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Introduction

The work is dedicated to the study of moduli spaces of meromorphic differentials on algebraic curves.
In the first part we study spaces of holomorphic differentials. Using the methods developed in this
part we extend them further to study spaces of differentials with poles.

Moduli spaces of holomorphic differentials. Elements of the space H, of holomorphic dif-
ferentials on genus g Riemann surfaces, are referred to as translation surfaces or flat surfaces. They
arise naturally in the study of various basic dynamical systems. Defining a holomorphic 1-form w on a
compact Riemann surface X is the same as giving a collection of charts on X such that the transition
maps are translations; the charts are allowed to be ramified at finitely many points corresponding to
the zeros of w and are given locally, in a neighborhood of a point 2, € X, by z — f;ﬂ w. These special
charts of (X,w) have an echo on strata of the moduli space H,(x) consisting of genus g Riemann
surfaces endowed with holomorphic 1-forms having zeros of given multiplicities k = (k1, ..., k,). The
strata are themselves locally modeled on complex vector spaces, with transition functions between
charts being linear functions, called “period coordinates”. Local coordinates of the period atlas are:
integrals of the differential along closed loops on the surface punctured at the poles (absolute periods)
together with integrals of the differential along paths joining distinct zeroes (relative periods).

Isoperiodic foliation. Fixing the absolute periods defines on each stratum H,(x) the isoperiodic
foliation, also known in the literature as Rel or Kernel foliation. Isoperiodic foliation was studied for
example in [17], [7], [29].

GL3 (R) action. The group GLj (R) acts on the space of differentials. This action preserves the
stratification of the space of differentials by the orders of their zeroes. The action of GLj (R) is locally
given in period coordinates by a diagonal action on a product of copies of C = R2, or explicitly in

terms of the real and imaginary parts of the holomorphic 1-form as

a b Re(w) aRe(w) 4+ bIm(w)
c d] \Im(w) cRe(w) + dIm(w)

Orbits and orbit closures. Problems of classification of closed orbits, orbit closures and the



classification of finite measures with respect to this action lead to many interesting results. Masur [26]
and Veech [40] proved independently that there is a natural finite probability measure of Lebesgue
class on the subset of unit area flat surfaces, known today as Masur-Veech measure. The action of
the subgroup SLs(R) preserves this measure. Following the Hopf argument in ergodic theory, Masur
and Veech deduced that the action of the diagonal subgroup of SL,(R) is ergodic with respect to this
measure. Hence most orbits are dense.

The first SLs(R)-closed orbits were discovered by Veech [42]. Those were surfaces such that their
stabilizer is a lattice in SLs(R), for the proof, see, for example, [41]. For more results relating the
properties of the SLy(R)-orbits and the geometry of a given flat surface see, for example, Masur [25],
Minsky and Weiss [31], Smillie and Weiss [36].

The fact that the stabilizer of a closed orbit is a lattice implies that the projection of a closed orbit
in Hy(k) to the moduli space of Riemann surfaces M, is an algebraic curve. In fact all isometrically
immersed curves in M, (known as Teichmiiller curves) are projections of closed orbits up to a “double
covering” relating quadratic differentials to Abelian differentials.

One family of examples of closed orbits comes from square-tiled surfaces, which are finite-sheet
tori coverings. The problem of constructing more closed orbits appeared to be very difficult, since
computing the stabilizer explicitly for a given translation surface is usually hard, for a known algo-
rithm, see the work of Mukamel [35]. The other known set of examples of such orbits was discovered
by studying GL3 (R) orbit closures.

Affine-invariant submanifolds. From the work of Eskin, Mirzakhani and Mohammadi [11] it
is known that GLj (R)-invariant subsets are finite unions of affine-invariant submanifolds. The latter
is the image of a proper immersion of an open connected manifold to a stratum Hy(k) such that the
image of each point together with a small neighbourhood is determined by linear equations in period
coordinates with real coefficients and the vanishing constant term.

On the other side, any affine-invariant submanifold is GLj (R)-invariant, this is a much easier
observation, for the proof see i.e. [44]. There are only countably many affine invariant submanifolds
[11], [43].

Form the above, closed GLj (R) orbits are the same as 2-dimensional affine-invariant submanifolds.



Prym eigenforms. Moller proved that over the 2-dimensional orbit closures, the zeroes of
the holomorphic 1-forms must map to torsion points on (a factor of) the Jacobian [32], [33]. Filip
generalized the result for higher dimensions in [13], [14], showing that affine invariant submanifolds are
quasiprojective varieties. In particular, this means that any GL; (R) orbit closure can be completely
defined in terms of algebraic conditions on the Jacobian.

The first examples of affine-invariant submanifolds are due to McMullen in 28], where he described
orbit-closures for some flat surfaces of genus 2. A complete classification in genus 2 was obtained by the
same author in [30]. He proved that if an orbit is neither closed nor dense, then it is a Prym eigenform.
The latter are surfaces admitting a special kind of involution, such that the Prym subvariety of the
Jacobian defined with respect to this involution admits real multiplication by some quadratic order
(see sect. 1.4 for the exact definitions).

