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Ââåäåíèå

Îïèñàíèå îáëàñòè èññëåäîâàíèÿ. Ìû çàíèìàåìñÿ èçó÷åíèåì àôôèííûõ àëãåáðàè-
÷åñêèõ ìíîãîîáðàçèé íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåìK õàðàêòåðèñòèêè íóëü è èõ
ðåãóëÿðíûõ àâòîìîðôèçìîâ. Èçâåñòíî, ÷òî ãðóïïà àâòîìîðôèçìîâ Aut(X) àôôèííîãî
ìíîãîîáðàçèÿ X íå îáÿçàíà áûòü (êîíå÷íîìåðíîé) àëãåáðàè÷åñêîé ãðóïïîé, è âàæíîé
çàäà÷åé ÿâëÿåòñÿ îïèñàíèå àëãåáðàè÷åñêèõ ïîäãðóïï ãðóïïû Aut(X). Ïîäãðóïïà G
ãðóïïû Aut(X) íàçûâàåòñÿ àëãåáðàè÷åñêîé, åñëè G íàäåëåíà òàêîé ñòðóêòóðîé àëãåá-
ðàè÷åñêîé ãðóïïû, ÷òî äåéñòâèå G × X → X ÿâëÿåòñÿ ìîðôèçìîì àëãåáðàè÷åñêèõ
ìíîãîîáðàçèé.
Íîðìàëüíîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàçûâàåòñÿ òîðè÷åñêèì, åñëè îíî äîïóñ-

êàåò äåéñòâèå àëãåáðàè÷åñêîãî òîðà ñ îòêðûòîé îðáèòîé. Òåîðèÿ òîðè÷åñêèõ ìíîãîîá-
ðàçèé èìååò ãëóáîêèå ñâÿçè ñ êîìáèíàòîðèêîé, êîììóòàòèâíîé àëãåáðîé è âûïóêëîé
ãåîìåòðèåé; ñì., íàïðèìåð, ìîíîãðàôèè [Fu93, CLS11]. Â ÷àñòíîñòè, ëþáîå òîðè÷åñêîå
ìíîãîîáðàçèå çàäà¼òñÿ âååðîì, ñîñòîÿùèì èç ðàöèîíàëüíûõ ïîëèýäðàëüíûõ êîíóñîâ,
è íà ìíîãèå ãåîìåòðè÷åñêèå âîïðîñû î òîðè÷åñêèõ ìíîãîîáðàçèÿõ ìîæíî äàòü îòâåò
â êîìáèíàòîðíûõ òåðìèíàõ.
Ëþáàÿ àëãåáðàè÷åñêàÿ ãðóïïà G èìååò åäèíñòâåííûé ìàêñèìàëüíûé òîð T ñ òî÷-

íîñòüþ äî ñîïðÿæ¼ííîñòè. Åñëè ãðóïïà G ñâÿçíà, òî îíà ïîðîæäàåòñÿ ñâîèì ìàêñè-
ìàëüíûì òîðîì T è îäíîïàðàìåòðè÷åñêèìè óíèïîòåíòíûìè ïîäãðóïïàìè Ga = (K,+),
íîðìàëèçóåìûìè òîðîì T è íàçûâàåìûìè êîðíåâûìè ïîäãðóïïàìè îòíîñèòåëüíî T ;
ñì. [Hu75]. Ýòî ìîæíî èñïîëüçîâàòü äëÿ îïèñàíèÿ ãðóïïû àâòîìîðôèçìîâ Aut(X)
ïîëíîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ X, êîòîðàÿ, êàê èçâåñòíî, ÿâëÿåòñÿ àôôèííîé àë-
ãåáðàè÷åñêîé ãðóïïîé; ñì. òàêæå [Br21]. Äåìàçþð â ñâîåé ïðîðûâíîé ðàáîòå [De70]
îïèñûâàåò ãðóïïó Aut(X) è ââîäèò ñïåöèàëüíûå ýëåìåíòû â ðåø¼òêå õàðàêòåðîâ äåé-
ñòâóþùåãî òîðà, áèåêòèâíî ñîîòâåòñòâóþùèå êîðíåâûì ïîäãðóïïàì. Ñåé÷àñ ýòè ýëå-
ìåíòû íàçûâàþòñÿ êîðíÿìè Äåìàçþðà.
Â ñòàòüå [Cox95] Êîêñ ïðåäëàãàåò äðóãîé ìåòîä îïèñàíèÿ ãðóïïû àâòîìîðôèçìîâ

ïîëíîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ. Îí ââîäèò âàæíûé èíâàðèàíò ìíîãîîáðàçèÿ, êî-
òîðûé íàçûâàåòñÿ îäíîðîäíûì êîîðäèíàòíûì êîëüöîì èëè êîëüöîì Êîêñà; ñì. òàê-
æå [Bat93]. Â òîðè÷åñêîì ñëó÷àå êîëüöî Êîêñà ÿâëÿåòñÿ ãðàäóèðîâàííûì êîëüöîì
ìíîãî÷ëåíîâ è îïèñàíèå ãðóïïû àâòîìîðôèçìîâ ïîëíîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ
ìîæåò áûòü ñâåäåíî ê îïèñàíèþ Ga-äåéñòâèé íà àôôèííîì ïðîñòðàíñòâå, íîðìàëè-
çóåìûõ äèàãîíàëüíûì äåéñòâèåì òîðà è öåíòðàëèçóåìûõ äåéñòâèåì îïðåäåë¼ííîãî
êâàçèòîðà.
Âàæíûì èíñòðóìåíòîì äëÿ èçó÷åíèÿ Ga-äåéñòâèé ÿâëÿþòñÿ ëîêàëüíî íèëüïîòåíò-

íûå äèôôåðåíöèðîâàíèÿ. Ëèíåéíîå íàä K îòîáðàæåíèå δ : R → R íàçûâàåòñÿ äèôôå-
ðåíöèðîâàíèåì àëãåáðû R, åñëè δ(fg) = δ(f)g + fδ(g) äëÿ ëþáûõ f, g ∈ R. Ãîâîðÿò,
÷òî äèôôåðåíöèðîâàíèå δ ëîêàëüíî íèëüïîòåíòíî, åñëè äëÿ ëþáîãî ýëåìåíòà f ∈ R
ñóùåñòâóåò òàêîå ÷èñëî k ∈ Z>0, ÷òî δk(f) = 0. Åñëè àëãåáðà R ãðàäóèðîâàíà íåêî-
òîðîé àáåëåâîé ãðóïïîé, òî äèôôåðåíöèðîâàíèå àëãåáðû R íàçûâàåòñÿ îäíîðîäíûì,
åñëè îíî îòîáðàæàåò îäíîðîäíûå ýëåìåíòû àëãåáðû R â îäíîðîäíûå. Â äðóãèõ òåðìè-
íàõ, äåéñòâèå òîðà íà àôôèííîì ìíîãîîáðàçèè X çàäà¼òñÿ ãðàäóèðîâêîé åãî àëãåá-
ðû ðåãóëÿðíûõ ôóíêöèé K[X] ñ ïîìîùüþ ðåø¼òêè õàðàêòåðîâ äåéñòâóþùåãî òîðà. Â
ñâîþ î÷åðåäü, ðåãóëÿðíûå äåéñòâèÿ îäíîïàðàìåòðè÷åñêèõ óíèïîòåíòíûõ ïîäãðóïï Ga

íà X áèåêòèâíî ñîîòâåòñòâóþò ëîêàëüíî íèëüïîòåíòíûì äèôôåðåíöèðîâàíèÿì íà àë-
ãåáðå K[X]. Äàëåå, Ga-äåéñòâèå íîðìàëèçóåòñÿ òîðîì òîãäà è òîëüêî òîãäà, êîãäà ñî-
îòâåòñòâóþùåå ëîêàëüíî íèëüïîòåíòíîå äèôôåðåíöèðîâàíèå îäíîðîäíî îòíîñèòåëüíî
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ãðàäóèðîâêè, îïðåäåëÿåìîé ýòèì òîðîì. Ýòà òåõíèêà èñïîëüçóåòñÿ âî ìíîãèõ ðàáîòàõ
äëÿ îïèñàíèÿ àâòîìîðôèçìîâ è èçó÷åíèÿ ãåîìåòðèè àôôèííûõ ìíîãîîáðàçèé, ñì., íà-
ïðèìåð, [FZ05, AH06, Li10, AKZ12, AG17, Sh17, Ar18, GS19, Ga21, LRU22]. Áîëåå òîãî,
ïîäíèìàÿ àâòîìîðôèçìû íà ñïåêòð êîëüöà Êîêñà, ìîæíî ñâåñòè èçó÷åíèå àâòîìîð-
ôèçìîâ îïðåäåëåííûõ ïðîåêòèâíûõ ìíîãîîáðàçèé ê èçó÷åíèþ îäíîðîäíûõ àâòîìîð-
ôèçìîâ àôôèííûõ ìíîãîîáðàçèé, ñíàáæ¼ííûõ äåéñòâèåì òàê íàçûâàåìîãî êâàçèòîðà
Íåðîíà-Ñåâåðè, ñì. èñõîäíûé ïîäõîä â [Cox95, HK00, BH03] è äàëüíåéøåå ðàçâèòèå â
[Ga08, AG10, AHHL14, APS14, AK15, ADHL15]. Ýòîò ìåòîä íàõîäèò øèðîêîå ïðèìå-
íåíèå è ïîáóæäàåò ê èññëåäîâàíèþ ãðàäóèðîâàííûõ àôôèííûõ àëãåáð è îäíîðîäíûõ
ëîêàëüíî íèëüïîòåíòíûõ äèôôåðåíöèðîâàíèé.
Íàïîìíèì, ÷òî ñëîæíîñòüþ äåéñòâèÿ òîðà íàçûâàåòñÿ êîðàçìåðíîñòü åãî òèïè÷íîé

