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NMpeancnosue

B »T0ii KHUTE MO/ 0THOH 00JI0’)KKOH COOpaHbl yU4eOHbBIE TEKCThI, IO BHEIII-
HOCTH Pa3HOPOJHBIE, HO OTHOCSAIIMECS K OAHOM CPaBHUTEIBHO MOJIONOH 00-
JACTU 4YEJI0BEYECKOHN AEATENbHOCTU. DTO AESTEIbHOCTD 110 CO3JIaHUIO0 U HCCIe-
JIOBaHUIO aJITOPUTMOB, AJIsi KOTOPOH MOKa HE MPUAYMAaHO OOIIEyOTpeOUTENb-
HOTro 00BbEIUHSIOIIEr0 Ha3BaHUs (OHA SIBJIAETCS YacThIO TOT0, YTO OXBATHIBAET-
csl TEepMHHAMU «computer science» U «uH(popMmaTHKay). Paborta B 310l 001acti
TpeOyeT onpesieIeHHbIX MaTeMaTHYeCKHX 3HaHUI U NpeJCcTaBiIeHus o npo0liie-
Max, CBA3aHHBIX C pa3pab0TKOH KOMIBIOTEPHBIX IPOrpaMM, HO OHA HE CBOAUT-
¢Sl K MaTeMaTHKe WA IPOrpaMMHUpPOBaHMIO. E€ poiab MOKHO CPAaBHHUTB C POJIBIO
TEXHOJIOTHH IO OTHOIIEHHIO K HayKe U IIPOU3BOJCTBY.

Marepuain HaCTOSIIIETo OCOOUS B 1I€JIOM COOTBETCTBYET IIPOTpaMMe Kypca
«aHaIu3 M pa3pabOTKa aJrOpUTMOBY», YUTABIIErocs B TEUEHHE psija JeT Jyisi
maructpantoB (akynereta BMK HHI'Y, a otaenbHble ero ¢parMeHTHl HC-
[IOJIb3YIOTCSL B PA3IUYHBIX CHELKypcax. KHUra coctour us tpex 4acrei, KOTo-
pbIe MOT'YT U3y4aTbCs HE3aBUCUMO APYT OT APYyra U B IPOU3BOIBHOM IOPSIKE.

IlepBast 4acTh MOCBsIIEHA aNTOpUTMaM Ha rpadax. 3HaYMTENbHbIN 00BEM B
Hell 3aHuMaer riaBa 1, B KOTOpOil NpuBOASTCS 0a30Bble HMOHATHS U (aKTHI U3
Teopuu rpadoB. B npyrux IByX IjaBax H3JIaraloTcsi HEKOTOPbBIE aJIrOPUTMBbI
JUIsL pelleHust 3a1ad Ha rpadax. OCHOBHON NpUHIMI 0TOOpa U OpraHU3aLUH
MaTepHasa 3THX IIaB COCTOSUI B TOM, 4TO Ka)Iblii paCCMaTPUBAEMBbIN IIPHUMED
JIOJKEH HECTH OINPENETICHHYI0 HUICHHYI0 Harpy3Ky, 3HAaKOMUTb CIyLIaTeNls ¢
OJJHUM U3 BaXXHBIX N300PETCHUH MM OTKPHITUIl B alrOPUTMHUYECKOH 00IacTH.
[Ipu 3TOM mpennouTeHne OTAABAIOCH HE CaMbIM IOCIEIHUM WIN PEKOPIHBIM
QJITOPUTMaM, a CaMbIM IIPOCTHIM Ul IOHUMAaHUA U yOEIUTEIbHO JIEMOHCTpU-
PYIOLIMM Ty WM UHYIO Hjero. i GOJIbIIMHCTBA PaCCMATPUBAEMBIX AITOPHUT-
MOB JIAlOTCS JI0Ka3aTeIbCTBA UX MPABWIBHOCTH (T.€. TOTO, YTO JITOPUTM JEH-
CTBHUTEJBHO PEIIaeT IOCTABICHHYIO 33/]auy) U OLIEHOK TPYJOEMKOCTH. Y MEHUE
JIOCTaTOYHO CTPOro 0OOCHOBBIBATH AJITOPUTMBI U OLIEHUBATh UX TPYAOEMKOCTh
ABJIAETCS CYLIECTBEHHOW 4YacTbi0 KBaIM(UKAIMU alropuTMucra. MaTepuain
IEePBOI YaCTH MOXKET OBbITh UCIIOJIb30BAH U B OOILIEM Kypce AUCKPETHOH Mare-
maTuku. Kaxas u3 rias 9TOH 4aCTU COAEPKUT 3aJaHus AJIsl CAMOCTOSITENbHOM
paboThl — MaTeMaTUUECKHE 3aa41 WIN YIPaKHEHHUS, B KOTOPBIX MIPeJIaraeTcst
pa3paboTaTh KaKOW-HUOYAb aJITOPUTM.



Bo BTOpO#i YacTH KHUTH pacCMaTPUBAIOTCS KJIACCHUECKHE MOJEIH BBIYHUC-
JICHUH, KOTOpBIE ChITPaJii OCHOBHYIO POJIb B (JOPMUPOBAHUU MATEMATUYECKOTO
noHsTusa anroputma. Jlaerca onucanue mamuH Teropunra, anropupmon Map-
KOBa, «MaIlIMHBI a0ak», U KaKk HauboJee peaTuCcTHYHOM MOJIEIN BBIYUCIUTEb-
HOTO aBTOMarTa — MOJIeNH ¢ aapecyemoil namsatbio PAM. TlpuBoastcs Takxke
OCHOBHBIE CBeZCHHS O (POPMAbHBIX SA3bIKAX U CIIOCO0aX MX KOHCTPYKTHBHOIO
3aganus. [IpuBoAsATCS TEOPETHUECKHE OCHOBBI JIOTHUYECKOTO MPOrpaMMHUpPOBa-
HUsl. BaXXHOCTh 3TUX BOMPOCOB BBITEKAET HE TOJBKO M3 OOIIEHAYYHBIX MPO-
0JieM pa3BUTHS MaTeMaTUKH, HO TAKXKE U3 MPAKTUYECKUX 3a/1a4 00IIecTBa, 1C-
MOJIB3YIOUIETO BBIYUCIUTENBHYIO TEXHUKY B MPOU3BOJICTBE, SKOHOMUKE, HHXKE-
HEPHBIX pacyeTax M HY>KJAIOUIErocsl B aIEKBATHOM IIPEJICTaBICHUN O BO3MOX-
HOCTSIX BBIYMCIIUTEIBHBIX aBTOMATOB.

B Tperbeit yacTu paccMaTpuBarOTCs CIOCOOBI CTPYKTYypUpOBaHHS HH(OP-
Maluu B MOJENSIX C aapecyeMoi maMatbio. ONHON M3 OCHOBHBIX L€ mpu
pa3paboTKe CTPYKTYp JaHHBIX SBJISETCS (pOpMUpOBAHHE MAaTEeMaTHUYECKUX IO-
HATUH, KOTOpBIE MOKAa HE BXOJAIT B KJIACCHYECKYI0 MAaT€MaTHKy, HO TpeOyroT
(hopManIbHOrO OMHMCAHUA U MAaTEMAaTUYECKOrO aHajiu3a uX CBOMCTB. OCHOBHOM
UHTEpEC 3/1€Ch MPEACTABIISIOT CIOXKHOCTHBIE aCHEKThI BHITOJIHEHUS] TUITHYHBIX
ornepauuii. Bo3HukHOBeHHEe Hanboee yJauHbIX CTPYKTYP, UCIIOJIB3YIOIIUXCS B
pa3IMYHBIX AITOPUTMAaX, IPUBOIUT K (POPMUPOBAHUIO TaK HA3bIBAEMBIX a0OCT-
PAKTHBIX THUIIOB JaHHBIX, KOTOPBIE MO3BOJISIFOT IPOEKTUPOBAHNE HETPUBHAIIb-
HBIX QJITOPUTMOB BECTH Ha 0ojee BBICOKOM YPOBHE, HE yITyCKasl U3 BUAY KOH-
KpEeTHbIe peanu3anuu. MeToapl peanu3auud abCTPaKTHBIX THIIOB JaHHBIX
MO’KHO paccMaTpUBaTh KaK MEPeX0] OT OMMCAHUS aIrOpPUTMa C UCIOIb30BaHU-
€M NPUKIAIHBIX MJIM MATeMaTUYECKHX MOHSITHHA K ONMMCAHHMIO B KOHKPETHOU
CUCTEME BBIYMCIIEHUI. B Halllell KHUre paccMaTpruBarOTCs METOABI peaanu3alun
MPUOPUTETHBIX OYepened, AUHAMUYECKH MEHSIOIINXCS OTHOIIEHHM 3KBHBa-
JICHTHOCTH, a TaKXe HEKOTOpbIE CIOCOOBI OpPTaHM3AIMU CIIOBapel, OCHOBBI-
BalOIIMECs Ha UCOJIb30BAaHUM TaK Ha3bIBAEMbIX [IOUCKOBBIX JAepeBbheB. B KHUTE
TaK)Xe MPUBOJISATCA MPUMEPhl UCIOJIb30BaHUSI pacCMaTPUBAEMBIX CTPYKTYp B
QITOPUTMAX PEUIeHUs] HEKOTOPBIX 33a7a4d U3 TEOpuH rpados.

B 310l KHUTE HE PUHAT KaKOW-TMO0 CTAaHAAPTHBINA CIIOCOO TSI OTIMCAHUS
anroputMoB. Kaxaoe Takoe omnucaHue MMEET LEIbI NPOAEMOHCTPUPOBATH
QITOPUTM B LIEJIOM U B3aUMOJIEHCTBUE €r0 YacTel, He BJABasCh B M3JIULIHIOIO
JIeTaIn3allkio, HO U He Tepsisl HUYEero CyllecTBeHHOro. MHorna aarworces noma-
rOBbI€ OMMCAaHUS Pa3HOM CTENEHU MOJAPOOHOCTH, MHOT/Ia TEKCThl Ha «IICEeBIO-
A3BIKE», UCTOJIB3YIOMIEM (HE CIHUIIKOM IOCJIEI0BATENbHO) 3JIEMEHThl CUHTAK-
cuca si3pika Pascal 1 MaTeMaTH4ecKyo CUMBOJIUKY.

Yacts 1 namucana B.E. AnekceeBbiM, yactu 2 1 3 — B.A. TajmaHOBBIM.



Yactb 1. TPA®bLI U AIIFTOPUTMbI

MnaBa 1. dnemMeHTbI Teopuu rpacos

I'padbr SBISAFOTCS CYIIECTBEHHBIM 3JIEMEHTOM MaTeMaTHYECKUX MOJIENCH B
CaMbIX Pa3HOOOpa3HBIX 00JacTAX HAYKHU M MPAaKTUKU. OHU MOMOTal0T HarsI-
HO TIPEJICTaBUTh B3aMMOOTHOIICHUS MEXIy OOBEKTaMH MU COOBITHSMH B
CJIOKHBIX CHCTEMax. MHOTHE aJrOpUTMHUYECKUE 33/a4H TUCKPETHONH MaTeMa-
THUKU MOTYT OBITh C(HOPMYITUPOBAHBI KaK 3a[au, TaK WM WHAYE CBSI3aHHBIC C
rpadamu, HampuMmep, 3aJaud, B KOTOPBIX TpeOyeTcs BBIACHUTH KaKHe-INOO
0COOCHHOCTH YCTpOWCTBa rpada, WM HaWTH B rpade 4acTb, yIOBIETBOPSIO-
IIyI0 HEKOTOPBIM TPeOOBAHUAM, WM MTOCTPOUTH Tpad ¢ 3aJaHHBIMH CBOICTBA-
MH.

Hacrosimas riaBa sBisieTcss KpaTKUM BBEJCHUEM B Teoputo rpados. B Helt
NPUBOJMUTCS MUHIUMYM MOHSTHH, HEOOXOUMBIN JJIS1 TOTO, YTOOBI MOKHO OBLIO
HavaTh KaKylo-JIMOO cojepk aTelbHy0 padoTy ¢ rpadamMu WM MPUCTYIUTH K
Oosee TiTyOOKOMY M3ydeHHI0 Teopuu TpadoB. Jloka3aTenbCcTBa MAIOTCS TOJIBKO
B TEX CIIy4asX, KOTJa MX CJIOKHOCTh HE MPEBBIINIAET HEKOTOPBHIH MHTYHUTHBHO
omryuiaeMslii mopor. [losTomy, Hanpumep, Takue BakHbIE (DAaKThI, KaK TeopemMa
Kupxroga unmu teopema [Montpsiruna — KypaToBckoro, coodmarorcst 6e3 qoka-
3aTeNbCTB.

1.1. HayanbHble NOHATUA

1.1.1. Onpenesienue rpaga

JInsi omucaHus CTPOCHHUSI PA3IUYHBIX CHCTEM, COCTOSIIIUX W3 CBS3aHHBIX
MEXy cOo00ii AIIEMEHTOB, YaCTO MCIIONIB3YIOT Tpaduyeckre cxeMbl, n300paxas
DIIEMEHTHI TOYKaMH (KpPY>KKaMH, IPSIMOYTOJIBHUKAaMHU U T.J.), @ CBSI3U MEXIY
HUMH — JTUHUSMHU WM CTPEIIKaMH, COCTUHSIIOIUMHE 31eMeHThI. [Ipu 3TOM 1o-
JTy4arTCs UarpaMMbl BpOJIe TeX, YTO IMoKa3aHbl Ha puc. 1.1.