In [27], infinite families of Prym eigenforms, called Prym eigenform loci, are constructed in genus
up to 5. It is shown that they cannot exist for higher genera. Each locus is proven to be a GLJ (R)
invariant subset. The construction depends on the discriminant of the quadratic order and only allows
to construct loci whose connected components are orbit closures. In the case of genus 2, the number
of connected components of the loci for both strata were computed in [30].

The question of deducing the individual orbit-closures in Prym eigenform loci in genera 3,4 was
solved for some strata in the series of papers by Lannaeu and Nguyen [21], [23], [24], [22].

In this work we solve the problem for the highest possible genus 5, for the stratum Hs(4,4), where
a 1-form has two zeroes of order 4. We show that each Prym eigenform locus is a single orbit closure,
see 1.9.

The methods used in our work extend the approach developed by Lanneau and Nguyen. The
major tool that we use is isoperiodic transformations of Prym eigenforms.

An isoperiodic deformation of a translation surface (X,w) € Hy(k) is a path (X;,w:),t € [a,b],
within the stratum H,(x) such that for any absolute homology class ~, the value of f7 wy is constant.
Surfaces obtained by isoperiodic transformations from Prym eigenforms also belong to the Prym
eigenform loci.

Moduli spaces of meromorphic differentials. The notion of a translation surface may be



generalized to the case of meromorphic 1-forms. A Riemann surface X endowed with a non-zero
meromorphic 1-form ¢ on it is referred to as a flat surface with poles or a non-compact translation
surface. Let h = (hy,--- ,h,) be a tuple of positive integers such that Y  h; > 1, and let M, ,(h)
denote the moduli space of pairs (X, () where X is a compact Riemann surface of genus g and ( is a
meromorphic differential with poles of order h; at the marked points Py, ..., P,.

The space is stratified by the multiplicities of the zeroes. Period coordinates on the strata may be
defined using the relative cohomology group of the punctured surface X \ {Py,..., P,}.

The connected components of the strata were classified by Boissy [5]. There is a natural GLJ (R)-
action on the moduli space, and the moduli space can be endowed with an analogue of the Ma-
sur—Veech measure; however its total volume is infinite. While the G L3 (R)-action may have positive-
dimensional stabilizers in this case, the notion of Teichmiiller curves can still be introduced, and a
classification of such objects is given in [34]. In [37], [38] the geometry of the connected compo-
nents is studied. The strata decompose into chambers, which are separated by the locus called the
discriminant. The discriminant is known to be a GLJ (R)-invariant codimension 1 hypersurface.

The fibration of the strata by fibers consisting of 1-forms with prescribed residues at the poles is
studied in [15].

The existence of local period coordinates allows one to define the isoperiodic foliation on the strata
similar to the case of holomorphic differentials. The properties of the foliation were recently studied
in [12| for the case of genus 1 surfaces, where the meromorphic 1-form has a single order two pole and
two simple zeroes.

The isoperiodic foliation on the subspace of the moduli space of meromorphic differentials with all
periods being real was studied in [20]. Such meromorphic 1-forms are referred to as real normalized
differentials. They are central objects in the Whitham perturbation theory of algebraic-geometrical
solutions of the integrable systems. In [16], it was shown that certain structures and constructions
of the Whitham theory can be instrumental in understanding the geometry of the moduli spaces of
Riemann surfaces with marked points. In particular, a new proof of Diaz’ bound on the dimension
of complete subvarieties of the moduli spaces was obtained. In [19], real normalized differentials

were used for a proof of Arbarello’s conjecture [10]. Another context, where normalized differentials



arise, is the asymptotic analysis of complex-orthogonal polynomials, see e.g. [9], [3], [2]. Very recently
real normalized differentials were used as a tool to study spaces of solutions of a given degree of the
complex Pell-Abel equations in [4].

In this work, we further investigate properties of the isoperiodic foliation on the space of real-
normalized differentials with a single pole of order two for genus ¢ curves. This space (denoted R,)
is stratified by the multiplicities of the zeroes and the strata are denoted R, (k).

Combinatorial model. A combinatorial model of the principal stratum (where all the zeroes
have order 1) of the space of real-normalized differentials with a single pole of order two suggested in
[20] describes isoperiodic transformations using tools from the theory of Vassiliev knot invariants. In
this work we use this description to characterize the leaves of the isoperiodic foliation on this stratum.

An additive group isomorphic to Z29 together with its homomorphism to C, endowed with a
symplectic form, is called a polarized module [29].

We show that for a given group of rank 2g, the corresponding polarized modules enumerate the
leaves of the isoperiodic foliation on the principal stratum, see 2.2.

In the next sections we provide the general background and state the obtained results. The second
section serves to explain the notion of translation surfaces, the moduli spaces of translation surfaces
and the Prym eigenform loci. The third section is dedicated to the moduli spaces of meromorphic

differentials and of real-normalized differentials.
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1 Translation surfaces

An Abelian differential w on a Riemann surface X is a global holomorphic section of the cotangent
bundle of X. The complex vector space of Abelian differentials on a Riemann surface X is de-
noted H?(X). For a genus g surface X, dim¢ H"°(X) = g. Since every nonzero Abelian differential
on X is a closed but not an exact 1-form on X, the space H'°(X) is naturally identified with a

subspace of H'(X,C), the first cohomology group of X.