îðáèòû. Òîðè÷åñêèå ìíîãîîáðàçèÿ � ýòî â òî÷íîñòè ìíîãîîáðàçèÿ ñ äåéñòâèåì òîðà
ñëîæíîñòè íóëü. Èõ åñòåñòâåííûì îáîáùåíèåì ÿâëÿþòñÿ ìíîãîîáðàçèÿ ñ äåéñòâèåì
òîðà ñëîæíîñòè îäèí. Ëþáîå àôôèííîå òîðè÷åñêîå ìíîãîîáðàçèå çàäà¼òñÿ áèíîìàìè,
ñì., íàïðèìåð, [St96, Chapter 4]. Â òî æå âðåìÿ èçó÷åíèå ìíîãîîáðàçèé ñ äåéñòâèåì
òîðà ñëîæíîñòè îäèí ñâÿçàíî ñî ñïåöèàëüíûìè ñîîòíîøåíèÿìè, íàçûâàåìûìè òðèíî-
ìàìè.
Òðèíîì � ýòî ìíîãî÷ëåí âèäà g = T l0

0 + T l1
1 + T l2

2 , â êîòîðîì êàæäàÿ ïåðåìåííàÿ
âõîäèò íå áîëåå ÷åì â îäèí îäíî÷ëåí T li

i . Â òî âðåìÿ êàê êîëüöî Êîêñà òîðè÷åñêîãî
ìíîãîîáðàçèÿ ÿâëÿåòñÿ êîëüöîì ìíîãî÷ëåíîâ, êîëüöî Êîêñà ìíîãîîáðàçèÿ ñ äåéñòâè-
åì òîðà ñëîæíîñòè îäèí ÿâëÿåòñÿ ôàêòîð-àëãåáðîé àëãåáðû ìíîãî÷ëåíîâ ïî èäåàëó,
ïîðîæä¼ííîìó òðèíîìàìè; ñì. [HS10, HHS11, HH13, AHHL14, HW17]. Ýòî ìîòèâèðóåò
èçó÷åíèå îäíîðîäíûõ ëîêàëüíî íèëüïîòåíòíûõ äèôôåðåíöèðîâàíèé íà òðèíîìèàëü-
íûõ àëãåáðàõ; ñì. ðàçäåë 1.
Òåîðèÿ àëãåáðàè÷åñêèõ ìîíîèäîâ ðàçâèâàëàñü ïàðàëëåëüíî ñ òåîðèåé àëãåáðàè÷å-

ñêèõ ãðóïï. Àëãåáðàè÷åñêîå ìíîãîîáðàçèåX ñ àññîöèàòèâíûì óìíîæåíèåìX×X → X
íàçûâàåòñÿ àëãåáðàè÷åñêèì ìîíîèäîì, åñëè óìíîæåíèå ÿâëÿåòñÿ ìîðôèçìîì àëãåáðà-
è÷åñêèõ ìíîãîîáðàçèé è îáëàäàåò íåéòðàëüíûì ýëåìåíòîì. Ãðóïïà îáðàòèìûõ ýëåìåí-
òîâ àëãåáðàè÷åñêîãî ìîíîèäàX � ýòî àëãåáðàè÷åñêàÿ ãðóïïà, îòêðûòàÿ ïî Çàðèññêîìó
â X, ñì. [Ri98, Theorem 1] è [Ri07, Theorem 5].
Íàçîâ¼ì ãðóïïîâûì âëîæåíèåì òàêîå íåïðèâîäèìîå àôôèííîå ìíîãîîáðàçèå X ñ îò-

êðûòûì âëîæåíèåì G ↪→ X àôôèííîé àëãåáðàè÷åñêîé ãðóïïû G, ÷òî äåéñòâèå ãðóïïû
G × G ëåâûìè è ïðàâûìè óìíîæåíèÿìè íà G ìîæåò áûòü ïðîäîëæåíî äî äåéñòâèÿ
ãðóïïû G×G íà X. Îêàçûâàåòñÿ, ÷òî äëÿ àôôèííîé àëãåáðàè÷åñêîé ãðóïïû G ñóùå-
ñòâóåò åñòåñòâåííîå ñîîòâåòñòâèå ìåæäó ãðóïïîâûìè âëîæåíèÿìè ãðóïïû G è ñòðóê-
òóðàìè ìîíîèäà ñ ãðóïïîé îáðàòèìûõ ýëåìåíòîâ G; ñì. [Vi95, Theorem 1] äëÿ ñëó÷àÿ
õàðàêòåðèñòèêè íóëü è [Ri98, Proposition 1] äëÿ îáùåãî ñëó÷àÿ. Òåîðèÿ àôôèííûõ
àëãåáðàè÷åñêèõ ìîíîèäîâ è ãðóïïîâûõ âëîæåíèé � ýòî áîãàòàÿ îáëàñòü ìàòåìàòèêè,
ëåæàùàÿ íà ïåðåñå÷åíèè àëãåáðû, àëãåáðàè÷åñêîé ãåîìåòðèè, êîìáèíàòîðèêè è òåîðèè
ïðåäñòàâëåíèé; ñì. [Pu88, Vi95, Ri98, Re05].
Àôôèííûé àëãåáðàè÷åñêèé ìîíîèä íàçûâàåòñÿ ðåäóêòèâíûì, åñëè åãî ãðóïïà îáðà-

òèìûõ ýëåìåíòîâ ÿâëÿåòñÿ ðåäóêòèâíîé àôôèííîé àëãåáðàè÷åñêîé ãðóïïîé. Òåîðèÿ
ðåäóêòèâíûõ ìîíîèäîâ íàèáîëåå ðàçâèòà; ñì., íàïðèìåð, êîìáèíàòîðíóþ êëàññèôè-
êàöèþ ðåäóêòèâíûõ ìîíîèäîâ â [Vi95, Ri98]. Îíà îñíîâàíà íà òåîðèè ïðåäñòàâëåíèé
ðåäóêòèâíûõ ãðóïï, òî åñòü òåîðèè ñòàðøåãî âåñà.
Ñëåäóþùàÿ âîçìîæíàÿ öåëü � êëàññèôèêàöèÿ äðóãèõ êëàññîâ ìîíîèäîâ, íàïðèìåð,

ðàçðåøèìûõ èëè êîììóòàòèâíûõ. Ìîíîèä îäíîâðåìåííî ðåäóêòèâåí è êîììóòàòèâåí
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òîãäà è òîëüêî òîãäà, êîãäà îí ÿâëÿåòñÿ òîðè÷åñêèì ìíîãîîáðàçèåì ñ êàíîíè÷åñêèì
óìíîæåíèåì. Âàæíàÿ çàäà÷à � ïîèñê âñåõ ñòðóêòóð ìîíîèäà íà äàííîì ìíîãîîáðàçèè,
íàïðèìåð, íà àôôèííîì ïðîñòðàíñòâå. Òàêæå èíòåðåñíî ïîëó÷àòü ÿâíûå ôîðìóëû äëÿ
óìíîæåíèÿ â ìîíîèäàõ; ñì. ðàçäåë 2.
Ðàññìîòðèì òåïåðü àôôèííûå ìíîãîîáðàçèÿ ñ áîëüøîé ãðóïïîé àâòîìîðôèçìîâ.

Íàèáîëåå èíòåðåñåí òðàíçèòèâíûé ñëó÷àé. Çäåñü êëàññè÷åñêèì ïðèìåðîì ÿâëÿþòñÿ
îäíîðîäíûå ïðîñòðàíñòâà àôôèííûõ àëãåáðàè÷åñêèõ ãðóïï. Åñòåñòâåííî ñïðîñèòü,
åñòü ëè äðóãèå ìíîãîîáðàçèÿ, íà êîòîðûõ ãðóïïà èõ àâòîìîðôèçìîâ äåéñòâóåò òðàí-
çèòèâíî. Òàêèå ïðèìåðû ìîãóò áûòü íàéäåíû ñðåäè ïîâåðõíîñòåé Äàíèëåâñêîãî è ïî-
âåðõíîñòåé Ãèçàòóëëèíà-Äàíèëîâà, ñì. [Gi70, GD77, ML01, Du04]. Èíòåðåñíîé çàäà÷åé
ÿâëÿåòñÿ ïîñòðîåíèå òàêèõ ïðèìåðîâ â ïðîèçâîëüíîé ðàçìåðíîñòè; ñì. ðàçäåë 3.
Íàïîìíèì ïîíÿòèå ãèáêîñòè, áëèçêîå ê ïîíÿòèþ îäíîðîäíîñòè. Ïîäãðóïïà ãðóï-

ïû àâòîìîðôèçìîâ Aut(X) ìíîãîîáðàçèÿ X, ïîðîæä¼ííàÿ âñåìè Ga-ïîäãðóïïàìè
â Aut(X), íàçûâàåòñÿ ñïåöèàëüíîé ãðóïïîé àâòîìîðôèçìîâ SAut(X). Ãëàäêàÿ òî÷êà x
ìíîãîîáðàçèÿ X íàçûâàåòñÿ ãèáêîé, åñëè êàñàòåëüíîå ïðîñòðàíñòâî ê X â òî÷êå x ïî-
ðîæäåíî êàñàòåëüíûìè âåêòîðàìè ê îðáèòàì Ga-ïîäãðóïï, ïðîõîäÿùèì ÷åðåç òî÷êó x.
Ìíîãîîáðàçèå X íàçûâàåòñÿ ãèáêèì, åñëè êàæäàÿ åãî ãëàäêàÿ òî÷êà ÿâëÿåòñÿ ãèáêîé.
Â [AFKKZ13, Theorem 0.1] äîêàçàíî, ÷òî äëÿ íåïðèâîäèìîãî àôôèííîãî ìíîãîîáðà-
çèÿ X ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(a) ìíîãîîáðàçèå X ãèáêîå;
(b) ãðóïïà SAut(X) äåéñòâóåò íà ìíîæåñòâå ãëàäêèõ òî÷åê â X òðàíçèòèâíî.

