism of quasiclassical Keldyshev Green’s functions is given, in the
technique of which calculations are carried out. A classification of possible independent types
of nonequilibrium distribution is also carried out.

Section 1.1 investigates the effect of spin imbalance on superconducting thin-film ferro-
magnet/superconductor structures, in which, under equilibrium conditions, superconductiv-
ity is partially or completely suppressed as a result of proximity to the ferromagnet. It is
well known that the interaction of conduction electrons with an exchange or magnetic field
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(now only the Zeeman effect of a magnetic field is considered) destroys superconductivity. If
the exchange energy ℎ in the Hamiltonian of the conduction electrons of a superconductor
exceeds the value ℎ = ∆/

√
2 (the paramagnetic limit of superconductivity [13]), then the

homogeneous superconducting state becomes energetically unfavorable. An inhomogeneous
(LOFF) superconducting state has also been predicted for such systems [9, 10], but can
only exist in a narrow range of exchange fields above the paramagnetic limit. A thin-film
superconductor in contact with a ferromagnet behaves similarly to a superconductor in an
exchange field; therefore, superconductivity in it is also destroyed by a sufficiently strong
ferromagnet. This subsection shows that the creation of a spin-dependent disequilibrium in
such a superconductor can partially restore superconductivity and, under certain conditions,
maintain its existence above the paramagnetic limit.

Figure 1: Sketches of structures in which the effect of nonequilibrium recovering of supercon-
ductivity is considered. (a) A thin film superconductor sandwiched between two half-metals;
(b) thin film superconductor/weakly ferromagnetic alloy bilayer. Additional ferromagnetic
(F’) and normal (N) electrodes are needed to create a spin imbalance in the bilayer.

The effect of nonequilibrium recovery of superconductivity is considered in two hybrid
structures. The first structure is a thin-film superconductor with a thickness less than or of
the order of the coherence length (𝑑 ≲ 𝜉𝑆) located between two half-metals, see Fig. 1(a). The
second structure is a thin film superconductor/weakly ferromagnetic alloy bilayer, Fig. 1(b).
In such structures, due to the proximity to the ferromagnet superconductivity is suppressed
by two factors: the effective exchange field ℎ𝑒𝑓𝑓 and the depairing factor Γ, which is physically
responsible for the leakage of pairs into the ferromagnet and their subsequent destruction
there. Voltage is applied to both structures as shown in Fig. 1(a)-(b). Then, as shown in
[P1], in the structure shown in Fig. 1(a), neglecting spin relaxation processes in the super-
conductor, the nonequilibrium distribution function takes the form 𝜙↑,↓ = tanh[(𝜀±𝑒𝑉 )/2𝑇 ].
That is, a spin imbalance 2𝑒𝑉 appears in the system, as shown in the inset to Fig. 2(a). The
behavior of the superconducting order parameter in the system shown in Fig. 1(a) with such
a distribution function is shown in Fig. 2(a)-(b). Fig. 2(a) demonstrates the dependence of
the order parameter at zero temperature on the applied voltage for different values of the
effective exchange field. It can be seen that at 𝑉 = 0 superconductivity does not exist for
high fields exceeding the paramagnetic limit. But as the voltage increases, superconductivity
arises and the order parameter reaches its maximum value at 𝑒𝑉 = ℎ𝑒𝑓𝑓 . The mathematical
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reason for this can be easily seen from the self-consistency equation for the order parameter:

1

𝜆
=

𝜔𝐷∫︁
−𝜔𝐷

𝑑𝜀

4

{︃
Re

[︃
sgn(𝜀+ ℎ𝑒𝑓𝑓 )√︀

(𝜀+ 𝑖Γ + ℎ𝑒𝑓𝑓 )2 −∆2

]︃
tanh

𝜀+ 𝑒𝑉

2𝑇

+Re

[︃
sgn(𝜀− ℎ𝑒𝑓𝑓 )√︀

(𝜀+ 𝑖Γ− ℎ𝑒𝑓𝑓 )2 −∆2

]︃
tanh

𝜀− 𝑒𝑉

2𝑇

}︃
. (1)

By changing the integration variable, it is easy to show that the effect of the spin imbalance
on the wave function of the condensate is equivalent to the effect of the effective exchange
field, and under the condition 𝑒𝑉 = ℎ𝑒𝑓𝑓 their effect is mutually compensated. A more
physical explanation of the effect is that the creation of such an electronic distribution of
quasiparticles, as shown in the inset to Fig.2(a), creates optimal conditions for the pairing
of electrons with opposite momenta, compensating for the destructive effect of the exchange
field. The corresponding mechanism is discussed in detail in the text of the dissertation. It
is also seen from Fig.2(a) that in the absence of ℎ𝑒𝑓𝑓 , the spin imbalance also suppresses
superconductivity, which once again illustrates the equivalence of their action. Fig. 2(b)
shows the dependence of the order parameter on temperature. The gray curve corresponds
simply to the bulk value of the order parameter. The black one shows the suppression due
to Γ at ℎ𝑒𝑓𝑓 = 0 and equilibrium distribution of electrons. The dotted curve illustrates
that when ℎ𝑒𝑓𝑓 is above the paramagnetic limit (when superconductivity is not realized
under equilibrium conditions) and the optimal choice of spin imbalance, superconductivity
is restored to values at ℎ𝑒𝑓𝑓 = 0. Thus, the depairing effect of the exchange field can be
completely compensated by the spin imbalance. The dotted curve illustrates that when the
spin imbalance optimality condition is violated, superconductivity is suppressed, as in the
case of a nonzero but lower value of ℎ𝑒𝑓𝑓 .

It is known that under equilibrium conditions the transition to the normal state at
ℎ𝑒𝑓𝑓 = ∆/

√
2 occurs by the first order. Here, such a transition, which corresponds to the

depairing of all pairs and the appearance of a nonzero difference in the number of normal
electrons with spins up and down, is impossible, because electronic distribution is fixed by
external conditions.

Figures 2(с)-(d) demonstrate the influence of spin flip processes on the effect of nonequi-
librium recovery of superconductivity. Spin flip processes smear the distribution function in
the superconductor and thus prevent the complete recovery. But for realistic parameters,
the recovery effect exists, including above the paramagnetic limit.

Work [P2] investigates the same effect for a slightly different system shown in Fig. 1(b).
The advantage of this model is that it corresponds to the already experimentally realized
superconductor/weakly ferromagnetic alloy bilayers. The suppression of the critical temper-
ature by an effective exchange field in such a system under equilibrium conditions has been
well studied both theoretically and experimentally. The dependences of the critical temper-
ature on the thickness of the ferromagnetic layer calculated by us are shown in Fig. 3(a).
When voltage is applied to the system, a spin dependence of the distribution function also
arises in it. A typical view of the resulting distribution function is shown in Fig. 3(b). A
certain disadvantage of this system compared to the previous one is the weaker spin de-
pendence of the distribution function, which is associated with the absence of half-metallic
elements. Nevertheless, in [P2] it is shown that the effect of superconductivity recovering
can be observed in this case as well. The dependence of the critical temperature of the
system on the applied voltage is shown in Fig.3(c).
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Figure 2: (a) Dependence of ∆(𝑇 = 0) on 𝑒𝑉 . ℎ𝑒𝑓𝑓 = 0 (solid); ℎ𝑒𝑓𝑓 = 1.25 (dotted)
ℎ𝑒𝑓𝑓 = 2.5 (dashed). All energy quantities are measured in units of the order parameter in
the bulk of the superconductor. Insert: population of spin subbands ↑, ↓ for the considered
nonequilibrium distribution. (b) Temperature dependence of ∆. The gray line is ∆(𝑇 )
in a bulk superconductor, the black solid line is ∆(𝑇, ℎ𝑒𝑓𝑓 = 𝑒𝑉 = 0), the dashed line
is ∆(𝑇, ℎ𝑒𝑓𝑓 = 𝑒𝑉 = 2.5), dotted - ∆(𝑇, ℎ𝑒𝑓𝑓 = 2.5, 𝑒𝑉 = 3.1).(c) Distribution function
𝜙↓(𝜀) for different values of the inverse spin relaxation time. (d) Dependence of ∆(𝑒𝑉 ) for
ℎ𝑒𝑓𝑓 = 2.5 and different values of the inverse spin relaxation time.

Section 1.2 investigates the effect of various nonequilibrium modes on the Josephson cur-
rent in superconductor/ferromagnet/superconductor (S/F/S) junctions. Subsection 1.2.1
investigates the effect of charge-neutral disequilibrium on the Josephson current through
an S/F/S junction. A typical distribution function is shown in Fig. 5(a). Such a distribu-
tion function is created by passing a normal current (injection current) through the weak
link region of a cross-like Josephson S/(N/F)/S structure, see Fig. 4(a)-(b). The created
distribution is a two-step function antisymmetric in energy in each of the spin subbands.
In this case, both the total charge and the total spin of the quasiparticles accumulated in
the weak link region are equal to zero. The nonequilibrium is the sum of the energy mode
𝑓𝐿 = (𝜙↑ + 𝜙↑)/2 and the spin-energy mode 𝑓𝐿3 = (𝜙↑ − 𝜙↑)/2 [4]. The critical current of
the junction can be represented as the product of the so-called current-carrying density of
states (SCDOS) and the distribution function integrated over all energies:

𝑗𝑐 =
𝑑

4𝑒𝑅𝑁𝐹

∫︁ ∞

−∞
𝑑𝜀𝑓𝐿(𝜀)𝐽𝜀, (2)

where 𝐽𝜀 is SCDOS. In the case under consideration, only the spin-independent energy mode
𝑓𝐿 contributes to the current. SCDOS is a sign-changing function of energy. Positive and
negative regions contribute to the current with opposite signs. By changing the nonequilib-
rium population of different energy levels, it is possible to achieve a change in the sign of the
critical current, i.e. the transition of the junction from 0 to 𝜋-state. It is known that this
physical mechanism makes it possible to implement an injection-controlled 0-𝜋 transition in
an S/N/S junction [14]. In subsection 1.2.1 it is shown that the presence of a ferromagnet in
the weak link region makes it possible to obtain a double 0-𝜋 junction controlled by injection.
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Figure 3: (a) S/F bilayer critical temperature as a function of F-layer thickness for different
S-layer thicknesses. (b) Characteristic behavior of the distribution function (dashed line)
and the anomalous Green’s function (solid line) as functions of the quasiparticle energy. (c)
Critical temperature of the bilayer as a function of applied voltage. The parameters of the
curves correspond to the numbers that are marked on the panel (a).

Figure 4: (a) SEM image of a cross-like S/(N/F)/S structure, top view. (b) Schematic
representation of the weak link region, which is a normal metal (Cu) lying on a ferromagnet
(Fe), side view. The trajectories of the injection current flow are shown. Also shown is
an effective one-dimensional structure model that was used to calculate the distribution
function.

This is due to the fact that, owing to the presence of an effective exchange field in the weak
link region, SCDOS in S/(N/F)/S has 2 sign change points at 𝜀 > 0, in contrast to a normal
weak link, where such a point only one. The number of such points determines the number of
possible 0-𝜋-transitions. The SCDOS for the considered S/(N/F)/S junction and the critical
current as a function of the injection current, showing 2 0-𝜋 transitions, are shown in Fig. 5.
These theoretical results are in qualitative agreement with the experimental results. The
theoretical results of this subsection were obtained in collaboration with A.M. Bobkov and
published in [P3] from the list of the author’s publications on the topic of the dissertation,
which also presents experimental results obtained by a group of our experimental colleagues
T. Golikova, M. Wolf, D. Beckman, G. Penzyakov, I Batov and V. Ryazanov.

In subsection 1.2.2, the effect of spin imbalance on the Josephson current through
the S/F/S junction is studied. Actually SCDOS in S/F/S contact depends on the spin.
Therefore, we can introduce such concepts as the singlet and triplet parts of SCDOS
𝐽𝜀,𝑠(𝑡) = (𝐽𝜀,↑ ± 𝐽𝜀,↓)/2. The energy-antisymmetric distribution function considered in the
previous subsection interacts only with the singlet part of SCDOS. At sufficiently high val-
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Figure 5: (a) A typical view of the distribution function, which is created by passing the
injection current in the weak link of the Josephson junction shown in Fig. 4. (b) SCDOS as
a function of quasiparticle energy. The values of the effective Zeeman field and the effective
depairing parameter for which this dependence is constructed are shown in the figure in units
of the superconducting gap in the leads. (c) Critical current of the Josephson junction as a
function of injection current.

ues of the exchange field in the ferromagnetic weak link ℎ ≫ ∆, which just corresponds to
the experimental parameters of S/F/S junctions through ferromagnetic alloys (not complex
F/N interlayers, as considered in the previous subsection), the singlet part of SCDOS is
concentrated in the region 𝜀 ≈ ∆ and loses its sign changing behavior, see Fig. 6(a). This
closes the possibility of implementing controlled 0-𝜋-transitions based on the antisymmetric
distribution function. In this subsection, we show that the creation of a nonequilibrium
distribution containing a spin imbalance mode makes it possible to obtain controlled 0-𝜋
transitions in this case as well. The physics of the effect is that the spin imbalance in the
Josephson current interacts with the triplet part of the SCDOS and the corresponding con-
tribution to the current is an antisymmetric function of the spin imbalance. This makes it
possible to control the sign of the total critical current using the magnitude and sign of the
spin imbalance. In the limit of tunnel S/F interfaces, the critical current has the form:

𝑗𝑐 ∝ |∆|𝑒−𝑑/𝜉𝐹

[︂√
2𝜋 cos(

𝑑

𝜉𝐹
+
𝜋

4
) +

1√
2
log

⃒⃒⃒⃒ |∆|+ 𝑒𝑉𝑏↑
|∆| − 𝑒𝑉𝑏↑

⃒⃒⃒⃒
sin(

𝑑

𝜉𝐹
+
𝜋

4
)

]︂
, (3)

where 𝑒𝑉𝑏↑ is the value of the spin imbalance. The first term in square brackets is the
contribution of the singlet part of SCDOS and, in the considered approximations, does not
depend on the degree of nonequilibrium of the system, and the second term is the contribution
of the triplet part of SCDOS, which is controlled by the spin imbalance. The typical behavior
of the singlet and triplet parts of SCDOS is shown in Fig. 6(a)-(b), and the 0-𝜋 transition
controlled by the spin imbalance is shown in Fig. 6( c). The results of this subsection were
obtained in collaboration with A.M. Bobkov and published in [P4] from the author’s list of
publications on the topic of the dissertation.