Ha Ttakux auarpaMmax 4acTto HU CIOCOO W300paKCHHs DJIEMEHTOB, HU
dopma win JIMHA JIMHUA HE UMEIOT 3HAYCHHS — BAXKHO JIMIIb, KAKHE HUMEHHO
napel JIEMEHTOB COEAMHEHB! JMHUAMH. Ecin mocMoTpeTs BHUMATENbHO, TO
MOJKHO 3aMETHTh, uTO pHC. 1.1,a u 1.1,6 H300pakaroT OHY U Ty KE CTPYKTYPY
cBs3eit Mexny anementamu A, B, C, D, E, F. DTy ke CTpyKTypy MOKHO OTIH-
catb, He Tpuderasi K rpagiueCKoMy M300paKEeHHIO, a MPOCTO MEePEUNCIUB I1a-
PBI CBSI3aHHBIX MEXIY c000it anementoB: (4, B), (4, D), (B, C), (B, E), (B, F),



(C, F), (D, E). Takum 00pa3om, KOT/1a MbI OTBIICKAEMCS OT BCEX HECYIECTBCH-
HBIX TTOAPOOHOCTEH, Y HAC OCTAIOTCS JIBa CIIMUCKA: CIIUCOK 3JIEMEHTOB H CITMCOK
ap 3JIeMEHTOB. BMecTe OHM COCTAaBIISIFOT TO, YTO MATEMATHKH HA3bIBAIOT «Ipa-
¢dbom». 13 3TOTO NMpUIMepa BUIHO, YTO MOHSTHE Tpada caMo 1Mo cede He CBA3aHO
IpsIMO ¢ TeoMeTpreit win rpadukoit. Tem He MeHee, BO3MOXKHOCTh HAPUCOBAThH
rpad — ojiHa U3 MPUBJICKATEIBHBIX YEPT STOrO MATEMATHYECKOTO OOBEKTA.

a) 0)
Puc. 1

Tepmun «rpad» HEOIHO3HAYEH, 3TO JIETKO OOHApY>XKUTh, CPAaBHUBAs IpU-
BOJIUMBIE B pa3HbIX KHHUrax omnpeneseHus rpaga. OqHako BO BCeX 3THX OIpe-
JIEJICHUSX eCTh U obmiee. B r000M ciydae epagh coCTOUT U3 IBYX MHOMXKECTB —
MHOXECTBA 6epuiiH 1 MHOKECTBA pebep, TIPUUeM Ui KaKI0To pedpa yKazaHa
napa BEepIIMH, KOTOPBIE 3TO pedpo coedunsem. BepurHbl 1 pedpa Ha3bIBAIOTCS
anemenmamu rpada. 3nech OyIyT paccCMaTpUBATHCS TOJIBKO KOHeuHble TPadbl,
TO €CTh TaKHe, Y KOTOPBIX 00a MHOXeCTBa KOHEYHBI. UTOOBI MOTYYHTh 3aKOH-
YEHHOE OIlpejiesIeHue rpada TOro Wi HHOTO THUIA, HEOOXOAUMO YTOUHUTS €Ile
CJIeyIOLIMEe TPU MOMEHTA.

1. OpueHTHPOBAHHBIN MM HeOpHeHTHPOBaHHbIN? [Ipexae Bcero, Hyx-
HO JIOTOBOPUTHCS, CUUTAEM JId MbI T1apsl (a, b) u (b, a) paznuunsivu. Ecnu na,
TO TOBOPST, YTO PACCMATPUBAIOTCS YMOPSAIOYCHHBIC Mapbl (TIOPSIOK dIIEMEH-
TOB B Iape Ba)KEH), €CIU HET — HeynopsaodeHHbie. Ecau pedpo e coeaunseT
BEPILMHY a C BepIIMHOW b u mapa (a, b) cumraercs ynopsIo4eHHOU, TO 3TO
peOpo Ha3BIBACTCS OPUEHMUPOBAHHBIM, BEPUIMHA d — €T0 HAYALIOM, BEpIIUHA b
— konyom. Eciu ke 3Ta mapa cuntaeTcst HeyHnopsIoueHHO, To peOpo Ha3bIBa-
eTCs HeopuUeHmupo8aHHviM, a 00 BEPIINHBI — €ro KoHyamu. Yaie Bcero pac-
CMaTpUBaIOT Tpadbl, B KOTOPHIX BCe peOpa UMEIOT OJWH THI — JIMOO OPUEHTH-
poBaHHBIE, TMO0 HEOPUEHTUPOBAaHHBIE. B COOTBETCTBHU ¢ 3TUM U Bech rpad
Ha3bIBAIOT OPUEHTHPOBAHHBIM MM HEOPHUEHTUPOBaHHBIM. Ha pucyHkax opu-
eHTaluIo pedpa (HampaBiIeHUE OT Hayajla K KOHILY) YKa3bIBalOT cTpenkoil. Ha
paHHbIe. Ka3aHBl HEOPHEHTHPOBaHHBIE Tpadbl, a Ha pUC. 1.2 — OpHEHTHPOBAH-



2. Kparnbie pedpa. Cienytonuii myHKT, TpeOYIOLUI yTOYHEHUS — MOTYT
J¥ pa3Hble pedpa UMETh OJMHAKOBBIC Havyasa U KOoHUbI? Ecinu 1a, To roBopsT,
4TO B rpade aomyckaroTcs kpamuvle peopa. I'pad ¢ kpaTHBIMU peOpaMu Ha3bl-
BaIOT Takxke mynvmuepaghom. Ha puc. 1.2 nzobpaxensl nBa rpada, JIEBbIi gB-
JSETCSI OPUEHTUPOBAHHBIM MYJIbTUTPa(oOM, a MpaBblii — OPUEHTUPOBAHHBIM
rpadom 6e3 KpaTHBIX pedep.

3. letau. PeGpo, koTOpOMy MOCTaBJICHa B COOTBETCTBUE Napa Buaa (a, a),
TO €CTb PeOpo, COEAUHSIONIEE BEPUIMHY @ C HEIO e CaMOM, Ha3bIBAETCs nem-
neti. Ecnu Takue pebpa HE NOIYCKArOTCS, TO TOBOPST, YTO PacCMaTpUBAIOTCS
epagul bez nemenw.

—

Puc. 1.2

KomOuHUpyst 3TH Tpu NMpH3HAKA, MOXHO TIOJIYYHUTh Pa3HbIC BapHAHTHI OII-
penenenust noHATHs rpada. OCOOEHHO YacTO BCTPEYAIOTCS HEOPUEHTHPOBAH-
HbIe Tpadsl O6e3 meTenb u KpaTHbIX pedep. Takue rpadpl Ha3BIBAIOT 0ObIKHO-
eennvimu. Ecu B Tpade HeT KpaTHBIX pedep, TO MOXKHO MPOCTO OTOXKIAECTBUTH
pebpa ¢ COOTBETCTBYIONMMH MTAPaMHU BEPIIMH — CYUTATh, YTO PeOPO ITO U €CTh
napa BepiinH. YToObl HCKIIOYHTH METIH, TOCTATOYHO OTOBOPHTH, YTO BEPILH-
HBI, 00pa3yromue pedpo, TOMHKHBI OBITh Pa3IMYHBI. DTO MPUBOAMT K CIIEAYIO-
[IeMY OTIpeIeJICHII0 OOBIKHOBEHHOTO Trpada.

Onpenenenune. O6viknogennvim epagom HazpiBaetcs napa G = (V, E), rae
V' — KoHEeuHOE MHOXECTBO, £ — MHOKECTBO HEYIOPSAAOUYECHHBIX Iap pa3IMIHbIX
AJIIEMEHTOB U3 V. DieMeHThl MHOXKECTBa V Ha3bIBaIOTCA gepuiunamu rpada,
3JIEMEHTHI MHOXKECTBa E — ero pebpamu.

Crnerka MomuUIMPYs 3TO ONpPEACTICHUE, MOXHO MOJYYUTh OMpPEICIICHHS
JIpyrux TUNOB rpadoB 0e3 KpaTHBIX pedep: eClIM 3aMEHHUTH CIIOBO «HEYTOPSI0-
YCHHBIX» CJIOBOM «YIOPSIOYEHHBIX», MOJYYUTCS OINPEICICHUE OPUEHTHPO-
BaHHOTO rpada 6e3 meresb, eciu yopaTh CIOBO «Pa3IUYHBIX, TOTYIUTCS OI-
penenenue rpada ¢ nerisiMu. OpueHTHPOBAaHHBIN rpad YacTo HA3BIBAIOT Ope-
pagom.

B nanpreimem TepMuH «rpady» Oyaem ymoTpeOssiTh B CMBICIE «OOBIKHO-
BEHHBIH Tpady, a paccMaTpuBast Apyrue TUIbI rpadoB, OyneM CHenuanbHO 3TO
OTOBapHBATh.



MuoxectBo BepunH rpadga G Oymem obo3HauaTh uepe3 VG, MHOXKECTBO
pebep — EG, uucno Bepiud — 1n(G), uucio pedep — m(G).

W3 ompeneneHust BUAHO, YTO JJIsl 3aJlaHHsT OOBIKHOBEHHOTO Tpada mocra-
TOYHO TEPEUYHCINTh €ro BEpIIMHBI U pedpa, MpUYeM Kaxkaoe pedpo JOoImK-
HO ObITh mapoit BepmH. [lonoxum, Hanpumep, VG = {a, b, c, d, e, [},
G = {(a,c), (a)), (b,c), (c,d), (df)}. Tem cambim 3aman rpad G ¢ n(G) = 6,
m(G) = 5. Ecnu rpad He CIMIIKOM BEIHK, TO 0oJiee HAMNSAIHBIM CIIOCOOOM
IPE/ICTABUTH €ro SIBISIETCS PUCYHOK, HA KOTOPOM BEPIIMHBI U300pakaroTcs
KPY’)XKaM¥ HJIM WHBIMH 3HA4YKaMU, a peOpa — JTHHUSMH, COSITUHSIONIMMHU Bep-
mMHbL. 3a1aHHbIH BhIe rpad G mokas3aH Ha puc. 1.3. Mel OyaeM 4acto moib-
30BaThCs IMEHHO 3THUM CIIOCOOOM TpezcTaBiieHus rpada, mpu 3ToM 0003Haue-
HUSI BEPIIMH WHOTAA OYAyT MOMEIIATHCS BHYTPH KPYXKKOB, H300parKarOIINX
BEPIINHBI, HHOT/Ia PSIIOM C HUMU, a HHOT/[a, KOTJa HMEeHa BEpIIMH HE CYIIeCT-

BCHHBI, 1 BOBCE OIIYCKaTbCA.

© (1
(D—

Puc. 1.3

1.1.2. I'padbl 1 OMHAPHBIE OTHOLIEHUSA

HamomHUM, 49TO OuHapHeiM OmHOwieHuem Ha MHOXKeCTBE A Ha3bIBaeTCS
060E TIOAMHOXKECTBO R MHOKECTBA A°, COCTOSILEro H3 BCEBO3MOXKHBIX YIIO-
PAAOYCHHBIX I1ap 3JIEMCHTOB MHOXCECTBA A Ka)KI[OMy TaKOMY OTHOIICHHIO
MOYKHO MOCTaBUTh B COOTBETCTBHE 2pagh omnouwenusi G = (A, R). CpaBHUBas C
TEM, YTO TOBOPUJIOCH BBIIIE 00 ONpEAEICHUAX pa3IMYHbIX THIOB rpados, BU-
JIM, 9TO TIOHSITHE OWHAPHOTO OTHOILICHHUS SKBHBAJICHTHO IOHATHIO OPUCHTH-
poBanHOTO Tpada ¢ nerasamu. [pyrue Tunsl rpadoB 6e3 KpaTHBIX pedep — 3T
YaCTHbIC BBl OMHAPHBIX OTHOLICHUH. OTHOLICHNE R Ha3bIBaeTCs peghiiekcus-
HbIM, €CITH JUTs TI000r0 X € A mapa (x, X) IpUHAICKUT R, U anmupeprexcus-
HbIM, €CTM HH OJIHA Takas Iapa He MPHHAIISKHUT R. OTHOIIEHNE HA3bIBACTCS
cummempuyHeim, eciu u3 (x, y) € A cnenyer, uto (v, X) € R. B rpade anru-
pe(bHCKCI/IBHOFO U CUMMCETPHUYHOTO OTHOMICHHUA HCT NETCIIb U IJIA Ka)KI[Oﬁ I1a-
pBl BEpIIMH JUOO HET HU OJHOrO, JUOO ecTh ABa pedpa, COCAUHSIONINX 3TH
BepmnHbl. Eciu B TakoMm rpade Kaxay napy OpHeHTHPOBAHHBIX pedep, co-



€AMHSIOIINX OJHU U T€ K€ JIB€ BEPILIUHBI, 3aMEHUTh OJHUM HEOPUEHTHPOBAH-
HBIM peOpOM, TO MOJYYUTCSI OOBIKHOBEHHBIH rpad.

1.1.3. OTkyaa 6epyrces rpadbi

Jlerko HaiiTu puMepsl TpagoB B CAMBIX pa3HBIX 001ACTAX HAYKU M MPaK-
tukd. CeTh Jopor, TpyOOmpoBOJOB, AJIEKTpUUECKas Lelb, CTPYKTypHas ¢op-
MyJla XUMHAYECKOTO0 COEIMHEHUs, OJOK-CXema MPOrpaMMbl — B 3THUX CIydasx
I‘pa(bbl BO3HUKAIOT OYCHb CCTCCTBCHHO W BUJIHBI «HECBOOPYIKCHHLIM IJIa30M)».
ITpu xenanum rpadbl MOKHO OOHApPYKUTh MPAKTUYECKH TJle YroAHO. SIpkas
neMoHcTpanus 3toro coaepxkutcs B kaure J[. Kayra [D.E.Knuth, The Stanford
GraphBase] — rpadsr u3BiekaroTcs u3 pomana «AnHa KapeHnHay, u3 KapTHHBI
Jleonapno na Bunuu, u3z marepuanoB bropo Oxonomuueckoro Ananuza CIIA
U U3 IPYTUX UCTOYHHUKOB.