Áîëåå òîãî, åñëè ìíîãîîáðàçèå X èìååò ðàçìåðíîñòü íå ìåíüøå 2, òî ýòè óñëîâèÿ
ðàâíîñèëüíû ñëåäóþùåìó:

(c) ãðóïïà SAut(X) äåéñòâóåò íà ìíîæåñòâå ãëàäêèõ òî÷åê â X áåñêîíå÷íî òðàí-
çèòèâíî.

Èìååòñÿ ìíîãî èíòåðåñíûõ ïðèìåðîâ ãèáêèõ ìíîãîîáðàçèé. Îäíîé èç ïîëåçíûõ êîí-
ñòðóêöèé çäåñü ÿâëÿåòñÿ íàäñòðîéêà Susp(X, f) = {uv = f(x)} ⊆ A2 ×X íàä àôôèí-
íûì ìíîãîîáðàçèåì X. Åñëè X � ãèáêîå íåïðèâîäèìîå àôôèííîå ìíîãîîáðàçèå ïîëî-
æèòåëüíîé ðàçìåðíîñòè, òî ëþáàÿ íàäñòðîéêà íàä X òàêæå ãèáêàÿ; ñì. [AKZ12] äëÿ
àëãåáðàè÷åñêè çàìêíóòîãî ïîëÿ õàðàêòåðèñòèêè íóëü è [KM12] äëÿ ñëó÷àÿ îñíîâíîãî
ïîëÿ R. Â êîíòåêñòå ãðóïï àâòîìîðôèçìîâ íàäñòðîéêè âïåðâûå áûëè ðàññìîòðåíû
â [KZ99].
Íàêîíåö, åù¼ îäèí ñþæåò, êîòîðûì ìû èíòåðåñóåìñÿ � àääèòèâíûé àíàëîã òîðè÷å-

ñêèõ ìíîãîîáðàçèé. Èäåÿ ñîñòîèò â çàìåíå ìóëüòèïëèêàòèâíîé ãðóïïû îñíîâíîãî ïîëÿ
íà àääèòèâíóþ è ðàññìîòðåíèè êîììóòàòèâíîé óíèïîòåíòíîé ãðóïïûGn

a . Àääèòèâíûì
äåéñòâèåì íà ìíîãîîáðàçèè ìû íàçûâàåì äåéñòâèå ãðóïïû Gn

a ñ îòêðûòîé îðáèòîé.
Äðóãèìè ñëîâàìè, ìû ðàññìàòðèâàåì îòêðûòûå ýêâèâàðèàíòíûå âëîæåíèÿ âåêòîðíîé
ãðóïïû â àëãåáðàè÷åñêèå ìíîãîîáðàçèÿ. Çäåñü àôôèííûé ñëó÷àé òðèâèàëåí, òàê êàê
ëþáàÿ îðáèòà óíèïîòåíòíîé ãðóïïû íà àôôèííîì ìíîãîîáðàçèè çàìêíóòà. Äëÿ ïðî-
åêòèâíûõ ìíîãîîáðàçèé òåîðèÿ íåòðèâèàëüíà äàæå äëÿ ïðîåêòèâíîãî ïðîñòðàíñòâà. Â
ñòàòüå [HT99] Õàññåòò è ×èíêåëü óñòàíàâëèâàþò ñîîòâåòñòâèå ìåæäó êîíå÷íîìåðíû-
ìè êîììóòàòèâíûìè ëîêàëüíûìè àëãåáðàìè ñ åäèíèöåé è àääèòèâíûìè äåéñòâèÿìè
íà ïðîåêòèâíûõ ïðîñòðàíñòâàõ; ñì. òàêæå [KL84]. Îêàçûâàåòñÿ, ÷òî ñóùåñòâóþò áåñ-
êîíå÷íûå ñåìåéñòâà ïîïàðíî íåýêâèâàëåíòíûõ àääèòèâíûõ äåéñòâèé íà Pn íà÷èíàÿ ñ
n = 6.
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Ïîõîæèé ïîäõîä ìîæåò áûòü ïðèìåí¼í äëÿ èçó÷åíèÿ àääèòèâíûõ äåéñòâèé íà ïðîåê-
òèâíûõ ãèïåðïîâåðõíîñòÿõ. Íà ýòîò ðàç íóæíû äîïîëíèòåëüíûå äàííûå: ãèïåðïëîñ-
êîñòü U â ìàêñèìàëüíîì èäåàëå m àëãåáðû A. Èçâåñòíî, ÷òî ñòåïåíü ãèïåðïîâåðõ-
íîñòè X, ñîîòâåòñòâóþùåé ïàðå (A,U), ðàâíà òàêîìó ìàêñèìàëüíîìó ÷èñëó d, ÷òî
md ⊈ U , ñì. [AS11]. Àääèòèâíîå äåéñòâèå íà íåâûðîæäåííîé êâàäðèêå åäèíñòâåí-
íî [AS11], è (áåñêîíå÷íî ìíîãî) èíäóöèðîâàííûõ àääèòèâíûõ äåéñòâèé íà âûðîæäåí-
íûõ êâàäðèêàõ êîðàíãà îäèí îïèñàíû â [AP14]. Â ïðåïðèíòå [Baz13] èçó÷åí ñëó÷àé
êóáè÷åñêèõ ãèïåðïîâåðõíîñòåé; â ÷àñòíîñòè, îêàçûâàåòñÿ, ÷òî èíäóöèðîâàííîå àääè-
òèâíîå äåéñòâèå íà íåâûðîæäåííîé êóáèêå òàêæå åäèíñòâåííî. Ñëåäóþùèé øàã �
èçó÷åíèå êàê íåâûðîæäåííûõ, òàê è âûðîæäåííûõ ãèïåðïîâåðõíîñòåé ïðîèçâîëüíîé
ðàçìåðíîñòè; ñì. ðàçäåë 4.

Îñíîâíûå ðåçóëüòàòû. Îñíîâíûìè ðåçóëüòàòàìè äèññåðòàöèè ÿâëÿþòñÿ ñëåäóþ-
ùèå.

1. Âñå îäíîðîäíûå ëîêàëüíî íèëüïîòåíòíûå äèôôåðåíöèðîâàíèÿ íà òðèíîìèàëü-
íûõ àëãåáðàõ ýëåìåíòàðíû.

2. Êëàññèôèêàöèè ñòðóêòóð êîììóòàòèâíûõ ìîíîèäîâ íà A3 è ñòðóêòóð ìîíîèäîâ
êîðàíãà îäèí íà ïðîèçâîëüíîì íîðìàëüíîì àôôèííîì ìíîãîîáðàçèè.

3. Êëàññèôèêàöèÿ ïîâåðõíîñòåé Äàíèëåâñêîãî, ÿâëÿþùèõñÿ îäíîðîäíûìè ìíîãî-
îáðàçèÿìè, íî íå ÿâëÿþùèõñÿ îäíîðîäíûìè ïðîñòðàíñòâàìè.

4. Åäèíñòâåííîñòü èíäóöèðîâàííîãî àääèòèâíîãî äåéñòâèÿ íà íåâûðîæäåííîé
ïðîåêòèâíîé ãèïåðïîâåðõíîñòè.

Ïóáëèêàöèè. Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 7 ñòàòüÿõ:

[Z19] Þ.È. Çàéöåâà. Îäíîðîäíûå ëîêàëüíî íèëüïîòåíòíûå äèôôåðåíöèðîâàíèÿ
íåôàêòîðèàëüíûõ òðèíîìèàëüíûõ àëãåáð. Ìàòåìàòè÷åñêèå çàìåòêè, 105:6
(2019), 824-838

[GZ19] Sergey Gaifullin and Yulia Zaitseva. On homogeneous locally nilpotent derivations
of trinomial algebras. Journal of Algebra and Its Applications 18 (2019), no. 10,
article 1950196, 1-19

[ABZ20] Ivan Arzhantsev, Sergey Bragin, and Yulia Zaitseva. Commutative algebraic
monoid structures on a�ne spaces. Communications in Contemporary
Mathematics 22 (2020), no. 8, article 1950064

[DZ21] Sergey Dzhunusov and Yulia Zaitseva. Commutative algebraic monoid structures
on a�ne surfaces. Forum Mathematicum 33 (2021), no. 1, 177-191

[Z24] Yulia Zaitseva. A�ne monoids of corank one. https://arxiv.org/abs/2312.
08316, 15 pages, ïðèíÿòî â Results in Mathematics

[AZ22] È.Â. Àðæàíöåâ è Þ.È. Çàéöåâà. Ýêâèâàðèàíòíûå ïîïîëíåíèÿ àôôèííûõ
ïðîñòðàíñòâ. Óñïåõè ìàòåìàòè÷åñêèõ íàóê 77:4 (466) (2022), 3-90

[AZ24] Ivan Arzhantsev and Yulia Zaitseva. A�ne homogeneous varieties and
suspensions. Research in the Mathematical Sciences 11 (2024), no. 2, article 27,
1-13

Àïðîáàöèÿ. Ðåçóëüòàòû äèññåðòàöèè áûëè ïðåäñòàâëåíû íà ñëåäóþùèõ äîêëàäàõ.

