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INTRODUCTION

Description of the research area. We study affine algebraic varieties over an alge-
braically closed field K of characteristic zero and their regular automorphisms. It is
known that the automorphism group Aut(X) of an affine variety X need not be a (finite-
dimensional) algebraic group, and it is an important problem to describe algebraic sub-
groups of Aut(X). A subgroup G in Aut(X) is said to be algebraic if G has a structure of
an algebraic group such that the action G x X — X is a morphism of algebraic varieties.

A normal algebraic variety is called toric if it admits an action of an algebraic torus
with an open orbit. The theory of toric varieties has deep connections with combinatorics,
commutative algebra and convex geometry; see for example monographs [Fu93, CLS11]. In
particular, any toric variety is given by its fan consisting of rational polyhedral cones, and
a lot of geometric questions on toric varieties have answers in combinatorial terms.

Any affine algebraic group G has a unique maximal torus 7" up to conjugation. If G
is connected, then it is generated by its maximal torus 7" and one-parameter unipotent
subgroups G, = (K, +) normalized by T', which are called root subgroups with respect
to T'; see [Hu75]. One may apply this to describe the automorphism group Aut(X) of a
complete toric variety X, which is known to be an affine algebraic group; see also [Br21].
In his seminal work [De70], Demazure described Aut(X) and introduced special elements
in the character lattice of the acting torus, which are in bijection with root subgroups.
Nowadays, these elements are called Demazure roots.

In [Cox95|, Cox suggested another method to describe the automorphism group of a
complete toric variety. He defined an important invariant of a variety called the homoge-
neous coordinate ring or the Cox ring; see also [Bat93]. In the toric case, the Cox ring is
a graded polynomial ring, and the description of the automorphism group of a complete
toric variety can be reduced to the description of G,-actions on an affine space normalized
by the diagonal torus action and centralized by a certain quasitorus.

An important tool to study G,-actions are locally nilpotent derivations. A K-linear
map §: R — R is called a derivation of the algebra R if §(fg) = d(f)g + fo(g) for any
fyg € R. A derivation ¢ is said to be locally nilpotent if for any f € R there exists k € Z~
such that §%(f) = 0. If R is graded by some abelian group, then a derivation & of R is
called homogeneous if it maps homogeneous elements of R to homogeneous ones. In other
terms, a torus action on an affine variety X is given by a grading of the algebra of regular
functions K[X| by the character lattice of the acting torus. In turn, regular actions of one-
parameter unipotent subgroups G, on X are in bijection with locally nilpotent derivations
on K[X]. Further, a G,-action is normalized by a torus if and only if the corresponding
locally nilpotent derivation is homogeneous with respect to the grading defined by this
torus. This technique is used in many works in order to describe automorphisms and to
study the geometry of affine varieties, see e.g. [FZ05, AH06, Li10, AKZ12, AG17, Shl17,
Arl8, GS19, Ga21, LRU22|. Moreover, lifting automorphisms to the spectrum of the Cox
ring, one can reduce the study of automorphisms of certain projective varieties to the
study of homogeneous automorphisms of affine varieties equipped with an action of the
so-called Neron-Severi quasitorus, see [Cox95, HK00, BH03| for the original approach and
[Ga08, AG10, AHHL14, APS14, AK15, ADHL15| for further developments. This method
opens a wide area of applications and motivates the study of graded affine algebras and
homogeneous locally nilpotent derivations.



Recall that the complexity of a torus action is the codimension of a generic orbit. Toric
varieties are precisely varieties with a torus action of complexity zero. Their natural gener-
alization are varieties with torus actions of complexity one. Any affine toric variety is given
by binomials, see e.g. [St96, Chapter 4|. At the same time, the study of varieties with torus
action of complexity one is related to some specific relations called trinomials.

By a trinomial we mean a polynomial of the form g = Téo + T 111 + Tzl2 such that each
variable appears in at most one monomial Tll While the Cox ring of a toric variety is a
polynomial ring, the Cox ring of a variety with a torus action of complexity one is a factor-
algebra of a polynomial ring by an ideal generated by trinomials; see [HS10, HHS11, HH13,
AHHL14, HW17]. This motivates us to study homogeneous locally nilpotent derivations
on trinomial algebras; see Section 1.

In parallel to the theory of algebraic groups, the theory of algebraic monoids has been
developed. An algebraic variety X with an associative multiplication X x X — X is called
an algebraic monoid if the multiplication is a morphism of algebraic varieties and has a
unity. The group of invertible elements of an algebraic monoid X is an algebraic group,
which is Zariski open in X, see |[Ri98, Theorem 1| and [Ri07, Theorem 5|.