Hemano noBoioB uist osiBneHust rpadoB U B camMoil maremaruke. Hanbo-
Jiee OYEBHJIHBIM MpUMep — J000H MHOTOTPAaHHUK B TPEXMEPHOM MPOCTPAHCT-
Be. BepriumHel 1 pedpa MHOTOrpaHHHKA MOYKHO PacCMaTpPUBATh KaK BEPIIUHBI U
pebpa rpada. IIpu 3TOM MBI OTBIEKAaEMCSl OT TOTO, KaK PacHoJIOKEHBI HJIEMEH-
Thl MHOI'OI'pPaHHUKA B IPOCTPAHCTBE, OCTABJIAA JIMIIb I/IH(i)OpMaHI/II-O O TOM, Ka-
KHe BepIIMHBI coeuHeHbl pedpamu. Ha puc. 1.4 nokasansl Tpu crocoba H30-
Opa3uTh OJIMH U TOT K€ Tpad TpeXMEepHOTO KyOa.

A=

Puc. 1.4

Eme ogun cnoco® oO6pa3oBanus rpadoB 13 reOMETPUYECKUX OOBEKTOB HII-
JocTpupyer puc. 1.5.

e </ C
Q@‘v "N

Puc. 1.5



CrieBa 1OKa3aHbl IIECTh KPYroB Ha IJIOCKOCTH, a CIpaBa — rpad, B KOTOPOM
Ka)K/1asi BEPIIMHA COOTBETCTBYET OJJHOMY M3 3TUX KPYTOB U JIBE BEPIIUHBI CO-
eIMHEHbI PeOPOM B TOM H TOJIBKO TOM CJIydae, KOrja COOTBETCTBYOLINE KPYTH
nepecekarorcs. Takue rpadsl Ha3bIBalOT rpadamu nepecedyeHuid. MoxxHO MO-
CTpOUTH Tpad nepeceueHuil cemeiicTBa MHTEPBAJIOB Ha MPSIMOM, WIH JYyT OK-
PY)KHOCTH, WIM TapajienenunenoB. Boobuie, s 1000ro cemeiictBa MHO-
xectB {S], ..., Sy} MOXHO IMOCTPOUTH Tpad MepeceueHUil ¢ MHOKECTBOM BEp-
wmH {1, ..., n}, B KoTOpoM pebpo (i, j) IMeeTcst Toraa U TOJNBKO TOTAa, KOTaa
i#juS; NS # . U3BecTHO, 4TO M000i rpadh MOXKHO NPEACTABUTH KaK rpad
nepeceveHuii HEKOTOPOro ceMeiicTBa MHOMKECTB.

1.1.4. Yucao rpados

Bosbmem kakoe-HUOYIb MHOKECTBO V/, cocTosiiiee u3 1 3JIE€MEHTOB, U 0y-
JIEM paccMaTpHUBaTh BCEBO3MOXKHBIE (OOBIKHOBEHHBIC!) rpadpl ¢ MHOKECTBOM
BepmrH V. O003HaYUM YUCIIO TaKuX rpadoB yepes g,. DTH rpadbl pa3IndaroT-
Csl TOJIBKO MHOKECTBaMH pedep, a KakJ0e pedpo — 3TO HEYNOpsAA0YCHHAs mapa
pa3IMYHBIX AJIEMEHTOB U3 V. B KOMOMHATOpHKE TakWe Mapbl HAa3bIBAKOTCS CO-
YETaHUSIMHM U3 71 110 2, UX YUCIIO PABHO

n| nmn-1)
2 2

Kaxnass mapa MOXKET ObITh BKJIOYEHA MM HE BKJIIOYEHA B MHOXKECTBO pebep
rpada. [IpuMeHsis IPaBUIIO TIPOM3BENCHHUS, IPUXOIUM K CIELYIOUIEMY PE3Yib-
TaTy.
-1)/2
Teopema 1.1. g, =22,

1.1.5. CMeXHOCTb, MHIMAEHTHOCTD, CTENEeHHU

Ecnu B rpade umeercs pedbpo e = (a, b), , To TOBOPST, YTO BEPIIUHBI @ U b
cmedicHbl B 9TOM rpade, pedpo e unyudenmuo Kaxa0d U3 BEepUIMH a, b, a Kax-
Jasi U3 HUX UHYUOeHMHA 3TOMY peopy.

MHOecTBO BCeX BEpIIHH rpada, CMEXKHBIX C JaHHOW BEPUIMHON d, HAa3bI-
BACTCS OKPECMHOCbIO ATOM BEpUIMHBI M 0003HavaeTcs uepes3 V(a).

Ha mpakTrke ynoOHbIM U 3G GEKTUBHBIM TPU PEIIEHUU MHOTHX 3a/1a4 CIIO-
coboM 3amaHus rpada SIBISIOTCS TaK Ha3bIBAEMbIE CIUCKH CMEXHOCTH. JTH
CIHMCKH MOTYT OBITh peaqu30BaHbl Pa3IMYHBIMU CIOCO0AaMH B BHJIE€ KOHKpET-
HBIX CTPYKTYp AaHHBIX, HO B JIFOOOM CIIy4ae peyb HIET O TOM, UTO JUIS KaXKI0H
BEPIINHBI @ TIEPEUUCIIAIOTCS BCE CMEKHBIE C HEHl BEPIIMHBI, TO €CTh AJIEMEHTHI
mMHOXxecTBa V(a). Takoil cnoco0 3amaHus 1aeT BO3MOXHOCTH OBICTPOTO IMpPO-
CMOTpPa OKPECTHOCTH BEPIIHUHBIL.
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Yucno BepIIrH, CMEXHBIX C BEPIIUHON d, HA3BIBACTCS CMienelbio BEPIITHBI
a u obo3Hauaercs yepes deg(a).

Ecnu cnoxuTh cTerneHu Bcex BepIInH HEKOTOPOro rpada, To Kaxaoe pedpo
BHECET B 3Ty CyMMY BKJIaJl, PaBHBIH 2, TIOATOMY CIIPABEIUIMBO CIEAYIOIIEe YT-
BEpPXKJICHHUE.

Teopema 1.2. ) deg (a) =2m(G).

aelG

3TO paBEHCTBO U3BECTHO KaK «JIeMMa O pyKomoxatusix». M3 Hero cienyer,
YTO YHCIIO BEPIIMH HEYETHOH CTENeHH B JIF0OOM rpade 4yeTHO.

Bepmmny crenenu 0 Ha3bIBAIOT U301UPOBAHHOU.

I'pad HaA3BIBAIOT pecynapHbiM CTETICHU d, €CIIA CTETIeHb KaXK/IOW ero Bep-
IIMHBI paBHA d.

Habop cmeneneii rpada — 3TO IOCIEI0BATEILHOCT CTETICHEH €ro BEpIINH,
BBINMCAaHHBIX B HEYOBIBAIOIIEM TTOPS/IKE.

1.1.6. HexoTopsle cienuaabHble rpaduol

PaccMoTpuM HEKOTOPBIE OCOOCHHO YacTO BCTpedaronuecs rpadml.

Ilycmou epag — rpad, He comepkamuii Hu omHOTO pedpa. [lycToii rpad c
MHOXeCcTBOM BepinuH {1, 2, ..., n} ob6o3Havaetcs yepe3 O,,.

Tonnwii epag — rpad, B KOTOPOM KaxKIble ABE BEPIIHHBI CMEKHBI. [10THBII
rpad ¢ MHOXecTBOM BepiiuH {1, 2, ..., n} obo3nauaetcs yepes K,. ['pad K, B
YaCTHOCTH, UMEET OJIHYy BEpIIMHY W HU OJHOTO pedpa. OueBuano, K| = O).
Bynem cumtath Takxke, uto cymectByer rpad Koy, y kotoporo VG = EG = O.

Llenv (nyms) P, — rpad ¢ MHOXECTBOM BepiuuH {1, 2, ..., n} ¥ MHOXeCT-
BoMm pebep {(1,2),(2,3),....,(n—1,n)}.

Huxn C, — rpad, KoTopsIid momydaercs u3 rpada P, mobaBneHnem pedpa
(1, n).

Bce atu rpader npu 7 = 4 nokasansl Ha puc. 1.6.

© 0 oveo

®@ O H—0 O—O

Oy Ky P, Cy
Puc. 1.6

1.1.7. I'padbl u MATPHUIIBI
Iycte G — rpad ¢ n Bepmunamu, npuuem VG = {1, 2, ..., n}. Iloctpoum
KBaJpaTHYIO0 MaTpHIy A HOpsIKa /1, B KOTOPOH 3/1eMEeHT A;;, CTOSIINH Ha 1epe-
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CEUCHHH CTPOKH C HOMEPOM [ U CTOJIOIAa C HOMEPOM j, ONIPEILIISETCS CIEAYIO-
M 00pa3om:

4 = 1, ecmu (i, j) € EG,
"0, ecmn (i, j) ¢ EG.

Ona HasbIBaeTcss mampuyeti cmexcHocmu tpada. Marpuily CMEXHOCTH
MOYKHO MOCTPOUTH M JUIi OPUEHTUPOBAHHOTO Tpada, U A HEOPUEHTHPOBaH-
HOrO, U Juia rpada ¢ nemnsamu. s 0ObIKHOBEHHOTO rpada oHa 00JIanaeT ABY-
Msi OCOOCHHOCTSIMH: HM3-32 OTCYTCTBHSI MET€lIb Ha TJIABHOM JHMAroHalid CTOST
HYJIM, a TaK KaK rpad HEOPHUEHTUPOBAHHBIM, TO MAaTpUIla CUMMETPUYHA OTHO-
CUTENIbHO TJaBHOM nuaroHanu. OOpaTHO, KaxJ0H KBaJIpaTHON MaTpule Io-
psiKa 1, COCTaBICHHON M3 HyJIeW M €IUHHII U 00JaJaomel 1ByMsl YKa3aHHbI-
MH CBOMCTBaMH, COOTBETCTBYET OOBIKHOBEHHBIN Ipad) ¢ MHOXKECTBOM BEPILUH
{1,2,...,n}.

Jlpyras maTpula, acCOLMUPOBaHHAsA C rpadoM — 3TO Mampuya UHYUOeHm-
Hocmu. J1Ji ee MOCTpOSHHS 3aHyMepyeM BepIIMHBI Tpada yrciaamu ot 1 1o n, a
pebpa — unciaamu ot 1 10 m. MaTpuiia UHIIMISHTHOCTH | UMEET 1 CTPOK U m
CTOJIOLOB, a ee AIEeMEHT /;; paBeH 1, ecu BepIIMHA ¢ HOMEPOM I MHIMJIEHTHA
pebpy ¢ HOMEpOM j, B IPOTHBHOM CiIydae OH paBeH Hymo. Ha puc. 1.7 mokazan
rpad ¢ 3aHyMepOBaHHBIMH BEPIIMHAMHU U PeOpaMU U €r0 MaTPHUIIbI CMEKHOCTH
Y MHIIUJIEHTHOCTH.

011010 11100000

100110 10011000

1000 1 1 001007110

=0 10000 "“looo10000

11100 1 01001101

001010 00000011
Puc. 1.7
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JUis OpHEeHTHUPOBAHHOTO Tpada MaTpulla MHIMACHTHOCTU OMpeelseTcs
HECKOJIKO MHAYe: €€ JJIEMEHT /;; paBeH 1, eciii BeplInHa i SABJISETCS HavaloM
pebpa j, oH paBeH —1, eciu OHa SIBIISIETCS KOHIIOM 3TOTO pedpa, u oH paseH 0,
€CJIM 3Ta BEPIIMHA U 3TO peOpO HE MHIUACHTHBI IPYT JIPYTY.

1.1.8. B3pemeHnnblie rpagbl

Yacro, ocobeHHO Kor/ia rpadbl HCIOIB3YIOTCS I MOACTHPOBAHUS Peallb-
HBIX CHCTEM, HX BEpIIMHAM, HJIH pedpaM, HiIH U TeM U APYTHM IPUIHCHIBAIOT-
cst HeKoTopble uncia. [Ipupoia 3THX gucen MoXeT ObITh camasi pa3HOOOpa3Hasl.
Hamnpumep, eciu rpad npencrasisier co0oi MO KEJIe3HOIOPOKHON CETH,
TO YHUCIIO, TIPUMHCAHHOE PeOpy, MOXKET YKas3blBaTh JUIMHY TEPETOHAa MEXIy
JBYMsI CTaHIMSMH, WU HAWOOJBIIUI BEC COCTaBa, KOTOPBIA JOMYCTUM st
ATOTO y4YacTKa IyTH, WJIM CPEJHEE YUCIIO IMOE3/I0B, MPOXOAAIINX Yepe3 ITOT
YYacTOK B TEUEHHE CYTOK M T.I. YTO Obl HM O3HAYAIM ITH YHCJA, CIIOKUIACH
TpaauIMs Ha3bIBaTh UX gecamu, a rpad ¢ 3aJaHHBIMU BECAMH BEPIIUH H/WIU
pebep — 836euennbim cpagom.