A holomorphic Abelian differential w on a genus g > 1 surface has 2g—2 zeroes, taking multiplicities
into account. Let ¥ denote the set of zeroes of w. Then there is an atlas of charts on X\X such that
all the transition maps are translations. At any regular point py € X\X there is a local coordinate
z such that w = dz. This choice is unique up to translation, because for any holomorphic function
f,if df = dz, then z = f + C for some constant C. At a point where w has a zero of order k, there
exists a local coordinate z such that w = 2Fdz. Indeed, let w be a local coordinate on X and suppose
w vanishes to order k at w = 0. Then locally w = w¥g(w)dw, where g is a holomorphic function
non-vanishing at w = 0. Define the new local coordinate z by taking a (k + 1)-st root of the following;:
= (k+1) [ g(t)tkdt.

A pair (X,w) is called a translation surface. It is also called a flat surface, since the 1-form w
induces a flat metric on X'\X. In the chosen coordinate z such that w = dz, if we put z = x + iy, the
metric reads w @ @ = dx®? + dy®?. The metric does not extend to the set of zeroes Y, it is assumed to

have singularities at these points. Points at which w vanishes to order k are also called singularities

of order k.

1.1 Moduli space of translation surfaces

If (X,w) and (X’,w’) are such that there is a biholomorphism f : X — X’ with f.w’ = w, then f is
an isometry for the metrics defined by w and w’. Moreover, for the local coordinates defined by w, w’,
the map f is in fact a translation.

Consider the moduli space of pairs (X,w), where X is a Riemann surface of genus ¢ and w a
holomorphic one-form on X (an Abelian differential). Two pairs are equivalent, (X,w) ~ (X', '), if
there is a biholomorphism f : X — X’ such that f.w’ = w. Denote this space by H,. It is a C9-vector
bundle over the moduli space M, of Riemann surfaces.

The space H, is stratified by the strata H,(x) corresponding to unordered partitions x - 2¢g — 2,
Kk = (K1,...,kn), It is known that H,(k) is an algebraic variety and a complex orbifold of dimension
2g +n — 1. In general, it is not a fiber bundle over M,. Not all the H,(x) appear to be connected,

this fact was first observed by W. Veech, see [39).



1.2 GL3(R) action

The group GL3 (R) of 2 x 2-matrices over reals with positive determinants naturally acts on the
complex line C if we represent the latter as the real plane C = R @ :R. This action induces the action

of GL} (R) on the space H,(x) defined by
VG eGL;(R)  @(Go(X,w,[)) =Go®(X,w,f).

Here @ is the period map, defined in 1.5. The action descends to an action on H,(x) in a way

making the canonical projection G L3 (R)-equivariant.

1.3 Affine-invariant orbifolds

Definition 1. [Affine invariant orbifold] An affine invariant orbifold is a closed connected subset M
of Hy(k) obtained as the image of a complex orbifold M under a proper immersion i : M — H,y(k)
that satisfies the following property: for any x € M, there is an open set U around x, an orbifold

chart (V,¢) around i(x) and an R-linear vector subspace W of H' (X, 3, R) such that
WWU)No(V)=9(VNW & C). (1)

Affine invariant orbifolds are invariant under the action of GLJ (R) and the converse was also

shown to be true. Unions of affine invariant orbifolds are called affine invariant loci.

1.4 Prym eigenform loci

Examples of affine invariant loci in genera < 5, consisting of surfaces with specific symmetry, are
known today as Prym eigenform loci. Let X be a compact Riemann surface equipped with an
automorphism p : X — X of order two.

The action of p determines a splitting Q(X) =Q(X)~® Q(X)* of the space of Abelian differentials
on X into even and odd 1-forms: w € Q(X)* iff p*(w) = w. The sublattices H,(X,Z)* C H(X,Z)

consisting of even and odd cycles, respectively, are defined in a similar way. Let (£2(X)~)* denote the
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C-dual vector space to (£2(X)7).

Definition 2. (Prym wvariety) The Prym wvariety P= Prym(X,p) = (QUX)")*/H1(X,Z)~ is the
Abelian subvariety of Jac(X) = Q(X)*/H1(X,Z) consisting of the 1-forms that are odd with respect

to p.

We refer to (X))~ as the space of Prym forms on (X, p). Note that Q(X)" is canonically isomor-
phic to Q(Y), Y = X/p, and thus dim P = g(X) — ¢g(Y'). The variety P is canonically polarized by
the intersection pairing on H(X,7Z)".

Let End(P) denote the endomorphism ring of a polarized Abelian variety P ~ C9/L. We can re-
gard elements of End(P) as complex-linear maps 7: C9 — C¥ such that T'(L) = L. An endomorphism
is called self-adjoint if it satisfies (T'x,y) = (x, T'y) with respect to the symplectic pairing of =,y € P.
Let D > 0 be an integer congruent to 0 or 1 mod 4, and let Op =~ Z[t]/(t* + bt + ¢), D = b* — 4c,
for integers b and ¢, be a real quadratic order of discriminant D. The variety P is said to admit real
multiplication by Op if dimcP = 2, and there is a proper sub-ring R ~ Op C End(L) generated by
a self-adjoint endomorphism 7' € End(L). (Here “proper” means that if U € End(L), and nU # 0
belongs to R, then U € R).