By a group embedding we mean an irreducible affine variety X with an open embed-
ding G — X of an affine algebraic group G such that the action of the group G x G by
left and right multiplications on G can be extended to the action of G x G on X. It ap-
pears that for an affine algebraic group G there is a natural correspondence between group
embeddings of G and monoid structures with group of invertible elements G; see |Vi95,
Theorem 1] for characteristic zero and [Ri98, Proposition 1| for the general case. The the-
ory of affine algebraic monoids and group embeddings is a rich area of mathematics lying
at the intersection of algebra, algebraic geometry, combinatorics and representation theory;
see [Pu88, Vid5, Ri98, Re05] for general presentations.

An affine algebraic monoid is called reductive if its group of invertible elements is a
reductive affine algebraic group. The theory of reductive monoids is the most developed,
see e.g. the combinatorial classification of reductive monoids in [Vi95, Ri98|. It is based on
the representation theory of reductive groups, i.e., the highest weight theory.

The next possible aim is a classification for other classes of monoids, for example, solvable
or commutative. A monoid is both reductive and commutative if and only if it is a toric
variety with a canonical multiplication. It is important to find all monoid structures on
a fixed variety, for example, on an affine space. It is also interesting to obtain explicit
formulas for multiplications in monoids; see Section 2.

Let us focus on affine varieties with big automorphism groups. The most interesting is
the transitive case. The classical examples here are homogeneous spaces of affine algebraic
groups. It is natural to ask whether there are other varieties with the transitive action
of the automorphism group. Such example can be found among Danielewski surfaces and
Danilov-Gizatullin surfaces, see |Gi70, GD77, MLO01, Du04| and Section 3.

Let us recall the notion of flexibility, which is close to that of homogeneity. The subgroup
of the automorphism group Aut(X) of a variety X generated by all G,-subgroups in Aut(X)
is called the special automorphism group SAut(X). A smooth point = of a variety X is
called flexible if the tangent space to X at the point x is generated by tangents to orbits of
G,-subgroups passing through the point x. A variety X is called flexible if any smooth point
of X is flexible. In [AFKKZ13, Theorem 0.1], it is proved that the following conditions are
equivalent for an irreducible affine variety X:

(a) the variety X is flexible;



(b) the group SAut(X) acts on the set of smooth points of X transitively.
Moreover, if the variety X has dimension at least 2, then these conditions are equivalent to
(¢) the group SAut(X) acts on the set of smooth points of X infinitely transitive.

There are many interesting examples of flexible varieties. One useful construction here is
a suspension Susp(X, f) = {uv = f(z)} C A? x X over an affine variety X. If X is a flexible
irreducible affine variety of positive dimension, then any suspension over X is flexible as
well; see |[AKZ12| for an algebraically closed field of characteristic zero and [KM12] for
the case of the ground field R. In the context of automorphism groups suspensions were
considered for the first time in [KZ99].

The last subject we are interested in is an additive analogue of toric varieties. The idea
is to replace the multiplicative group of the ground field by an additive one and consider a
commutative unipotent group GJ. By an additive action on a variety we mean an action of
the group G with an open orbit. In other words, we consider open equivariant embeddings
of vector groups into algebraic varieties. The affine case is trivial here since any orbit
of a unipotent group on an affine variety is closed. For projective varieties, the theory
is nontrivial even for a projective space. In [HT99|, Hassett and Tschinkel establish a
correspondence between finite-dimensional commutative local unital algebras and additive
actions on projective spaces; see also [KL84|. It appears that there are infinite families of
pairwise non-equivalent additive actions on P" starting from n = 6.

Similar approach may be applied to the study of additive actions on projective hyper-
surfaces. This time we need an additional data: a hyperplane U in the maximal ideal m
of the algebra A. Tt is known that the degree of the hypersurface X corresponding to a
pair (A4,U) equals the maximal exponent d with m? € U, see |[AS11]. An additive action
on a non-degenerate quadric is unique [AS11], and (infinitely many) induced additive ac-
tions on degenerate quadrics of corank one are described in [AP14]. In [Baz13|, the case of
cubic hypersurfaces is studied; in particular, it turns out that an induced additive action
on a non-degenerate cubic hypersurface is also unique. The next step is to study both
non-degenerate and degenerate hypersurfaces of arbitrary degree; see Section 4.

Main results. Main results of the thesis are as follows.

1. All homogeneous locally nilpotent derivations on trinomial algebras are elementary.

2. Classifications of commutative monoid structures on A® and of monoid structures
of corank one on an arbitrary normal affine variety.