1.2. U3omopcunsm

1.2.1. Onpenenenne nzomopdusma

Ha puc. 1.8 u3o0paxeHs! 1Ba rpada ¢ OJHUM U TEM K€ MHOKECTBOM Bep-
il {a, b, ¢, d}. [lpy BHUMATEILHOM PACCMOTPEHHH MOYKHO OOHAPYIKUTh, UTO
9TO pasHble rpadsl — B JIEBOM HMeeTcs pedpo (a, ¢), B IPABOM JKE TAKOTO HET.
B T0 ke Bpewmsi, eciu He 00palaTh BHUMAHUS HA HAUMEHOBAHHSI BEPIIHH, TO
9TH rpadbl IBHO OJUHAKOBO YCTPOCHBI: KXl U3 HUX — IMKI U3 YETBHIPEX
BepIrH. Bo MHOTHX CIy4asx Mpu HCCIIEAOBAHUU CTPOCHUS rpadoB UMEHA UITH
HOMepa BEpPIIMH HE UTPAIOT POJIH, M Takue rpadbl, OJHH W3 KOTOPBIX IMOJTyYa-
€TCsl U3 JIPYTOro MepeuMeHOBAaHNEM BEPIUH, yI00HEee ObUIO ObI CUUTATH OIIH-
HaKOBBIMH. J[JIs1 TOTO YTOOBI 3TO MOKHO OBLIO JIeNiaTh «Ha 3aKOHHOM OCHOBa-
HHW», BBOJUTCS TIOHATHE H30MOpdu3Ma rpados.

G,

Puc. 1.8

Onpenenenune. I'padbr G u G, Ha3BIBAIOTCS H30MOP(GHBIMU, €CITH CYIIE-
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CTBYyeT Takasi Ouekius f MHOxecTBa VG| Ha MHOKecTBO VG, uto (a, b) € EG,
TOTJIa ¥ TOJIbKO Torna, korna (f (a), f (b)) € EG,. Otobpaxenue f B 3TOM City-
4ae Ha3biBaeTcs uzomopdusmom rpada G va rpad Go.

Tort dakr, uro rpadsr G u G, u3omopdHsL, 3anuceBaercs Tak: G = Gy.
s rpadoB, n306pakeHHBIX Ha puc. 1.8, m30Mop(hU3MOM sIBIsIETCS, HAIPUMED,
oTtoOpakeHue, 3a1aBaeMoe TadnuLeit:

x (BepmuHa rpada Gy) a b c
f(x) (BeprmHa Tpada G,) a b d c

3aMeTHM, YTO B 3TOM IPUMEpPE eCTh U JIpyrue n30Mop(pu3MbI epBOro rpa-
¢a Ha BTOpOA.

CdopmynmpoBaHHOE onpeeNieHre n30Moppr3Ma TOIUTCS U ISl OPHEHTH-
pOBaHHBIX IpadoB, HY)KHO TOJILKO 00 YNOMWHAeMble B HEM Mapbl BEPIIUH
CUUTATh yNOPSJOYCHHBIMU.

N3omopduzm — GuHapHOE OTHOIIEHUE HAa MHOXKecTBe TpadoB. OueBUIHO,
9TO OTHOUICHUE PEPIIEKCUBHO, CAMMETPUYHO U TPAH3UTHBHO, TO €CTh SIBJISICTCS
OTHOIIICHHEM SKBHBaJICHTHOCTH. KilacCchl SKBUBAJIGHTHOCTH Ha3bIBAIOTCS a0CT-
paktHBIME Tpadamu. Korma roBopsT, 4TO paccMaTpuBaroTCs aOCTpaKTHBIC
rpadpbl, 3TO 03HAYAET, 9TO H30OMOPQHBIE Tpadbl CUNTAIOTCS OTMHAKOBBIMH. AO-
CTPaKTHBIN Tpad MOXKHO TMPEACTaBIATH cebe Kak rpad, y KOTOPOTO CTEpPTHI
uMeHa (MIOMETKH) BEepIIMH, MO3TOMY aOCTpakTHbIE rpadbl WHOT/IA HA3bIBAIOT
TaKKe HEMOMEUYEeHHBIMU rpadamu.

1.2.2. UnBapuaHThI

B o0mmem ciyuae y3HaTh, H30MOpGHBI 1N 1Ba rpada, 10CTATOYHO CIOXKHO.
Ecnu GykBajbHO clie10BaTh OMpPEAETICHHIO, TO HYKHO Nepedparh Bce OUEKIUU
MHOXECTBa BEPILIUH OJJHOTO U3 HUX Ha MHOXKECTBO BEPIIMH JIPYroro u s Ka-
XKJI0M U3 3TUX OMEKIMH NMPOBEPUTH, ABJISETCS JIM OHA m3omopdusmom. [nsg n
BEpIIMH MMeeTcs n! OMEeKIMii U 3Ta paboTa CTAHOBUTCS NMPAKTUYCCKH HEBBI-
NOJTHUMOM YK€ JJIsi He oueHb Oonbiux 7 (Hampumep, 20! > 2-1018). Opnnako
BO MHOTHX CIy4asXx OBIBAaeT JIOBOJBHO JIETKO YCTAaHOBHTH, YTO JIBAa JAHHBIX
rpada He m3omopduEl. PaccMorpum, Hampumep, rpadpl, H300paKeHHBIE Ha
puc. 1.9.

Tak kak mpu u3oMoppu3Me IHapa CMEKHBIX BEpIIMH MEPEXOAUT B Mapy
CMEXHBIX, a ITapa HECMEXKHBIX — B MTApy HECMEKHBIX, TO SICHO, YTO YHCIIO pedep
y IBYyX U30MOpP(GHBIX rpadoB MOMKHO OBITH OJMHAKOBBIM. [loaTOMy cpasy
MOXHO CKa3ath, 4To Tpadsl G| u (i, y KOTOPBIX pa3HOE KOJIMYECTBO pedep,
HenzoMmop¢HBL. Y rpadoB G| u G3 0OJMHAKOBOE YUCIO pedep, HO OHH TOXKE He-
U30MOPQHBL. ITO MOXKHO YCTaHOBUTb, CPAaBHUBASI CTENICHU BepIIuH. O4YeBUIHO,
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npu u3oMop(hu3Me KakJaasi BepIIMHA MEPEXOUT B BEPUIMHY TOH ke CTCIICHU.
CrnenoBarenbHO, M30MOp(HBIE Tpadbl JOIKHBI UMETh OJWHAKOBBIE HAOOPHI
creneHei, a y rpa¢oB G u Gz 3t Habops! paznuuHbl. C rpadamu G u Gy ne-
70 0OCTOUT HEMHOTO CIIOKHEE — y HUX U HaOOpBI CTENIeHeH OAMHAKOBHL Bce
e " 3TH Tpadbl HeM30MOP(HHBI: MOKHO 3aMETHTh, 4TO B rpade G4 ecTh UK
JuiHBL 3, a B rpade () TaKuX HUKIOB HET. SICHO, YTO NpU U30MOPPHU3ME KaxK-
Il moarpad ogHoro rpada mepexoauT B u3oMopQHbIid emy moarpad apyroro.

Weziadl

Puc. 1.9

XapakTepucTUKU TpadoB, KOTOPHIE COXPAHSIOTCS MpH U30MOphHU3Me, Ha-
3BIBAIOTCS MHBApUAHTaMH. B 3TOM mpumepe Mbl BN HEKOTOPHIE TMPOCTHIE
WHBapPHAHTHI — YUCII0 pedep, HabOop CTeNeHEeH, YUCIIO IIMKIIOB 33 JaHHOW JJTUHBI,
B JalibHEHIIeM OyIyT BBEIEHBI elle MHOTHE Apyrue. Eciaum ymaercs ycraHo-
BHUTb, YTO JIJISl IBYX UCCIIEAYEMbIX rpad)OB HEKOTOPHIM MHBAPUAHT MPUHUMAECT
pasHble 3Ha4YeHUs, TO OTH rpadbl HenzoMopdHEL. (s TOoro 4ToOBI M0Ka3aTh,
yTo JBa Tpada n30MOp(dHBI, HEOOXOIWMO NPEIBSIBUTH COOTBETCTBYIOIIYIO
OHEKIIHIO.

1.3. Onepauumn Hag rpachamm

J1J14 osy4eHus HOBBIX Tpad)oB MOYKHO HMCIIOJIB30BAaTh pa3HOOOpa3HbIE OIle-
paumu Hajg rpadamu. 31eck Mbl PACCMOTPHUM J[BA BUJIA OTIEPALUI — IOKAIbHbIE,
IpU KOTOPBIX 3aMEHSIOTCS, YAAISIIOTCS WK J00ABIISIOTCS OT/IENIbHBIE 3JIeMEH-
ThI Tpada, u arecebpauyeckue, KOraa HOBBIM Tpad CTPOUTCS IO OIMpPEaeIICHHBIM
IIPaBUJIaM U3 HECKOJBKUX UMEIOIINXCS.

1.3.1. JIokajibHbIE Onepanuu

[Ipocreitmas onepauus — yoarenue pedpa. llpu ynanenuu pedpa coxpans-
IOTCSI BCE BEpIIMHBI Tpada u Bce ero pedpa, kpome ynamsemoro. OOparHas
onepanus — dobasrenue pebpa.

[pu yoarenuu sepuiunbl BMECTE ¢ BEPUIMHON yIANSIOTCS U BCE HHIHJICHT-
Hble eif peOpa. ['pad, momygaemsiii u3 rpada G ynaneHueM BepUIMHBI d, 000-
3HauaoT G — a. [lpu dobasrenuu éepuunst k Tpady modaBiseTcs HOBas HU30-
nupoBaHHas BepmmHa. C MOMOIIBIO onepanuid 100aBIeHUsT BEpIIMH U pebdep
MOJKHO «U3 HUYETO», TO eCcTh U3 rpada Ky, mocTpouts Jr000# rpad.
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Onepanyist cmseusanus pebpa (a, b) onpenensercs: caeayOMUM 00pa3oMm.
Bepiuussl a u b ynansrorest u3 rpada, Kk Hemy 100aBIsieTCss HOBasi BEpIIMHA ¢ U
OHA COEUHSIETCS peOPOM C KaXKIOH BEPIIMHOM, C KOTOPOM OblIa CMEXKHA XOTs
ObI OJTHA U3 BEPILIUH 4, b.

Omnepauus noopazouenusi peopa (a, b) NEUCTBYeT CleAyIOUMM 00pa3oMm.
U3 rpada ynansercs 310 pebpo, Kk Hemy J00aBJsieTCsi HOBasi BEpIIMHA ¢ U JIBA
HOBBIX pebpa (a, ¢) u (b, ¢). Ha puc. 1.10 u3o0paxensl ucxoansiii rpad G,
rpad G', nonydueHHbI U3 Hero craruBaHueM pedpa (3, 4) u G”, noay4eHHbIH
noJipa30oreHneM Toro ke pebpa. B 00oux cirydasx BHOBb JoOaBJICHHAS BEPIIIH-

Ha 0603HaYeHa HpPOi 7.
D © O ©

© © © (©
G' G”

Puc. 1.10

1.3.2. Iloarpadwi

I'pad G’ HazwBaercs nooepagom rpada G, ecmu VG' < VG, EG' < EG.
Besikuii moarpad MoxxeT ObITh MONy4YeH U3 rpada yaaleHueM HEKOTOPBIX Bep-
mmH u pedep. Ha puc. 1.11 uzobpaxenst rpad G u ero noarpadst Gy, Gz, Gs,

Gs.
O O
2 1 2 1 2 1 2 2
3 3 3 3
4 5 4 5 4 5 4 4
G Gy G Gs Gy
Puc. 1.11

[Monrpad G' rpada G HazeBaeTcst ocmosHwvim, eciia VG' = VG. OcToBHBIN
noarpad MoxeT OBbITh MOJy4YeH U3 Trpada yaajJeHHeM HEKOTOpPBIX pedep, Bep-
IIMHBI JKe OCTAlOTCs B HempukocHoBeHHOcTH. Ha puc. 1.11 G| — ocroBHBIH
noxarpad rpada G, a G2, G3 u G4 He ABISAIOTCS OCTOBHBIMU Morpadamu.
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Jlpyrasi BaxHasi pa3HOBUIAHOCTH MOJATrPadoB — nopodicoenHbvle MOArpadol.
[Mycts 3anan rpad G = (V, E) u B HeM BbIOpaHO MHOXecTBO Bepiiud U < V.
Paccmotpum noarpad G' = (U, E'), tne E' coctout u3 Becex Tex pedep rpada
G, y xoTophix o0a konmna npuHamiexar U. ['oBopsT, uTo 3TOT noarpad nopo-
orcoen muoscecmeom eéepuun U. On obo3nauaercs yepe3 G(U ). TlopoxaeH-
HBII noarpad MoxeT ObITh MOJIy4YeH U3 rpada yAaJeHneM «JIHIIHUX)» BEpIIUH,
TO €CTh BEPILUH, He NpHHAIeKammx U.

MOKHO ONpeNeNUTh TaKke moarpad, noposcoenviti MHo*CECMEOM pebep
F c E.. Oro moarpad G' = (V', F), tae V'cocTout U3 Bcex BepIUH, WHIIU-
JICHTHBIX pedpam u3 F.

Ha puc. 1.11 G, — moarpad rpada G, mopokIeHHBII MHO)KECTBOM BEPIIIUH
{1,2,4, 5}, 10 ectb G = G({1, 2, 4, 5}), OH ke MOPOKIACTCSI MHOKECTBOM
pedep {(1,2), (1,4), (4,5)}; moarpad G3 He MOPOKIAETCS MHOKECTBOM BEPIIIHH,
HO mopoxaaercst MHOkecTBoM pedep {(1,2), (2,3), (3,4)}; noarpad G4 He sB-
JSIeTCS HU OCTOBHBIM, HU MOPO’KICHHBIM B KAKOM-THOO CMBICIIE.