Prym eigenforms. Now suppose P = Prym(X,p) is a Prym variety with real multiplication
by Op. Then Op also acts on Q(P) ~ Q(X)~, and the space of odd forms splits into a pair of one-

dimensional eigen-spaces of this action. We say w € Q(X)~ is a Prym eigenform if 0 # Op - w C Cw.

The following proposition was proven by McMullen [27]:

Proposition 1. The closure of the G Ly (R)-orbit of any Prym eigenform is a rank one affine invariant

orbifold.

The union of these orbit closures for the Prym eigenforms, for a given D, is denoted QFp. It
admits the stratification QEp (k) indexed by the multiplicities of the zeroes, which is induced by the

stratification {Hy(k)} of the ambient space H,.

11



1.5 Period coordinates

Denote by ﬁg(n) the space of equivalence classes of marked translation surfaces (X,w, f), where
f S — X is a homeomorphism from a fixed genus g surface S such that the preimage of the
singularities of w under f is a given subset ¥ C 5, and the orders of the singularities of w are

prescribed by k. The mapping ® defined for every v € Hy(S,%;C) as

®: H(k) — H'(S,%;C)
i (]

is called a period map.

There is a complex structure on H () that turns ® into a local biholomorphism, and if M CG(S, %)
denotes the relative mapping class group of S that fixes X globally, then M CG(S, X) acts almost freely
on ﬁ(/{) by precomposition: ¢ : (X, w, f) — (X,w, fo¢~'). The quotient with respect to this action
is isomorphic to H(k) and the latter is endowed with the complex orbifold structure that turns the

canonical projection m: H (k) — H (k) into a local biholomorphism (in the orbifold sense).

1.6 Isoperiodic foliation

Let (X,w, f) € H(k) be a marked translation surface. Then the subset of the moduli space H (k)
consisting of surfaces whose absolute periods coincide with the image ®(w) of the period map is well-
defined. For any choice of the homology basis {1,...,724} C Hi(X,Z), there are corresponding 2g
values of ®(w). The additive subgroup of C generated by these 2¢g complex numbers is referred to as
the group of absolute periods of w. The subsets in H (k) corresponding to different groups of periods
do not intersect, forming leaves of a foliation of H (k). This foliation is called the absolute isoperiodic
foliation, kernel foliation or Rel foliation.

Let p : H'(S,3;C) — H'(S;C) denote the canonical restriction map. The map po @ is a
MCG(S, ¥)-equivariant submersion. The isoperiodic foliation on the moduli space of non-marked
translation surfaces H(r) is defined as the quotient foliation of the foliation on H (k) by connected

components of the level sets of p o ®.

12



If w has n zeroes ¥y, ..., %, on X, then there are n — 1 degrees of freedom for perturbing (X, w)
to stay in the same leaf. The values ¢;(X,w) = f;lw for 1 = 2,..,n, which are called the relative
periods, provide coordinates on the leaf. We can move along an isoperiodic leaf of (X, w) by changing
t;. Local changes in t; can be constructed via isoperiodic transformations (see 1.8 ).

The complex dimension of the leaves in the principal stratum H,(1*~2) equals 2g — 3 (for g > 2).
The isoperiodic foliation is globally defined on H, = |J,. H,(k), where its leaves have dimension 2¢g — 3.
For k = (9 — 1,9 — 1), the leaves have complex dimension 1 and admit a structure of a Riemann

surface; this is true, in particular, for ¢ = 5, k = (4,4), the case we are interested in.

1.7 Connectedness of QEp(k)

Let F be the isoperiodic foliation in Hy(x) defined in 1.6 and let F,, be the leaf which contains (X, w).
Let M C H(r) be an affine invariant orbifold and let (X,w) € M. Denote by F the connected

component of F,, N M which contains (X, w). The following proposition was proven by Florent Ygouf

(Prop. 2.3 in [45]) :

Proposition 2. Let i : M — H(k) be an immersion such that i(9) = M as in Definition 1. There
is a foliation § on M such that for any (X,w) € M and any x € M such that i(x) = (X,w), there is

a neighbourhood U of x in M such that
i(UNF.) =iU)nF). (2)

The above proposition allows one to define the absolute period foliation restricted to an affine
invariant locus in the following way.

As above, F' are the leaves of an immersed foliation, which will be referred to as the M-isoperiodic
foliation. In other words, we now consider the subset of H,(x), the points in which have the same
absolute periods, with relative periods varied, plus an extra restriction that these points belong to
the given affine invariant manifold.