3. A classification of Danielewski surfaces that are homogeneous varieties but not ho-
mogeneous spaces.

4. The uniqueness of an induced additive action on a non-degenerate projective hyper-
surface.
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1. LOCALLY NILPOTENT DERIVATIONS ON TRINOMIAL ALGEBRAS

A trinomial is a polynomial g = Té" + Tll1 + T2l2 e K[T;;, 0 <i<2,1<j < ny, where

ng, N1, Mo € Lsg, 1 = ng-+nyi +mnsy and Til’ = Tf{l .. TZ:;” for 0 < i < 2. Consider a trinomial
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algebra R(g) = K[T};]/(g). Denote by K the factor group K = Z"/Im L*, where

=l —lo
L =11 0
0 I

is an (n x 2)-matrix L* corresponding to the trinomial g, and by @: Z" — K the canonical
projection. Then the equations deg T;; = Q(e;;) define a K-grading on the algebra R(g).

The construction of elementary derivations is given in [AHHL14| and is described below
in the case of trinomial hypersurfaces. Let us define a derivation ¢ of R(g), where the
input data are a sequence C' = (¢, ¢1,¢2), ¢; € Z, 1 < ¢; < ny, and a vector 8 = (So, b1, 52),
Bi € K, Bo+ P14+ B =0. If 3; # 0 for all ¢ = 0,1,2 and there is at most one i; with
lilcil > 1, then we set

l
ot .
k —
5i Il e, J = Ciy
ki k

07 ] 7£ Ci-
If B;, = 0 for a unique iy and there is at most one i; with iy # iy and lilcil > 1, then

ocp(Tiy) =

Tk .
Bi Il 77—, j=cq,
5(]75 (Tl]) = k4,30 OThey

OJ .] # Ci.

These assignments define a derivation dc g on the algebra R(g), which is homogeneous and
locally nilpotent. If h € R(g) is a homogeneous element in the kernel of d¢ g, then hic g is
also a homogeneous locally nilpotent derivation. Such derivations are called elementary.

In [Z19], homogeneous locally nilpotent derivations on a class of trinomial algebras R(g)
are described. This class includes all non-factorial trinomial algebras. More precisely, we
assume that there is at most one monomial in ¢ including a variable with exponent 1. The
remaining case is done in [GZ19|. The result is obtained in inseparable collaboration with
Sergey Gaifullin. Joining two cases, we obtain the following theorem.

Theorem 1 (|GZ19, Theorem 1|, [Z19, Theorem 1]). Every homogeneous locally nilpotent
derivation of a trinomial algebra R(g) is elementary.

2. AFFINE ALGEBRAIC MONOIDS

An irreducible algebraic variety X with an associative multiplication p: X x X — X is
called an algebraic monoid if ¢ is a morphism and has a unity. By the rank of a monoid we
mean the dimension of a maximal torus in the group of invertible elements. In [ABZ20],
we study commutative algebraic monoid structures on A". There are unique commutative
monoid structures of ranks 0 and n on A™; the operation is isomorphic to a coordinatewise
addition and multiplication in these cases. Using results of [AK15], we obtain a classification
of commutative monoid structures of rank n — 1 on A™ [ABZ20, Proposition 1]|. This covers
all commutative monoid structures on A and A? [ABZ20, Proposition 2|.

Let us formulate the result for A3. For b, ¢ € Z+, b < ¢, denote by Q. the polynomial

d

d+1\ eqp(h—1) etb(d—k) 4

Qb,c(x1,y1,$27y2)=§ ( 1 >$1+( Syt gk b
=1

where c =bd + ¢, d,e € Z, 0 < e < b.



Theorem 2 ([ABZ20, Theorem 1]). Every commutative monoid on A® is isomorphic to
one of the following monouds:

rk ‘ Notation ‘ (21, 72, 3) * (Y1, Y2, Y3)

0 3A (1 + y1, T2 + Yo, T3 + Y3)

1 M+ A+A (2191, 2By + o, 25ys + yixs), b,c € Lo, b< ¢

1| M —i— A Ij; A (xlyl, 2Bys + oy, 15ys + y§rs + Qpe(w1, Y1, T2, yg)), b,c € Zvg,b< ¢
2 | M+ M:‘CA (211, Taya, T]25Ys + Yiy5a3), b, c € Lz, D<€

3 3M (T1y1, T2Y2, T3Y3)

Moreover, every two monoids of different types or of the same type with different values of
parameters from this list are non-isomorphic.

The most difficult case is that with group of invertible elements G, x G2, where
G, = (K%, x) is the multiplicative group of the ground field. Here we reduce the problem
to the classification of pairs of commuting locally nilpotent derivations 61, on the poly-
nomial algebra K]z, y, z] which are homogeneous of degree zero with respect to the grading
coming from the G,,-action.