• Ñåìèíàð ôàêóëüòåòà ìàòåìàòèêè è êîìïüþòåðíûõ íàóê, 11 àïðåëÿ 2024 ã., Ñàíêò-
Ïåòåðáóðã

• Òðåòüÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ Ðîññèè, 10-15 îêòÿáðÿ 2023 ã., Ìàéêîï
• Êîíôåðåíöèÿ ¾Ìàòåìàòèêà â ñîâðåìåííîì ìèðå¿, 19-23 ñåíòÿáðÿ 2023 ã., Âîëîãäà
• Êîíôåðåíöèÿ ìàëûõ íàó÷íûõ ãðóïï, 26-30 èþíÿ 2023 ã., Ñàíêò-Ïåòåðáóðã

https://arxiv.org/abs/2312.08316
https://arxiv.org/abs/2312.08316
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• Âåñåííÿÿ øêîëà-êîíôåðåíöèÿ ïî àëãåáðå â èíñòèòóòå Ýéëåðà, 29 àïðåëÿ - 3 ìàÿ
2023 ã., Ñàíêò-Ïåòåðáóðã

• Âîðêøîï ¾Àôôèííûå ïðîñòðàíñòâà, äåéñòâèÿ àëãåáðàè÷åñêèõ ãðóïï è ËÍÄ¿, 13-17
ìàðòà 2023 ã., Êàëüêóòòà, Èíäèÿ

• Ñåìèíàð È.Ð. Øàôàðåâè÷à, Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà, 21 ôåâ-
ðàëÿ 2023 ã., Ìîñêâà

• Äåñÿòàÿ øêîëà-êîíôåðåíöèÿ ¾Àëãåáðû Ëè, àëãåáðàè÷åñêèå ãðóïïû è òåîðèÿ èíâà-
ðèàíòîâ¿, 28 ÿíâàðÿ - 2 ôåâðàëÿ 2023 ã., Ìîñêâà

• Âòîðàÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ Ðîññèè, 7-11 íîÿáðÿ 2022 ã., Ìîñêâà
• Êîíôåðåíöèÿ ¾Àëãåáðàè÷åñêèå ãðóïïû: ñåçîí áåëûõ íî÷åé - II¿, 4-8 èþëÿ 2022 ã.,
Ñàíêò-Ïåòåðáóðã

• Äåâÿòàÿ øêîëà-êîíôåðåíöèÿ ¾Àëãåáðû Ëè, àëãåáðàè÷åñêèå ãðóïïû è òåîðèÿ èíâà-
ðèàíòîâ¿, 21-26 àâãóñòà 2021 ã., Ñàìàðà

• Ïåðâàÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ Ðîññèè, 9-13 àâãóñòà 2021 ã., Ñî÷è
• Ìèíè-âîðêøîï ¾Àëãåáðàè÷åñêèå ãðóïïû: ñåçîí áåëûõ íî÷åé¿, 12-16 èþëÿ 2021 ã.,
Ñàíêò-Ïåòåðáóðã

• Ñåìèíàð Â.À. Èñêîâñêèõ, Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà, 12 ìàðòà
2020 ã., Ìîñêâà

• Êîíôåðåíöèÿ ¾Algebraic Transformation Groups: the Mathematical Legacy of Domingo
Luna¿, 28-30 îêòÿáðÿ 2019 ã., Ðèì, Èòàëèÿ, ïîñòåð

• Êîíôåðåíöèÿ ¾Êàôåäðå âûñøåé àëãåáðû � 90 ëåò¿, 28-31 ìàÿ 2019 ã., Ìîñêâà
• Ñåìèíàð ¾Ãðóïïû Ëè è òåîðèÿ èíâàðèàíòîâ¿, 31 îêòÿáðÿ 2018 ã., Ìîñêâà
• Ñåäüìàÿ øêîëà-êîíôåðåíöèÿ ¾Àëãåáðû Ëè, àëãåáðàè÷åñêèå ãðóïïû è òåîðèÿ èíâà-
ðèàíòîâ¿, 18-26 àâãóñòà 2018 ã., Ñàìàðà

Îñíîâíûå îïðåäåëåíèÿ è ðåçóëüòàòû äèññåðòàöèè ñôîðìóëèðîâàíû â äàëüíåéøèõ
ðàçäåëàõ. Âñå ðåçóëüòàòû ÿâëÿþòñÿ íîâûìè è ñîîòâåòñòâóþò òåìå äèññåðòàöèè. Îíè
ìîãóò áûòü èñïîëüçîâàíû â äàëüíåéøåì èçó÷åíèè àëãåáðàè÷åñêèõ ãðóïï ïðåîáðàçîâà-
íèé è àâòîìîðôèçìîâ ìíîãîîáðàçèé.
ß õîòåëà áû âûðàçèòü èñêðåííþþ ïðèçíàòåëüíîñòü È.Â. Àðæàíöåâó çà íåîöåíèìóþ

ïîìîùü, ñîâåòû è ïîñòîÿííóþ ïîääåðæêó.

1. Ëîêàëüíî íèëüïîòåíòíûå äèôôåðåíöèðîâàíèÿ íà òðèíîìèàëüíûõ

àëãåáðàõ

Òðèíîìîì íàçûâàåòñÿ ìíîãî÷ëåí g = T l0
0 + T l1

1 + T l2
2 ∈ K[Tij, 0 ⩽ i ⩽ 2, 1 ⩽ j ⩽ ni],

ãäå n0, n1, n2 ∈ Z>0, n = n0 + n1 + n2 è T li
i = T li1

i1 . . . T
lini
ini

äëÿ 0 ⩽ i ⩽ 2. Ðàññìîò-
ðèì òðèíîìèàëüíóþ àëãåáðó R(g) = K[Tij]/(g). Îáîçíà÷èì ÷åðåç K ôàêòîðãðóïïó
K = Zn/ ImL∗, ãäå

L∗ =

−l0 −l0
l1 0
0 l2


ÿâëÿåòñÿ (n × 2)-ìàòðèöåé L∗, ñîîòâåòñòâóþùåé òðèíîìó g, à ÷åðåç Q : Zn → K �
êàíîíè÷åñêóþ ïðîåêöèþ. Òîãäà ðàâåíñòâà deg Tij = Q(eij) îïðåäåëÿþò K-ãðàäóèðîâêó
íà àëãåáðå R(g).
Â ñòàòüå [AHHL14] ïðèâåäåíà êîíñòðóêöèÿ ýëåìåíòàðíûõ äèôôåðåíöèðîâàíèé; íè-

æå îíà îïèñàíà â ñëó÷àå òðèíîìèàëüíîé ãèïåðïîâåðõíîñòè. Îïðåäåëèì äèôôåðåí-
öèðîâàíèå δC,β àëãåáðû R(g), ãäå âõîäíûìè äàííûìè ÿâëÿþòñÿ ïîñëåäîâàòåëüíîñòü
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C = (c0, c1, c2), ci ∈ Z, 1 ⩽ ci ⩽ ni, è âåêòîð β = (β0, β1, β2), βi ∈ K, β0 + β1 + β2 = 0.
Åñëè βi ̸= 0 äëÿ êàæäîãî i = 0, 1, 2 è ñóùåñòâóåò íå áîëåå îäíîãî òàêîãî i1, ÷òî li1ci1 > 1,
òî ìû ïîëàãàåì

δC,β(Tij) =

βi

∏
k ̸=i

∂T
lk
k

∂Tkck

, j = ci,

0, j ̸= ci.

Åñëè βi0 = 0 äëÿ åäèíñòâåííîãî i0 è ñóùåñòâóåò íå áîëåå îäíîãî òàêîãî i1, ÷òî i1 ̸= i0
è li1ci1 > 1, òî

δC,β(Tij) =

βi

∏
k ̸=i,i0

∂T
lk
k

∂Tkck

, j = ci,

0, j ̸= ci.

Ýòè ðàâåíñòâà îïðåäåëÿþò äèôôåðåíöèðîâàíèå δC,β íà àëãåáðå R(g), êîòîðîå ÿâëÿåòñÿ
îäíîðîäíûì è ëîêàëüíî íèëüïîòåíòíûì. Åñëè h ∈ R(g) � îäíîðîäíûé ýëåìåíò â ÿäðå
äèôôåðåíöèðîâàíèÿ δC,β, òî hδC,β òàêæå ÿâëÿåòñÿ îäíîðîäíûì ëîêàëüíî íèëüïîòåíò-
íûì äèôôåðåíöèðîâàíèåì. Òàêèå äèôôåðåíöèðîâàíèÿ íàçûâàþòñÿ ýëåìåíòàðíûìè.
Â ðàáîòå [Z19] îïèñàíû îäíîðîäíûå ëîêàëüíî íèëüïîòåíòíûå äèôôåðåíöèðîâàíèÿ

íà êëàññå òðèíîìèàëüíûõ àëãåáð R(g). Ýòîò êëàññ âêëþ÷àåò â ñåáÿ âñå íåôàêòîðè-
àëüíûå òðèíîìèàëüíûå àëãåáðû. Áîëåå òî÷íî, ìû ïðåäïîëàãàåì, ÷òî â g åñòü íå áîëåå
îäíîãî îäíî÷ëåíà, â êîòîðûé âõîäèò ïåðåìåííàÿ â ñòåïåíè 1. Îñòàâøèéñÿ ñëó÷àé çà-
êîí÷åí â [GZ19]. Ðåçóëüòàò ïîëó÷åí â íåðàçðûâíîì ñîòðóäíè÷åñòâå ñ Ñ.À. Ãàéôóëëè-
íûì. Îáúåäèíÿÿ äâà ñëó÷àÿ, ìû ïîëó÷àåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1 ([GZ19, Theorem 1], [Z19, Òåîðåìà 1]). Êàæäîå îäíîðîäíîå ëîêàëüíî íèëü-

ïîòåíòíîå äèôôåðåíöèðîâàíèå òðèíîìèàëüíîé àëãåáðû R(g) ýëåìåíòàðíî.