Note that for the case of Prym eigenform loci, the relative periods do not affect the property

whether the surface belongs to the locus: if (X,w) € QEp(k), then F,, C QEp(k).
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Since the leaves are connected, each leaf is contained in a single connected component of QFEp (k).
An important numerical invariant of affine manifolds is it rank (rk), defined as half the dimension of
its tangent space projected to absolute cohomology. Call an affine invariant orbifold M non absolute
whenever dimc (M) > 2rk(M). A non absolute M-isoperiodic foliation respects the action of GLj (R),

as it is shown in Proposition 2.4 in [45]:

Proposition 3. Let M be a non absolute affine invariant orbifold, let (X,w) be a translation surface

in M, and let g € GLS (R). Then the following holds:

g'Ff)\/[:Fg]\-{X,w) (3)

GLf(R)-FM = M. (4)

The following proposition was proven by Lanneau and Nguyen in ([22], Corollary 3.2) for the
following partitions: x = (1,1),(3,3),(2,2,1,1),(2,2),(1,1,2),(1,1,4), (4,4),(2,2,2):

Proposition 4. Let (X' ') € QEp(k) be a point close enough to (X,w) € QEp(k). Then there
exists a unique pair (g,w), where g € GL3(R) close to id, and w € C, with |w| small, such that

(X)) = g- ((X,w)) +w.

The statement means that a small neighbourhood of a point in QEp (k) can be completely described
using the GL3 (R) action and a 1-parameter deformation of (X,w)+w. In the case of the strata with
two zeroes, the deformation is the isoperiodic deformation, which preserves the absolute periods and

changes all the relative periods by adding the same complex number to each of them.

1.8 Isoperiodic deformations

Schiffer described infinitesimal transformations of Riemann surfaces. They come in 1-parameter fam-
ilies depending on €. A surface obtained by a Schiffer variation from a given flat surface (X, w) admits
a holomorphic 1-form w*, which is the pushforward of w by the locally invertible map correspond-
ing to the variation. After the variation, integrals of the induced 1-form w* along the new cycles,

representing the absolute periods are not changed, that is, the transformation is isoperiodic.
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We describe four isoperiodic deformations and study their properties. First we describe the clas-
sical transformations called shifting a zero, splitting a zero, collapsing a zero using local surgeries.
Then we introduce the transformation called plumbing. If there is a holomorphic 1-form w on a curve
obtained by normalization of a singular complex curve, then the plumbing transformation results in a
non-singular curve of higher genus with the induced holomorphic 1-form w* on it, with the property
that the integrals of w* along the added absolute cycles are all equal to zero, and the non-zero absolute

periods are equal to the ones of w.

1.9 Results

We solve the problem of describing the connected components of Prym eigenform loci in the stratum
Hs(4,4) consisting of Riemann surfaces of the highest possible genus 5 endowed with 1-forms having

two zeroes of order 4.

Theorem 1. Prym eigenform loci QEp(4,4) are non-empty and have a single connected component

for D > 4.

In case of the stratum H;(8) we show that QEp(8) is empty.

2 Moduli spaces of meromorphic differentials

A Riemann surface X endowed with a non-zero meromorphic 1-form ¢ on it is referred to as a flat
surface with poles or a non-compact translation surface.

In a neighbourhood of a pole of order one, a meromorphic 1-form ¢ in local coordinates up to
rescaling may be written as ( = %dz. Then we may choose the coordinate 2’ such that z = e* and
¢ = dZ’. In this coordinate the neighbourhood of a pole of order one is an infinite cylinder. For a pole
Py of order k + 2 > 2, there are two options: either the residue of the 1-form ( is zero, or non-zero at
this point. In the first case an open coordinate neighbourhood (U, () of the point Fy is biholomorphic
to a Euclidean cone of a cone angle 2(k + 1) at z = 0.

In the second case, let r# 0 be the residue around Fy. Then the neighbourhood of P, looks like a

cylinder with holonomy r with & copies of the Euclidean plane attached to it (see [8]). Hence for any
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meromorphic form ¢ on X, a translation atlas may be defined on X\ P((), where P(() is the set of
poles. The translation surface in such metric has infinite area.

For any set of positive integers h = {h,...,h,} let M,,(h) denote the moduli space of curves
of genus ¢ with n marked points { Py, ..., P,} endowed with a meromorphic differential with poles of
order exactly h; at each P;.

If (X, () and (Xy, (p) are such that there is a biholomorphism f : X — X, with f.{y = ¢, then f
is an isometry for the metrics defined by ( and (. As in the case of Abelian differentials, we consider
the moduli space of meromorphic differentials, where (X, () ~ (Xo, (o) if there is a biholomorphism
f: X — Xp such that f.{o = ¢. It is a complex orbifold, dim¢ (M, ,,(h)) =3g—3+n+g—1+>.7 h;.

Similarly to the case of holomorphic differentials, moduli spaces of flat surfaces with poles of fixed
order may be stratified by the multiplicities of the zeroes. Strata are complex-analytic orbifolds (see
Theorem 2.1 in [1]). The complex dimension of such a stratum is 2¢g +n + m — 2, where m is the
number of zeroes and n is the number of poles. Local coordinates are given by the set of residues,
together with absolute and relative periods.

For surfaces of genus one, there are strata of meromorphic differentials with arbitrary number of
connected components (see 1.1 in [5]), while for surfaces of higher genera the spaces may have up to
three connected components (Theorem 1.2 in [5]). Some special cases of flat surfaces with poles were
studied recently, see [5], [6], [12].

