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Introduction

The present thesis is devoted to two objects in Number Theory - Minkowski question mark

function and the irrationality measure function.

In 1904 on the International Congress of Mathematicians, H. Minkowski [10] introduced
a function ?(x), which was later called Minkowski question mark function. This function was
defined in a following manner. Let 7(0) = 0 and ?(1) = 1. Then for each pair of two consecutive
rational numbers a/b and o'/, on which the function is already defined, we define 7(x) at a
point = = (a+a’)/(b+b") (which currently known as a mediant of the fractions a/b and a'/b’)

as an arithmetic mean of the values on the endpoints, i.e.

(557) -5 ()= (7))

Continuing this process, we will define the function on all rational numbers on the interval

[0,1] is we consider starting points 0 and 1 as 0/1 and 1/1 respectively. It can be extended
on irrational numbers by continuity. According to Minkowski, this function has several great
properties, namely it maps all rational numbers to dyadic rationals, i.e. rational numbers with
denominator of the form 2" n € NU {0}. Moreover, it maps all quadratic irrational numbers,

i.e. irrational solutions of quadratic equations, to rational numbers.

In this thesis we mainly focus on two problems concerning the Minwkoski question mark
function. First, we consider a folklore conjecture about fixed points of ?(z) function, i.e. the
solutions of the equation ?(z) = x. Conjecture states that there exist exactly 5 fixed points -
three trivial ones: 0,1/2,1 and two irrational ones, located symmetrically around 1/2. To this
date it is not known even if there are only finitely many fixed points. We managed to show
that if the consider the smallest or the greatest fixed point x of the Minkowski question mark
function on the interval (0,1/2) and expand it into a continued fraction x = [ay,...,ap,...],
then

n
ay =2, api1 < Zai for all n € N.
i=1
We also prove that some statement about values of ?(z) function in rational points will imply

the conjecture about (irrational) fixed points of 7(x).



Secondly, we consider iterations of the Minkowski question mark function, i.e. the function

Fulz) == 2(2(..2(x))).
N——

n times
We provide an explicit set M of real numbers given by their continued fraction expansions,

such that for every element xq € M and any n € N, one has

[fa(z0)]" = 0.

We note that for n = 1, the question of the derivative [fi(z)]" = [?(x)]" is well studied, especially

in recent years, see [4] [5 6, 8, [14] and others.

Second direction of the present thesis is improving results on the difference of two irra-
tionality measure functions. First, recall that for an irrational number £ € R we consider the

irrationality measure function

Ye(t) = min g,

1<q<t,q€Z

where ||.|| denotes distance to the nearest integer.

This function contains information on how does the given irrational number ¢ is approxi-

mated by rational numbers.

In [9], Kan and Moshchevitin proved that for any two irrational numbers «a, 8 satisfying
a+ (B ¢ Z the difference
Ya(t) — ¢s(t)
changes its sign infinitely many times as t — oo.

We will stop on one question raised by Moshchevitin in [I1]. He proved the following

theorem.

Theorem 1. Let o and [ be the two irrational numbers. If o £ B ¢ Z, then for every T > 1
there exists t > T such that

[Ya(t) = ¥p(t)] = K - min(ya(t), ¥(t)),
where K = \/ (/5 +1)/2 — 1. Constant K in the inequality above is optimal.

This theorem combined with classical Dirichlet’s theorem allowed him to also improve Du-

bickas’s result from [3], so that one has

Corollary 1. Let o and ( be the two irrational numbers. If a + 3 ¢ 7Z, then for every T > 1

there exists t > T such that

1 1
— ——|> Kt, with K defined above.

Yalt)  ¥p(t)
In this thesis we generalise Theorem [I|and improve Corollary [I]to an inequality with optimal

constant.
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Chapter 1

Minkowski question mark function and its

fixed points

For = € [0, 1] we consider its continued fraction expansion

1
r=la,a,...,0y,...| = ————, a; €Ly

a; +

a2_|_...

which is unique and infinite when x ¢ Q and finite for rational x. Each rational = has just two

representations
r =lay,as,...,a, 1,a,] and x=lay,a9,...,a,_1,a, —1,1], where a, > 2.