2. Àôôèííûå àëãåáðàè÷åñêèå ìîíîèäû

Íåïðèâîäèìîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå X ñ àññîöèàòèâíûì óìíîæåíèåì
µ : X ×X → X íàçûâàåòñÿ àëãåáðàè÷åñêèì ìîíîèäîì, åñëè µ ÿâëÿåòñÿ ìîðôèçìîì
è îáëàäàåò íåéòðàëüíûì ýëåìåíòîì. Ðàíã ìîíîèäà � ýòî ðàçìåðíîñòü ìàêñèìàëü-
íîãî òîðà â ãðóïïå îáðàòèìûõ ýëåìåíòîâ. Â ñòàòüå [ABZ20] ìû èçó÷àåì ñòðóê-
òóðû êîììóòàòèâíûõ àëãåáðàè÷åñêèõ ìîíîèäîâ íà An. Ñóùåñòâóþò åäèíñòâåííûå
ñòðóêòóðû êîììóòàòèâíûõ ìîíîèäîâ ðàíãîâ 0 è n íà An; îïåðàöèÿ â ýòèõ ñëó-
÷àÿõ èçîìîðôíà ïîêîîðäèíàòíûì ñëîæåíèþ è óìíîæåíèþ. Èñïîëüçóÿ ðåçóëüòà-
òû [AK15], ìû ïîëó÷àåì êëàññèôèêàöèþ ñòðóêòóð êîììóòàòèâíûõ ìîíîèäîâ ðàí-
ãà n − 1 íà An [ABZ20, Proposition 1]. Ýòî ïîêðûâàåò âñå ñòðóêòóðû êîììóòàòèâíûõ
ìîíîèäîâ íà A1 è A2 [ABZ20, Proposition 2].
Ñôîðìóëèðóåì ðåçóëüòàò äëÿ A3. Äëÿ b, c ∈ Z>0, b ⩽ c, îáîçíà÷èì ÷åðåç Qb,c ìíîãî-

÷ëåí

Qb,c(x1, y1, x2, y2) =
d∑

k=1

(
d+ 1

k

)
x
e+b(k−1)
1 y

e+b(d−k)
1 xd−k+1

2 yk2 ,

ãäå c = bd+ e, d, e ∈ Z, 0 ⩽ e < b.
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Òåîðåìà 2 ([ABZ20, Theorem 1]). Ëþáîé êîììóòàòèâíûé ìîíîèä íà A3 èçîìîðôåí

îäíîìó èç ñëåäóþùèõ ìîíîèäîâ:

rk Îáîçíà÷åíèå (x1, x2, x3) ∗ (y1, y2, y3)
0 3A (x1 + y1, x2 + y2, x3 + y3)

1 M +
b
A+

c
A

(
x1y1, x

b
1y2 + yb1x2, x

c
1y3 + yc1x3

)
, b, c ∈ Z⩾0, b ⩽ c

1 M +
b
A +

b,c
A

(
x1y1, x

b
1y2 + yb1x2, x

c
1y3 + yc1x3 +Qb,c(x1, y1, x2, y2)

)
, b, c ∈ Z>0, b ⩽ c

2 M +M +
b,c

A (x1y1, x2y2, x
b
1x

c
2y3 + yb1y

c
2x3), b, c ∈ Z⩾0, b ⩽ c

3 3M (x1y1, x2y2, x3y3)

Áîëåå òîãî, äâà ìîíîèäà ðàçëè÷íûõ òèïîâ èëè îäèíàêîâûõ òèïîâ ñ ðàçëè÷íûìè çíà-

÷åíèÿìè ïàðàìåòðîâ èç ýòîãî ñïèñêà íåèçîìîðôíû.

Íàèáîëåå ñëîæíûì ÿâëÿåòñÿ ñëó÷àé ñ ãðóïïîé îáðàòèìûõ ýëåìåíòîâ Gm × G2
a, ãäå

Gm = (K×,×) � ìóëüòèïëèêàòèâíàÿ ãðóïïà îñíîâíîãî ïîëÿ. Çäåñü ìû ñâîäèì çàäà÷ó
ê êëàññèôèêàöèè ïàð êîììóòèðóþùèõ ëîêàëüíî íèëüïîòåíòíûõ äèôôåðåíöèðîâàíèé
δ1, δ2 íà àëãåáðå ìíîãî÷ëåíîâ K[x, y, z], êîòîðûå ÿâëÿþòñÿ îäíîðîäíûìè ñòåïåíè íóëü
îòíîñèòåëüíî ãðàäóèðîâêè, ïðîèñõîäÿùåé èç Gm-äåéñòâèÿ.
Â ñòàòüå [Bi22] ïðèâåäåíà êëàññèôèêàöèÿ ñòðóêòóð íåêîììóòàòèâíûõ ìîíîèäîâ íà

íîðìàëüíûõ àôôèííûõ ïîâåðõíîñòÿõ. Â [DZ21] è [Z24] ìû ïîëó÷àåì êëàññèôèêàöèþ
ñòðóêòóð ñîîòâåòñòâåííî êîììóòàòèâíûõ è íåêîììóòàòèâíûõ ìîíîèäîâ ðàíãà n−1 íà
íîðìàëüíûõ àôôèííûõ ìíîãîîáðàçèÿõ ðàçìåðíîñòè n. Ïóñòü Xσ � àôôèííîå òîðè÷å-
ñêîå ìíîãîîáðàçèå, çàäàííîå êîíóñîì σ â âåêòîðíîì ïðîñòðàíñòâå NQ = N⊗ZQ, ãäå N
� ðåø¼òêà îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï äåéñòâóþùåãî òîðà T. Îáîçíà÷èì ÷åðåç M
ðåø¼òêó õàðàêòåðîâ òîðà T. Ñóùåñòâóåò åñòåñòâåííîå ñïàðèâàíèå ⟨ · , · ⟩ : NQ×MQ → Q,
ãäå MQ = M ⊗ZQ. Ðàññìîòðèì ïîëèýäðàëüíûé êîíóñ σ∨, äâîéñòâåííûé ê êîíóñó σ îò-
íîñèòåëüíî ýòîãî ñïàðèâàíèÿ:

σ∨ = {u ∈ MQ | ⟨v, u⟩ ⩾ 0 äëÿ âñåõ v ∈ σ}.
Ìíîæåñòâî Sσ = M∩σ∨ ÿâëÿåòñÿ êîíå÷íî ïîðîæä¼ííîé ïîëóãðóïïîé, è K[Sσ] ∼= K[Xσ].
Äëÿ ýëåìåíòà ðåø¼òêè u ∈ M îáîçíà÷èì ÷åðåç χu : T → K× ñîîòâåòñòâóþùèé õà-
ðàêòåð. Òàê êàê òîð T îòîæäåñòâëÿåòñÿ ñ îòêðûòîé îðáèòîé, òî ëþáîé õàðàêòåð χu

îòîæäåñòâëÿåòñÿ ñ ðàöèîíàëüíîé ôóíêöèåé íàXσ. Òîãäà àëãåáðà ðåãóëÿðíûõ ôóíêöèé
íà Xσ äîïóñêàåò ðàçëîæåíèå K[Xσ] =

⊕
u∈Sσ

Kχu.

Ïóñòü pi ∈ N, 1 ⩽ i ⩽ m, � ïðèìèòèâíûå âåêòîðû íà ëó÷àõ êîíóñà σ. Äëÿ ëþáîãî
1 ⩽ i ⩽ m îáîçíà÷èì

Ri = {e ∈ M | ⟨pi, e⟩ = −1, ⟨pj, e⟩ ⩾ 0 äëÿ âñåõ j ̸= i, 1 ⩽ j ⩽ m}.
Ýëåìåíòû ìíîæåñòâà R =

⊔
1⩽i⩽m

Ri íàçûâàþòñÿ êîðíÿìè Äåìàçþðà òîðè÷åñêîãî ìíîãî-

îáðàçèÿ Xσ.

Òåîðåìà 3 ([Z24, Theorem 1]). Ïóñòü X � àôôèííûé ìîíîèä êîðàíãà îäèí. Òîãäà

ìíîãîîáðàçèå X = Xσ òîðè÷åñêîå è êîóìíîæåíèå K[Xσ] → K[Xσ]⊗K[Xσ] èìååò âèä

χu 7→ χu ⊗ χu (1⊗ χe1 + χe2 ⊗ 1)⟨p,u⟩, (1)

ãäå p � ïðèìèòèâíûé âåêòîð íà ëó÷å êîíóñà σ è e1, e2 � êîðíè Äåìàçþðà, îòâå÷àþ-

ùèå âåêòîðó p. Îáðàòíî, äëÿ ëþáîãî àôôèííîãî òîðè÷åñêîãî ìíîãîîáðàçèÿ Xσ, ëþáîãî
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ïðèìèòèâíîãî âåêòîðà p íà ëó÷å êîíóñà σ è ëþáûõ êîðíåé Äåìàçþðà e1, e2, îòâå÷à-
þùèõ âûáðàííîìó âåêòîðó p, ôîðìóëà (1) îïðåäåëÿåò ñòðóêòóðó ìîíîèäà êîðàíãà

îäèí íà Xσ.