In [Bi22], the classification of non-commutative monoid structures on normal affine sur-
faces is given. In [DZ21] and [Z24], we obtain a classification of commutative and noncom-
mutative monoid structures of rank n — 1 on normal affine varieties of dimension n, respec-
tively. Let X, be an affine toric variety given by a cone o in a vector space Ng = N ®7 Q,
where N is the lattice of one-parameter subgroups of the acting torus T. Denote by
M the character lattice of T. There is a natural pairing (-, -): Ng x Mg — Q, where
Mg = M ®z Q. Consider the polyhedral cone ¢¥ dual to the cone o with respect to this
pairing:

o' ={ue Mg | (v,u) >0 forallve o}
The set S, = M N oY is a finitely generated semigroup with K[S,] = K[X,]. For a lattice
element u € M, let y*: T — K* be the corresponding character. Since T can be identified
with the open orbit, any character y" is identified with a rational function on X,. Then

the algebra of regular functions on X, admits a decomposition K[X,] = @ Kx".
uESa
Let p;, € N, 1 <1 < m, be primitive vectors on the rays of the cone o. For any 1 <7 < m,

denote
R, ={eec M| (p,e)=—1, (pj,ey >0 forall j #1i, 1<j<m}.
Elements of the set R = | | MR, are called the Demazure roots of the toric variety X,.
1<i<m
Theorem 3 ([Z24, Theorem 1]). Let X be an affine monoid of corank one. Then X = X,
is toric, and the comultiplication K[X,] — K[X,] ® K[X,] has the form

Xu — Xu ® Xu (1 ® Xel + Xeg ® 1)<p,u)’ (1)
where p is the primitive vector on a ray of the cone o and e, ey are Demazure roots cor-
responding to p. Conwversely, for any affine toric variety X,, any primitive vector p on a

ray of the cone o, and any Demazure roots ey, ey corresponding to the same p, formula (1)
defines a monoid structure of corank one on X, .

Also, we describe the sets of invertible elements and idempotents of such a monoid X, .
They depend on the mutual position of Demazure roots ey, e and the cone o. Namely,



denote by O, C X, the toric orbit corresponding to the face v of o and by z, a special
point given in O, by equations x“(x,) = 1 for all u € v*-. The set of invertible elements
appears to be equal to the union O,UQ, where p is the ray of ¢ with primitive vector p [224,
Theorem 1|. Let E(X,) be the set of idempotents in X, and E, = E(X,) N O,. Then the
following holds [Z24, Theorem 3|:

(a) E, ={z,}if pis aray of v;

(b) E, = @ if p is not a ray of v and ey, e3 & 7;

(¢) E, =@ if pis not a ray of v and ey, €3 € v+

(d) E,=0,n {x*=1 Vu € cone(y,p)* NS, } otherwise.
Geometrically, irreducible components of the subvariety of idempotents do not intersect,
each of them is either a point or is isomorphic to the affine line [Z24, Proposition 3(b)]. The
affine line appears here as the closure of a set £, from item (d); this closure is the union of E,
and one point, which is an idempotent from item (a) [Z24, Proposition 3(a)|. Idempotents
are also connected with the action of the group G x G by left and right multiplication,
where G is the group of invertible elements in the monoid. More precisely, any irreducible
component of E(X,) is a subset of a (G x G)-orbit, and any (G x G)-orbit contains at
most one irreducible component of E(X,) [Z24, Proposition 3(c)|. One of possibly existing
idempotents is the zero element, i.e., such an element 0 € X, that 0xx = zx0 = 0 for any
r € X,. We show that the monoid X, has zero if and only if 0 = 0 and —e;, —es ¢ 0;
in this case 0 = x,, [Z24, Proposition 4.

The center of the monoid X, is described as well. Namely, it equals

O, N {x"* =x"" vYue S, : (p,u) =1}

if e; # e, i.e., if X, is non-commutative [Z24, Proposition 5|. It follows that the dimension
of the center equals dim X, — 2 [Z24, Corollary 3|. Moreover, irreducible components
of E(X,) that are isomorphic to the affine line do not intersect the center, and isolated
points in E(X,) lie in the center [Z24, Proposition 6.

3. AFFINE HOMOGENEOUS VARIETIES

Let us call an algebraic variety X homogeneous if the automorphism group Aut(X) acts
on X transitively. Recall that X is a homogeneous space if there exists a transitive action
of an algebraic group G on X; in this case, X is identified with the variety of left cosets
G/H, where H is the stabilizer in G of a point in X.