1.3.3. Anredpaudeckue onepanuu

[TockonbKy rpad cocTOMT U3 IBYX MHOKECTB (BEpIIMHBI U pedpa), TO paz-
JWYHBIE OIEpalUi HaJ MHOXKECTBAMU E€CTECTBEHHBIM 00pa30oM MOPOXKIAIOT
COOTBETCTBYIOIIME omepanuu Haj rpadamu. Hampumep, obOvedunenue nByX
rpadoB G| u G, onpenensercs kak rpap G = = G; U Gy, y koroporo VG =
VG, U VG, EG = EGy U EG,, a nepeceuenue — xak rpad G = G N Gy, y Ko-
Toporo VG = VG| N VG,, EG = EG) N EG,. Obe omepaliiil WUTIOCTPUPYET
puc. 1.12.

OO
G, Gy Gy G NGy
Puc.1.12

Hononnenuem (oonornumenvuvim epagom) k rpady G = (V, E) HazpiBaeTcs
rpad G, y KOTOPOTO MHOXECTBO BEIIHH TO %ke, uTo y G, a MHOKECTBO pebep
SIBIISICTCSL IOTIOJIHEHHEM MHOXeCTBa F 10 MHOXECTBA BCEX HEYNMOPSAI0OYCHHBIX
map BepmuH. MHade roBopsi, JBe paslIHYHbIC BEPIIHHBI CMEXKHBI B rpade G
TOT/Ia ¥ TOJIKO TOTJIa, KOTJIa OHK He cMeXHbI B rpade G. Hanpumep, 5,1 =K,.
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Hpyroii mpumep nokaszan Ha puc. 1.13. OueBunHo, Bcerna G =G

G G
Puc. 1.13

[Mon cymmou Gy + G, AByX aOCTpaKTHBIX Trpad)oB MOHUMAIOT OObEIMHEHUE
rpa¢oB ¢ HEMEepeceKarIMMUCI MHOKECTBAMU BepIIMH. TodHee roBops, MMe-
eTcsa B BUIy cienytoniee. CHavana BepminHaM rpadoB-ciiaraeéMbIX MpHCBanBa-
IOTCSI IMEHa (TIOMETKH, HOMepa) TakK, YTOObI MHOKECTBA BEPILIUH HE MepeceKa-
JMCh, 3aTe€M MOJydeHHbIe Tpadbl 00beanHsA0TCs. Onepanust CI0XKEHUsT acco-
uatuBHa, T0 ecth (G + Gy) + Gz = G| + (G, + G3) 11t moObIX Tpex rpados.
[TosToMy MOXHO 00pa3oBBIBaTH CyMMY JIOOOTO ymcia rpadoB, HE yKasbIBas
HOPSIIOK JICHCTBHI ¢ IOMOIIBI0 CKOOOK. Eciin ckimanpiBaroTcst k 3K3eMILISIPOB
onHoro u Toro xe rpada G, To momydeHHslit rpad obo3Hauaercs depes kG.
Hanpumep, O, = nK;. Ha puc. 1.14 uzoopaxen rpap Cy4 + 2K, + 4K.

Coeounenuem nByx rpadoB G| u G, Ha3pIBaeTcs rpad, MOIyIaeMbIi U3 UX
CYMMBI JI0OaBJICHHEM BCeX pedep, COSAMHSIONIMX BEPUIMHBI NEPBOTO Cliarae-
MOT0 C BepIIMHAMH BTOporo. bynem 3amuceiBath 3Ty omepanuto kak Gy o G, .

Ha puc. 1.15 npexacrasnen rpad P 0O, .

o O

o O

Puc. 1.14 Puc. 1.15

Jlerko BUAETH, UTO OMEpALUU CIOXKEHUS U COSAMHEHHUS TpadoB CBI3AHBI
JIPYT C IPYyTOM CIIEAYIOIIUMH IIPOCTBIMUA COOTHOIIEHUAMMU:

G + G, :aoaza G oG, :51"‘5}
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BBenem emie Ba THIa CrieHaIbHBIX rPadoB, KOTOPBIE JIETKO OMUCHIBAIOT-
Cs ¢ TIOMOMNIBIO OTepaluu coeanHeHus. [IepBoIil — noanwitl 08ydobHbIL epag
K,,=0,°0,. B sToM rpage MHOXECTBO BEPIIMH Pa3OMUTO Ha JiBa MOJMHO-

KecTBa (I0JIN), B OJTHOM U3 KOTOPBIX p BEPIIHH, B IPYTOM ¢, U JIBE BEPIIUHBI B
HEM CMEXHBI TOTJIa M TOJBKO TOTJA, KOTJa OHM NPUHAJJICKAT Pa3HBIM IOJ-
MHOKecTBaM. Btopoii — koneco W, = C, o K. Ha puc. 1.16 nokazansl rpads

Kisn W
Ws

Ilpousseoenue G = G| x G, rpadoB G| u G, onpeAenseTcs CIeIyOIIUM
o0pazom. MHoxecTBoM BepiuH rpada G sABIsIETCS IEKapTOBO MPOU3BEICHUE
MHOXkeCTB VG n VG, TO ecTh BEpIIUHBI 3TOTO Tpada — yIopsA0YCHHBIC TaphI
(x, ¥), TIe X — BepIIMHA MEPBOTO COMHOXKHUTEJSI, Y — BeplInHa BToporo. Bep-
miHbI (X1, ¥1) 1 (X2, ¥2) B G CMEXHBI TOTJIa M TOJILKO TOTJIa, KOT/Ia X| = V| U )|
CcMexHa ¢ ), B rpade Go, WM Y1 = y» U X] CMeXHa ¢ X, B rpade Gi. C nmomo-
IIBIO OTIEPALMU MPOU3BEIACHUS MOXXHO BBIPA3UTh HEKOTOpPHIE BaKHBIC Tpadbl
yepe3 npocreiiimue. Hanpumep, npousBeneHne AByX LENEH NaeT npsamoy2oiv-
Hy0 peuiemky — cM. puc. 1.17. Ecnu 0auH U3 COMHOXUTENEH MpeBpaTUTh B
UK, T0OAaBUB OJHO pedpo, TO MPSMOYTOJIbHAS PEIIeTKa MPEBPATUTCS B yu-
JUHOPUYECKYI0, & €CIIA U BTOPOH COMHOXXHUTEIb MPEBPATUTH B IIUKII, TO TOTY-
YUTCSL MOPOUIATbHAS PeulemKa.

K4
Puc. 1.16

o—O0—0—O0

P3 P4 P3><P4
Puc. 1.17

Jpyroit npumep — k-mepHblit ky0 (O, onuceiBamblil B 3amade 3. C momo-
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HIbIO OMepaluy MPOU3BeIeHUs ero (TouHee, M30MOp(HBI eMy rpad) MOKHO
OTpeAeTUTh PEKYPCUBHO:

O =K,, Or=01xK,.

Ha puc. 1.18 noka3zano, kak nosy4aercs Q4 u3 Qs.

AT .
Al ve

0; K 04= 03 x K
Puc. 1.18

1.4. MapuwpyTbl, CBA3HOCTb, paCCTOAHUA

1.4.1. MapmipyThl, IyTH, HUKJIbI

Mapwpym B Tpade — 3TO TOCIEA0BATEIBHOCTh BEPIIUH X|, X2, ..., X, Ta-
Kasi, 4TO JUIs Kaxaoro i = 1, 2, .., n — | BEpUIMHBI X; U X;+] COSTMHEHBI peOpOM.
Ot n — 1 pebep Ha3pIBAIOTCSA pebpamu mapuipyma, TOBOPST, YTO MAPIIPYT
npoxooum 4epe3 HUX, a YUCIOo 7 — | Ha3bIBAIOT O1uHOU MapuipyTa. ['oBOpsIT,
YTO MapIIPyT COeOuHsiem BEPIIUHBI X| U X,, OHA Ha3bIBAIOTCSI COOTBETCTBEHHO
Ha4aiom W KOHYoM MapIIpyTa, BEPIIUHBI X2, ..., X,—| HA3BIBAIOTCS NPOMEHC)-
mounbiMy. MapuipyT Ha3bIBAETCS 3AMKHYMbIM, €CITH X| = X;,.

Ilymb — 3TO MapmpyT, B KOTOpOoM Bce pedpa paznuunsbl. [1yTh HazbIBaeTCs
NpOCMbIM, €CIIA U BCE BEPIITUHBI B HEM Pa3JIMYHEI.

Luxn — 310 3aMKHYTHIM myTh. Lukn xi, x2, ..., X,—1, X1 Ha3BIBAETCA HPO-
CMbIM, €CJIA BEPIIUHBI X1, X2, ..., X,—] BCE TIOTMIAPHO PA3TUYHBI.

B rpade Ha puc. 1.19 nocienoBaTeIbHOCTh BEPITHH

2,3, 5, 4 — He MapuIpyT;
2,3,4,5,1, 4,3 —MapuipyT, HO HE TTyTh;
3,1,4,5, 1,2 —nyTh, HO HE IPOCTOM;
2,3,1,4,3, 1, 2 — 3aMKHYTBINA MapHIpyT, HO HE IUKIT,
2,3,1,4,5, 1, 2 — uuki, HO HE IPOCTOH;
2,3,4,5, 1,2 — 0pocToil UK.

2 2
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OIQ‘Q (>

Puc. 1.19

Y CcTaHOBHM HEKOTOPBIE TIPOCTHIE CBOWCTBA MAaPIIPYTOB.

Jemma 1.3. B 11060m mapupyme, coeounsoujem 08e paziuinvie 6ePUIUHbI,
co0epaHcumcs nPOCmotl nymov, COeOUHAIOWUL me dice epuiunbl. B n1ooom yuk-
Jie, npoxXooAuemM uepes HeKkomopoe pedpo, Co0epIHCUMcs NPoOCmou Yuki, npo-
Xo0sauwuil uepes 3mo peopo.

Hokazamenvcmeo. 1lycts x1, X2, ..., X, — MapuipyT. Eciii Bce ero Bepmu-
HBI Pa3JIMYHbI, TO 9TO YK€ NPOCTOH MyTh. B npoTuBHOM cityuae, mMycCTh X; = X;,
i <j. Torga mociaenoBaTeNbHOCTb X1, X2, ..., Xi—1, Xi, Xit1, Xn, IOJTYUCHHAS U3

9TOr0 MapuIpyTa yJaJIE€HHEM OTPE3Ka IOCIEI0BATENBHOCTH OT X;i| J0 X;, TOXKE
ABJseTcs MappyToM. HOBBIN MapuipyT coelMHSAET Te K€ BEPIIMHBI U UMEET
MEHBIIYI0 JUTHHY. [Ipoomkas AeiCTBOBATh TAKUM 00pa3oM, MOCIe KOHEYHOTO
YHCIia «CIPSIMIIEHUI TMOTYYUM NPOCTON MyTh, COETUHSIOMNN X1 U X,,. BTOpoe
YTBEPKIACHHUE OKA3bIBA€TCA aHAJIOIMYHO. ||

OtmetuM, 4TO B (hopMynHpoBKe JeMMbl 1.3 Henb3si 3aMEHHMTH CJIOBO
UKDy CIIOBAMH «3aMKHYTBIN MapiipyT». JleiictBurensho, ecnu (a, b) — peod-
po rpada, To MmocnenoBaTeNbHOCTh @, b, @ — 3aMKHYTBIH MapIIpyT, MPOXO/Isi-
MUK yepe3 3To pedpo, HO HUKAKOTO UK B HEM HET.

Jemma 1.4. Eciu 6 epaghe cmenens Kaxcoou eepuiunbl He MeHbule 2, mo 8
HeM eCmb YUKL.

Jlokazamenvcmeo. Haiinem B rpade mpocToil myTh HamOOJBIICH THHEIL.
ITycts 310 X1, X2, ..., X,. BepinHa X, cMEXHa C X1, @ TAK KaK €€ CTEIEHb HE
MEHBIIIE JIBYX, TO OHa CMEKHa elle XOTS Obl ¢ OAHOM BEpIIMHOM, CKa)XKeM,
y. Ecnin y Obuta 61 OTIMYHA OT BCEX BEPILUH MYTH, TO MOCIEA0BATEIBHOCTb X1,

X2, ..., Xp, ¥ ObLTA OBI TIPOCTHIM TyTeM OOJbIeH ATMHBL CleaoBaTeNnbHO, ) —
9TO OJIHA W3 BEPIIHH MyTH, ) = X;, ipudeM [ < n — 1. Ho toraa x;, Xj+1, ..., Xn, X;
— UK. [J

1.4.2. CBSI3HOCTH U KOMIIOHEHTBI

I'pad Ha3bIBaeTcs c8A3HbIM, €CIIN B HEM JUIS JTFOOBIX ABYX BEpIINH UMEETCS
MapLIpyT, COCOUHSIONIMM 3TH BEpLIMHBI. 3aMETUM, YTO BBHIY JIeMMbl 1.3
MOKHO B 3TOM OIPEIEIICHHH 3aMEHHUTH CIIOBO «MapIIPYT» CIOBAMH «IIPOCTON
IyTb».

21



Jlis Ipou3BOJIBHOTO rpada omnpeAesTuM Ha MHOXECTBE BEPILUH OMHOuUle-
HUle cOeOUHUMOCmU: BEPIIMHA @ COSMHUMA C BEPIINHOM b, €CIIH CyIIECTBYET
COCAMHSIONINHA NX MapuIpyT. JIerko BUAETH, YTO 3TO OTHOILIEHHE PEe(ICKCHBHO,
CUMMETPUYHO U TPAH3UTUBHO, TO €CTh SIBJIAECTCS OTHOIIEHUEM SKBUBAJIECHTHO-
ct. Kiaccel 5KBUBaJIEHTHOCTH HA3BIBAIOTCS 001ACMAMU C8AZHOCMU, A TIOPOXK-
JaeMble MU TIoArpadbl — Komnonenmamu cesisHocmu rpada. B cBsizHoM rpade
MUMEETCSl TOJBKO OJIHA KOMIIOHEHTa CBSI3HOCTH — Bech Tpad. KommoHeHTHI
CBSI3HOCTH MOXHO OIPENENINTh TaKK€ KaK MaKCHUMAJIbHBIE I10 BKIIOYEHUIO
CBsI3HBIE MOArpadsl JaHHOTO rpada.