Òàêæå ìû îïèñûâàåì ìíîæåñòâà îáðàòèìûõ ýëåìåíòîâ è èäåìïîòåíòîâ òàêèõ ìîíî-
èäîâ Xσ. Îíè çàâèñÿò îò âçàèìíîãî ðàñïîëîæåíèÿ êîðíåé Äåìàçþðà e1, e2 è êîíóñà σ.
À èìåííî, îáîçíà÷èì ÷åðåç Oγ ⊆ Xσ òîðè÷åñêóþ îðáèòó, ñîîòâåòñòâóþùóþ ãðàíè γ
êîíóñà σ, è ÷åðåç xγ � âûäåëåííóþ òî÷êó, çàäàííóþ â Oγ óðàâíåíèÿìè χu(xγ) = 1
äëÿ âñåõ u ∈ γ⊥. Ìíîæåñòâî îáðàòèìûõ ýëåìåíòîâ îêàçûâàåòñÿ ðàâíûì îáúåäèíåíèþ
Oρ ∪ O0, ãäå ρ � ëó÷ êîíóñà σ ñ ïðèìèòèâíûì âåêòîðîì p [Z24, Theorem 1]. Ïóñòü
E(Xσ) � ìíîæåñòâî èäåìïîòåíòîâ â Xσ è Eγ = E(Xσ)∩Oγ. Òîãäà âûïîëíåíî ñëåäóþ-
ùåå [Z24, Theorem 3]:

(a) Eγ = {xγ}, åñëè ρ � ëó÷ êîíóñà γ;
(b) Eγ = ∅, åñëè ρ � íå ëó÷ êîíóñà γ è e1, e2 /∈ γ⊥;
(c) Eγ = ∅, åñëè ρ � íå ëó÷ êîíóñà γ è e1, e2 ∈ γ⊥;
(d) Eγ = Oγ ∩ {χu = 1 ∀u ∈ cone(γ, ρ)⊥ ∩ Sσ} èíà÷å.

Ãåîìåòðè÷åñêè íåïðèâîäèìûå êîìïîíåíòû ïîäìíîãîîáðàçèÿ èäåìïîòåíòîâ íå ïåðåñå-
êàþòñÿ, êàæäàÿ èç íèõ ëèáî ÿâëÿåòñÿ òî÷êîé, ëèáî èçîìîðôíà àôôèííîé ïðÿìîé [Z24,
Proposition 3(b)]. Àôôèííàÿ ïðÿìàÿ çäåñü ïîÿâëÿåòñÿ êàê çàìûêàíèå ìíîæåñòâà Eγ

èç ïóíêòà (d); ýòî çàìûêàíèå ÿâëÿåòñÿ îáúåäèíåíèåì Eγ è îäíîé òî÷êè � èäåìïîòåíòà
èç ïóíêòà (a) [Z24, Proposition 3(a)]. Èäåìïîòåíòû òàêæå ñâÿçàíû ñ äåéñòâèåì ãðóïïû
G×G ëåâûìè è ïðàâûìè óìíîæåíèÿìè, ãäå G � ãðóïïà îáðàòèìûõ ýëåìåíòîâ â ìî-
íîèäå. Áîëåå òî÷íî, ëþáàÿ íåïðèâîäèìàÿ êîìïîíåíòà ìíîãîîáðàçèÿ E(Xσ) ÿâëÿåòñÿ
ïîäìíîæåñòâîì íåêîòîðîé (G×G)-îðáèòû, è ëþáàÿ (G×G)-îðáèòà ñîäåðæèò íå áîëåå
îäíîé íåïðèâîäèìîé êîìïîíåíòû ìíîãîîáðàçèÿ E(Xσ) [Z24, Proposition 3(c)]. Îäíèì
èç âîçìîæíî ñóùåñòâóþùèõ èäåìïîòåíòîâ ÿâëÿåòñÿ íóëåâîé ýëåìåíò, òî åñòü òàêîé
ýëåìåíò 0 ∈ Xσ, ÷òî 0 ∗ x = x ∗ 0 = 0 äëÿ ëþáîãî x ∈ Xσ. Ìû ïîêàçûâàåì, ÷òî ìîíîèä
Xσ èìååò íóëü òîãäà è òîëüêî òîãäà, êîãäà σ⊥ = 0 è −e1,−e2 /∈ σ∨; â ýòîì ñëó÷àå
0 = xσ [Z24, Proposition 4].
Òàêæå îïèñàí öåíòð ìîíîèäà Xσ. À èìåííî, îí ðàâåí

Oρ ∩ {χu+e1 = χu+e2 ∀u ∈ Sσ : ⟨p, u⟩ = 1},

åñëè e1 ̸= e2, òî åñòü åñëè Xσ íåêîììóòàòèâåí [Z24, Proposition 5]. Îòñþäà ñëåäóåò, ÷òî
ðàçìåðíîñòü öåíòðà ðàâíà dimXσ−2 [Z24, Corollary 3]. Áîëåå òîãî, íåïðèâîäèìûå êîì-
ïîíåíòû ìíîãîîáðàçèÿ E(Xσ), èçîìîðôíûå àôôèííîé ïðÿìîé, íå ïåðåñåêàþò öåíòð,
à èçîëèðîâàííûå òî÷êè â E(Xσ) ëåæàò â öåíòðå [Z24, Proposition 6].

3. Àôôèííûå îäíîðîäíûå ïðîñòðàíñòâà

Íàçîâ¼ì àëãåáðàè÷åñêîå ìíîãîîáðàçèå X îäíîðîäíûì, åñëè ãðóïïà àâòîìîðôèçìîâ
Aut(X) äåéñòâóåò íà X òðàíçèòèâíî. Íàïîìíèì, ÷òî X � îäíîðîäíîå ïðîñòðàíñòâî,
åñëè ñóùåñòâóåò òðàíçèòèâíîå äåéñòâèå àëãåáðàè÷åñêîé ãðóïïû G íà X; â ýòîì ñëó÷àå
X îòîæäåñòâëÿåòñÿ ñ ìíîãîîáðàçèåì ëåâûõ ñìåæíûõ êëàññîâ G/H, ãäå H � ñòàáèëè-
çàòîð â G íåêîòîðîé òî÷êè â X.

Äàäèì îïðåäåëåíèå íàäñòðîéêè.

Îïðåäåëåíèå 1. Ïóñòü Y � àôôèííîå ìíîãîîáðàçèå è f ∈ K[Y ] � íåïîñòîÿííàÿ
ðåãóëÿðíàÿ ôóíêöèÿ íà Y . Òîãäà ãèïåðïîâåðõíîñòü Susp(Y, f), çàäàííàÿ â ïðÿìîì



10

ïðîèçâåäåíèè A2 × Y óðàâíåíèåì uv = f(y), ãäå y ∈ Y è A2 = SpecK[u, v], íàçûâàåòñÿ
íàäñòðîéêîé íàä Y .

Â ðàáîòå [AZ24] ìû íàõîäèì êðèòåðèé ãëàäêîñòè íàäñòðîéêè. À èìåííî, íàäñòðîéêà
Susp(Y, f) íàä àôôèííûì ìíîãîîáðàçèåì Y ñ íåïîñòîÿííîé ôóíêöèåé f ∈ K[Y ] ãëàä-
êàÿ òîãäà è òîëüêî òîãäà, êîãäà ìíîãîîáðàçèå Y è ñõåìà SpecK[Y ]/(f) ãëàäêèå [AZ24,
Corollary 1]. Ýòî äà¼ò êðèòåðèé ãëàäêîñòè äëÿ èòåðèðîâàííûõ íàäñòðîåê è ïîçâîëÿåò
ïîñòðîèòü ìíîãî îäíîðîäíûõ ìíîãîîáðàçèé [AZ24, Corollaries 1�4].
×òîáû ïîëó÷èòü êîíêðåòíûé êëàññ ïðèìåðîâ, ìû ïðèâîäèì êðèòåðèè, êîãäà ïî-

âåðõíîñòè Äàíèëåâñêîãî ÿâëÿþòñÿ îäíîðîäíûìè ìíîãîîáðàçèÿìè è îäíîðîäíûìè ïðî-
ñòðàíñòâàìè. Ïóñòü x, y, z � êîîðäèíàòû â A3. Ïîâåðõíîñòü Äàíèëåâñêîãî � ýòî ïî-
âåðõíîñòü, çàäàííàÿ â A3 óðàâíåíèåì xzn = f(y), ãäå n ∈ Z>0 è f ∈ K[y]. Äâå ïîâåðõíî-
ñòè Äàíèëåâñêîãî ñ ïàðàìåòðàìè n1, n2 ∈ Z>0 è ìíîãî÷ëåíàìè f1(y), f2(y) èçîìîðôíû
òîãäà è òîëüêî òîãäà, êîãäà n1 = n2 è f1(y) = af2(by + c) äëÿ íåêîòîðûõ a, b ∈ K×,
c ∈ K, ñì. [Da04, Lemma 2.10].
Èçâåñòíî, ÷òî ïðè n ̸= 1 ïîâåðõíîñòü Äàíèëåâñêîãî xzn = f(y) íå ÿâëÿåòñÿ îä-

íîðîäíîé; íàïðèìåð, ýòî ñëåäóåò èç îïèñàíèÿ å¼ ãðóïïû àâòîìîðôèçìîâ, íàéäåííîãî
â [ML01]. Ëåãêî ïðîâåðèòü, ÷òî ïîâåðõíîñòü X ãëàäêàÿ òîãäà è òîëüêî òîãäà, êîãäà
ìíîãî÷ëåí f íå èìååò êðàòíûõ êîðíåé. Ïóñòü X çàäàíà óðàâíåíèåì xz = f(y), ãäå
f íå èìååò êðàòíûõ êîðíåé. Çàìåòèì, ÷òî X � îäíîðîäíîå ìíîãîîáðàçèå. Äåéñòâè-
òåëüíî, ïîâåðõíîñòü X ÿâëÿåòñÿ íàäñòðîéêîé íàä àôôèííîé ïðÿìîé, ïîýòîìó îíà ãèá-
êàÿ [AKZ12]. Â ñîîòâåòñòâèè ñ [AFKKZ13], äåéñòâèå ãðóïïû SAut(X) òðàíçèòèâíî íà
ìíîæåñòâå ãëàäêèõ òî÷åê â X, êîòîðîå ñîâïàäàåò ñ X, òàê êàê X ãëàäêàÿ.