Each meromorphic differential ( on a Riemann surface X determines a homomorphism
X : Hi(X\P((),Z) — C, where P(() is the set of poles of (. The map is defined as the integral
x(y) = fﬁ/C € C. If we label the zeroes of ¢ as {z;} for i = 1,..,n and we choose the z; as a base-
point, the relative periods are then defined as fzzf w fori=1,...,n— 1. A foliation on the space,
similar to the isoperiodic foliation defined on the spaces of holomorphic differentials is constructed as
follows (see [16], [18]).

Denote T}, ,,(h) the moduli space of objects as in Mg, (h) together with a chosen symplectic basis
{A;, B;} € Hi(X,Z). The absolute periods along the basis cycles are denoted a; = fA]- ¢.B; = fB]- ¢,
we denote the residues of the 1-form at the poles by p; for i = 1,...,n. Then the foliation L on

T, n(h) is defined by the subvarieties L, ., given by the prescribed values p; = r;,a; = a;j,0; =
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bj,i=1,...,n;j=1,...,9. The leaves of L are permuted by the action of the mapping class group.
Hence the family L of the subvarieties L, ,; for all values of 7, a,b defines a complex foliation on the
space M, ,,(h) (see Lemma 2.4 in [16]). The absolute periods ay, ..., a,, b1, ..., b, generate an additive
subgroup of C, which, in the case all the periods are incommesurable, has rank 2g; such group is

called the group of periods.

2.1 Moduli spaces of real-normalized differentials

Meromorphic differentials such that all their absolute periods are real are referred to as real-normalized.
Note that in this case all the residues of the differential are necessarily imaginary. Denote by M, ;e,fl(h)
the moduli space of genus g curves with n marked points, endowed with a meromorphic real-normalized
differential with poles of the fixed orders hq,...h, at the marked points. Here, as above, the moduli
space means the space of equivalence classes of pairs (X, ), a complex curve and a real-normalized
differential on it. Two pairs (X, ), (Xo, 1o) are equivalent if there is a biholomorphism f: X — X,
s.t. fihg = .

The principal part of a meromorphic differential at a point P on a Riemann surface X is an
equivalence class of meromorphic differentials ¢ in a neighborhood of P, with the equivalence ¢ ~ (’
if and only if ¢ — (' is holomorphic at P.

The power of the real-normalization is in the uniqueness of a real-normalized differential with
prescribed principal parts at the marked points (written out in terms of the jets of local coordinates
at the marked points). Thus the real-normalized differentials provide a section of the bundle of
meromorphic differentials with prescribed pole orders over the moduli space of curves with marked

points, endowed with jets of local coordinates at these points.

Proposition 5. For any fized principal parts of poles with purely imaginary residues, whose sum
is zero, there exists a unique real-normalized meromorphic differential ¢, having prescribed principal

parts at the marked points.

The foliation L induces a foliation of M]%*(h). The space M;%"(h) is a real-analytic orbifold,

hence the foliation L on it is real-analytic, however, each individual leaf carries a complex orbifold
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structure (see [16]). In this work the results refer to meromorphic real-normalized differentials with a
single pole of order 2 (and thus with zero residue at the marked point), we denote the corresponding
space g = M ;’%1(2). Stratification on the space of meromorphic differentials by the multiplicities of
the zeroes induces stratification on the spaces of real-normalized differentials. Stratification on the
moduli spaces of meromorphic differentials by the multiplicities of the zeroes induces a stratification
on the space Ry, the strata are denoted R(k), where x is a partition of 2¢g. The foliation L restricted
on R(k) is denoted L(k).The restriction of a submanifold Lg,p; on R(k) is denoted L(G)(k), where G
— is the group of periods generated by ai,...,a,4,01,...,b,.
We describe the foliation on the principal stratum in the space of real-normalized differentials. First we
review the combinatorial model describing the principal stratum R(129) in the space of real-normalized
differentials R,, suggested in [20]. An arc diagram is associated to a set of points in R(1%9), and the
isoperiodic transformations on the points in R(1%9) are determined by the transformations over the
corresponding arc diagrams, known in the literature as second Vassiliev moves.

Then we extend the model for the stratum R(2,1%972). For this we introduce the notion of a
generalized arc diagram associated ot a set of points in R(2,12972) . The isoperiodic transformations
on the stratum are then described in terms of transformations over the generalized arc diagrams called

the generalized Vassiliev moves.

2.2 Results

For the principal stratum R,(1%9), where the 1-form has 2g zeroes of order one, we obtain the following

result.

Theorem 2. For a group of periods G of rank 2g, the stratum L(G)(129) in the space of real-normalized

differentials with a single pole of order 2 on curves of genus g > 1 has a single connected component.

For the stratum of codimension one in the space of real-normalized differentials with a single pole

of order two, all the other poles being simple, we show that the analogous statement holds.

Theorem 3. For a group of periods G of rank 2g, the stratum L(G)(2,1%72) in the space of real-

normalized differentials with a single pole of order 2 on curves of genus g > 2 has a single connected
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component.

19



3 Main results

The thesis is devoted to the study of geometry of moduli spaces of holomorphic and meromorphic
differentials on complex algebraic curves and foliations of these moduli spaces. The major results

obtained as part of this thesis are stated in the following theorems.

Theorem 1. Prym eigenform loci QFEp(4,4) are non-empty and have a single connected component

for D > 4.