VY rpada Ha puc. 1.20 umerorcst ueTbipe obmactu cesizHoctu — {1, 2, 9},

(3,10, 111, {4}, {5,6,7,8, 12, 13, 14, 15}.

PR T

Puc. 1.20

Bepmuna HazwsiBaeTcst wapnupom (WA MOYKOU COYNIeHeHUs), €CITU TIPH ee
yAaJIeHUH YHCII0 KOMITOHEHT CBS3HOCTH yBeln4duBaeTcs. Y rpada Ha puc. 1.20
UMeeTCs YeThIpe MIapHUpa — 3TO BEPIIUHEI 3, 6, 7, 8.

Pebpo, npu ynaneHnn KOTOPOro YBETHYUBACTCS YHCIO KOMIIOHEHT CBSI3HO-
CTH, Ha3bIBaeTcs nepeutetikom. Ilepemeiikamu rpada, n300pakeHHOTO Ha pHC.
1.20, sBisrotest peopa (3, 10), (3, 11), (6, 7), (7, 8), (7, 13).

JIerko MOKa3pIBAIOTCA CIEIYIOIINE CBOMCTBA MIAPHUPOB U NEPEMIENKOB.

Jemma 1.5. Bepwuna a aensemcsa wapuupom mo2oa u moavKko moeod, Ko-
eda 6 epaghe umeromes, maxkue omauuHvle om a gepuiunvl b u c, umo 060U
nyms, coeounsiowuti b u ¢, npoxooum uepes a.

Jlemma 1.6. Pebpo sensemcs nepeuteiikom 8 mom u mojabko mom ciyuae,
ecnu 6 epaghe Hem NPoOCmMo2o YUKa, cooepicauie2o 3mo peopo.

1.4.3. MeTpuueckue XxapakTepucTuxku rpagosn

Paccmosinuem Mexay IByMs BeplinHamu rpada Ha3bIBaeTCS JUTHHA KPaT-
YalIIero myTH, COSTUHAIONIETO 3TH BEPIIHHBI. PacCTOSHIE MEK/TY BEPITHHAMU
a u b obo3nauaercs uepes d(a, b). Ecinu B rpade HET IMyTH, COSTUHSIONIETO d U
b, TO eCTb TH BEPIUIMHBI MPUHAICIKAT PA3HBIM KOMIIOHEHTaM CBSI3HOCTH, TO
PacCTOSHUE MKy HUMH CUUTACTCS] OECKOHEYHBIM.

Jlerko BuzeTh, uto (yHKIWMs d(X, y) 00Ia1aeT CBONCTBAMHU:

1) d(x, y) =2 0, mpuuem d(x, y) = 0 Torna u TOJIBKO TOT1a, KOT/AA X = V;

2)d(x,y)=d(y, x);
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3)d(x,y) +d(y, z) 2 d(x, z) (HepaBEeHCTBO TPEYTOJIbHUKA).

B marematrke (QYHKIHIO JABYX MEPEMEHHBIX, OMPEICICHHYI0 Ha HEKOTO-
POM MHOXKECTBE M YIOBJICTBOPSIOIIYIO YCIOBUsAM 1) — 3), Ha3bIBAIOT Mempu-
Koll, 2 MHOYXECTBO, Ha KOTOPOM 3aJlaHa METPUKA — MempuieckuM npoCmpaH-
cmeom. Takum 00pa3oM, MHOYKECTBO BEPIIUH JIFOOOTO Tpada MOKHO paccMmar-
pHBaTh KaKk METPUYECKOE MPOCTPAHCTBO.

PaccTosiHHe OT JaHHOW BEPIIMHBI @ J0 HauboJiee yaajJeHHOW OT Hee Bep-
IIMHBI HA3bIBACTCSI HKCYEHMPUCUmMenmom BEPIIUHBI @ U 0003HAYACTCS 4Yepes3
ecc(a). Takum o6pasom,

ecc(a) = max d(a,x).

BepumHy ¢ HaMMEHBIINM 3KCLIEHTPUCHTETOM HA3BIBAIOT YEHMPAIbHOU, &
BEPILIMHY C HAUOOJIBIIUM 3KCLEHTPUCUTETOM — nepugepuiinoti. MHOXKECTBO
BCEX LIEHTPAJIBHBIX BEPIIMH Ha3biBaeTcs yewmpom rpada. Cama BemHuMHA
HAaUMEHBIIIETO SKCIIEHTPUCUTETA HAa3bIBACTCS paouycom rpada u o6o3HadaeTcs
uyepe3 rad(G), a BeauuuMHA HAMOOIBIIETO — Ouamempom W 0003HAYAETCS
diam(G). Mnave rosops,

rad(G) = min maxd(x, y),

xeVG yelG

diam(G) = max r;l%( d(x,y).

Hanmenbmmii quaMeTp uMeeT NoHbIA Tpad — ero auametp paseH 1. Cpe-
JI1 CBSI3HBIX TpadoB C 7 BEpIIMHAMH HAWOOJBIINN TUaMeTp, paBHBIA n — 1,
HAMEET LIEb P,,.

Ecnmu paccrosiHue Mexay AByMsI BEpPIIMHAMH PaBHO AuameTpy rpada, To
KpaT4yallliMii MyTh, COCAUHSIONIMM 3THU BEPIUMHBI, HAa3bIBACTCS Ouamempaib-
HblM nymem, a noarpad, oOpa3oBaHHBIM BepIIMHAMH M peOpaMu 3TOTrO MYTH,
— ouamempanbHOU Yenwvio.

Jlnsa rpada, uzo0pakeHHOro Ha puc. 1.21 3KCLEHTPUCUTETHI BEPIIUH NPU-
BEJICHBI B TAOJHIIE:

x 1 (2|3 [4|5]6]7]8]9
ecc(x) |5[4]14|3[5]3][3]4]5

Ilentp sTOTO Tpada cOCTABISIIOT BepIuHbI 4, 6, 7; iepudepuitHbie BEPITUHBI —
1, 5 u 9; paguyc ero pasen 3, a quametp 5. OHA U3 IUAMETPaTbHBIX IIETICH
opoXaaeTcss MHOXKeCTBOM BepiuuH {1, 3, 6,7, 8, 9}.
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I WFAY

Puc. 1.21

1.4.4. MapuipyThl ¥ CBSI3HOCTb B oprpagax

JInst OpHEeHTHPOBAHHOTO Tpad)a MOKHO ONPENENUTh JBa TUIIA MapIIPyTOB.
Heopuenmupogannwviii mapwpym (WIA TPOCTO Mapuipym) — 3TO TOCIEI0BaA-
TEJILHOCTh BEPIIUH X|, X2, ..., X;, TaKas, 4To Juist Kakaoro i = 1,2, ..., n—1
XOTs1 ObI OJTHO M3 pedep (X, Xi+1), (Xi+1, X;) IPpUHAISKHUT rpady. MapuipyT Ha-
3BIBACTCS OPUECHMUPOBAHHBIM (AT OpMAapupymom), €Ciii Ui KaXJ0ro I mapa
(xi, X;+1) sBIsIETCS peOpom rpada. Takum 00pa3oM, MpU ABHKESHUH BIIOJIb Map-
mpyTa B oprpade pedpa MOTYT IPOXOIUTHCSA KaK B HAlpaBJIEHUH OPUEHTALINH,
TaK U B 0OpaTHOM HAIpaBJICHUH, & IPU JBIXKEHUH BJIOJIb OPMapIIPyTa — TOJb-
KO B HalpaBJICHUU OPHEHTAIMU. DTO Pa3IUune OYEBHIHBIM 00pa3oM pacrpo-
CTpaHseTCsl Ha MyTH M IHUKIIBI, TaK 4TO B oprpade MOKHO pacCMaTpUBaTh MyTH
U OpPIYTH, IMKJIBI ¥ OPIMKIBL. ByaeM roBoputs, 4To MapmpyT Xi, X2, ..., Xp
coeounsiem BEPIINHBI X| U Xy, & OPMAPIIPYT X1, X2, ..., X, 8e0€m U3 X1 8 X.

COOTBETCTBEHHO IBYM THIIaM MapIIPyTOB ONpENENAIOTCd M JBa THUIA
cBs3HOCTH oprpadoB. Oprpad Ha3bIBaeTCS C8A3HbIM (MU C1AOO C8A3HBIM), €C-
JM 7S] KQXKJIOW Maphl BEPIIUH B HEM UMEETCS COSAMHSIONINA UX MapUIPyT; OH
HAa3bIBACTCS CUIBHO CBA3HBIM, €CITU TSI KXKIOW YIOPSIIOYSHHOH Iaphbl BEpIIHH
(a, b) B HEM mMeeTcst OpMapIIpyT, BeAyIIMid U3 a B b. MakcHMallbHBIE T10
BKJIIOYEHHUIO TIOJMHOXKECTBA BEpIIMH oprpada, mopokaaromue CHIbHO CBS3-
Hble TOATpadbl, HA3BIBAIOTCS €r0 001ACMAMU CUTLHOU CEA3HOCU, & TIOPOXK-
JaeMble UMH TOArpadbl — KOMRnOHeHmamu cunvbhou ceéasnocmu. OYEBUIHO,
pa3Hble 00JIACTH CHIIBHOM CBA3HOCTH HE MOTYT UMETh OOIIMX BEPIINH, TaK 4YTO
MHOXECTBO BEpIIMH KaxJoro oprpada pazOuBaercs Ha 00JacTH CHUIBHOMN
cBsizHOCTH. OONacTAMU CUIIBHOM CBSI3HOCTH oprpada Ha puc. 1.22 sBistoTCs

mHoxectBa {1, 2, 5}, {3,4,6,7, 8}, {9}.

Puc. 1.22
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1.5. NlepeBbs

1.5.1. OnpenesieHne u 3JieMeHTaApHbIE CBOIICTBA

Jlepesom Ha3bIBaeTCs CBSA3HBINA rpad, HE MMeEOMUN UKIOB. B rpade 6e3
IIUKJIOB, TAKMM 00pa3oM, KaXKJas KOMIIOHEHTA CBSI3HOCTH SIBJIICTCS JIEPEBOM.
Taxoii rpad Ha3BIBAIOT 1eCOM.

W3 nemMmer 1.4 cnemyer, 4To BO BCSIKOM JepeBE, B KOTOPOM HE MEHBIIE
JIBYX BEpIINH, UMEeTCsl BepIINHA cTerneHn 1. Takue BepIInHBI HA3bIBAIOT 6UCS-
YUMU GePUUUHAMU, VITH TUCMbAMU. B TeHCTBUTENBHOCTH JIETKO JJOKA3aTh, YTO B
Ka)XXJIOM JIepeBe HE MEHbIIE JIByX JINCThEB, a eNb P, — mpuMep AepeBa, B KO-
TOPOM TOYHO JIBa JIUCTA.

B cnenyromux 1ByX TeopeMax yCTaHABIMBAIOTCS HEKOTOPHIE CBOWCTBA Jie-
pEBBEB.

Teopema 1.7. I'pag ¢ n eepwunamu u m pebpamu s61emcs 0epeeom mo-
204 U MOAbKO mMo20d, Ko20d OH YO0sl1emeopsiem Jo0biM 08YM U3 CLe0yIOUUX
mpex ycioeu:

(1) ceazen;
(2) e umeem yuxnos,
B)ym=n-1.

Joxazamenscmeo. IlepBbie 1Ba yCIOBUS BMECTE COCTABIISIOT ONPEACICHIE
nepesa. [Tokaxem, 4yTO BBINOJHEHHE JIOOBIX ABYX U3 ycioBuil (1)—(3) Bieuer
BBITIOJIHEHHE TPETHETO.

(1) m (2) = (3). Ungykmms no wuciy BepmmH. [Ipu n = 1 yTBepknenune
oueBunHo. [Ipu n > 1 B nepeBe umeercs xots Obl onuH auct. Eciu u3 gepesa
YIQINUTh JIHCT, TO CHOBA IOJIyYUTCS J€PEBO, TaK KaK LIUKJIOB HE IMOSBUTCSA, a
CBSI3HOCTB, OYEBHUIHO, COXpaHUTCS. B 3TOM HOBOM nepeBe n — 1 BepmnHa u, 1o
NPEOIOKEHUIO HHAYKIINH, 1 — 2 pedpa. Crie1oBaTeIbHO, B UCXOIHOM JIepEBE
ow10 12 — 1 pedpo.

(1) u (3) = (2). IlycTsp B rpade, HE UMEOIIEM IIHKIIOB, # — | pedpo, a ero
KOMIIOHEHTaMu cBs3HOCTH sBisitores Gy, Gy, ..., Gy, npudeM G; COCTOUT U3 7;
BepmvH, | = 1, ..., k. Kaxxaas KOMIOHEHTa SBJISIETCS IEPEBOM, MOITOMY, KaK
JI0Ka3aHo BhIIIe, yucio pedep B G; paBHO n; — 1, a Bcero pedep B rpade

k
D> (m—1)=n—k=n-1.3naunr, k=1 urpad cessen.
i=1
(2) u (3) = (1). Paccmotpum cBsi3HbIit rpad ¢ n — 1 pedbpom. Ecnu Obl B
HeM ObUI IMKJI, TO, YAAJIHB JIO00€ IHKIOBOE pedpo, MOMYUYMIId Obl CBSI3HBIM
rpa¢ ¢ MEHbIINM YHcIoM pedep. MBI MOXeM MPO0IDKaTh TAKOe YAaJIeHHE pe-
Oep 10 TexX mop, MOKa He OCTAHETCs CBSI3HBIN rpad 6e3 LUKIIOB, TO €CTh IEPEBO.
Ho peGep B 3TOM aepeBe ObLIO OBl MEHBINE, YeM 7 — 1, a 3TO MPOTUBOPEUUT
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JIOKa3aHHOMY BbILIE. [
Teopema 1.8. Eciu G — depeso, mo
1) 6 G mobas napa éepuwiun coeOuHena eOUHCMBEEHHbIM NYMeM;
2) npu dobasrenuu x G 1106020 HOB020 pebpa 0bpa3zyemcs YUK,
3) npu yoanenuu uz G 1106020 pebpa on npespawiaemcs 8 Heces3Hblll
epag.