One of the equivalent definitions of ?(z) is the following formula due to Denjoy [I} 2]

Definition 1. For irrational x = [a1,as, ..., a,,...| we define
o (_1>k+1
2 _
: (.T) o Z 9a1+...+ap—1
k=1

A folklore conjecture states that

Conjecture 1. The Minkowski question mark function ?(z) has exactly five fived points. There
is only one irrational fived point of ?(x) in the interval (0, 3).
Our computations show that if there is more then one fixed point in the interval (0, 1), then

the first 5400 partial quotients in the continued fraction expansion of these numbers coincide.

In the present thesis I establish some properties of the continued fraction expansion of
certain fixed points of 7(z). The next four theorems are the main results about the fixed points

of Minkowski question mark function.



Theorem 2. Let x = [ay, ..., ay,,...| be the smallest or the greatest fized point of the Minkowski

question mark function on the interval (0, %) Then a; = 2 and

n
api1 < Zai
i=1
for all n € N.

The following theorem is a stronger version of Theorem It uses some new geometrical

considerations.

Theorem 3. Denote k; = 2 logz(*/g;rl)— 1 ~ 0.38848383. ... Let x be fized point from Theorem
13, then

pi1 < K1 Z a; + 2log, <Z ai) (1.1)

i=1 i=1
for alln > 1.

Formula (1.1)) gives an explicit irrationality measure lower estimate for the fixed points
under considerations.
Theorem 4. Let © be fized point from Theorem 3, then there exists qo € Zy such that
P 1

r——| >
(%logan O(loglogq))q2

q

for all g > qo € N,p € N.

The following statement reduces the problem of fixed points of 7(z) to the properties of
values of 7(x) at rational points only.
Theorem 5. Conjecture 1] follows from the inequality

)

for all p,q € Z with q > qo for some qy € Z.

- 1
2q¢?

The key ingredient for some proofs is the following statement, which in different formulation

is known as "Folding lemma" (see [12]).
Lemma 1. Let s be an arbitrary nonnegative integer and
?([al, as, ... ,an_l]) = [bh bQ, Ce ,bk], bk 7é 1

Consider the number
n—1
0 =lay,a9,...,a,_1,a,], where a, = E a; +s, s>0.
i=1

Then
1. [fn = k(mod 2), then 7(9) = [bl,bz, e ,bkfl,bk — 1, 1,28+1 — 1,bk, R 7b1]~

2. If n =k + 1(mod 2) then 7(0) = [by, by, ..., by, 25T — 1,1, b — 1, b1, ..., by].



Chapter 2
Derivative of iterations of 7(x)

In this manuscript we will also consider nth iteration of the ?(z) function, i.e. the function

Definition 2.

Fulz) = 202(..2(2))).
H/_/

n times

Iterations of Minkowski question mark function turned out to be important for studying

fixed points of 7(x), that is the solutions of the equation
(z) = .
Proposition 1. If for every rational number p/q € [0, 1] one has

lim f, (]—)) = A, where A € {0, %, 1}, (2.1)
q

n—o0

then there exist exactly five fizved points of 7(x) in the interval [0, 1].

In fact, the opposite is also true: if the conjecture about fixed points is true, then ([2.1))
holds for every rational p/q.
We will study iterations of ?(z) from a different perspective. Notice that for almost all zy € [0, 1]

with respect to Lebesgue measure, one has

Falit0) =7/ (@) 2 (@)=t @)=y - @22} (22)
~——

n-1 times

Apart from obvious cases, it seems to be non-trivial to find explicit examples of zy such

that f/(z9) = 0. By obvious examples we mean all rational numbers (since (2.2) because of

?(2) = 0and ?(2) € Q for any z € Q), as well as some quadratic irrationals g = [ay, ..., a,.. ]
satisfying
liminf T — 01, (2.3)
— 00



where for ko the exact formula

4Ls — 5L ] 2+ 4 log 2
N P R T T
Ls— 1L, 2

was discovered in [5]. The explanation is that in [5] the following theorem was proved.