It is well known that, under equilibrium conditions at ℎ ≫ ∆, pairs with opposite spins
penetrate into the weak link region of the S/F/S junction to a distance of the order of
the magnetic coherence length 𝜉𝐹 =

√︀
𝐷/ℎ, which small and usually of the order of a

few nanometers. Only pairs with equal spins penetrate to much larger distances of the
order of the normal coherence length 𝜉𝑁 =

√︀
𝐷/2𝜋𝑇𝑐. Subsection 1.2.3 discusses a special

type of nonequilibrium distribution that makes it possible to sharply increase the depth of
penetration of pairs with opposite spins into a Josephson junction, thereby sharply increasing
the amplitude of the critical Josephson current.

An example of a system in which it is possible to create a suitable non-equilibrium
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Figure 6: Singlet (a) and triplet (b) SCDOS components for Josephson S/F/S junction with
ℎ≫ ∆. (c) Critical Josephson current as a function of the magnitude of the spin imbalance.
The contributions of the SCDOS singlet component (dashed line) and the triplet component
(dotted) are shown separately. The solid curve represents the total critical current.
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Figure 7: (a) Sketch of the system considered in subsection 1.2.3. (b) Critical Josephson
current as a function of 𝑒𝑉 . ℎ = 8∆ (solid line), 6∆ (dotted line). 𝑑𝐹 = 3𝜉𝑆. (c) Critical
current as a function of 𝑑𝐹 . ℎ = 8∆ (solid line), 6∆ (dashed line). (d) SCDOS 𝑁↑ for the
spin-up subband as a function of 𝜀 for ℎ = 6∆ and 𝑑𝐹 = 2.5𝜉𝑆 (black line), 1.5𝜉𝑆 (gray line).
𝑁↓(𝜀) = −𝑁↑(−𝜀). 𝑇 = 0.01∆ for all graphs.

distribution is shown in Fig. 7(a). Additional half-metallic electrodes are attached to the
weak link region of the Josephson S/F/S junction, between which a voltage is applied. As
a result, a nonequilibrium distribution of the form 𝜙↑,↓ = tanh[(𝜀 ± 𝑒𝑉 )/2𝑇 ] is created in
the weak link region, which is a combination of the energy mode and the spin imbalance
mode. The value of the created spin imbalance is 2𝑒𝑉 . Fig. 7(b) shows the dependencies
of the critical Josephson current as a function of the applied voltage. The critical current
has a sharp peak at 𝑒𝑉 = ℎ. This is due to a sharp increase in the decay length of pairs
with opposite spins in the ferromagnet. The physical explanation of the effect is as follows.
The exchange field leads to the appearance of a nonzero momentum of the Cooper pair in a
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ferromagnet and, as a consequence, fast oscillations of the wave function of the Cooper pairs,
the phase of which depends on the direction. In a diffusive ferromagnet, such correlations
are effectively suppressed as a result of path averaging. The creation of different population
levels for up and down spins (spin imbalance) compensates for the nonzero momentum of
the Cooper pair. For 𝑒𝑉 = ℎ the compensation is complete. The decay length is equal
to the normal coherence length, which greatly increases the overlap of condensate wave
functions penetrating from opposite S/F interfaces and, as a result, the amplitude of the
critical current. It is also seen in Fig. 7(b) that the critical current is an alternating function
of the voltage, i.e. voltage-controlled 0-𝜋-transitions appear in the system. For 𝑒𝑉 ≪ ℎ this
effect was studied in the previous subsection.

The dependence of the critical current on the length of the ferromagnetic weak link is
shown in Fig. 7(c). This figure clearly demonstrates that under equilibrium conditions at
𝑒𝑉 = 0 the critical current decays on the scale 𝜉𝐹 simultaneously oscillating with a period
of 2𝜋𝜉𝐹 , while the critical current at 𝑒𝑉 = ℎ decays at 𝜉𝑁 and does not exhibit oscillations,
which is a characteristic feature of long-range correlations with zero total momentum of the
pair. The results of this subsection were obtained in collaboration with A.M. Bobkov and
published in [P5] from the author’s list of publications on the topic of the dissertation.

The Second chapter is devoted to the study of some effects of spin caloritronics in
S/F structures. It turns out that the Zeeman-split superconducting state, which is formed
in such heterostructures, realizes practically the maximum possible efficiency of heat-to-
spin conversion. This makes superconductor/magnet structures extremely interesting and
promising objects for spin caloritronics. The basic physical effect that ensures the conversion
of heat into spin is the so-called giant spin-dependent Seebeck effect or giant thermospin effect
[4]. The physics of this effect is considered as an introduction to the second chapter. Next,
some physical manifestations, consequences of this effect, and possibilities of application in
spintronics are considered.

In section 2.1, a theory is developed that describes the generation of a nonequilibrium
spin signal in superconductors with Zeeman splitting from a spinless (thermal) nonequilib-
rium. Spin imbalance in a normal metal or superconductor is often measured in non-local
experiments. The detector is a ferromagnetic electrode, and the current measured at this
electrode has the form 𝐼𝐷 = 𝐺𝐷(𝜇 + 𝑃𝐷𝑆), where 𝐺𝐷 is the conductance of the supercon-
ductor/detector interface, 𝜇 is the shift of the quasiparticle chemical potential determined
by the charge imbalance in superconductor, 𝑃𝐷 is the polarization of the detector, and 𝑆 is
the magnitude of the spin imbalance. Thus, the difference in nonlocal signals for two oppo-
site polarization directions of the detector gives the magnitude of the spin imbalance in the
superconductor. It was found experimentally [15–18] that in Zeeman-split superconductors,
the spin imbalance relaxation length is of the order of several microns, which greatly exceeds
its values in normal metals and superconductors without Zeeman splitting ∼ 400− 500 nm.

The dissertation shows that in Zeeman-split superconductors the spin signal measured
by the detector has the form:

𝑆 = −1

2

∫︁
𝑑𝜀
[︁
𝑁𝑠𝑓𝑇3 +𝑁𝑡(𝑓𝐿 − tanh

𝜀

2𝑇
)
]︁
, (4)

where𝑁𝑠,𝑡 = (𝑁↑±𝑁↓) is the total density of states and the difference in the densities of states
with spin up and down, respectively. In superconductors with the Zeeman splitting 𝑁𝑡 ̸= 0,
therefore, the contribution to the spin accumulation 𝑆 is made not only by the difference in
the distribution functions for spins up and down, expressed by the nonequilibrium mode 𝑓𝑇3,
but also by the spinless nonequilibrium energy mode 𝑓𝐿. In the dissertation, all densities
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of states and distribution functions in the system under consideration are calculated within
the framework of the nonequilibrium quasiclassical Green’s functions approach. It is shown
that 𝑓𝑇3 and 𝑓𝐿 have completely different relaxation mechanisms and decay lengths in a
superconductor. While the decay length of the spin imbalance 𝑓𝑇3 is mainly determined
by the elastic processes of spin relaxation on magnetic or spin-orbital impurities and is just
hundreds of nanometers in order of magnitude, the energy mode 𝑓𝐿 relaxes to its equilibrium
value tanh[𝜀/2𝑇 ] on the scales of inelastic electron-electron and electron-phonon relaxation.
The former are of the order of several microns, while the latter, depending on the system,
are of the order of several microns to several tens of microns. Electron-electron relaxation
processes thermalize the distribution of injected quasiparticles, but do not change their
total energy, and electron-phonon relaxation processes remove energy from the electronic
subsystem, thus eliminating the overheating of the electronic subsystem.
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Figure 8: (a) and (b) Total conductance as a function of 𝑉𝐼 at different distances from the
injector: 𝐿 = 5, 15, 25, 35𝜉0. For (a) the overheating of the electronic subsystem is small,
𝜇𝐵𝐻 = 0.22∆0, ℎ𝑖𝑛𝑡 = 0. For (b) the overheating of the electronic subsystem is significant,
𝜇𝐵𝐻 = 0.05∆0, ℎ𝑖𝑛𝑡 ≈ 0.22∆0. Other system parameters are given in the full text of the
dissertation. (c) Total conductance relaxation length versus 𝑉𝐼 . Different curves correspond
to different applied magnetic fields. The parameters are the same as for panel (b).

Figs. 8(a)-(b) show the results of calculating the nonlocal conductance 𝑑𝑆/𝑑𝑉𝐼 , where
𝑉𝐼 is the voltage in the injector circuit. Fig. 8(a) corresponds to the case of good thermal
contact of the superconductor with the substrate, when there is practically no overheating
in the electronic subsystem of the superconductor, and Fig. 8(b) demonstrates nonlocal
conductance for the case of poor thermal contact when overheating occurs in the electronic
subsystem. These results reproduce well all the main features of a nonlocal spin signal
experimentally found in [15–18]: (i) 𝑑𝑆/𝑑𝑉𝐼 is an antisymmetric function of the injection
voltage, which is completely inexplicable if the measured nonequilibrium spin is generated
by the difference in the distribution functions of quasiparticles with spin up and down, i.e.
𝑓𝑇3. (ii) according to the experimental data [17] the signal decay length increases with the
injection voltage. This is shown in Fig. 8(c). In the framework of the developed theory,
this is due to the different scales of the electron-electron and electron-phonon interactions.
As shown in the dissertation, the nonlocal spin conductance for high injection voltages is
mainly associated with electron overheating, and, therefore, relaxes on the scales of the
electron-phonon interaction.

The results of this section were obtained in collaboration with A.M. Bobkov and published
in [P6,P7] from the author’s list of publications on the topic of the dissertation.

Section 2.2 is devoted to studying the effect of thermally induced spin imbalance on the
superconducting state in thin films of superconductors with Zeeman splitting. The sketches
of the structures under consideration are shown in the insets to Figs. 9(a),(c). This is a su-
perconductor/normal metal bilayer. A temperature difference is created between the layers.
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Figure 9: (a) Spin imbalance accumulated in a normal metal as a function of 𝑇𝑁 . Different
curves correspond to different temperatures 𝑇𝑆 of the superconducting reservoir. (b) Super-
conducting order parameter for 𝑇𝑁 = 0.1∆0 (vertical gray line) as a function of 𝑇𝑆. Here
∆0 ≡ ∆(𝑇𝑆 = 𝑇𝑁 = 0, ℎ = 0). Different colors correspond to different applied magnetic
fields. The dashed lines are the results of calculating the order parameter at 𝜇𝑆 = 0 (the
parts of the curves depicted by the dashed-dotted lines are absolutely unstable branches of
the solutions corresponding to the free energy maximum). The solid lines are the results tak-
ing into account the correct value of the spin imbalance. (c) Corresponding spin imbalance
𝜇𝑆 as a function of 𝑇𝑆. (d) Superconducting order parameter for 𝑇𝑁 = 0.4∆0 as a function
of 𝑇𝑆. (e) 𝜇𝑆 as a function of 𝑇𝑆 for panel parameters (d).

One of the layers is large and is a spin reservoir, the distribution of electrons in it is always
considered to be equilibrium, and the other layer has a limited size and a spin imbalance
induced by the temperature difference can occur in it if a Zeeman splitting of the density of
states is created in the superconductor, for example, by applying a parallel magnetic field to
the system. The reason for this effect is the spin current that flows through the S/N bound-
ary when a temperature difference is created on it and the Zeeman distribution is present in
the superconductor. It is important to note that the efficiency of heat-to-spin conversion in
such a system is close to the maximum possible, since almost all quasiparticles participating
in the creation of the flow through the boundary carry spin in the same direction. This is
referred to in the literature as the "giant spin-dependent Seebeck effect".
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Let us first consider the case when a normal layer has limited dimensions. The spin
imbalance in it is determined from the condition that the spin current through the boundary
is equal to zero for a given temperature difference (the size of the N-layer is considered small
compared to the spin relaxation length). The result of calculating the spin imbalance as a
function of the N-layer temperature is shown in Fig. 9(a). Its characteristic features are:
(i) for 𝑇𝑁 ≪ 𝑇𝑆 𝜇𝑁 → ∆sgnℎ − ℎ and (ii) for 𝑇𝑁 ≫ 𝑇𝑆 𝜇𝑁 → −ℎ . These quantities
determine the maximum value of thermally induced spin imbalance that can be created in
the system under consideration. Taking into account the equilibrium spin accumulation
𝑆 = 𝑁𝐹ℎ in a normal metal in the presence of an applied field, the total spin accumulation
𝑆 = 𝑁𝐹 (ℎ + 𝜇𝑁) tends to the value 𝑆 = 𝑁𝐹∆sgnℎ in the limit 𝑇𝑁 ≪ 𝑇𝑆 and 𝑆 = 0 in the
inverse limit 𝑇𝑁 ≫ 𝑇𝑆. Thus, an interesting situation arises here, which can be qualitatively
described as follows: in the limit 𝑇𝑁 ≪ 𝑇𝑆, a normal metal behaves like a ferromagnet
with an approximately constant magnetic moment, and in the opposite case 𝑇𝑁 ≫ 𝑇𝑆 this
behavior is similar to the behavior of a superconductor at zero temperature.