Joxazamenscmeo. CyniecTBOBaHHE ITYTH MEXKITY JIOOBIMH ABYMS BEpIIH-
HAMH CIIEAyeT U3 CBSI3HOCTH JepeBa. JlomycTUM, 4TO B HEKOTOPOM JIepeBe Cy-
IICCTBYIOT JIBa PA3IMYHBIX MyTH, COSAUHSIIONINX BEpPIIHHbI @ U b. HauanbHble
OTpEe3KH 3TUX MyTed coBmaaaroT (00a MyTH HAYMHAIOTCS B OJHOW M TOH XKe
BepimHe a). [1ycTh X — mocnenHssi BEpIIMHA STOTO COBIAAAIONIEr0 Havana, a
1oCJIe X B OJHOM ITyTH CJEIyeT BEpIIMHA ), a B IPYrOM — BepIIMHA );. Pac-
cMotpuM pebpo (x, y1). Eciu ero ymanmutes u3 rpada, To B OCTaBIIEMCs IO
rpade BEpIIMHBI }| U X OYAYT COCIUHUMBIMU — COCTUHSIIOIIUN UX MapIIpyT
MOYKHO TTIOCTPOHTH TaK: B3STh OTPE30K MEPBOTO MyTH OT V| 0 b U K HEMy IpH-
COCIMHUTH OTPE30K BTOPOTO OT X 10 b, B3sATHIA B 0OpaTHOM mopsiake. Ho 31o
03Havaet, 4yTo pedpo (x, y1) He sABysgeTcs nepenieiikom. OmHaKO U3 JeMMBbI 1.6
CJIC/YET, 4TO B JIEPEBE KAXK0€ peOpO SBISIETCS MEPEHIeHKOM. DTUM JIOKa3aHO
yrBepxkaeane 1). Ecim k pepeBy mo6aBUTH HOBOE pedpo, TO, MOCKOJIBKY Bep-
IIMHBI, COCTUHIEMBIC 3TUM PeOpoM, yKe ObUTH COSMHEHBI TyTeM, oOpa3yercs
IUKJ. YTBepkJeHue 3) cineayeT u3 JieMMsl 1.6. [

OTMeTuM, 4TO €IMHCTBEHHBIA MyTh, COEAMHSIIOUINI JIBE BEPIINHBI JepeBa,
BCETJa POCTOM (€CNU MyTh HE SBJISETCS] MPOCTHIM, B HEM 00s3aTeIbHO COJep-
JKATCS ITAKI).

1.5.2. llenTp nepena

LlenTp rpada MOXKET COCTOATH M3 OJHOI BepUIMHBI (KaK, HAIIPUMeED, B Ipa-
de Ki,4), a MOKET BKIIOYATh BCE €ro BepIIHHbI (IonHbIN rpad). Jus nepesa,
KaK MBI YBUAUM, UMEETCs Topa3/io Oosee orpaHuueHHbIH Uana3oH BO3MOXKHO-
CTEH.

Teopema 1.9. Llenmp Oepesa cocmoum u3z 0OHOU GEPUIUHBL UTU U3 OBYX
CMEMHCHBIX BEPUIUH.

Hokazamenbcmeo. J1omycTUM, YTO B HEKOTOPOM JIEPEBE UMEIOTCS IBE HE-
CMEXHBIX IIEHTPAJIBHBIX BEPIINHBI ¢| U 2. Ha MyTH, COeNUHSIONEM 3TH Bep-
IIMHBI, HAWJEM MPOMEKYTOUHYIO BEPUIMHY @ C MAaKCHMAaJIbHBIM SKCLEHTPHUCH-
TETOM U IycThb b; U by — BEepIINHBI, COCETHHE C @ HA 3TOM IIyTH (cM. puc. 1.23).

[Tycts x — BepmMHa, HanboJee yaajleHHas OT a B JiepeBe, TO ecThb d(a, X) =
= ecc(a). IlyTh, COEMHSIOMUI a ¢ X, HE MOXKET IIPOXOAUTH Yepe3 00e BepIlu-
HbI b 1 by. JlomycTiM, OH He IPOXOAMT 4epe3 by. Toraa eaMHCTBEHHBIH 1Ty Th
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u3 b B x mpoxoaur 4epes a u d(by, x) = d(a, x). Orcrona cnenyer, uto ecc(b;)
> ecc(a), a 3T0 MPOTUBOPEUUT BBHIOOPY BEPILUHBI d.

C1 b] a b2 (&)
O_ ........... O O O .......... O
\.
\O i
Puc. 1.23

CrnenoBarenbHo, TIO0BIE IBE IIEHTPATbHBIC BEPIINHBI CMEXKHBI, a TaK KaK B
JiepeBe He MOXKET OBITh TPeX MOMAPHO CMEXHBIX BEPIINH, TO B HEM HE 0OJbIe
JBYX HEHTPAJIbHBIX BEpPIIHH. ||

1.5.3. KopHeBble JepeBbs

Yacto B JepeBe 0co00 BBIAEISAETCS OJHA BEPILINHA, UTPAIOILAsi POJIb CBOETO
poja «Haydana oTcueTay. JlepeBo ¢ BbIAEICHHON BEPIIMHOM Ha3bIBAIOT KOpHe-
8blM OepegoM, a caMy 3Ty BepIIMHY — kopHem. W3 nepeBa ¢ n BepLIMHAMHU
MOXHO, TAKUM 00pa3oM, 00pa30BaTh 7 Pa3INYHBIX KOPHEBBIX AE€PEBLEB.

ITpu rpaduueckoM H300pakeHUU KOPHEBOTO JepeBa OOBIYHO MPHUAEPIKU-
BAIOTCS Kakoro-HuOynap crangapta. OOuH u3 Hambolsiee pacHpoCTpaHEHHbBIX
COCTOMT B clenyromieM. Bo3bMeM Ha IUIOCKOCTH CEMEHCTBO MapasuleNbHBIX
IPSAMBIX C PaBHBIMH PACCTOSHUSIMU MEXKIY COCETHUMH HpsAMbIMH. M300pa3um
KOPEHb TOYKOH Ha OJHOM M3 3TUX HPAMBIX, CMEKHbBIE C KOPHEM BEPIIUHbBI —
TOYKaMU Ha COCeIHEH NpsAMOIl, BEpUIMHBI, HAXOAAIIUECS Ha PACCTOSIHUU 2 OT
KOpHS — Ha cieayroulel, u T.1. Pedpa nzobpasum otpeskaMu npsMeix. SIcHO,
YTO BEPLIMHBI HA KaKIOM NPSIMON MOKHO Pa3MECTHTh TakK, 4TOObl pedpa He
nepecexkanuch. IIpuMep HapHCOBaHHOIO TakUM 00pa3oM KOPHEBOIO JepeBa
noka3aH Ha puc. 1.24 (kopeHb oOBeneH Kpy>kKkom). Yaie, BIpouyeMm, I€peBO
PHCYIOT KOPHEM BBEpX, a HE BHU3.

&
Puc. 1.24
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Wuorna ObiBaeT mojie3HO pedpa KOPHEBOTO JiepeBa OPUEHTHPOBAThH TaK,
4TOOBI B KOK/YIO BEPIIUHY BEJI OPUECHTUPOBAHHBIN MyTh M3 KOPH (111 AepeBa
Ha puc. 1.24 3TO 03HaYaeT, 4TO KaXKJA0e peOdpO OPUCHTUPYETCS CHHU3Y BBEPX).
Takoe opHeHTUPOBaHHOE KOPHEBOE JIEPEBO Oy/1eM Ha3bIBATh UCXOOAUWUM JIEpe-
BOM. B ucxopsem nepeBe Kaxas BepIIMHA, KPOME KOPHS, SIBJISIETCS KOHLIOM
eIMHCTBEHHOTO pedpa. Ecnu B uicxonsmiem nepeBe umeercs pedpo Xy, To Bep-
HIMHY X Ha3bIBAIOT OMyOM BEPUIMHEI ), @ BEPIINHY ) — CblHOM BepIIUHbI X. Ec-
TECTBEHHBIN U JIJI1 MHOTHX IeJIel yI00HBIN crioco0 3aaHusi KOPHEBOTO JIepeBa
COCTOUT B YKa3aHUH JJISl KaXKI0i BepIIMHEI ee oTua. [Ipu 3ToM nHOra cumra-
10T, YTO KOPEHb MPUXOAUTCS OTIIOM CaMOMy ce0e — 3TO paBHOCWIBHO J100aB-
JICHUIO TIETIIH MIPH KOPHE.

Ecnu B ucxopsmem nepee 7' umeeTcsi OpUEHTUPOBAHHBIN MyTh U3 BEPILU-
HBI X B BEpIINHY V, TO TOBOPSAT, YTO X — NPedoK V, a y — nomomok X. B gacTHo-
CTH, Ka)K/1asi BEpIIMHA SBJISAETCS MPEAKOM U MOTOMKOM caMoi cebs. MHoxecT-
BO BCEX NPEAKOB BEPUIMHBI X MOPOXKIAET OPHEHTUPOBAHHBIN MyTh U3 KOPHS B
X. MHOXecTBO BCeX MOTOMKOB BEpIIMHBI X MOPOXKIAET UCXOJIIEe JIEPEBO C
KOPHEM B X, OHO HAa3bIBACTCS 6emabio iepeBa 1 B BEPIIMHE X.

Bvicomoti KOpHEBOTO JiepeBa Ha3bIBAE€TCs SKCLIIEHTPUCHUTET ero KopHs. Ecin
MBI XOTHM HPEBPATUTH HEKOTOPOE JIEPEBO B KOPHEBOE M TPUTOM MUHHMAIBHOM
BBICOTHI, TO B KA4E€CTBE KOPHS CIIEIYET B35ATh LIEHTPAIBbHYIO BEPIINHY.

1.5.4. Kapkacsl

[Tycte G — oObikHOBeHHBIN Tpad. Ero xapxacom Ha3bIBaeTCS OCTOBHBIN
noarpad, B KOTOpOM HET IIMKJIOB, a 00JIaCTH CBA3HOCTHU COBIAAIOT ¢ 00IacTs-
mu cBsi3HOCTH rpada G. Takum 00pa3oM, kapkac CBsi3HOTO rpada — AepeBo, a B
o01ieM cirydae — Jiec.

VY nroboro rpada ects XoTs Obl onuH Kapkac. JlelicTBuTensHO, eciu B G
HET IUKJIOB, TO OH CaM SIBJIIETCS COOCTBEHHBIM KapKacoM. Ecim ke IUKIIbI
€CTh, TO MOXXHO YJIAIHUTh U3 Tpada nodoe pedpo, mpHUHAIeKAIIee KaKoMy-
HUOY b nuKiTy. Takoe pedpo He ABJISIETCS NepemeiikoM, MoITOMY MPH €ro yaa-
JeHnu 00JacTH CBA3HOCTU HE M3MeHsATCs. [Ipoormkas qeiicTBoBaTh TakuM 00-
pasoM, Tocie ynaleHUus: HEKOTOPOro KOJIMYeCTBa pedep MOIydyuM OCTOBHBIN
noarpad, B KOTOPOM IIMKJIOB YXKe HET, a 00J1acTH CBA3HOCTH — Te€ JKe, YTO y HC-
XO0AHOTO Tpada, To ecTh 3TOT noarpad u Oyaer kapkacom. MOKHO JTaxke TOUYHO
CKa3aTh, CKOJILKO pedep HeoOX0AMMO yAaIuTh s MOoTydeHus kapkaca. Eciu B
rpade n BepimuH, m pedep u k KOMIIOHEHT CBS3HOCTH, TO B KapKace OyJeT To-
K€ 1 BEPUIMH U kK KOMIIOHEHT cBsi3HOCTH. HO B 1F000M Jiece ¢ 77 BepIuuHaMu U k
KOMITOHEHTAMH CBSI3HOCTH MMEETCSI POBHO 71 — k pedep. 3HauuT, yaaieHo Oy-
ner m — n + k pebep. DTO YMCIIO HA3BIBACTCS YUKIOMAMUYECKUM HUCTOM
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rpada u obo3unauaercs uepes V(G).

Eciu B rpade ects nuKIBL, TO y HETo OOJbIIe OAHOTO Kapkaca. Ompene-
JUTHh TOYHOE YHCIO KapKacoB CBSI3HOTO rpada MO3BONSET Tak Ha3blBaeMast
maTpuyHas Teopema Kupxroda. [IpuBenem ee 6e3 nokazarensctsa. s rpada
G onpenenum marpuiy K(G) — KBaapaTHYIO MaTpHUIly TOPSIIKA 71 ¢ 3JICMEHTa-
MU

-1, ecu (i, j) € EG,
K; =30, ectu (i,j)¢ EG n i# ],
deg(i), ecmu i=j.

Wuaue rosops, K(G) monydaeTcs U3 MaTPHIIbl CMEKHOCTH, €CJIH 3aMEHHUTh
Bce 1 Ha —1, a BMeCTO HyJell Ha IJIaBHOW JAMAaroHaaH IIOCTABUTH CTEIIEHU BEp-
mmH. 3ametum, 9to Matpuna K(G) — BEIpOXK/ICHHAs, TAK KaK CyMMa 3JIEMEHTOB
K10 cTpoku paBHa 0, TO €CTh CTONOIBI TUHEHHO 3aBUCHMBI.