Òåîðåìà 4 ([AZ24, Theorem 3]). Ïóñòü X � àôôèííàÿ ïîâåðõíîñòü, çàäàííàÿ â A3

óðàâíåíèåì xz = f(y), ãäå f � íåïîñòîÿííûé ìíîãî÷ëåí áåç êðàòíûõ êîðíåé. Òîãäà

X ÿâëÿåòñÿ îäíîðîäíûì ìíîãîîáðàçèåì, íî íå ÿâëÿåòñÿ îäíîðîäíûì ïðîñòðàíñòâîì

òîãäà è òîëüêî òîãäà, êîãäà deg f ⩾ 3.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû ìû èñïîëüçóåì êëàññèôèêàöèþ ïîâåðõíîñòåé, äî-
ïóñêàþùèõ òàêîå äåéñòâèå àëãåáðàè÷åñêîé ãðóïïû ñ îòêðûòîé îðáèòîé, ÷òî äîïîëíå-
íèå ê ýòîé îðáèòå êîíå÷íî; ñì. [Gi71, Po73]. Äëÿ deg f = 1 è deg f = 2 ïîâåðõíîñòü X
èçîìîðôíà àôôèííîìó ïðîñòðàíñòâó A2 è îäíîðîäíîìó ïðîñòðàíñòâó SL2 /T ñîîòâåò-
ñòâåííî, ãäå T � ìàêñèìàëüíûé òîð â SL2.
Òàêæå ìû ñòðîèì àôôèííûå íàäñòðîéêè ïðîèçâîëüíîé ðàçìåðíîñòè, êîòîðûå

ÿâëÿþòñÿ îäíîðîäíûìè ìíîãîîáðàçèÿìè, íî íå ÿâëÿþòñÿ îäíîðîäíûìè ïðîñòðàí-
ñòâàìè [AZ24, Theorem 4]. Ýòè ãèïåðïîâåðõíîñòè çàäàíû óðàâíåíèÿìè âèäà uv =
p0(y) . . . pd(y), ãäå u, v è y = (y1, . . . , yn−1) îáîçíà÷àþò êîîðäèíàòû â An+1, pi ∈ K[y] �
íåïðèâîäèìûå ìíîãî÷ëåíû è p0 � ïåðåìåííàÿ â K[y]. Â äîêàçàòåëüñòâå ìû èñïîëü-
çóåì, ÷òî ðàíã ãðóïïû Ïèêàðà ìíîãîîáðàçèÿ X íå ïðåâîñõîäèò ðàçìåðíîñòè X, åñëè
X � îäíîðîäíîå ïðîñòðàíñòâî [AZ24, Lemma 2].

4. Àääèòèâíûå äåéñòâèÿ íà ïðîåêòèâíûõ ãèïåðïîâåðõíîñòÿõ

Â ðàáîòå [AZ22] ìû èçó÷àåì àääèòèâíûå äåéñòâèÿ, òî åñòü ýôôåêòèâíûå ðåãóëÿð-
íûå äåéñòâèÿ ãðóïïû Gn

a ñ îòêðûòîé îðáèòîé. Ìû ïðèìåíÿåì ñîîòâåòñòâèå Õàññåòòà-
×èíêåëÿ äëÿ èçó÷åíèÿ èíäóöèðîâàííûõ àääèòèâíûõ äåéñòâèé íà ïðîåêòèâíûõ ãèïåð-
ïîâåðõíîñòÿõ, òî åñòü àääèòèâíûõ äåéñòâèé, êîòîðûå ìîãóò áûòü ïðîäîëæåíû äî äåé-
ñòâèÿ íà îáúåìëþùåì ïðîåêòèâíîì ïðîñòðàíñòâå. Áîëåå òî÷íî, ñóùåñòâóåò áèåêöèÿ
ìåæäó èíäóöèðîâàííûìè àääèòèâíûìè äåéñòâèÿìè íà ãèïåðïîâåðõíîñòÿõ â Pn+1, íå
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ÿâëÿþùèõñÿ ãèïåðïëîñêîñòÿìè, è ïàðàìè (A,U), ãäå A � ëîêàëüíàÿ êîììóòàòèâíàÿ
àññîöèàòèâíàÿ àëãåáðà ñ åäèíèöåé ðàçìåðíîñòè n + 2 ñ ìàêñèìàëüíûì èäåàëîì m è
U ⊆ m � ïîäïðîñòðàíñòâî ðàçìåðíîñòè n, ïîðîæäàþùåå àëãåáðó A.

Îïðåäåëåíèå 2. Ïóñòü ïðîåêòèâíàÿ ãèïåðïîâåðõíîñòü X ⊆ Pn+1 ñòåïåíè d çàäàíà
óðàâíåíèåì f(z0, . . . , zn+1) = 0. Ãèïåðïîâåðõíîñòü X íàçûâàåòñÿ íåâûðîæäåííîé, åñëè
íå ñóùåñòâóåò òàêîé ëèíåéíîé çàìåíû ïåðåìåííûõ, ÷òî êîëè÷åñòâî ïåðåìåííûõ â f
ïîñëå ýòîé çàìåíû íå ïðåâîñõîäèò n+ 1.

Êîíå÷íîìåðíàÿ êîììóòàòèâíàÿ àññîöèàòèâíàÿ àëãåáðà íàçûâàåòñÿ ãîðåíøòåéíîâîé,
åñëè ðàçìåðíîñòü öîêîëÿ SocA = {x ∈ A | mx = 0} ðàâíà 1. Îêàçûâàåòñÿ, ÷òî ñëó÷àé
íåâûðîæäåííûõ ãèïåðïîâåðõíîñòåé ñîîòâåòñòâóåò ãîðåíøòåéíîâûì ëîêàëüíûì àëãåá-
ðàì. Áîëåå òî÷íî, èíäóöèðîâàííûå àääèòèâíûå äåéñòâèÿ íà íåâûðîæäåííûõ ãèïåðïî-
âåðõíîñòÿõ X ñòåïåíè d â Pn+1 íàõîäÿòñÿ â áèåêöèè ñ ïàðàìè (A,U), ãäå A � ãîðåí-
øòåéíîâà àëãåáðà ðàçìåðíîñòè n+2 ñ öîêîëåì md è m = U ⊕md [AZ22, Òåîðåìà 2.30].
Íåñêîëüêî ðåçóëüòàòîâ îá àääèòèâíûõ äåéñòâèÿõ ìîãóò áûòü äîêàçàíû ñ èñïîëüçî-

âàíèåì ýòîé òåõíèêè. Â ÷àñòíîñòè, ìû äîêàçûâàåì, ÷òî èíäóöèðîâàííîå àääèòèâíîå
äåéñòâèå íà íåâûðîæäåííîé ïðîåêòèâíîé ãèïåðïîâåðõíîñòè åäèíñòâåííî, åñëè îíî ñó-
ùåñòâóåò.

Òåîðåìà 5 ([AZ22, Òåîðåìà 2.32]). Ïóñòü X ⊆ Pn+1 � íåâûðîæäåííàÿ ãèïåðïîâåðõ-

íîñòü. Òîãäà ñóùåñòâóåò íå áîëåå îäíîãî èíäóöèðîâàííîãî àääèòèâíîãî äåéñòâèÿ

íà X ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè.

×òîáû äîêàçàòü òåîðåìó, ìû ðàññìàòðèâàåì d-ëèíåéíóþ ôîðìó F , ñîîòâåòñòâóþ-
ùóþ óðàâíåíèþ ãèïåðïîâåðõíîñòè X. Îáîçíà÷èì

KerF = {x ∈ A | F (x, z(2), . . . , z(d)) = 0 ∀z(2), . . . , z(d) ∈ A}.
Ìû ïîêàçûâàåì, ÷òî KerF � ìàêñèìàëüíûé èäåàë àëãåáðû A, ñîäåðæàùèéñÿ â U ,
ãäå (A,U) � ïàðà, ñîîòâåòñòâóþùàÿ ãèïåðïîâåðõíîñòè X; ñì. [AZ22, Ëåììà 2.19(b)].
Óñëîâèå íåâûðîæäåííîñòè X îçíà÷àåò, ÷òî KerF = 0, ïîýòîìó â A íåò íåíóëåâûõ èäå-
àëîâ, ñîäåðæàùèõñÿ â U . Ýòî êëþ÷åâîå íàáëþäåíèå â äîêàçàòåëüñòâå åäèíñòâåííîñòè
ïàðû (A,U).