Let us now turn to the case when the superconductor has limited dimensions. This case
is somewhat more complicated, since the value of the superconducting order parameter in a
superconductor strongly depends on ℎ, 𝜇𝑆, and 𝑇𝑆 and must be calculated self-consistently.
The results of calculating the spin imbalance for this case, taking into account the self-
consistency of the order parameter, are shown in Fig.9(c) and (e). The behavior of the
spin imbalance depending on the temperature of the superconductor has, at first glance, a
completely different character. But, in fact, the order parameter tends to the same limits
as in the case of a normal metal, i.e. 𝜇𝑆 → ∆sgnℎ − ℎ for 𝑇𝑆 ≪ 𝑇𝑁 and 𝜇𝑆 → −ℎ for
𝑇𝑆 ≫ 𝑇𝑁 . The difference in the curves for the case of imbalance in a normal metal and
a superconductor is due to the suppression of the order parameter by the exchange field
and temperature, since it is obvious that the giant thermospin effect takes place only in the
superconducting state, and therefore 𝜇𝑆 → 0 at ∆ → 0.

Let us now consider how thermally induced spin imbalance affects superconductivity in
a confined superconductor. Let the temperature of a normal reservoir be low. The be-
havior of the order parameter as a function of the superconductor temperature is shown
in Fig. 9(b). It can be seen that in this case the generation of a spin imbalance leads to
the restoration of superconductivity suppressed by the Zeeman field. The order parameter
tends to its value without the Zeeman field. The explanation for this behavior is that the
spin imbalance tends to 𝜇𝑆 = −ℎ, i.e. the chemical potential in each of the spin subbands
individually becomes exactly in the middle of the superconducting gap, and this position of
the chemical potential ensures the minimum number of thermal quasiparticles that destroy
superconductivity at a given temperature. In the opposite case of the high temperature of a
normal reservoir, the spin imbalance effectively increases the Zeeman field in the supercon-
ductor. This increase is strongest at the lowest temperatures of the superconductor, which
leads to a very unusual behavior of the order parameter with temperature, which is shown
in Fig. 9(d). The order parameter increases with temperature, and at higher values of the
Zeeman field, a superconducting phase can appear at finite temperatures from a nonsuper-
conducting low-temperature state. The results of this section were obtained in collaboration
with A.M. Bobkov and published in [P8] from the author’s list of publications on the topic
of the dissertation.

Section 2.3 predicts the possibility of highly efficient thermally induced motion of domain
walls in thin-film superconductor/ferromagnet and superconductor/antiferromagnet bilayers.
Sketches of thin-film bilayer S/F and S/AF systems containing a domain wall are shown in
Fig. 10(a) and (b). Opposite ends of the bilayers are maintained at different temperatures.
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Figure 10: Sketches of S/F (a) and S/AF (b) bilayers. The magnetization of a ferromagnet
F or an antiferromagnet AF has the form of a head-to-head domain wall (DW) and is shown
by arrows. The figure in panel (a) illustrates the process of thermally induced pumping into
the DW region. Panel (b) shows that there is uncompensated magnetization at the S/AF
boundary. The blue arrows show the spin of the sublattice A, and the red arrows show the
spin of the sublattice B. In both cases, the temperature difference 𝑇𝑙 − 𝑇𝑟 is applied along
the 𝑥 direction.

This causes the domain wall to move from the hot end to the cold end. The motion of the
domain wall is caused by the giant thermospin effect. Qualitatively, the effect is explained
as follows. The ferromagnet induces an effective exchange field in the superconductor, which
leads to the Zeeman splitting of the density of states in it. The induced exchange field
is parallel to the magnetization of the ferromagnet. Therefore, in a superconductor, it
also forms a domain wall and has opposite directions in different domains. Then, in each
"domain" of the superconductor, we have a Zeeman-split superconductor, at the ends of
which a temperature difference is created. This leads to the appearance of a purely spin
current in it by the mechanism of the giant thermospin effect. Since in both domains
the effective exchange field has different signs, and the temperature gradient has the same
direction, these spin currents flow in opposite directions, thus pumping a spin of a certain
sign into the region of the domain wall. The conservation of angular momentum forces
the wall to move. If a nonzero surface magnetization occurs at the AF/S interface of the
bilayer with the antiferromagnet (and this case is considered in the dissertation), then the
mechanism of thermally induced motion of the domain wall in the AF/S bilayer is completely
analogous to the F/S bilayer.

Figure 11: Domain wall velocity as a function of 𝑇𝑙 at 𝑇𝑟 = 0.32∆0 for different DW widths.
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The domain wall velocity in the AF/S bilayer as a function of the hot end temperature
at a fixed cold end temperature is shown in Fig.11. It can be seen that the velocity vanishes
in the absence of a temperature difference, which is explained by the absence of thermospin
pumping in this case. Also, the velocity vanishes at a sufficiently high temperature of the hot
end, which is explained by the suppression of superconductivity, which, in turn, again leads
to the suppression of the thermally induced spin current. In general, the wall motion velocity
is inversely proportional to the Hilbert damping parameter 𝛼. For the realistic case 𝛼 = 0.01,
order of magnitude estimates give 𝑣0 ∼ 100 m/s for a temperature difference of 1K at the
ends. For smaller values of the Hilbert damping coefficient 𝛼 ∼ 10−4, which are realized in
yttrium-iron garnet (ferrimagnetic insulator), the velocity estimate increases by two orders of
magnitude. This is a very highly efficient conversion of heat into motion of a magnetic defect.
The efficiency of thermally induced motion can be characterized by the value 𝑣𝐷𝑊/∆𝑇 , i.e.
the ratio of the velocity to the applied temperature difference. In experiments on thermally
induced motion of domain walls in ordinary ferromagnets [19, 20] the values 𝑣𝐷𝑊/∆𝑇 ∼
10−2− 10−1𝑚𝑚2/𝐾𝑠 were obtained, while our estimates give 𝑣𝐷𝑊/∆𝑇 ∼ 10− 102𝑚𝑚2/𝐾𝑠.
The results of this section were co-authored with G.A. Bobkov, A.M. Bobkov, Wolfgang
Belzig and Akashdeep Kamra and published in papers [P9]-[P10] from the author’s list of
publications on the topic of the dissertation.

Third chapter is devoted to the study of magnetoelectric effects in superconducting
structures containing materials with spin-orbit interaction or 3D topological insulators. Com-
bining these materials in one chapter is due to the fact that, from the point of view of mag-
netoelectric effects, a 3D topological insulator looks simply like a material with the strongest
spin-orbit interaction of the Rashba type. As a brief literature introduction, some known
magnetoelectric effects in non-superconducting systems and their analogs in superconducting
materials and structures are discussed.

In section 3.1, a generalization of the quasiclassical theory is developed, which makes it
possible to describe magnetoelectric effects in superconductor/normal metal structures with
spin-orbit interaction in the ballistic limit. The essence of this generalization is that it allows
one to calculate Green’s functions up to the first order in the parameter ∆𝑠𝑜/𝜀𝐹 . Here ∆𝑠𝑜

is the value of the spin-orbit splitting of the electronic spectra in the material. And this, in
turn, makes it possible to describe magnetoelectric effects and triplet correlations induced by
the proximity effect and SOC, while the quasiclassical approximation gives Green’s functions
only in the zeroth order in the parameter ∆𝑠𝑜/𝜀𝐹 and does not describe this physics.

The Hamiltonian of a singlet superconductor in the presence of a general spin-orbit
interaction linear in momentum can be written as [21, 22]:

𝐻̂ =

∫︁
𝑑2𝑟′Ψ̂†(𝑟′)𝐻̂0(𝑟

′)Ψ̂(𝑟′) + ∆(𝑟)Ψ†
↑(𝑟)Ψ

†
↓(𝑟) + ∆*(𝑟)Ψ↓(𝑟)Ψ↑(𝑟), (5)

𝐻̂0(𝑟) =
𝑝2

2𝑚
− 1

2
𝐴̂𝑝− ℎ̂(𝑟) + 𝑉𝑖𝑚𝑝(𝑟)− 𝜇, (6)

where ∆(𝑟) is the superconducting order parameter and 𝐻̂0 is the Hamiltonian of a normal
metal in the presence of spin-orbit interaction (NSO). An arbitrary spin-orbit interaction
linear in momentum is expressed by the term 1

2
𝐴̂𝑝 = 1

2
𝐴𝛼

𝑗 𝑝𝑗𝜎̂
𝛼, where 𝜎̂𝛼 is the Pauli

matrix in spin space. Ψ̂ = (Ψ↑,Ψ↓)𝑇 , 𝜇 is the chemical potential, and ℎ̂ = ℎ𝛼𝜎̂𝛼 exchange
field. We assume that the system can contain short-range nonmagnetic impurities 𝑉𝑖𝑚𝑝(𝑟) =∑︀
𝑟𝑖

𝑉𝑖𝛿(𝑟 − 𝑟𝑖).
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The generalized Eilenberger equation obtained in the dissertation has the form:

𝑖𝑣𝐹∇𝑔 +

[︂
𝜀𝜏𝑧 + ∆̌(𝑟) +

1

2
𝐴̂𝑝𝐹 , 𝑔

]︂
+

𝑝𝑦
4𝑣𝐹,𝑥

[︀
𝐴𝑥, 𝐴𝑦

]︀(︀
𝑔𝑞 − sgn𝑣𝐹,𝑥

)︀
+
𝑖𝐴𝑦𝑝𝑦
2𝑝𝐹,𝑥

𝜕𝑥𝑔
𝑞 = 0 (7)

The third and fourth terms of this equation are not contained in the standard Eilenberger
equation and are responsible for proximity-induced triplet correlations at the NSO/S inter-
face, as well as the direct magnetoelectric effect in ballistic heterostructures. The resulting
generalized Eilenberger equation must be supplemented with the generalized normalization
condition

𝑔2 − 𝐴𝑦𝑝𝑦sgn𝑣𝐹,𝑥
𝑝𝐹,𝑥𝑣𝐹,𝑥

[︂
𝑔𝑞 − sgn𝑣𝐹,𝑥

]︂
= 1 (8)

and generalized boundary conditions, which for an absolutely transparent boundary have
the form:

𝑔𝑙 − 𝑔𝑟 = ±
{︃
sgn𝑣𝐹,𝑥 − 𝑔𝑞,

𝐴𝑦𝑝𝑦
4𝑣𝐹,𝑥𝑝𝐹,𝑥

}︃
, (9)

where ± signs correspond to NSO/S and S/NSO boundaries. It can be seen that neglecting
the right side of the equation (9), which is of the first order in ∆𝑠𝑜/𝜀𝐹 , we obtain the well-
known quasiclassical boundary condition at a completely transparent interface: 𝑔𝑙,𝑞 = 𝑔𝑟,𝑞 =
𝑔𝑞, i.e. continuity of the quasiclassical Green’s function. This value of the quasiclassical
Green’s function at the interface enters the right side of the boundary condition (9).

Figure 12: Sketches of (a) superconductor/normal metal bilayer with spin-orbit interaction
(S/NSO) and (b) Josephson S/NSO/S junction.

Further, on the basis of the developed theory, the anomalous Green’s function is calcu-
lated in the structures shown in Fig. 12. It is shown that a singlet-triplet conversion occurs at
the interface of a superconductor with a spin-orbit material (S/NSO), which results in both
𝑠-wave and 𝑝-wave triplet correlations. The first type of correlations is resistant to impurity
scattering, which means that it is also preserved in the dirty case. The amplitude of triplet
correlations is of the first order in the ∆𝑠𝑜/𝜀𝐹 parameter. In the Josephson junction shown
in Fig. 12(b), these correlations lead to current-induced spin polarization of conductivity
electrons (direct magnetoelectric effect). For the case of the Rashba spin orbit coupling, this
polarization has the form:

𝑆 = 𝜅
[︀
𝑐× 𝑗𝑠

𝑒𝑣𝐹

]︀
, (10)

23



where 𝑗𝑠 is the supercurrent density. For the case 𝛼𝑝𝐹/2𝜋𝑇 = ∆𝑠𝑜/2𝜋𝑇 ≫ 1

𝜅 =
𝛼𝑝𝐹
8𝜀𝐹

. (11)

It is worth noting that the expressions (10) and (11) coincide with the answers obtained in [23]
for the case of a ballistic homogeneous superconductor with Rashba’s spin-orbit interaction.
But in our case, instead of a supercurrent passing through a homogeneous material, the
spin polarization is proportional to the Josephson current. The results of this section were
obtained in collaboration with A.M. Bobkov and published in [P11] from the author’s list
of publications on the topic of the dissertation.

In section 3.2, a nonequilibrium generalization of the quasiclassical theory for hybrid
structures with 3D topological insulators is developed, as well as a generalization of the
quasiclassical theory for superconductivity in the surface states of the 3D TI, induced by
proximity to the conventional superconductor. These theories are applied to consider a
number of physical effects: an anomalous phase shift in S/3D TI/S Josephson junctions
without a ferromagnet, giant magnetoelectric effect in the density of states and dynamic
control of magnetic anisotropy in S/F-3D TI/S Josephson junctions.

Subsection 3.2.1 is devoted to the development of a nonequilibrium generalization of the
quasiclassical theory [24] for superconducting systems in which the Hamiltonian of the normal
state coincides with the Hamiltonian of the conducting surface state of a 3D topological
insulator. Based on this theory, an expression was obtained for the polarization of the 3D TI
surface conductivity electrons induced by the flow of a supercurrent (direct magnetoelectric
effect)

𝑆 =
1

2𝑒𝛼
[𝑛× 𝑗], (12)

where 𝑛 - is the normal to the 3D TI surface, 𝛼 - is the Fermi velocity of the electrons in
the 3D TI surface state.