Let us give a definition of a suspension.

Definition 1. Let Y be an affine variety and f € K[Y] be a nonconstant regular function
on Y. Then the hypersurface Susp(Y, f) that is given in the direct product A? x Y by the
equation uv = f(y), where y € Y and A? = Spec K[u, v], is called a suspension over Y.

In [AZ24], we find a criterion of smoothness of a suspension. Namely, the suspension
Susp(Y, f) over an affine variety Y with a nonconstant f € K[Y] is smooth if and only if
the variety Y and the scheme Spec K[Y]/(f) are smooth [AZ24, Corollary 1]. This gives a
criterion of smoothness of iterated suspensions and allows to construct many homogeneous
varieties [AZ24, Corollaries 1-4|.

To provide an explicit class of examples, we give criteria for a Danielewski surface to
be a homogeneous variety and a homogeneous space. Let x,y,2 be coordinates in A3.
A Danielewski surface is a surface in A? given by equation 22" = f(y), where n € Z-
and f € Kly]. Two Danielewski surfaces with parameters ni,ny € Z-o and polynomials



f1(y), f2(y) are isomorphic if and only if ny = ny and f1(y) = af2(by+c) for some a, b € K*,
c € K, see [Da04, Lemma 2.10].

It is known that for n # 1 the Danielewski surface xz" = f(y) is not homogeneous; for
example, this follows from the description of its automorphism group given in [MLO1]. Tt
is easy to check that X is smooth if and only if the polynomial f has no multiple roots.
Let X be given by the equation zz = f(y), where f has no multiple roots. Note that X
is homogeneous. Indeed, X is a suspension over the affine line, so it is flexible [AKZ12].
According to [AFKKZ13|, the action of SAut(X) is transitive on the set of regular points
in X, which coincides with X since X is smooth.

Theorem 4 ([AZ24, Theorem 3|). Let X be an affine surface given in A® by equation
xz = f(y), where f is a nonconstant polynomial with no multiple roots. Then X is a
homogeneous variety but not homogeneous space if and only if deg f > 3.

To prove this theorem, we use the classifications of surfaces admitting an action of an
algebraic group with an open orbit such that the complement to this orbit is finite; see [Gi71,
Po73|. For deg f =1 and deg f = 2 the surface X is isomorphic to the affine space A% and
the homogeneous space SLy /T respectively, where T is a maximal torus in SLs.

4. ADDITIVE ACTIONS ON PROJECTIVE HYPERSURFACES

In [AZ22], we study additive actions, that is, effective regular actions of the group G”
with an open orbit. We apply the Hassett-Tschinkel correspondence to the study of induced
additive actions on projective hypersurfaces, i.e., additive actions that can be extended to an
action on the ambient projective space. More precisely, there is a bijection between induced
additive actions on hypersurfaces in P"*! that are not hyperplanes and pairs (A, U), where
A is a local commutative associative unital algebra of dimension n 4 2 with maximal ideal
m and U C m is a subspace of dimension n generating the algebra A.

Definition 2. Suppose a projective hypersurface X C P*™! of degree d is given by the
equation f(zp,...,2ny1) = 0. A hypersurface X is called non-degenerate if there is no
linear change of variables such that the number of variables in f after this change is at
most n + 1.

A finite-dimensional commutative associative algebra is called Gorenstein if the dimension
of the socle Soc A = {x € A | mx = 0} equals 1. It turns out that the case of non-degenerate
hypersurfaces corresponds to Gorenstein local algebras. More precisely, the induced additive
actions on non-degenerate hypersurfaces X of degree d in P"™! are in bijection with the pairs
(A,U), where A is a Gorenstein algebra of dimension n + 2 with socle m¢, and m = U & m?
[AZ22, Theorem 2.30].

Several results on additive actions may be proved using this technique. In particular,
we prove that an induced additive action on a non-degenerate projective hypersurface is
unique if it exists.

Theorem 5 (|AZ22, Theorem 2.32|). Let X C P"™' be a non-degenerate hypersurface.
Then there 1s alt most one induced additive action on X up to equivalence.

In order to prove the theorem, we consider the d-linear form F' corresponding to the
equation of X. Denote

Ker F={zc A|F(z,2%,...,2®9)=0 V¥ ... ¥ ¢c A}
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We show that Ker F' is the maximal ideal in A that is contained in U, where (A,U) is
the pair corresponding to the hypersurface X; see [AZ22, Lemma 2.19(b)|. The condition
that X is non-degenerate means that Ker F' = 0, so there is no non-zero ideal of A that is
contained in U. This is a key point in the proof of the uniqueness of the pair (A, U).
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