Ñïèñîê ëèòåðàòóðû

[AH06] Klaus Altmann and J�urgen Hausen. Polyhedral divisors and algebraic torus actions. Math. Ann. 334
(2006), no. 3, 557-607

[Ar18] Ivan Arzhantsev. In�nite transitivity and special automorphisms. Ark. Mat. 56 (2018), no. 1, 1-14
[ADHL15] Ivan Arzhantsev, Ulrich Derenthal, Juergen Hausen, and Antonio Laface. Cox rings. Cambridge

Stud. Adv. Math., no. 144, Cambridge Univ. Press, 2015, 530 pages
[AFKKZ13] Ivan Arzhantsev, Hubert Flenner, Shulim Kaliman, Frank Kutzschebauch, and Mikhail

Zaidenberg. Flexible varieties and automorphism groups. Duke Math. J. 162 (2013), no. 4, 767-823
[AHHL14] Ivan Arzhantsev, J�urgen Hausen, Elaine Herppich, and Alvaro Liendo. The automorphism group

of a variety with torus action of complexity one. Mosc. Math. J. 14 (2014), no. 3, 429-471
[AG10] Ivan Arzhantsev and Sergey Gaifullin. Cox rings, semigroups, and automorphisms of a�ne varieties.

Sb. Math. 201 (2010), no. 1-2, 1-21
[AG17] Ivan Arzhantsev and Sergey Gaifullin. The automorphism group of a rigid a�ne variety. Math.

Nachr. 290 (2017), no. 5-6, 662-671
[AK15] Ivan Arzhantsev and Polina Kotenkova. Equivariant embeddings of commutative linear algebraic

groups of corank one. Doc. Math. 20 (2015), 1039-1053
[AKZ12] Ivan Arzhantsev, Karine Kuyumzhiyan, and Mikhail Zaidenberg. Flag varieties, toric varieties,

and suspensions: three instances of in�nite transitivity. Sb. Math. 203 (2012), no. 7, 923-949



12

[APS14] Ivan Arzhantsev, Alexander Perepechko, and Hendrik Suess. In�nite transitivity on universal
torsors. J. Lond. Math. Soc. 89 (2014), no. 3, 762-778

[AP14] Ivan Arzhantsev and Andrey Popovskiy. Additive actions on projective hypersurfaces. In:
Automorphisms in Birational and A�ne Geometry, Springer Proc. Math. Stat., 79, Springer, 2014,
17-33

[AS11] Ivan Arzhantsev and Elena Sharoyko. Hassett-Tschinkel correspondence: Modality and projective
hypersurfaces. J. Algebra 348 (2011), no. 1, 217-232

[Bat93] Victor Batyrev. Quantum cohomology rings of toric manifolds. Soc. Math. France, Ast�erisque 218
(1993), 9-34

[Baz13] Ivan Bazhov. Additive structures on cubic hypersurfaces. arXiv:1307.6085, 8 pages
[BH03] Florian Berchtold and J�urgen Hausen, Homogeneous coordinates for algebraic varieties, J. Algebra

266 (2003), no. 2, 636-670
[Bi22] Boris Bilich. Classi�cation of noncommutative monoid structures on normal a�ne surfaces. Proc.

Amer. Math. Soc. 150 (2022), no. 10, 4129-4144
[Br21] Michel Brion. Some automorphism groups are linear algebraic. Mosc. Math. J. 21 (2021), no. 3,

453-466
[Cox95] David Cox. The homogeneous coordinate ring of a toric variety. J. Algebraic Geom. 4 (1995), no. 1,

17-50
[CLS11] David Cox, John Little, and Henry Schenck. Toric Varieties. Grad. Stud. Math. 124, Amer. Math.

Soc., Providence, RI, 2011
[Da04] Daniel Daigle. Locally nilpotent derivations and Danielewski surfaces. Osaka J. Math. 41 (2004),

no. 1, 37-80
[De70] Michel Demazure. Sous-groupes alg�ebriques de rang maximum du groupe de Cremona. Ann. Sci.

�Ec. Norm. Sup�er. 3 (1970), 507-588
[Du04] Adrien Dubouloz. Completions of normal a�ne surfaces with a trivial Makar-Limanov invariant.

Michigan Math. J. 52 (2004), no. 2, 289-308
[FZ05] Hubert Flenner and Mikhail Zaidenberg. Locally nilpotent derivations on a�ne surfaces with a

C∗-action. Osaka J. Math. 42 (2005), no. 4, 931-974
[Fu93] William Fulton. Introduction to toric varieties. Annales of Math. Studies 131, Princeton University

Press, Princeton, NJ, 1993
[Ga08] Sergey Gaifullin. A�ne toric SL(2)-embeddings. Sb. Math. 199 (2008), 319-339
[Ga21] Sergey Gaifullin. Automorphisms of Danielewski varieties. J. Algebra 573 (2021), 364-392
[Gi70] Marat Gizatullin. On a�ne surfaces that can be completed by a nonsingular rational curve. Math.

USSR-Izv. 4 (1970), no. 4, 787-810
[Gi71] Marat Gizatullin. A�ne surfaces which are quasihomogeneous with respect to an algebraic group.

Math. USSR-Izv. 5 (1971), no. 4, 754-769
[GD77] Marat Gizatullin and Vladimir Danilov. Automorphisms of a�ne surfaces. II. Math. USSR-Izv. 11

(1977), no. 1, 51-98
[GS19] Neena Gupta and Sourav Sen. On double Danielewski surfaces and the Cancellation Problem.

J. Algebra 533 (2019), 25-43
[HT99] Brendan Hassett and Yuri Tschinkel. Geometry of equivariant compacti�cations of Gn

a . Int. Math.
Res. Not. IMRN 1999 (1999), no. 22, 1211-1230

[HH13] J�urgen Hausen and Elaine Herppich. Factorially graded rings of complexity one. In: Torsors, �etale
homotopy and applications to rational points. London Math. Soc. Lecture Note Ser. 405, 414-428, 2013

[HHS11] J�urgen Hausen, Elaine Herppich, and Hendrik S�uß. Multigraded factorial rings and Fano varieties
with torus action. Doc. Math. 16 (2011), 71-109

[HS10] J�urgen Hausen and Hendrik S�uß. The Cox ring of an algebraic variety with torus action. Adv.
Math. 225 (2010), no. 2, 977-1012

[HW17] J�urgen Hausen and Milena Wrobel. Non-complete rational T -varieties of complexity one. Math.
Nachr. 290 (2017), no. 5-6, 815-826

[HK00] Yi Hu and Sean Keel. Mori Dream Spaces and GIT. Michigan Math. J. 48 (2000), no. 1, 331-348
[Hu75] James Humphreys. Linear Algebraic Groups. Grad. Texts in Math. 21, Springer, New York, 1975
[KZ99] Shulim Kaliman and Mikhail Zaidenberg. A�ne modi�cations and a�ne hypersurfaces with a very

transitive automorphism group. Transform. Groups 4 (1999), no. 1, 53-95



13

[KL84] Friedrich Knop and Herbert Lange. Commutative algebraic groups and intersections of quadrics.
Math. Ann. 267 (1984), no. 4, 555-571

[KM12] Karine Kuyumzhiyan and Fr�ed�eric Mangolte. In�nitely transitive actions on real a�ne suspensions.
J. Pure Appl. Algebra 216 (2012), no. 10, 2106-2112

[Li10] Alvaro Liendo. A�ne T-varieties of complexity one and locally nilpotent derivations. Transform.
Groups 15 (2010), no. 2, 389-425

[LRU22] Alvaro Liendo, Andriy Regeta and Christian Urech. On the characterization of Danielewski
surfaces by their automorphism groups. Transform. Groups 27 (2022), 181-187

[ML01] Leonid Makar-Limanov. On the group of automorphisms of a surface xny = P (z). Israel J. Math.
121 (2001), 113-123

[Po73] Vladimir Popov. Classi�cation of a�ne algebraic surfaces that are quasihomogeneous with respect
to an algebraic group. Math. USSR-Izv. 7 (1973), no. 5, 1039-1056

[Pu88] Mohan Putcha. Linear Algebraic Monoids. London Math. Soc. Lecture Notes, vol. 133, Cambridge
Univ. Press, Cambridge, 1988

[Re05] Lex Renner. Linear Algebraic Monoids. Encyclopaedia Math. Sci. 134, Springer, Berlin, 2005
[Ri98] Alvaro Rittatore. Algebraic monoids and group embeddings. Transform. Groups 3 (1998), no. 4,

375-396
[Ri07] Alvaro Rittatore. Algebraic monoids with a�ne unit group are a�ne. Transform. Groups 12 (2007),

no. 3, 601-605
[Sh17] Anton Shafarevich. Flexibility of a�ne horospherical varieties of semisimple groups. Sb. Math. 208

(2017), no. 2, 285-310
[St96] Bernd Sturmfels. Gr�obner Bases and Convex Polytopes. Univ. Lecture Ser. 8, Amer. Math. Soc.,

Providence, RI, 1996
[Vi95] Ernest Vinberg. On reductive algebraic semigroups. In: Lie Groups and Lie Algebras, E.B. Dynkin

Seminar, S. Gindikin and E. Vinberg, Editors, AMS Transl. 169, 145-182, Amer. Math. Soc., 1995


	Введение
	Описание области исследования
	Основные результаты
	Публикации
	Апробация

	1. Локально нильпотентные дифференцирования на триномиальных алгебрах
	2. Аффинные алгебраические моноиды
	3. Аффинные однородные пространства
	4. Аддитивные действия на проективных гиперповерхностях
	Список литературы