Further, the nonequilibrium theory is used to solve the problem of the anomalous phase
shift of the ground state of the Josephson junction via 3D TI. In this problem, the anoma-
lous phase shift is induced and controlled by quasiparticle injection into the weak link region.
The sketch of the structure under consideration is shown in Fig. 13. Taking into account the

h h

S TI S
d

Iinj

I-d�2 d�2

Figure 13: Sketch of a Josephson junction via 3D TI, in which a 𝜑0 junction can be realized
via quasiparticle injection. The injector is at 𝑥 = 𝑑𝐼 and the S/TI interfaces are at 𝑥 = ±𝑑/2.
The quasiparticle current (shown by the arrows) is controlled by the voltage between the
injector and the superconducting terminals.

electron-electron interaction in the Hartree-Fock approximation, it is shown that quasipar-
ticle injection creates an effective exchange field ℎ ∝ 𝑉 in the 3D TI surface states in the
weak link region, where 𝑉 is the injection voltage applied between the injector and 3D TI.
In the structure under consideration, two domains are generated with opposite orientations
of the effective Zeeman field, which are locked to the directions of the injected currents. This
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effective Zeeman field can be written as:

ℎ𝑦(𝑥) =

{︂
−ℎ , −𝑑/2 < 𝑥 < 𝑑𝐼
+ℎ , 𝑑𝐼 < 𝑥 < +𝑑/2

. (13)

Next, the current-phase relation of the system under consideration is calculated. The ground
state of the Josephson junction corresponds to zero current and is reached at a nonzero
phase difference between superconductors 𝜑0 = 𝜒 = −4𝑑𝐼ℎ/𝛼. This anomalous phase shift
is proportional to the voltage 𝑉 between the superconducting electrodes and the injector.
Therefore, in this case, the anomalous phase difference 𝜑0 can be controlled by changing this
voltage. The results of this subsection were obtained in collaboration with A.M. Bobkov,
A.A. Zyuzin and Muhammad Alidoust and published in [P12] from the author’s list of
publications on the topic of the dissertation.

In subsection 3.2.2, a microscopic theory of superconductivity induced in the 3D TI
surface states is developed. It is shown that the Eilenberger equation for the quasiclassical
Green’s function of electrons in 3D TI in a thin-film 3D TI/S bilayer has the form

−𝑖𝑣𝐹𝑛𝐹∇𝑔𝑅 =
[︁
(𝜀+ ℎ̃𝑛⊥)𝜏𝑧 − ˆ̃∆ +

𝑖⟨𝑔⟩
2𝜏

, 𝑔
]︁

(14)

This equation has the same form as the usual Eilenberger equation for a material with a
normal Hamiltonian of the 3D TI and singlet pairing, but both the quasiparticle energy term
and the exchange energy are renormalized by tunnel self-energy parts that are diagonal in
particle-hole space:

𝜀 = 𝜀+
𝑡2

4|𝑣𝐹,𝑧(𝑝𝐹 )|
[︁ 𝜀− (∇𝜒)𝑝

2𝑚𝑆
+ ℎ√︁

∆2 − (𝜀− (∇𝜒)𝑝
2𝑚𝑆

+ ℎ)2
+

𝜀− (∇𝜒)𝑝
2𝑚𝑆

− ℎ√︁
∆2 − (𝜀− (∇𝜒)𝑝

2𝑚𝑆
− ℎ)2

]︁
, (15)

ℎ̃ = ℎ+
𝑡2

4|𝑣𝐹,𝑧(𝑝𝐹 )|
[︁ 𝜀− (∇𝜒)𝑝

2𝑚𝑆
+ ℎ√︁

∆2 − (𝜀− (∇𝜒)𝑝
2𝑚𝑆

+ ℎ)2
−

𝜀− (∇𝜒)𝑝
2𝑚𝑆

− ℎ√︁
∆2 − (𝜀− (∇𝜒)𝑝

2𝑚𝑆
− ℎ)2

]︁ℎ
ℎ
. (16)

The phenomenological order parameter is also replaced by the effective order parameter ˆ̃∆,
which comes from the wave function of the superconductor Cooper pairs and has the form:

∆̃ =
𝑡2

4|𝑣𝐹,𝑧(𝑝𝐹 )|

[︃(︁ ∆√︁
∆2 − (𝜀− (∇𝜒)𝑝

2𝑚𝑆
+ ℎ)2

+
∆√︁

∆2 − (𝜀− (∇𝜒)𝑝
2𝑚𝑆

− ℎ)2

)︁
+

[︃(︁ ∆√︁
∆2 − (𝜀− (∇𝜒)𝑝

2𝑚𝑆
+ ℎ)2

− ∆√︁
∆2 − (𝜀− (∇𝜒)𝑝

2𝑚𝑆
− ℎ)2

)︁ℎ𝑛⊥
ℎ

]︃
. (17)

This subsection shows that, within the framework of the phenomenological model with singlet
pairing, the supercurrent passing through the 3D TI surface state is completely equivalent
to the action of the Zeeman field 𝐻𝑒𝑓𝑓 = (−𝑣𝐹 (𝜕𝑦𝜒)/2, 𝑣𝐹 (𝜕𝑥𝜒)/2, 0). This field is generated
by a supercurrent that corresponds to the phase gradient of the order parameter ∇𝜒 and is
perpendicular to it. This is a remarkable property of helical metal, which underlies a large
number of bright magnetoelectric effects. Within the considered microscopic model, the
complete equivalence between the Zeeman term and the supercurrent is lost. This is because
there is no such equivalence in a superconductor that is not a helical metal. However, at
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low energies 𝜀,𝐻𝑒𝑓𝑓 ≪ ∆ in zero order in the parameter (𝜀,𝐻𝑒𝑓𝑓 )/∆, our microscopic model
reduces to a phenomenological one with 𝜀 → 𝜀, ℎ̃ → ℎ and the induced order parameter
∆̃𝜀→0 ≈ 𝑡2/2|𝑣𝐹,𝑧|. In this low energy region, the equivalence between the Zeeman term and
the supercurrent is preserved.

It is also shown in subsection 3.2.2 that such an equivalence leads to the appearance
of a spin splitting of the density of states of electrons in the superconducting surface state
of a topological insulator, which is similar to the spin splitting of the density of states
of a BCS superconductor in a Zeeman field. This effect is called giant magnetoelectric.
The supercurrent-induced spin splitting of the density of states is shown in Fig. 14. This
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Figure 14: DOS for the ballistic system. (a) Momentum-resolved DOS. The circle shows the
Fermi surface, and for each direction of the momentum, its own energy axis is introduced,
which is directed outside the circle and normal to it. (b) Momentum-averaged DOS as a
function of quasiparticle energy. 𝐻𝑒𝑓𝑓/∆ = 0 (black line); 0.3 (red); 0.6 (blue); 0.9 (green);
1.2 (pink). (c) Spin-resolved DOS as a function of the quasiparticle energy. 𝐻𝑒𝑓𝑓/∆ = 0.6
(blue); 0.9 (green); 1.2 (pink). The quantization axis is directed along the 𝑦 axis, and
𝑗𝑠 = 𝑗𝑠𝑥̂. The DOS for spin up 𝑁↑ is shown with solid lines, and the DOS for spin down 𝑁↓
is shown with dashed lines.

effect can be used to spin filter the electric current through an additional tunnel junction.
In this case, both the magnitude of the spin polarization of the tunneling current and its
direction are controlled by the magnitude and direction of the supercurrent flowing through
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the superconductor. The results of this subsection were obtained in collaboration with A.M.
Bobkov and published in [P13] from the author’s list of publications on the topic of the
dissertation.

Figure 15: Sketch of the system considered in subsection 3.2.3. Superconducting leads and
a ferromagnetic weak link are placed on a 3D TI surface.

In subsection 3.2.3, the effect of dynamic control of magnetic anisotropy in Josephson
junctions through a combined weak link consisting of a bilayer of a topological insulator and
a ferromagnetic metal is studied. The sketch of the system is shown in Fig. 15. It is shown
that in Josephson S/F/S junctions lying on 3D TI, the anomalous phase shift also causes
magnetization dynamics, as in spin-orbit systems. However, in contrast to systems with
spin-orbit interaction, where the dynamics of the magnetization has already been studied
earlier, for our system, not only the anomalous phase shift, but also the critical current
strongly depends on the orientation of the weak link magnetization. Namely, it depends
only on the magnetization component lying in the surface plane TI and directed along
the current. We show that such a dependence under the conditions of the nonstationary
Josephson effect at a given voltage applied to the junction can lead to splitting of the easy
axis of the magnet. The choice of voltage makes it possible to dynamically stabilize a fourfold
degenerate ferromagnetic state in a ferromagnet, which under equilibrium conditions is an
easy-axis ferromagnet.

Stationary magnetization points correspond to 𝑚𝑧 = ±1 or 𝑚𝑧 = 0. Stationary
points 𝑚𝑧 = ±1 are always unstable. The dissertation shows that 4 stable points
𝑚𝑠𝑡 = (±|𝑚𝑠𝑡

𝑥 |,±|𝑚𝑠𝑡
𝑦 |, 0) appear in a certain range of system parameters. The physical

reason for this is that, as a result of the locking between the electron momentum and its
spin, the critical current of the system is suppressed only by the 𝑚𝑥 magnetization com-
ponent (along the current). Therefore, it is favorable for the system to have a nonzero 𝑚𝑥

component to minimize the Josephson energy. The competition of this contribution to the
energy and magnetic anisotropy energies along the 𝑦 axis leads to the stabilization of new
dynamic equilibrium positions.

Fig. 16 shows the complete temporal evolution of the magnetization 𝑚 obtained from
the numerical solution of the LLG equation. It can be seen that starting from different
initial conditions, it is possible to get into all 4 stable equilibrium positions. The results were
obtained in collaboration with A.M. Bobkov, M. Nashaat, Yu.M. Shukrinov, I.R. Rakhmonov
and K. Sengupta and published in [P14] from the author’s list of publications on the topic
of the dissertation.

Section 3.3 predicts and investigates a new type of long-range interaction of magnetic
moments in a system of coupled Josephson junctions, the physical basis of which is the
magnetoelectric interaction of the magnetic moment with the condensate phase (inverse
magnetoelectric effect). The considered type of interaction is not based on proximity effects
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Figure 16: Time evolution of magnetization starting from different initial conditions. (a)
𝑚𝑥(𝑡 = 0) = −0.6, 𝑚𝑦(𝑡 = 0) = 0.8, (b) 𝑚𝑥(𝑡 = 0) = 0.6, 𝑚𝑦(𝑡 = 0) = 0.8 , (c) 𝑚𝑥(𝑡 =
0) = −0.6, 𝑚𝑦(𝑡 = 0) = −0.8 and (d) 𝑚𝑥(𝑡 = 0) = 0.6, 𝑚𝑦(𝑡 = 0) = −0.8. For all panels
𝑚𝑧(𝑡 = 0) = 0. 4 panels correspond to 4 possible stationary states that can be reached by
the system at large 𝑡. Γ = 1.57, 𝑟 = 0.5, 𝑑 = 0.3, 𝛼 = 0.01, Ω𝐹/Ω𝐽 = 0.2, time is measured
in units of Ω−1

𝐽 .

in a superconductor, and therefore is not limited by the coherence length or the penetration
depth of the magnetic field. The interaction mechanism is based on the fact that supercon-
ductivity is a macroscopic quantum phenomenon with a single condensate phase, and the
condensate phase is related to the magnetization of magnets through the magnetoelectric
effect. The energy of the ground state of a system of two coupled Josephson S/F/S junctions
at a given phase difference between the outer superconducting leads depends on the mutual
orientation of the magnets forming weak links, which means the interaction between them.

x
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−l/2
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∆i(ψ0+κIx/Icl)
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Figure 17: Sketch of a system of coupled S/F/S Josephson junctions.

We assume that the discussed effect can be observed in systems where there is a mag-
netoelectric coupling between the magnetization direction of the magnet and the Josephson
phase. It is known that such a coupling physically manifests itself as an anomalous phase
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shift in the ground state of the Josephson junction. Therefore, we consider a system con-
sisting of two coupled Josephson S/F/S junctions, where S is a conventional singlet 𝑠-wave
superconductor, and F is a ferromagnetic weak link of a Josephson junction, in which spin-
orbit interaction is also present. The scheme of the system is shown in Fig. 17.

The energy of the system is calculated as a function of the phase difference 𝜒 between
the outer superconducting leads. Near the minima, it has the form:

𝐸 ≈ −2𝐸𝐽𝑟(𝑚𝑦1 +𝑚𝑦2)𝜒̃

(2 + 𝜅)2
+
𝐸𝐽𝑟

2(𝑚2
𝑦1 +𝑚2

𝑦2)

(2 + 𝜅)2
+

2𝐸𝐽𝑟
2𝑚𝑦1𝑚𝑦2

(2 + 𝜅)2
− 𝐸𝑀(𝑚2

𝑦1 +𝑚2
𝑦2) + 𝑐𝑜𝑛𝑠𝑡. (18)

The first term in Eq. (18) describes the individual interaction of the magnetic moments with
the phase, the second term works as an additional contribution to the magnetic anisotropy
energy, and the third term describes the interaction between the moments. The interaction
constant is 𝐽𝑒𝑓𝑓 = 2𝐸𝐽𝑟

2/(2 + 𝜅)2 > 0, and hence the interaction has an antiferromagnetic
character. At large external phases 𝜒, the first term dominates, leading to the fact that
the ground state will be ↑↑ or ↓↓, but at smaller phases, the antiferromagnetic interaction
overcomes the individual interaction of moments with the phase. The spatial dependence of
𝐽𝑒𝑓𝑓 is determined by 𝜅 ∝ 𝑙, i.e. 𝐽𝑒𝑓𝑓 ∝ 𝑙−2 for large 𝑙. To estimate 𝜅 ∼ 𝑒𝐼𝑐𝑙/𝜎𝑆∆𝑆, where ∆
is the superconducting order parameter, 𝜎𝑆 is the conductivity of the average superconductor
in the normal state, and 𝑆 is its cross section, we take the typical parameters 𝑁𝑏/𝐵𝑖2𝑇𝑒3/𝑁𝑏
Josephson junctions 𝐼𝑐 = 𝑤 · [40𝐴/𝑚], where 𝑤 ∼ 1𝜇𝑚 is the junction width along the 𝑦-
direction, 𝜎𝑆 = 𝜎𝑁𝑏 = 107(Ω ·𝑚)−1, ∆𝑁𝑏 = 2.5 · 10−22J and 𝑆 = (1𝜇𝑚)2. Then 𝜅 ∼ 1 for
𝑙 ∼ 1𝑚𝑚. Thus, these estimates show that the interaction strength practically does not
change with distance up to the submillimeter range. Moreover, if the length of the middle
superconductor reaches ∼ 1𝑚𝑚, the inductance energy 𝐸𝐿 = 𝐿𝐼2/2 already becomes of the
same order as the Josephson energy and should be taken into account. Accounting for this
energy leads to the need to make the substitution 𝐸𝐽 → 𝐸𝐽 + 𝐿𝐼2𝑐 /2 in the equation (18).
Because 𝐿 ∝ 𝑙, this modifies the decay law of the interaction constant between magnets
𝐽𝑒𝑓𝑓 ∝ 𝑙−1 at large distances between them.