Theorem 2. For a group of periods L of rank 2g, the stratum L(G)(1%9) in the space of real-normalized

differentials with a single pole of order 2 on curves of genus g > 1 has a single connected component.

Theorem 3. For a group of periods G of rank 2g, the stratum L(G)(2,1%72) in the space of real-
normalized differentials with a single pole of order 2 on curves of genus g > 2 has a single connected

component.

20



Bibliography

1]

2l

3]

4]

[5]

(6]

7]

8]

9]

[10]

Matt Bainbridge et al. “Strata of k-differentials”. In: Algebraic Geometry (2016). URL: https:

//api.semanticscholar.org/CorpusID:5063828.

M. Bertola. “Boutroux curves with external field: equilibrium measures without a variational

problem.” In: Anal. Math. Phys. 1(2-3) (2011), pp. 167-211.

M. Bertola and M. Y. Mo. “Commuting difference operators, spinor bundles and the asymptotics
of orthogonal polynomials with respect to varying complex weights.” In: Adv. Math. 220(1)
(2009), pp. 154-218.

Andrei Bogatyrev and Quentin Gendron. “The number of components of the Pell-Abel equations
with primitive solutions of given degree”. In: Russian Mathematical Surveys 78 (Aug. 2023),

pp- 208-210. DOI: 10.4213/rm10082e.

Corentin Boissy. “CONNECTED COMPONENTS OF THE STRATA OF THE MODULI
SPACE OF MEROMORPHIC DIFFERENTIALS”. In: Commentarii Mathematici Helvetici 90
(2012), pp. 255-286.

Corentin Boissy. “Moduli space of meromorphic differentials with marked horizontal separatri-
ces”. In: Algebraic and Geometric Topology 20.5 (2020), pp. 2373-2412. DOIL: 10.2140/agt .

2020.20.2373.

Gabriel Calsamiglia and Bertrand Deroin. “Isoperiodic meromorphic forms: two simple poles”.

In: 2021.

Shabarish Chenakkod, Gianluca Faraco, and Subhojoy Gupta. “Translation surfaces and periods
of meromorphic differentials”. In: Proceedings of the London Mathematical Society 124.4 (2022),

pp. 478-557. DOL: https://doi.org/10.1112/plms.12432.

P. Deift and X. Zhou. “A steepest descent method for oscillatory Riemann-Hilbert problems.”
In: Bull. Amer. Math. Soc. (N.S.) 26(1) (1992), pp. 119-123.

Arbarello Enrico. “Weierstrass points and moduli of curves.” In: Compositio Mathematica 29(3)

(1974), pp. 325-342.

21



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

A. V. Eskin, Maryam Mirzakhani, and A. Mohammadi. “Isolation, equidistribution, and orbit

closures for the SL(2,R) action on Moduli space”. In: arXiv: Dynamical Systems (2013).

Gianluca Faraco, Guillaume Tahar, and Yongquan Zhang. “Isoperiodic foliation of the stratum

(1,1, -2)". In: (May 2023).

Simion Filip. “Semisimplicity and rigidity of the Kontsevich-Zorich cocycle”. In: Inventiones

mathematicae 205 (Sept. 2016). DOI: 10.1007/s00222-015-0643-3.

Simion Filip. “Splitting mixed Hodge structures over affine invariant manifolds”. In: Annals of

Mathematics 183 (Nov. 2013). DOI: 10.4007/annals.2016.183.2.5.

Quentin Gendron and Guillaume Tahar. “Isoresidual fibration and resonance arrangements”. In:

Letters in Mathematical Physics 112 (Apr. 2022). DOI: 10.1007/s11005-022-01528-z.

Samuel Grushevsky and 1. Krichever. “The universal Whitham hierarchy and the geometry of
the moduli space of pointed Riemann surfaces”. In: Surveys in Differential Geometry 14 (Nov.

2008). DOIL: 10.4310/8DG.2009.v14.n1.a4.

Ursula Hamenstadt. “Ergodicity of the absolute period foliation”. In: Israel Journal of Mathe-

matics 225 (Apr. 2018). DOI: 10.1007/s11856-018-1674-4.

[. Krichever and D. Phong. “On The Integrable Geometry Of Soliton Equations And N=2
Supersymmetric Gauge Theories”. In: Journal of differential geometry 45 (Oct. 1998). DOTI:

10.4310/jdg/1214459802.

Igor Krichever. “Real normalized differentials and Arbarello’s conjecture”. In: Functional Anal-
ysis and Its Applications 46 (2011), pp. 110-120. URL: https://api.semanticscholar.org/

CorpusID:85510660.

Igor Krichever, Sergei Lando, and Alexandra Skripchenko. “Real-normalized differentials with a
single order 2 pole”. In: Letters in Mathematical Physics 111 (Apr. 2021). DOI: 10.1007/s11005-

021-01379-0.

E. Lanneau and D. Nguyen. “GL"(2, R)-orbits in Prym eigenform loci”. In: arXiv: Geometric
Topology (2013).

22



[22]

23]

[24]

[25]

26]

[27]

28]

[29]

[30]

[31]

32|

E. Lanneau and D. Nguyen. “Complete periodicity of Prym eigenforms”. In: arXiv: Geometric

Topology (2013).