Theorem 6. For any irrational xo = [ay,. .., ay,...| that satisfies inequality (2.3)), the deriva-

tive 7' (xg) exists and ' (zg) = 0.

From Theorem [6] we see that if z is a quadratic irrationality and formula (2.3)) is satisfied
then simultaneously ?(zo) € Q and ?'(z9) = 0 and so by (£2.2) we have f/(z¢) = 0.

In the present thesis we introduce a set M of irrational numbers, such that for all xg € M
and for all n € Z, one has f/ (zg) = 0.

In order to properly formulate our result, we need to introduce some notation first.

Let A = (ay,aq,...,a;) be a sequence of positive integers of arbitrary length £ > 0. When
k = 0 we suppose that A is an empty sequence. For a non-empty sequence A we consider the

corresponding continued fraction

[A] = [ay, a9, ... a) = ———.

For the sequence A = (a1, ay, ..., a;) we denote by

Sa=a1+ay+ ...+ a

the sum of all its elements.
Given a sequence A = (ay,ay, ..., ax) we write d(A) = d(ay, aq, . ..,a) = k for its length.
We denote by

(A,b) = (aq,...,a,b)

a sequence, obtained by concatenating sequence A with an element b € Z, .
Now let us consider a set of sequences A; = (aj,ab, ..., ay 4,))-
By
(A1, A) = (a,a3,. .. ,acll(Al), a2 a3, ... ,aZ(AZ))
we mean the sequence obtained by concatenating sequences A; and As.
For the continued fraction of the form xy = [Ay, 7, A, 7o, ...], where 7, € Z,, we use the

following notation for the sum of all partial quotients up to Ay.

O'Ak:SAl+T1+SA2+...+T;€,1+SA,€.



In the present thesis we consider a special set M of irrational numbers. We take arbitrary

sequences A; = (aj,aj, ..., aj ,)) and consider continued fraction
r=[A1, 711, A2, T2, .. ] (2.4)
such that
forall k € Z, 7, = 04, + sk, where s > (kg —1)Sa,,, + 04, +2, s, € Z. (2.5)

Our set M consists of all x of the form (2.4) constructed by the procedure described, that is

M = {x of the form (2.4) with 7 satisfying (2.5 }
Our main result in regards to the iterations of ?(z) is the following statement.

Theorem 7. The set M has the properties:
(1) for all x € M, we have

(ii) for all x € M, we have

One of the key observations for our argument is once again Lemma [l|and the next corollary

of it together with basic facts from the theory of continued fractions.

Corollary 2. Let
?([al,ag, . ,an,l]) = [bl,bg, . ,bk], bk 7£ 1.

n—1
and a, = ) a; + s, where s € Z.
i=1

Consider the number v = [ay1, ..., ay, C1, ..., Cs]. Then there exists a sequence of positive integers

(bk+2, ..., by) for which

1. If n = k(mod 2), then ?(y) = [b1, ..., bg—1,bp — 1,1, 2, b12, ..., b,

2. If n=k+ 1(mod 2), then ?(y) = [b1, ..., bk, 2, bga, . .., byl.

where
28+1_1§Z§2S+2_1.

10



Chapter 3
Irrationality measure functions

Definition 3. For an irrational number &€ € R we define the irrationality measure function

Ye(t) = _min__[[g]],

1<q<t,q€Z

where ||.|| denotes distance to the nearest integer.