The coupled dynamics of magnetic moments in such a system is also studied. The
possibility of remote switching of the magnetic moment is demonstrated. The results were
obtained in collaboration with G.A. Bobkov and A.M. Bobkov and published in [P15] from
the author’s list of publications on the topic of the dissertation.

Section 3.4 is devoted to the study of the magnetoelectric effect, which is possible only
in superconducting hybrid systems - the generation of triplet superconductivity by the con-
densate motion. The physical principle of the effect is described, the theory of triplet su-
perconductivity induction by Meissner currents, as well as dynamic superconductivity by an
alternating electromagnetic field, is developed. Possible applications of the effect for spin-
tronics and superconducting electronics are discussed: Josephson transistor, photomagnetic
element, 0− 𝜋 supercurrent-controlled junction. The results were obtained in collaboration
with A.M. Bobkov, M.A. Silaev and A.A. Mazanik and published in papers [P16]-[P18]
from the author’s list of publications on the topic of the dissertation.

In subsection 3.4.1 it is shown that the motion of a superconducting condensate, which
is generated by an external magnetic field through the Meissner effect, makes it possible to
generate triplet odd-frequency superconductivity in existing SOC structures. In the context
of S/F hybrid structures, these correlations are known as long-range triplet correlations
(LRT) because they penetrate into a ferromagnetic material over relatively large distances
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Figure 18: (a)-(b) Mechanism of formation of 𝑠-wave spin-triplet superconducting corre-
lations. (c) Scheme of an S/F system with a Rashba-type SOC at the interface, which is
generated by a thin layer of Pt heavy metal. In the absence of a magnetic field, only rapidly
decaying triplet correlations are generated. The magnetic field generates the motion of con-
densate through the Meissner effect 𝑝𝑠 = −(𝜆𝐿/Φ0)𝑛×𝐵. The interaction of the condensate
momentum 𝑝𝑠, SOC, and the exchange field ℎ leads to the appearance of a weakly decaying
𝑠-wave triplet component for 𝐵 ̸= 0. (d) Interference pattern of the critical current 𝐼𝑐(Φ)
for the magnetic field-induced Josephson effect in the junction shown in the inset.

of the order of the superconducting coherence length in a normal metal [12]. The scheme of
the considered S/F interface is shown in Fig. 18(c).

The qualitative physics of the effect can be explained as follows. A thin Pt layer at the
S/F interface where a Rashba-type SOC is present can be considered as a quasi-2D supercon-
ductor (superconductivity is induced in it by the proximity effect with the superconductor)
in an effective exchange field induced by the proximity effect with the ferromagnet. Triplet
pairs of electrons with equal spins are generated in this thin layer and then penetrate the
ferromagnet where they are LRTs. SOC does not lead to the destruction of spin-singlet
and, generally speaking, any pairs of electrons with opposite spins. This can be illustrated
using the Rashba-type SOC metal system model, which is described by the Hamiltonian
𝐻̂ = 𝜉𝑝 + 𝛼(𝑝× 𝑛) · 𝜎, where 𝜉𝑝 = 𝑝2/2𝑚− 𝜀𝐹 is the kinetic energy of an electron relative
to the Fermi level 𝜀𝐹 . The presence of SOC in this Hamiltonian leads to the formation
of helical subbands. In these subbands, the spin quantization axis ‖ (𝑝𝑦,−𝑝𝑥) depends on
the direction of the momentum. However, these axes are still collinear for electrons with
opposite momenta 𝑝 and −𝑝. Therefore, in such a system, the superconducting state can be
formed by ordinary spin-singlet pairs, provided that the spin splitting of the Fermi surfaces
is small, which is a typical situation for a surface SOC.

Let now an exchange field be applied to the system, for example, directed perpendicular
to the vector 𝑛: ℎ = ℎ𝑦. In this case, the spin quantization axes for electrons with 𝑝
and −𝑝 are no longer collinear, see Fig. 18(a). Therefore, pure spin-singlet pairing is no
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longer possible. Spin-triplet correlations appear, which are characterized by the spin vector
𝑑𝑝(𝑝, 𝜔) = 𝐹𝑝𝑤(𝜔)ℎ × (𝑛 × 𝑝) with amplitude 𝐹𝑝𝑤(𝜔). A typical spin vector texture 𝑑𝑝

is shown in Fig. 18(a). This state corresponds to 𝑝-pairing, because the wave function is
an odd function of the electron momentum 𝑑𝑝(𝑝) = −𝑑𝑝(−𝑝). Condensate motion is the
third ingredient needed to generate LRT. The nonzero momentum 𝑝𝑠 of the condensate
leads to mixing of the 𝑝-wave and 𝑠-wave components of the condensate. The Doppler shift
leads to a shift in the Matsubara frequencies. As a result the triplet correlation amplitude
becomes 𝐹𝑝𝑤(𝜔 − 𝑖𝑣𝐹 · 𝑝𝑠) ≈ 𝐹𝑝𝑤(𝜔) − 𝑖(𝑣𝐹 · 𝑝𝑠)𝜕𝜔𝐹𝑝𝑤. This modification of the pair
amplitude produces an additional 𝑠-wave component of the spin vector 𝑑𝑠 = ⟨𝑑𝑝(𝑝, 𝜔 −
𝑖𝑣𝐹𝑝𝑠)⟩ ≈ (2/3𝑖)𝜀𝐹 (𝜕𝜔𝐹𝑝𝑤)ℎ× (𝑛×𝑝𝑠), where the angle brackets denote the averaging over
the directions of the electron momentum on the Fermi surface. The vector field 𝑑 = 𝑑𝑝+𝑑𝑠,
where 𝑑𝑠 ∝ ℎ× (𝑛×𝐸) is schematically shown in Fig. 18 (b), where the configuration with
𝑝𝑠 ‖ ℎ ⊥ 𝑛 is considered, which gives 𝑑 ‖ 𝑛 and mixes 𝑝-wave and 𝑠-wave pairing, what
leads to |𝑑(𝑝)| ≠ |𝑑(−𝑝)|.

For the upper structure shown in Fig. 18(c) with 𝐵 = 0, we have 𝑑𝑠 = 0 and thus, despite
the presence of SOC, only Cooper pairs with 𝑆𝑧 = 0 exist. Such correlations in a diffuse
ferromagnet decay at distances on the order of the magnetic coherence length 𝜉𝐹 =

√︀
𝐷/ℎ,

which is quite short - 𝜉𝐹 ∼ 1 nm in conventional ferromagnetic metals. Therefore, with
exponential accuracy, superconductivity is absent at distances 𝑥≫ 𝜉𝐹 from the S/F interface.
At the same time, correlations with 𝑑𝑠 ̸= 0 that appear at 𝐵 ̸= 0 have 𝑆𝑧 = ±1. Therefore,
they are LRTs that are resistant to spin depairing by the exchange field and are preserved
in the ferromagnet at distances 𝑥 ≫ 𝜉𝐹 from the S/F interface. In the structure shown in
Fig. 18(c), such pairs appear only after the application of a magnetic field 𝐵 ⊥ ℎ. Therefore,
we can speak about the mechanism of generation of triplet superconductivity by a magnetic
field. The formation of LRTs is essential for the transport properties of the system, which
can be measured directly. The dissertation discusses two of them - tunnel conductance and
Josephson current.

The critical Josephson current S/F/S of a contact with spin-orbit interfaces as a function
of the applied magnetic field is shown in Fig. 18(d). The physical origin of the unusual behav-
ior of the critical current oscillations depending on the applied magnetic field is determined
by the mechanism of LRT generation by the magnetic field. The LRT amplitude is propor-
tional to the condensate momentum 𝑝𝑠, which is generated by an external magnetic field
through the Meissner effect. Near the S/F interfaces 𝑥 = ±𝑑𝐹/2 we have 𝑝𝑠 = ∓𝜆𝐿𝐵0/Φ0.
Consequently, the critical current amplitude grows as 𝐼𝑐 ∝ 𝐵2 for small values of the applied
field, when the total flux through the junction area Φ = 2𝜆𝐿𝐿𝐵 is small, Φ ≪ Φ0. Here 𝐿
is the junction length along the S/F interfaces. For large fields, we must take into account
the change along the S/F interface, which leads to the usual factor (𝐿 sin𝜑)/𝜑 at the critical
current, where 𝜑 = 2𝜋Φ/Φ0. As a result, we find that the critical current as a function of the
field oscillates as usual, but the envelope of these oscillations grows linearly with the field
𝐼𝑐 ∝ 𝐵. This growth is limited from above by depairing effects, of which the most important
is the entry of the vortex into the superconducting leads, caused by the external magnetic
field 𝐵. This occurs at fields of the order of 𝐻𝑣, when the momentum of the condensate at
the edges of the superconductor reaches the critical depairing value 𝑝𝑠𝜉 ∼ 1. Depending on
the strength of disorder, you can get 𝐻𝑣/𝐻𝑐2 ∼ 0.1 − 0.19. It is in this range of fields that
Fig. 18(d) is plotted.

In subsection 3.4.2, dynamical triplet states are studied, which are generated by exter-
nal alternating electric fields. From the point of view of physics, this effect is close to that
considered in the previous subsection, because again triplet superconductivity is induced by
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Dynamical states offer extended possibilities to control the properties of quantum matter. Recent
efforts are focused on studying the ordered states which appear exclusively under the time-dependent
drives. Here we demonstrate a class of systems which feature dynamical spin-triplet superconducting
order stimulated by the alternating electric field. The effect is based on the interplay of ferromag-
netism, interfacial spin-orbital coupling and the oscillating motion of Cooper pairs. We demonstrate
that the critical current of Josephson junctions hosting these states is proportional to the electro-
magnetic power, supplied either by the external irradiation or by the ac current source. Based on
these unusual properties we propose the scheme of a Josephson transistor which can be switched
by the ac voltage and demonstrates an even-numbered sequence of Shapiro steps. Combining the
photo-active Josephson junctions with recently discovered Josephson phase batteries we find photo-
magnetic SQUID devices which can generate spontaneous magnetic fields while being exposed to
the irradiation.

(a) (b)EM radiation (c)

FIG. 1. Schematic picture of the system considered.
S/F junction with Rashba SOC at the interface induced by
the thin layer of heavy metal Pt. (a) Only short-range su-
perconducting correlations are present shown by the blue and
red spheres with opposite arrows. (b,c) generation of long-
range triplet (LRT) correlations due to the irradiation of the
setup with electromagnetic wave (b) and by applying the
the ac current source (c) both producing the electric field
E(t) = EΩe

iΩt in the ferromagnetic interlayer. The LRT
are shown schematically by the red spheres with co-directed
arrows corresponding to the spin states aligned with the ex-
change field h.

Weak links between two superconducting electrodes
known as the Josephson junctions (JJ) are the cor-
nerstone elements of superconducting electronics. For
decades there has been an intensive search of technolo-
gies and physical principles allowing for the construction
of superconducting transistors based on the JJ circuits
with controllable switching between superconducting and
resistive states [1]. Such devices are expected to pave
the way for energy-saving superconducting computers[2].
Recently the interest to JJ with electrically-tunable crit-
ical currents has been stimulated by the perspectives of
applying such systems in leading-edge quantum informa-
tion architectures [3, 4]. Main efforts in this field have
been focused on the systems with Josephson currents con-
trolled by electrostatic gates. This concept has been re-

alized in mesoscopic systems with normal metal interlay-
ers [5–10], semiconducting interlayers [1, 3, 4, 11, 12] and
quantum dots [13, 14]. Electrostatic control with con-
stant gate voltages is not enough for most of the applica-
tions implying transistors operating under the action of
high-frequency drives. Therefore it is of crucial impor-
tance to go beyond the electrostatic gating and find the
physical mechanisms which could provide control of the
Josephson critical currents by the high-frequency electric
field.

Here we suggest a qualitatively different way to con-
trolling the Josephson current using dynamical triplet
superconducting states driven by the external time-
dependent electric field. This mechanism can help to
achieve switching rates in the teraherz and even the vis-
ible light frequency domains. It is based on the pecu-
liar quantum state of matter which arises under the non-
equilibrium conditions due to the interplay of Rashba-
type [15–17] interfacial spin-orbital coupling (SOC), fer-
romagnetism and oscillating motion of Cooper pairs
driven by the alternating electric field. The proposed
effect extends the possibilities of generating and con-
trolling dynamical and non-equilibrium states of matter
which have attracted significant attention recently. The
prominent examples of such states include Floquet topo-
logical insulators [18] and odd-frequency superconductiv-
ity [19], time crystals [20–22], driven Dirac materials[23–
25], light-induced and light-manipulated superconductiv-
ity [26–32], cavity-enhanced ferroelectric phase transition
[33] and dynamical hidden orders [34].