E. Lanneau and D. Nguyen. “Teichmueller curves generated by Weierstrass Prym eigenforms in

genus three and genus four”. In: arXiv: Geometric Topology (2011).

E. Lanneau and D. Nguyen. “Weierstrass Prym eigenforms in genus four”. In: Journal of The

Institute of Mathematics of Jussieu 19 (2018), pp. 2045-2085.

Howard Masur. “Hausdorff dimension of the set of nonergodic foliations of a quadratic differen-
tial”. In: Duke Mathematical Journal 66.3 (1992), pp. 387—442. DOI: 10.1215/S0012-7094-92-

06613-0. URL: https://doi.org/10.1215/S0012-7094-92-06613-0.

Howard A. Masur. “Interval Exchange Transformations and Measured Foliations”. In: Annals
of Mathematics 115 (1982), p. 169. URL: https://api . semanticscholar . org/CorpusID:

121259003.

C. McMullen. “Prym Varieties and Teichmiiller Curves”. In: Duke Mathematical Journal 133

(2006), pp. 569-590.

Curtis Mcmullen. “Billiards and Teichmiiller curves on Hilbert Modular Surfaces”. In: Journal of

the American Mathematical Society 16 (Aug. 2003). DOI: 10.1090/S0894-0347-03-00432-6.

Curtis Mcmullen. “Moduli spaces of isoperiodic forms on Riemann surfaces”. In: Duke Mathe-

matical Journal 163 (Sept. 2014). DOI: 10.1215/00127094-2785588.

Curtis T. McMullen. “Dynamics of SLy(R) Over Moduli Space in Genus Two”. In: Annals of
Mathematics 165 (2007), pp. 397-456.

Yair Minsky and Barak Weiss. “Nondivergence of horocyclic flows on moduli space”. In: Journal
Fur Die Reine Und Angewandte Mathematik - J REINE ANGEW MATH 2002 (Jan. 2002),

pp. 131-177. DOI: 10.1515/cr11.2002.088.

Martin Moller. “Periodic points on Veech surfaces and the Mordell-Weil group over a Te-
ichmiiller curve”. In: Inventiones mathematicae 165 (2004), pp. 633-649. URL: https://api.

semanticscholar.org/CorpusID: 15474267.

23



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

Martin Moller. “Variations of Hodge Structures of a Teichmiiller Curve”. In: Journal of the
American Mathematical Society 19.2 (2006), pp. 327-344. 1SSN: 08940347, 10886834. URL: http:

//www.jstor.org/stable/20161280 (visited on 04/13/2024).

Martin Moller and Scott Mullane. Teichmiiller curves in hyperelliptic components of meromor-

phic strata. May 2023.

Ronen E. Mukamel. “Fundamental domains and generators for lattice Veech groups”. In: Com-
mentarii Mathematici Helvetici 92 (2017), pp. 57-83. URL: https://api.semanticscholar.

org/CorpusID:15457030.

John Smillie and Barak Weiss. “Minimal sets for flows on moduli space”. In: Israel Journal of

Mathematics 142 (Dec. 2004), pp. 249-260. DOI: 10.1007/BF02771535.

Guillaume Tahar. “Chamber Structure of Modular Curves $$X {1}(N)$$X1(N)”. In: Arnold
Mathematical Journal 4 (2017), pp. 459-481. URL: https://api . semanticscholar . org/

CorpusID:73602876.

Guillaume Tahar. “Counting saddle connections in flat surfaces with poles of higher order”. In:

Geometriae Dedicata 196 (Oct. 2018). DOI: 10.1007/s10711-017-0313-2.

W. A. Veech. “Moduli spaces of quadratic differentials”. In: Journal d’Analyse Math. 55 (1990),

pp. 117-171.

William A. Veech. “Gauss Measures for Transformations on the Space of Interval Exchange
Maps”. In: Annals of Mathematics 115.2 (1982), pp. 201-242. 1SSN: 0003486X. URL: http:

//www . jstor.org/stable/1971391 (visited on 04/10/2024).

William A. Veech. “Geometric Realizations of Hyperelliptic Curves”. In: 1995. URL: https :

//api.semanticscholar.org/CorpusID:96467013.

William A. Veech. “Teichmiiller curves in moduli space, Eisenstein series and an application
to triangular billiards”. In: Inventiones mathematicae 97 (1989), pp. 553-583. URL: https :

//api.semanticscholar.org/CorpusID:189831945.

24



[43]

|44]

|45]

Alex Wright. “The field of definition of affine invariant submanifolds of the moduli space of
abelian differentials”. In: Geometry and Topology 18.3 (2014), pp. 1323-1341. DOI: 10.2140/

gt.2014.18.1323. URL: https://doi.org/10.2140/gt.2014.18.1323.

Alex Wright. “Translation surfaces and their orbit closures: An introduction for a broad audi-

ence”. In: EMS Surveys in Mathematical Sciences 2 (Nov. 2014). DOI: 10.4171/EMSS/9.

F. Ygouf. “A criterion for density of the isoperiodic leaves in rank 1 affine invariant orbifolds”.

In: (Feb. 2020).

25