It is clear for any £ € R and for every ¢ > 1 we have

velt) < - (3.1)

In [9], Kan and Moshchevitin proved that for any two irrational numbers «a, 8 satisfying
a =+ ¢ Z the difference

1/}05 (t) - 9255 (t)
changes its sign infinitely many times as t — oo.
Obviously, it follows that the difference of their reciprocals

R(t) = Rap(t) = @ - %1@)

also changes sign infinitely many times as ¢t — oo.

Dubickas in [3] proved the following result.

Theorem 8. For any irrational numbers «, 5 satisfying o + 5 ¢ 7 the sequence R(n),n € Z,

18 unbounded.

V5-1
2 )

To formulate further results, we need the constants 7 = @, o=

K =+7—1=02720", (3.2)

11



C=KN7+717%%) =51 —/¢) = 0.47818". (3.3)
In 2019 Moshchevitin [11] proved the following

Theorem 9. Let o and [ be the two irrational numbers. If o £ B ¢ Z, then for every T > 1
there exists t > T such that

a(t) = ¥a(t)] = K - min(¢a(t), ¥s(t)). (3.4)

It was also proved that constant K in ({9])) is optimal.
Using Theorem [J and (3.1)) Moshchevitin deduced a stronger version of Theorem

Corollary 3. Let a and ( be the two irrational numbers. If o« £ 3 ¢ 7Z, then for every T > 1
there exists t > T such

1 1
— —— (> Kt, with K from (3.2)).
‘%(t) 0]
In this manuscript we give an improvement of this result to one with the best possible

constant.

Theorem 10. 1) Let o and B be the two irrational numbers. If o + 8 ¢ Z, then for every
T > 1 there exists t > T such that

1 1 ‘
—— — ———|> Ct, where C is defined in (3.3). (3.5)
’%(t) V()
2) The constant C in (3.5) is optimal, that is for any € > 0, there exist o and  with o+ ¢ Z
such that

1 1

— =< (C+e)t

IRORTOINGRS
for all sufficiently large t.

Definition 4. For a pair of irrational numbers o, 5 satisfying o = 8 ¢ Z, define Co 5 as

Cop =sup{C : [a(t) — Ys(t)| = C - min(¢a(t),15(t)) for infinitely many ¢ € N}.

Using this notation, Theorem [J] can be reformulated as follows.

Theorem [9f. Let o and [ be the two irrational numbers satisfying o + 3 ¢ Z. Then

Cop > Ch,

where C| = \/@ —1~0.272%.

12



The main result of is

Theorem 11. Let a and B be the two irrational numbers satisfying o + 5 ¢ Z. If at least one

of the numbers a or [ is not equivalent to T = @, then
Coa,,B Z 027

where Cy = V/vV2+1—1=0.5537".

We also prove that the constant C5 in the previous theorem cannot be improved.

Theorem 12. The constant Cy in Theorem is optimal in a sense that there exist two

irrational numbers 0 and w, such that 0 £ w ¢ Z, at least of them is not equivalent to T and

ng - CQ.

In the proof we exploit the language of combinatorics on words. We present the main

construction, necessary for the proof of all main results.

Consider a union U = D, U Dg of two sequences D, = {qo =1 < ¢1 < ¢ < ...} and
Dg = {ty =1 <t <ty < ...} of denominators of convergents of a and 5. We construct
an infinite word W on an alphabet { B, Q*, T}, where x will match some indices of elements
from D, and Dg, by the following procedure. The first element of U is 1 = gy = ¢o. It belongs
to both sequences, so we start our infinite word with BJ. Then, we are looking at the next

element of U. There are three potential situations:

1. If the next element of U is ¢; from the set D, and it does not belong to the set Dg, we
write the letter Q7;

2. If the next element of U is ¢; from the set Dg and it does not belong to the set D,, we
write the letter T;;

3. If the next element of U is equal to ¢; from D, and also to t; from Dg, we write the letter

B,

This construction allows us to analyse mutual arrangement of denominators of convergents
for two numbers, hence giving us an opportunity to find necessary large distances between two

functions.

13
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