In general, the spin-triplet pairing amplitude can be
written in terms of the spin vector[35] d = (dx, dy, dz)

Figure 19: S/F junction with Rashba type SOC at the S/F interface, which is created by a
thin layer of Pt. (a) In the ground state of the junction, only short-range triplet correlations
are present, shown as blue and red balls with opposite spins. (b,c) Generation of LRTs by
irradiating the system with an electromagnetic field (b) or an alternating current source (c).
In both cases, an electric field 𝐸(𝑡) = 𝐸Ω𝑒

𝑖Ω𝑡 is created in the ferromagnetic weak link. LRTs
are shown schematically as red balls with unidirectional arrows, which correspond to spin
states codirectional with the exchange field ℎ.

the condensate motion, but now this motion is caused by the application of an alternating
electromagnetic field, rather than a constant magnetic one. In addition to being of funda-
mental interest, the effect opens up the possibility of controlling the Josephson current by
high-frequency fields. This mechanism makes it possible to achieve switching rates in the
terahertz and even visible frequency range.

It is shown that an external alternating electric field induces triplet correlations, the spin
vector of which is constructed as follows:

𝑑(𝜀, 𝑡) =

∫︁
𝑑𝑡′𝐾𝑑(𝜀, 𝑡− 𝑡′)(𝐸(𝑡′)× 𝑛)× ℎ, (19)

where 𝑛 is the normal to the S/F interface plane. As usual, the spin vector 𝑑 depends
on the quasiparticle energy 𝜀. However, the problem under consideration is essentially non-
stationary and therefore it also depends on time. The scalar kernel 𝐾𝑑(𝜀, 𝑡−𝑡′) is determined
by the details of the microscopic model. The scale of nonlocality in time is determined by the
characteristic frequencies of the response of the superconducting condensate to an alternating
field. Possible schemes of systems in which the effect can be realized are shown in Fig. 19.
In the case where the long-range proximity effect is caused by a harmonic electromagnetic
wave, the current-phase relation is:

𝐼(𝜒, 𝑡) = [𝐼𝑐𝑑𝑐 + 𝐼𝑐2Ω cos(2Ω𝑡)] sin𝜒. (20)

That is, the critical current has a dc component 𝐼𝑐𝑑𝑐 ∝ 𝐸Ω𝐸−Ω and a second harmonic
𝐼𝑐2Ω ∝ 𝐸2

Ω.
The Josephson current induced by an electric field through JJ opens up an interesting

possibility of creating photomagnetic elements based on a superconducting loop with a weak
link, which is formed by a photoactive Josephson junction. The dissertation shows that by
applying radiation to a system that is a dc SQUID, one of the branches of which contains
a photoactive Josephson junction, and the other a regular 𝜋-contact, it is possible to induce
a spontaneous current circulating in the loop, which in turn produces a constant magnetic
field component 𝐵𝑑𝑐.

In subsection 3.4.3 it is shown that the effect of generating LRTs by condensate motion is
not limited to hybrid systems with Rashba-type surface SOC, but exists in a much wider class

32



of systems with impurity spin-orbit interaction. The dissertation considers the case when
the impurity spin-orbit interaction is present in the superconductor. The key parameters for
generating LRT correlations in S/F systems are the spin-Hall angle 𝜃 and the spin current
swapping coefficient 𝜅. In the presence of a non-zero condensate pulse 𝑝𝑠, each of them
generates LRTs according to its own physical mechanism, which are physically different.

The spin-Hall angle is responsible for the analogue of the well-known spin Hall effect in
superconducting systems. Namely, it was shown [25] that at 𝜃 ̸= 0 the nonzero momentum
of the condensate induces triplet components of the condensate at the edges of a supercon-
ducting strip of finite width. The vector structure of the triplet wave function of the Cooper
pair is defined by the normal to the edges of the strip 𝑛 and the condensate momentum
𝑝𝑠 as 𝑓𝑡 ∝ 𝑝𝑠 × 𝑛. For the case under consideration, the S/F interface plays the role of
edges. After entering the ferromagnetic region, the triplet pairs feel the exchange field of the
ferromagnet ℎ. We choose the spin quantization axis along ℎ. Then, if ℎ is co-directed with
𝑝𝑠 × 𝑛, the only nonzero component 𝑓𝑡 = 𝑓𝑡𝑒𝑧 is directed along the 𝑧 axis. That is, triplet
correlations consist of pairs with opposite spins that decay in a ferromagnet on the scale of
the magnetic coherence length 𝜉𝐹 [11]. As mentioned earlier, this is a very short length of the
order of several nanometers in ordinary ferromagnets such as 𝐹𝑒 or permalloy. At the same
time, if ℎ has a non-zero component perpendicular to 𝑝𝑠 × 𝑛 [which means that only the
𝑝𝑠𝑧 component of the condensate momentum works], the triplet correlation vector 𝑓𝑡 is no
longer co-directed with the 𝑧 axis and has a component perpendicular to it, which describes
pairs with equal spins. Such pairs penetrate far into a ferromagnet [12] and decay on the
scale of the normal coherence length ∝

√︀
𝐷𝐹/2𝜋𝑇𝑐, which has an order of magnitude from

tens to hundreds of nanometers, depending on the material. Thus, an appropriate choice of
the direction of the condensate momentum makes it possible to make triplet pairs, which are
generated through the superconducting spin Hall effect, weakly decaying in a ferromagnet.

The second mechanism for generating LRTs is realized through the spin current swapping
coefficient 𝜅. It is completely different. In contrast to the previous mechanism, in the absence
of an exchange field in the system, triplet pairs are not generated by this mechanism. This
statement is further confirmed by direct calculations. In the presence of an exchange field,
LRTs are induced in two stages. First, short-range triplets with opposite spins are generated
at the S/F interface through the usual singlet-triplet conversion [11]. Then the spin of these
pairs, which have a non-zero momentum due to the motion of the condensate along the
interface, partially rotates through the spin current swapping mechanism [26]. In order to
create LRT pairs through this mechanism, i.e. to induce a component 𝑓𝑡 perpendicular to
ℎ = ℎ𝑒𝑧, the momentum of the condensate must again have a nonzero component along the
𝑧 direction.

The dissertation carried out quantitative calculations of LRTs arising from these mecha-
nisms. It is shown that the Josephson current carried by long-range triplet correlations for
the case of absolutely transparent S/F interfaces has the form:

𝑗𝑥(𝜙) =
4𝜎

𝑒

|∆|2
𝜋𝑇𝑐

{︂
𝜅2 + 𝜃2

(︁
1 + 𝜉𝐹

𝜉𝑆

)︁2
}︂

[︂
1 +

(︁
1 + 𝜉𝐹

𝜉𝑆

)︁2
]︂2 𝜉2𝐹

4𝜉𝑆
𝑒−𝑑𝐹 /𝜉𝑆 [(nh · p𝑠𝑅)((nh · p𝑠𝐿)] sin𝜙. (21)

Here nh = ℎ/ℎ. For the case of tunnel interfaces, the corresponding expression has the form:

𝑗𝑥(𝜙) =
4𝜎𝐹
𝑒

|∆|2
𝜋𝑇𝑐

1

2 sinh 𝑑𝐹
𝜉𝐹𝐿

𝜉𝐹𝐿 (𝛾𝜃𝜉𝑆)
2 [(nh · p𝑠𝑅)(nh · p𝑠𝐿)] sin𝜙. (22)
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Here p𝑠𝐿(𝑅) is the momentum of the condensate in the left and right superconductors along
the S/F interfaces.

(a) (b)

Figure 20: The principle of 0 − 𝜋 switching by changing the direction of condensate flow.
The condensate motion is created by the supercurrent applied in the leads along the S/F
interfaces. The direction of condensate motion in each of the leads can be reversed by
reversing the direction of the applied supercurrent.

The condensate motion can be caused by applying an external magnetic field to the
junction. If the LRT is generated by an external magnetic field, then the corresponding
contact is in the 𝜋-ground state. This fact follows from the relation 𝑝𝑠𝑧𝐿 = −𝑝𝑠𝑧𝑅 between
the directions of the momentum of the condensate in the superconducting leads. However,
the supercurrent along the S/F interfaces can be caused not only by the magnetic field. It
can be applied simply with a current source, see Fig. 20. In this case, the absolute value and
direction of 𝑝𝑠 in each lead is determined by the applied current. In particular, it is possible
to switch the system between the situations 𝑝𝑠𝑧𝐿 = 𝑝𝑠𝑧𝑅 and 𝑝𝑠𝑧𝐿 = −𝑝𝑠𝑧𝑅 by changing
the direction of the supercurrent in one of the leads. Switching results in a controlled
0 − 𝜋 transition. This effect, which is interesting from the point of view of applications of
superconducting electronics, is considered in subsection 3.4.4.

The fourth chapter is devoted to the study of magnetoelectric effects in superconduct-
ing hybrids with spin-textured magnets. It is known that in a reference frame associated with
a local spin basis, the spin texture is mathematically equivalent to some type of spin-orbit
interaction, i.e. gauge SU(2) field 𝜎̂𝑘𝑀𝑘𝑖, where

𝑀𝑘𝑗 =
Tr

(︁
𝜎̂𝑘𝑈̂

†∇𝑗𝑈̂
)︁

2𝑖𝑚
(23)

arises from the unitary spin transformation 𝑈̂(𝑟) = 𝑒𝑖𝜎𝜃(𝑟)/2. The transformation matrix is
parametrized by the spin vector 𝜃, which is determined by the spatial texture of the exchange
field ℎ(𝑟) = 𝑅̂(𝜃(𝑟))ℎ0, where 𝑅̂ is a spatially dependent rotation matrix and we choose
ℎ0 = ℎ0𝑧. Therefore, hybrids with spin-textured magnets exhibit a very rich pattern of
magnetoelectric effects.

Section 4.1 investigates the direct and inverse proximity effects in Josephson junctions
with strong textured magnets. Subsection 4.1.1 shows that a superconducting condensate
can sense spin-dependent gauge fields in S/F heterostructures consisting of ordinary singlet
superconductors and strong ferromagnets, in which the spin subbands are substantially split
by the exchange field. Quasiclassical equations are derived that describe the superconducting
correlations of electrons located on the Fermi surface for spin up/down in a local spin basis
(see a schematic representation of such correlations in Fig. 21(a)). These equations are
written separately for electrons with spins up and down and have the form:

𝑖𝑣𝜎𝜕𝑅𝑔𝜎 + [𝑖𝜔𝜏3 − Σ̂𝜎, 𝑔𝜎] = 0, (24)
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Figure 21: (a,b) Schematic representation of Cooper pairs that are formed on spin-split
Fermi surfaces (FS). (a) Weakly decaying triplet equal-spin electron correlations (ESC) be-
tween electrons sitting on Fermi surfaces for spins up and down. (b) Correlations of electrons
with opposite spins (MSC) that occur between electrons with different FS. (c) Josephson
junction through a strong ferromagnet (F) with a magnetic helical texture producing a
𝑍 ‖ 𝑥 gauge field that generates spontaneous charge currents between the superconducting
electrodes (S).

where the covariant operator

𝜕𝑅 = ∇𝑅 + 𝑖𝜎𝑍[𝜏3, ·]− 𝑖𝑒𝐴[𝜏3, ·] (25)
𝑍 = (𝑀𝑧𝑥,𝑀𝑧𝑦,𝑀𝑧𝑧)𝑚𝐹 . (26)

Thus, it turns out that the Eilenberger equations for spin up/down electron correlations
contain an additional U(1) gauge field 𝑍, which is added to the usual electromagnetic vector
potential 𝐴 with opposite charges for Cooper pairs with spin up/down. This U(1) field is
obtained by projecting the initial SU(2) gauge field onto the spin-triplet states by taking the
diagonal elements 𝑍 = −𝑖(𝑈̂−1∇𝑈̂)11. This reduction means that we neglect the spin flip
processes induced by the SU(2) potential. The phases acquired by spin up/down electron
pairs in response to this gauge field generate spontaneous spin and charge currents through
strong ferromagnets.

The current-phase relation 𝐼 = 𝐼(𝜒) of the Josephson junction through a strong textured
ferromagnet takes the form:

𝐼(𝜒) =
∑︁
𝜎=±

𝐼𝜎 sin(𝜒+ 2𝜎𝑍𝑥𝑑) (27)

where 𝜒 is the phase difference between the superconducting leads.
In the presence of a nonzero component of the spin gauge field 𝑍𝑥 ̸= 0 and broken

spin degeneracy of the kinetic coefficients, i.e. 𝐷+ ̸= 𝐷− and 𝑣+ ̸= 𝑣−, CPR (27) gives a
spontaneous current at zero phase difference, known as the anomalous Josephson effect. The
corresponding ground state phase difference 𝜒0 can be found from the zero current condition
𝐼(𝜒 = 𝜒0) = 0

tan𝜒0 =
𝐼− − 𝐼+
𝐼− + 𝐼+

tan(2𝑍𝑥𝑑). (28)
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Thus, it is shown that, in a strong ferromagnet, gauge spin fields, which are an effective
description of the spin texture of a ferromagnet, lead to the generation of spontaneous
supercurrents, which can be measured through the anomalous phase shift of the Josephson
junction in a wide class of S/F/S structures relevant to the superconducting spintronics. The
results of this subsection were obtained in collaboration with A.M. Bobkov and M.A. Silaev
and published in [P19] from the author’s list of publications on the topic of the dissertation.

In view of applications to energy-saving technologies, the study and use of spin torques
caused by non-dissipative supercurrents looks quite promising. For spin-textured hybrid S/F
structures, the existence of spin-polarized supercurrents is quite typical, and there they are
carried by the long-range triplet component of the condensate [12]. However, earlier there
was no general understanding of the physical picture of interaction between supercurrent
and spin texture. For this reason the possibility of supercurrent-induced motion of domain
walls and skyrmions in real ferromagnets has been an open question for a long time, despite
the great attention attracted to this topic. Subsection 4.1.2 is dedicated to this important
issue.

It is shown that the spin-polarized supercurrent can induce the magnetization dynamics,
which is described in terms of the LLG equation

𝑀̇ = −𝛾𝑀 ×𝐻𝑒𝑓𝑓 +
𝛼

𝑀
𝑀 × 𝑀̇ . (29)

The superconducting spin current 𝐽 can induce two types of spin torque, which can be
written as a correction to the effective field −𝛾𝑀 × 𝐻̃𝑒𝑓𝑓 = 𝑁𝑠𝑡 + 𝑁𝑠𝑜. The first term is
the adiabatic torque and the second term 𝑁𝑠𝑜 is the spin-orbit (SO) torque:

𝑁𝑠𝑡 = 2𝜇𝐵(𝐽
𝑧∇)𝑚, (30)

𝑁𝑠𝑜 = 4𝜇𝐵𝑚𝐹 (𝑚×𝐵𝑗)𝐽
𝑧
𝑗 , (31)

where 𝑚 = 𝑀/𝑀 . Here, the vector 𝐵𝑗 = (𝐵𝑥𝑗, 𝐵𝑦𝑗, 𝐵𝑧𝑗) is introduced, which is determined
by the 𝑗-th coordinate component of the tensor 𝐵̂, which describes an arbitrary linear in
momentum spin-orbit interaction. 𝐽 𝑧 is the spin current vector carrying the 𝑧-component
of the spin in the local spin basis.

Further, the dynamics of a domain wall in a Josephson junction under the action of
torques (30)-(31) is analyzed analytically and numerically. The results obtained show that
the dynamics of domain walls under the action of supercurrent can be fully implemented
in modern Josephson junctions through strong ferromagnets. The results of this subsection
were obtained in collaboration with A.M. Bobkov and M.A. Silaev and published in [P20]
from the author’s list of publications on the topic of the dissertation.

Section 4.2 predicts and discusses the chiral triple spin interaction carried by the conden-
sate. This interaction breaks the symmetry with respect to the inversion of the magnetic mo-
ment. The proposed interaction mechanism removes the degeneracy between topologically
different magnetic textures and enables low-dissipation manipulation of magnetic defects,
such as skyrmions. The possibility of such an interaction can be understood from the sym-
metry arguments. Consider the simplest example of three magnetic moments 𝑚1,2,3 localized
in a metal that does not contain other magnetic moments and in the absence of a magnetic
field. An energy contribution proportional to the spin chirality 𝐸𝑐ℎ = 𝐸𝑎𝑚1 · (𝑚2 ×𝑚3) is
only possible if the scalar prefactor 𝐸𝑎 changes sign with time reversal 𝒯 . Since we assume
that there are no other magnetic moments in the metal, such a scalar 𝐸𝑎 ̸= 0 cannot be
constructed in the normal state. In the dissertation, this is shown using a direct calculation.
However, odd relative 𝒯 scalars exist in the superconducting state when the condensate
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moves with a nonzero velocity 𝑣𝑠 ̸= 0. This breaks the symmetry with respect to time rever-
sal and one can choose as 𝐸𝑎 the projection of the superfluid velocity onto some anisotropy
axis determined, for example, by the spatial configuration of the magnetic moments. There-
fore, in the superconducting state with 𝑣𝑠 ̸= 0, chiral-selective triple spin interactions are,
generally speaking, possible.

The mechanism discussed above may be important for various hybrid S/F systems, as
well as for interacting magnetic impurities in superconductors and magnetic atoms placed on
a superconducting surface. Such systems are currently being actively studied in connection
with topological quantum computing and spintronic applications based on low dissipative
control of magnetic textures.

As the simplest example of a chiral triple interaction, the disseration considers three
magnetic impurities with moments 𝑚1,2,3 located at the points 𝑟𝑙 = (𝑥𝑙, 0, 0) with 𝑥1 = 0,
𝑥2 = 𝑑, 𝑥3 = 2𝑑 along the 𝑥 axis. It is shown that as a result of the exchange interaction with
conduction electrons with constant 𝐽 in the presence of a moving condensate, an additional
contribution to the energy arises in the system, which is proportional to the scalar spin
chirality 𝜒 = 𝑚1 · (𝑚2 ×𝑚3) and in the limit of small temperatures 𝑇 ≪ ∆ and distances
between impurities ∆𝑑/𝑣𝐹 ≪ 1 has the form:

𝐸𝑐ℎ(𝑑) = 3𝜒𝑝𝐹𝑣𝑠
𝜋2(𝑁0𝐽)

3

2𝑋3
, (32)

where𝑋 = 𝑝𝐹𝑑. Note that we have obtained a result that does not contain Friedel oscillations
on the scales of the Fermi wavelength. This shows that the triple interaction is carried
exclusively by Cooper pairs without the participation of single-particle excitations.

The interaction mechanism (32) is fundamentally different from exchange and DM inter-
actions. It can manifest itself in various systems containing magnetic moments and moving
condensate. An important class of such systems are Josephson junctions through textured
ferromagnets. An analogue of the condensate velocity in such systems is the phase difference
between the superconducting electrodes. Therefore, for a fixed phase difference, magnetic
textures with opposite chiralities will have different Josephson energies. As an example, the
dissertation considers left and right magnetic spirals

𝑚(𝑥) = ±𝑥 cos𝛼 + sin𝛼(𝑦 cos 𝜃 + 𝑧 sin 𝜃) (33)

with 𝜃(𝑥) = 𝑞𝑥 and 𝛼 = 𝑐𝑜𝑛𝑠𝑡. In the case of a weak proximity effect, for example, due
to the low transparency of the barrier at the S/F interface, the current-phase relationship
contains only the first harmonic

𝑗 = 𝑗𝑜 sin𝜙+ 𝑗𝑎 cos𝜙. (34)

Here the first term is the usual sinusoidal contribution with amplitude 𝑗𝑜. The second,
anomalous, term is proportional to the spin chirality 𝑗𝑎 ∝ 𝜒, which can be defined in various
ways depending on the system under consideration.

In a number of earlier works that considered the Josephson effect through a non-coplanar
texture, for example, through a magnetic helix, vortex and skyrmion in weak ferromagnets,
which are described by the quasiclassical Usadel theory, no anomalous Josephson effect was
found. The general reason for this is the presence of an artificial symmetry 𝑗(𝑚) = 𝑗(−𝑚),
which appears in quasiclassical equations. Together with the symmetry with respect to time
reversal 𝑗(𝑚, 𝜙) = −𝑗(−𝑚,−𝜙) it leads to the symmetry of the Josephson current with
respect to phase reversal 𝑗(𝜙) = −𝑗(−𝜙), which disables anomalous current. To get rid
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of this symmetry, we make the assumption that there are spin-filtering barriers at the S/F
interfaces, which are characterized by the polarization vector 𝑃 . Such barriers can arise
naturally, or they can be introduced into the system additionally. In this case, the situation
𝑗(𝑚,𝑃 ) ̸= 𝑗(−𝑚,−𝑃 ) is possible, which makes it possible to break the symmetry of the
Josephson current 𝑗(𝜙) ̸= −𝑗(−𝜙) and, therefore, implement the anomalous Josephson effect.
At the same time, this makes it possible to expand the class of spin-textured non-coplanar
materials in which the anomalous Josephson effect can be expected. The B20 family of
banded cubic helimagnets, MnSi, (Fe,Co)Si, and FeGe, can be considered as candidates.

Consider a magnetic texture in the form of a spiral (33) as a weak link of a Josephson
junction. The presence of spin-filtering barriers with polarizations 𝑃𝑙 and 𝑃𝑟 on left and
right interfaces, respectively, is assumed. We show that the chiral spin interaction selects a
certain chirality of the magnetic configuration, i.e. the first term in the equation (33). This
is equivalent to changing the sign of 𝜃 or the direction of the magnetization twist, which is
determined by the sign of the gradient 𝜃′ ≡ ∇𝑥𝜃. The spiral texture is described by three
orthogonal vectors: 𝑚 = 𝑀/𝑀 , and also

𝑛𝜃 = −𝜕𝜃𝑚 (35)
𝑛𝛼 = −(𝜕𝑥𝑛𝜃 · 𝜕𝛼𝑚)𝜕𝛼𝑚. (36)

Of these, in combination with the polarization 𝑃 of the spin-filtering barrier, one can write
three different spin chiralities

𝜒1 = 𝑃 · (𝑛𝛼 × 𝑛𝜃) (37)
𝜒2 = 𝑃 · (𝑚× 𝑛𝜃) (38)
𝜒3 = 𝑃 · (𝑚× 𝑛𝛼) (39)

Note that 𝜒1 is qualitatively different from 𝜒2,3. While 𝜒2,3 require a misorientation between
the local exchange field and the boundary polarization, 𝜒1 ̸= 0 even if 𝑃 ‖ 𝑚 is at the
interface. Therefore, 𝜒2,3 are associated with the outer "surface" chirality of the structure,
and 𝜒1 = (𝑃𝑚)𝜒𝑖𝑛, where 𝜒𝑖𝑛 = 𝑚 · (𝑛𝛼 × 𝑛𝜃) is the intrinsic chirality of the magnetic
texture. Consequently, 𝜒1 is the quantity that determines the anomalous Josephson effect
in the case when both the polarization of the spin-filtering barrier and the magnetic texture
originate from the same exchange field.

As a result of the calculation given in the dissertation, the current-phase relation is
obtained, which has the form of the equation (34), where the anomalous current 𝑗𝑎 is given
by the sum of three contributions 𝑗𝑎 = 𝑗𝑒𝑥 + 𝑗𝑖𝑛 + 𝑗𝑚𝑖𝑥. These three contributions are
determined by different chiralities

𝑗𝑖𝑛 ∝ (𝜒1𝑙 + 𝜒1𝑟) (40)

𝑗𝑒𝑥 ∝ (𝑃𝑙𝑚𝑙 + 𝑃𝑟𝑚𝑟)
(𝜒2𝑙𝜒3𝑟 − 𝜒3𝑙𝜒2𝑟)

𝜃′ cos𝛼
(41)

𝑗𝑚𝑖𝑥 ∝ (𝜒1𝑙 + 𝜒1𝑟)
[︁
𝜒2𝑙𝜒2𝑟 +

𝜒3𝑙𝜒3𝑟

𝜃′2 cos2𝛼

]︁
(42)

where 𝜒𝑖𝑙 and 𝜒𝑖𝑟 are the chirality values (37)-(39) computed on the left and right S/F
interfaces and 𝑚𝑙 = 𝑚(0), 𝑚𝑟 = 𝑚(𝑑).

The considered examples demonstrate that the triple spin interaction lifts the degeneracy
of magnetic textures with opposite chiralities. In the general case, such an interaction arises
in non-coplanar magnetic textures. Therefore, it is completely different from the situation in
thin magnetic films, where Neel domain walls with left or right rotation of the magnetization
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in the plane, which is fixed by a combination of the magnetostatic and DM contributions to
the energy, become energetically more favorable. Unlike the non-coplanar textures considered
here, it is impossible to assign a chirality to flat textures, defined as the mixed product
𝑚1 · (𝑚2 × 𝑚3). Due to the absence of this chiral invariant, flat textures with left and
right turn of the magnetization remain degenerate with respect to the global magnetization
inversion. The results were obtained in collaboration with A.M. Bobkov, D.S. Rabinovich
and M.A. Silaev and published in [P21] from the author’s list of publications on the topic
of the dissertation.

The possibility of maintaining non-dissipative electric currents is considered to be the
defining property of the superconducting state. However, this concept was revised after the
discovery of type II superconductors, which can be in a mixed state characterized by the
presence of Abrikosov vortices induced by a magnetic field. In general, the mixed state
is resistive, since in the absence of a pinning potential, superconducting vortices begin to
move under the action of an applied current. In this state, the motion of vortices generates
an electric field, which leads to finite resistance and ohmic losses. Section 4.3 predicts
another fundamental mechanism that can bring a superconducting system into a resistive
state, ideally for an arbitrarily small applied current. Namely, it is shown that in S/F hybrid
systems the dynamics of magnetization, which is generated by supercurrent, necessarily
induces an electric field and energy losses, to some extent similar to the motion of Abrikosov
vortices in type II superconductors. However, there is no complete analogy between these
fundamental effects. In the case of a hybrid S/F system, the generation of an electric field
is caused by the dynamics of the magnetization and energy losses occur in the magnetic
subsystem through the Gilbert damping mechanism.

The scheme of the system under consideration is shown in Fig. 22(a). Its magnetic
part consists of a ferromagnetic strip and is conceptually close in configuration to a race-
track memory based on domain walls. The position of the domain walls in the strip can be
controlled using the normal current 𝑗𝑁 , which is applied along the strip. In addition, the sys-
tem has two superconducting electrodes that form a Josephson junction on the ferromagnetic
strip. The Josephson current in such a geometry has already been measured through the
halfmetallic ferromagnet CrO2 [27] for distances between superconducting electrodes much
larger than the typical size of domain walls of the order of 20 nm.

As discussed in the previous sections, in such a system a gauge vector potential appears in
the local spin basis. The reason for its occurrence may be SOC or texture non-coplanarity. It
induces an anomalous phase shift and, in the case where the magnetization is time dependent,
it also generates an electromotive force [28–30]. This situation is the focus of this section.
The electromotive force must be compensated by the voltage that is induced at the junction.
This voltage just supports the motion of the domain wall, compensating for the energy
dissipation due to Gilbert damping by the power of the current source, as shown in the
dissertation.

In the considered S/F/S junction, the coupled dynamics of the magnetization 𝑀 and
the Josephson phase difference 𝜙 is defined by a system of equations:

𝑗 = 𝑗𝑐 sin (𝜙− 𝜙0{𝑀}) + 𝜙̇− 𝜙̇0{𝑀}
2𝑒𝑅𝑆

. (43)

𝜕𝑀

𝜕𝑡
= −𝛾𝑀 ×𝐻𝑒𝑓𝑓 +

𝛼

𝑀
𝑀 × 𝜕𝑀

𝜕𝑡
+ 𝑇 , (44)

Eq. (43) is a nonequilibrium current-phase relation that generalizes the resistively shunted
(RSJ) model. It is written in a gauge-invariant form, including the anomalous phase shift
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Figure 22: (a) Sketch of the system considered in section 4.3. The superconducting elec-
trodes that form the Josephson junction lie on a ferromagnetic strip. The position of the
domain walls in the strip can be controlled by the normal current 𝑗𝑁 . (b) Simplified model
of the Josephson junction region. There is a Neel-type domain wall in the weak link region.

𝜙0{𝑀}, which is determined by SOC and magnetic texture. For strong ferromagnets, only
spin-triplet pairs with equal spins can penetrate F. Then the transport can be calculated in
a local spin basis on split Fermi surfaces for spin up and down separately, with an effective
U(1) spin-dependent gauge field 𝑍, which gives

𝜙0{𝑀} = −2

𝑑/2∫︁
−𝑑/2

𝑍𝑥(𝑥, 𝑡)𝑑𝑥. (45)

where 𝑍 = 𝑍𝑚 + 𝑍𝑠𝑜. Here 𝑍𝑚
𝑖 = −𝑖Tr

(︁
𝜎̂𝑧𝑈̂

†𝜕𝑖𝑈̂
)︁
/2 is the contribution induced by the

magnetic texture, where 𝑈̂(𝑟, 𝑡) is a time-dependent and space-dependent unitary 2 × 2
matrix that rotates the spin quantization axis 𝑧 to the local direction of the exchange field.
The term 𝑍𝑠𝑜

𝑗 = (𝑀𝑖𝐵𝑖𝑗)/𝑀 comes from SOC.
Unlike the previous gauge non-invariant formulations [31, 32], Eq. (43) also takes into

account normal magnetoelectric (spin-galvanic) effects at 𝑗𝑐 = 0, such as the electromotive
force and electric currents that are generated in a ferromagnet due to the time dependence of
the Berry phase. A similar equation is also valid for the more general case of a non-sinusoidal
dependence of the current-phase ratio.

Let us apply a constant Josephson current 𝐼 = 𝑗𝑆 (𝑆 is the junction area) to the Joseph-
son junction and consider the stationary motion of the domain wall through the junction at
a constant velocity. In this case, Eq. (43) can be easily solved and the time-averaged voltage
that is induced on the junction is:

𝑉 (𝑡) = 𝑅𝑆
√︀
𝑗2 − 𝑗2𝑐 +

𝜋𝛽2𝑢

𝑒𝛼𝑑𝑊
, (46)

where 𝛽 is a dimensionless SOC constant. The first term is the well-known Josephson
voltage, which appears at 𝑗 > 𝑗𝑐. The second term 𝑉𝑀 is nonzero both for 𝑗 > 𝑗𝑐 and for
𝑗 < 𝑗𝑐 and reflects the fact that the Josephson junction is always in a resistive state if the
domain wall moves under the action of current. The corresponding IV characteristic of the
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junction has a finite slope below the critical current. In principle, in point or small-area
Josephson junctions with high resistance, the shunting capacitance or inductance can also
lead to a finite slope of the IV-characteristic below the critical current. At the same time,
the experimentally realized junctions through metallic ferromagnets practically do not show
noticeable slopes of this branch. However, even if a finite slope due to interaction with the
environment is present in the current-voltage characteristic, it can be easily distinguished
experimentally from the effect discussed in this section by comparing the IV-characteristic
of the junction in the presence of a domain wall and without it. Numerical estimates carried
out in the dissertation give 𝑉𝑀 |𝑗=𝑗𝑐 up to 10−5 − 10−3𝑉.

In practice, the motion of a domain wall can be induced by large current pulses. For short
pulses, the domain wall does not leave the junction area during the pulse. In the dissertation,
the dependences of the voltage on time for this case are calculated and it is shown that the
presence of a moving wall leads to a strong change in this dependence. The results were
obtained jointly with A.M. Bobkov, D.S. Rabinovich and M.A. Silaev and published in [P22]
from the author’s list of publications on the topic of the dissertation.

Section 4.4 is devoted to consideration of the direct and inverse magnetoelectric effects
in thin-film bilayer superconductor/textured ferromagnet systems. A generalization of the
quasiclassical theory is developed, which makes it possible to describe these effects. It is
shown that the polarization of conduction electrons in a superconductor, which is induced as
a result of the direct magnetoelectric effect, creates a torque that acts on the texture. The
inverse magnetoelectric effect manifests itself in the form of phase-inhomogeneous supercon-
ducting states.
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Figure 23: Sketches of the systems considered in section 4.4. The left figure shows a
possible implementation of an S/F bilayer consisting of a superconducting film and a strong
ferromagnet. The right figure shows a possible implementation of an S/F bilayer with a weak
ferromagnet and a spin-filtering layer. The spin-filtering interface and the weak ferromagnet
are separated by a superconducting film so that the directions of their magnetizations can
be independent of each other. The magnetic textures under consideration are shown at the
bottom of the figure.

It is shown that the minimum necessary generalization of the Usadel equation, which
allows one to describe magnetoelectric effects, is the inclusion of a spin-dependent depairing
term, which modifies the diagonal potential in the Usadel equation

Λ̌ = Λ̌0 + 𝑖Γsgn𝜔(𝜏𝑧 + 𝑃𝜎̂) (47)
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Then the effective 2D Usadel equation is as follows

−𝐷𝜕𝑟
(︀
𝑔𝜕𝑟𝑔

)︀
+
[︁
(𝜔 + sgn𝜔Γ)𝜏𝑧 − 𝑖ℎ𝑒𝑓𝑓 𝜎̂𝜏𝑧 + sgn𝜔Γ𝑃𝜎̂ + 𝑖∆̌(𝑟), 𝑔

]︁
= 0, (48)

where 𝜕𝑟 = (𝜕𝑥, 𝜕𝑦). Qualitatively, the last term in the equation (47) describes the suppres-
sion of superconductivity in the film due to the spin-dependent tunneling of electrons that
make up Cooper pairs into a ferromagnet, and Γ is the effective depairing parameter. Polar-
ization 𝑃 describes the efficiency and quantization axis of the spin filter acting on electrons
during tunneling between the superconductor and the adjacent layer, ferromagnetic or nor-
mal. It is this polarization 𝑃 that makes it possible to break the symmetry 𝑗(𝑀 ) = 𝑗(−𝑀),
which is the reason for the absence of magnetoelectric effects in the quasiclassical approx-
imation. The reason is that to obtain 𝑃 ̸= 0, one must consider the exchange field of the
spin-filtering layer (made of a strong ferromagnetic metal or ferromagnetic insulator) be-
yond the limits of the quasiclassical approximation, or, in other words, take into account the
difference between the momenta of electrons with spins up and down within this layer.

On the basis of the equation (48) in the disseration, phase-inhomogeneous states are
obtained in the systems shown in Fig. 23. In the case of a helical texture, a helical state
with a constant phase gradient is realized in a superconductor. In the limit of slow spirals
𝜉𝑆/𝐿≪ 1 and small values of Γ, the phase gradient has the form:

𝜕𝑥𝜙0 = 4𝜋2𝜒𝑖𝑛𝑡𝑃 sin2 𝜃
𝐷Γ

𝐿2

⎛⎝
∑︀
𝜔>0

𝑓 2
𝑧 /(𝜔 + Γ)2∑︀

𝜔>0

[𝑓 2
0 + 𝑓 2

𝑧 ]

⎞⎠ , (49)

where 𝑓0 and 𝑓𝑧 are the values of the singlet and triplet (for pairs with opposite spins) anoma-
lous Green’s functions of the superconductor, 𝜒𝑖𝑛𝑡 = ℎ̂(𝑛𝜃 × 𝑛𝛿) is an invariant describing
the internal chirality of the helix. It is assumed here that the polarization vector 𝑃 is codi-
rectional with the local magnetization of the magnet. 𝑃𝜒𝑖𝑛𝑡 is the same chiral invariant that
was introduced in section 4.2 to describe the anomalous Josephson effect in S/F/S junctions
through a helical ferromagnet. This shows the universality of the chiral nature of the inverse
magnetoelectric effect in superconducting hybrid systems with textured ferromagnets.

The dissertation also considers a phase-inhomogeneous state that occurs in the presence
of a domain wall in a ferromagnet. In this case, a spontaneous phase difference appears in
the superconductor in the vicinity of the wall, which, in the same approximations as for the
spiral texture, has the form:

∆𝜙0 = 2𝜋Γ|𝑃⊥|𝜒𝑒𝑥

∑︀
𝜔>0

𝑓 2
𝑧 /(𝜔 + Γ)∑︀

𝜔>0

[𝑓 2
0 + 𝑓 2

𝑧 ]
. (50)

The dissertation considers the case of a flat domain wall. Therefore, it has no inter-
nal chirality and the magnetoelectric effect arises due to the external chirality 𝜒𝑒𝑥 =

sgn
[︁
𝑃 (𝜕𝑥ℎ̂× ℎ̂)

]︁
, 𝑃⊥ component of the polarization vector 𝑃 perpendicular to the plane of

the domain wall. The outer chirality is nonzero when the polarization 𝑃 of the spin-filtering
interface has a component perpendicular to the wall plane. To study a wider range of system
parameters, the dissertation also carried out numerical calculations of inhomogeneous phase
states.

The phase difference arising in the superconductor due to the magnetoelectric effect
provides a link between the magnetic texture and the condensate phase. In particular,
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this provides a method for the electrical detection of time-dependent textures (for example,
moving domain walls or other magnetic defects) through the relation 𝑉 = (ℏ/2𝑒)𝜕𝑡∆𝜙. It is
interesting that such detection makes it possible to determine not only the defect velocity,
but also its chirality.

Let us now consider the direct magnetoelectric effect in S/F bilayers, i.e. generation of
equilibrium spin polarization in response to supercurrent. The dissertation shows that the
induced spin polarization has a component that is perpendicular to the magnetization of the
ferromagnet and therefore creates a torque acting on the ferromagnetic texture 𝑀 (𝑟). For an
arbitrary magnetic texture, under the condition that the spatial change in the magnetization
is slow and the depairing parameter Γ is small, the torque has the form:

𝑁 = 𝑏𝑗𝜕𝑥ℎ̂+ 𝑐𝑗𝜒𝑖𝑛𝑡(𝑃⊥ × ℎ̂), (51)

𝑐𝑗 = 𝜋𝜇𝐵𝑁𝐹𝑇𝐷𝜕𝑥𝜙
∑︁
𝜔>0

8𝛽ℎΓ∆𝑓𝑧
(𝜔 + Γ)[(𝜔 + Γ)2 + ℎ2𝑒𝑓𝑓 ]

, (52)

𝑏𝑗 = 𝑐𝑗(𝑃 ℎ̂), (53)

Here 𝜒𝑖𝑛𝑡 is the local internal chirality of the magnetic texture, defined in the same way as for
a magnetic spiral, and 𝛽 is a dimensionless phenomenological coefficient, the value of which
depends on a specific microscopic model describing the exchange interaction between the
conduction electrons of a superconductor and the magnetization ferromagnet. The first term
in the equation (51) is the adiabatic torque. Usually, the adiabatic torque is determined by
the transfer of angular momentum from the current-carrying electrons to the magnetization
of the ferromagnet. Therefore, the coefficient 𝑏𝑗 is proportional not only to the electric
current 𝑗, but also to the degree of spin polarization. In our case, the microscopic origin
of the adiabatic torque is somewhat different. Let us first consider the case when 𝑃 is
codirectional with the magnetization of the ferromagnet. Then 𝑃⊥ = 0 and the adiabatic
torque is the only contribution to the torque acting on the magnetization of the ferromagnet.
It can be shown that in this case the spin current flowing through the system vanishes with
the accuracy considered. Therefore, the electric current is not spin-polarized and the torque
is not related to the derivative of the spin current, i.e. with the transfer of the spin moment
from the conduction electrons to the magnetization of the ferromagnet. The mechanism
of the appearance of torque is due to the fact that the flowing supercurrent generates spin
splitting of the density of states in the superconductor.

If 𝑃 is not completely co-directed with the magnetization of the ferromagnet, then an-
other part of the torque appears, which is expressed by the second term of the equation
(51). In the general case, this contribution has components both along the 𝜕𝑥ℎ̂ direction
and along the ℎ̂× 𝜕𝑥ℎ̂ direction perpendicular to it. But it cannot be included in either the
adiabatic or non-adiabatic torque, because it is proportional to the intrinsic chirality of the
𝜒𝑖𝑛𝑡 structure and hence vanishes for coplanar magnetic textures. The results were obtained
in collaboration with D.S. Rabinovich, A.M. Bobkov and M.A. Silaev and published in [P23]
from the author’s list of publications on the topic of the dissertation.

In the conclusions the main results of the work and its conclusions are formulated.

Conclusions

In the author’s opinion, the results of the dissertation work indicate that the well-known
properties of the superconducting state - absence of the dissipation, the macroscopic nature of
the condensate phase and the gap in the density of states on the Fermi surface, in combination
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with wide possibilities for designing various types of spin-orbit coupling and the coexistence
of superconductivity and magnetism in heterostructures make it possible to realize and
explore rich new physics. This, in turn, makes superconducting heterostructures a promising
platform for low-dissipation spintronics.
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