Teopema 1.10. (mampuunas meopema Kupxzogpa). Eciu G — cessmuli
epag c ne menee yem 08YMs 8ePUUHAMU, MO AlleeOpauieckue OONOJIHEeHUs 8cex
anemenmos mampuywvl K(G) pasnvl meancdy cobou u pasHvl Yucty Kapracos

epaga G.
1.6. dnepoBbl rpadbl

ITepBas Teopema Teopuu rpadoB OblIa T0Ka3aHa 3a0JT0 10 TOTO, KaK CTa-
70 yIOTpeOIsIThCs ClIoBOCOUYeTaHue «reopus rpadoBy». B 1736 r. mosBuiach
pabota Diinepa, B KOTOPOH He TOJIBKO OblIa pelieHa NpeIocKeHHAs eMy 3a7a-
4Ya 0 KeHUIcOEprcKUX MOCTax, HO U c(hOpMyIMPOBAHO OOIIee MPaBHIIO, TO3BO-
JSIoLIee pelnTh JI00YI0 3a7ady Takoro poja. MlHTepecHo, 4To B 0IHOM U3 MH-
ceM Diiiep mucai Mo 3TOMY MOBOJY: «...3TO PEUICHHE 10 CBOEMY XapakTepy,
MO-BUJIMMOMY, UMEET MaJl0 OTHOIICHUS K MaTeMaTukKe, © MHE HEMOHSTHO, I0-
Yemy clieAyeT CKopee OT MaTeMaTHKa OXKHaTh STOTO PEIICHHS, HeXKEl OT Ka-
KOT0-HUOY/b JPYroro 4ejJoBeKa...».

Ha s13p1ke Teopuu rpadoB 3a1ada COCTOUT B TOM, YTOOBI ONIPEICIIUTh, HMe-
eTcst i B rpade MmyTh, MPOXOASIINN Yepe3 Bce ero pebpa (HATOMHHM, YTO
MyTh, TI0 ONIPEIEIICHUIO, HE MOXET JIBAX/IbI IPOXOANUTH MO OJTHOMY pebpy). Ta-
KOH IyTh Ha3bIBACTCS JULIEPOBLIM NYyMeM, & €CIIU OH 3aMKHYT, TO JIIEPOGbIM
yuknom. I'pad, B KOTOPOM €CTh DMIIEPOB IHKJII, HA3BIBAIOT JUIEPOBLIM epaAPOoM.
B rpade, uzobpaxennom Ha puc. 1.25,a, siiaepoB LUKI CYLIECTBYET — HAlpH-
Mep, TIOCTIeIoOBaTeIbHOCTD BepvH 1, 2, 4, 5, 2, 3, 5, 6, 3, 1 oOpa3yer Takoii
k. B rpade xe Ha puc. 1.25,6 sitepoBa IUKIIa HET, HO €CTh DMJIEPOBHI ITy-
TH, Hanpumep, 2, 4, 5,2, 1, 3,5, 6, 3.
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4 —3) 6
a) 0)
Puc. 1.25

PaccMoTpuM cHauana yciioBUs CyIIECTBOBAHHMS 3WJIEpOBa IHKIA B OOBIK-
HOBEHHOM Tpade. SICHO, UTO B HECBA3HOM Tpade 3UIepoB LUK MOKET CylIle-
CTBOBaTh TOJBKO B TOM CiIy4ae, KOTJia BCe €ro peOpa MpUHAIJIeKAT OTHOU
KOMIIOHEHTE CBA3HOCTH, a BCE OCTAJIbHBIE KOMIIOHEHTHI — MPOCTO M30JIMPOBAH-
HbIe BepIuHbl. [103TOMY n0CTaTOUHO paccMaTpuBaTh CBS3HBIE rpadbl.

Teopema 1.11. Cssnzuviii epagh stinepos moeoa u moabko moaoa, Ko2oa 8
HeM CImeneHu 6cex 6epuitti Yemmbi.

Hoxazamenscmeo. Heo0X0aUMOCTh YCIIOBHSI OYEBHIHA, TAK KaK MPH KaX-
JIOM TIPOXOX/ICHUH IUKJIA Yepe3 KaKyl-JIMOO BEpIIMHY HCIOJIB3YIOTCS Ba
pebpa — 1o 0THOMY M3 HUX MapHIPYT BXOAUT B BEPIIUHY, 110 IPYTOMY BBIXOIHT
U3 Hee (3TO OTHOCHUTCS M K CTApTOBOM BEpIIIMHE — B HEW BEAb MapILIPYyT JODKEH
3aKOHYUTHCS ). JIOKaKeM ero I0CTaTOYHOCTb.

[Tycte G — cBsA3HBIM rpad), B KOTOPOM OOJIbIIIE OJTHOW BEPIIUHBI U CTCTICHU
BCEX BEpIIMH YETHBI. 3HAYUT, CTENEHb KAXKIOH BEPIIMHBI HE MEHbIIE 2, TO-
stomy 1o emme 1.4 B rpade G mmeercs nukn Z;. Ecom ymanute Bce pedpa
atoro 1ukia u3 rpada G, to momyuutcs rpad G, B KOTOPOM CTENCHU BEPIIUH
takke 4eTHbl. Ecniu B G| HET HU oftHOTO pedpa, To Z| — ditepoB mukIiI. B mpo-
TUBHOM CIly4yae, IpUMEHsisi Ty ke jeMMmy 1.4 k rpady, nmomydeHHoMy u3 G
yIaJeHHEeM BCEX H30JIMPOBAHHBIX BEPIIMH, 3aKiodaeMm, 4to B (| mMMeercs
muka Zp. Yname u3 G Bce peOpa nukia Z,, nonyunM rpad G,. IIpogomkas
JIeCTBOBATh TAaKUM 00pa3oM, MOKa He MPHJIEM K IyCTOMY Tpady, MOIy4YuM B
UTOTE CUCTEMY IIUKJIOB Z1, ..., Zj, IPUYEM Kaka0€ pedpo rpada mpruHaIICKUT
B TOYHOCTH OAHOMY M3 HUX. [lokaxem Teneps, 4TO U3 ITHX IIUKIOB MOXKHO CO-
CTaBUTh OJWH IHKI. JleHCTBUTEIHHO, U3 TOTO, YTO MCXOIHBIA Tpad CBS3CH,
CJIETyeT, UTO XOTS Obl OJIMH U3 LUKIOB Z, ..., Zi| UMEET OOIIyI0 BEpPIIMHY C
Zk. JlonycTuM, A7l OTPEICICHHOCTH, YTO TaKOB MUK Zj 1. Ilycth Z; = X1, X2,
coos Xpy Zjl = V1, V2, .oy Vg M X; = y; 10 HekoTopbIX [ U j. Torga
MOCJIEIOBATEILHOCTh BEPIIHH

i
Zk—l :xl5x27‘"in5yA]'+lay_j+25"'7yq7y25‘-'Jyj5xi+1)"'5xp
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OUYEBUJIHO, SIBJSICTCS IIMKJIOM, 2 MHOXECTBO pedep TOro IUKIA €CTh 00bheIu-
HEHHE MHOXECTB pedep UUKIOB Z;| U Z;. Takum 00pazoMm, MoiryyaeM CUCTEMY
U3 MEHBILIETO YUCIIA IIUKIJIOB, IO-TIPEKHEMY 00JIaJafONIyI0 TEM CBOWCTBOM, YTO
Kaxoe pedpo rpada npuHaIeKHUT B TOYHOCTH OJHOMY M3 HUX. [leiicTBys na-
Jee TakuM Ke 00pa3oM, B KOHIIE KOHIIOB TOJYYUM OJMH LUKJ, KOTOPBIHA U Oy-
JET SUIEPOBBIM .

Teopema 1.11 Bepra m mnsa mynbturpadoB (KCTaTh, B 3a1a4e O KEHUTC-
OEprcKUX MOCTax CHUTYyaIlusi MOJIEIHPYyeTcs UMeHHO MyibTrurpadom). Ona oc-
TaeTCs BEpHOU M MPU HAIWYHMH TI€TENb, €CIH IPU MOJACYETe CTENCHEH BEepIInH
KaXIyIO METJII0 CYUTATH JTBAXKIBL.

Tenepb HETPYIHO MOTYYUTh U KPUTEPUH CYIIECTBOBAHUS SMIEpPOBaA MyTH.

Teopema 1.12. Diinepos nymv 6 ceaznom epaghe cywecmeyem moeoa u
MONILKO Mo20d, K020a 8 HeMm Umeemcs He Oojnee 08YX GePULUH C HeYemHbIMU
cmeneHsamu.

Jlokazamenvcmeo. Eciiv B Tpade HET BEpUIMH C HEYCTHBIMH CTETICHSIMH,
TO, MO TPEABIAYIIEH TeOpeMe, B HEM HUMEETCsl DIIICPOB LUK, OH SBJISCTCS U
SiepoBbIM TTyTeM. He MokeT ObITh TOYHO OJHOM BEpIIMHBI C HEUETHOW CTe-
HEHBIO — ATO cleayeT u3 Teopemsl 1.2. Eciu ke UMEeIoTCsl TOYHO J1BE BEPIIHMHBI
C HEYETHBIMHU CTETICHSIMH, TO MMOCTPOUM HOBBIU Tpad, 1oO6aBuB pedpo, coenu-
HSIOIIEEe 5TH BEepIIMHBL. B HOBOM rpade cremneHu BceX BEpIIMH YETHBI U, Clie-
JIOBATEIIbHO, CYIIECTBYET DHIEPOB UK (BO3MOXKHO, YTO MpH J100ABICHUU HO-
BOro pe0pa mosyyarcs KpaTHbele peOpa, HO, KaKk 0TMEYajIoch BBIIIE, TeOpeMa 00
SIJICPOBOM IIMKJIC BepHA M Il MylbTUrpadoB). Tak Kak MUKIMYSCKHNA CIBHUT
IIUKJIa — TOXE LUK, TO CYIIECTBYET U TaKOH DMJICPOB IHMKJI, B KOTOPOM J100aB-
JeHHOe pedpo — MmocieAHee. Y IaluB W3 ATOTO IMKJIA TOCIEIHIO BEPIIUHY,
HOJYYHM SIJIEPOB IyTh B HCXOAHOM Tpade [ .

B opuentupoBanHoM rpade moj 3inepoBbIM MyTeM (LIUKIOM) ITOHUMAIOT
OpPHEHTUPOBAHHBIN IMyTh (LMKI), IPOXOAALINNA yepe3 Bce pedpa rpada. Opuen-
TUPOBAHHBIM BAPHUAHT KPUTEPHS CYIIECCTBOBAHMS HIIEPOBA IUKIIA (OPMYITHPY-
eTcs CIeyoUMM 00pa3oM.

Teopema 1.13. Diinepos yuxn 6 cea3HoM opepage cywecmsyem moaoa u
MONILKO mM020d, K020a Y KadicOOl €20 8epuiunbl NOLYCMeneHb Ucxooa pasHa
noIyCmeneHu 3axood.

1.7. AByAaonbHbIe rpadbl

I'pad Ha3bIBaeTCs 08y001bHbBIM, €CTH MHOXKECTBO €T0 BEPIIUH MOXHO TaK
pa3ouTh Ha J1Ba TIOJMHOMKECTBA, YTOOBI KOHIIBI KaXI0TO pedpa MpuHaIIIeKaIn
pa3sHBIM ITOJMHOXKECTBaM. JTH ITOJMHOXKECTBA HA3bIBAIOTCA Odossmu. Takum
o0pa3oM, Kaxaas u3 AoJieit mopoxaaer myctoi moarpad. [Ipumepom aBym0Ib-
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HOTO Tpada SIBISIETCS MPOCTast Lenb P, mpu J000M #: OJHA OIS TOPOKAAETCS
BEPILIMHAMU C YETHBIMH HOMEPaMHU, JIpyTras — ¢ HeueTHbIMU. [ 'pad K3 — mpumep
rpada, He SBISFOLIETOCs JIBYIOJIBHBIM: MIPH JIFOOOM pa30UeHUH MHOXKECTBA €ro
BEPIIMH Ha JIBa TIOJAMHOXKECTBA B OJTHOM U3 THX IMOJMHOXECTB OKAXKYTCS JIBE
CMEKHBIX BEPILIUHBI.

[TpuknagHOe 3HAUEHHE TIOHSATHS JIBYAOJBHOTO Tpada CBSI3aHO C TEM, YTO C
MOMOIIBI0 TaKUX IPad)OB MOJCIUPYIOTCS OTHOIICHHUS MEKIY 00BbEKTaMH JIBYX
THUIIOB, @ TAKHE OTHOIICHHS YacTO BCTPEUAIOTCS HA MPAKTUKE (HAIpUMep, OT-
HOIIICHHE IIPOAYKT X WCIIONB3YeTCsS B MPOU3BOJCTBE U3ICIHS }» MEXKIY HC-
XOJHBIMH TIPOJYKTaMU W TOTOBBIMH M3JICIUSMH, WU «PabOTHUK X BIIAJCET
npodeccueit y» Mexay paboTHHKaMU U npodeccusmu). B maremarnke Takue
OTHOIIICHHS TOXKE HE PEIIKH, OJIMH M3 HanOoJee paclpOCTPAHEHHBIX UX BUIOB —
OTHOIICHHUS HMHIMAEHTHOCTH. [lycTh A — MHOXeCTBO, a B — ceMeHCTBO ero
MOJIMHOKECTB. DJIeMEeHT X € A 1 MHOXeCTBO X € B unyuoenmmwsl OpyT Ipyry,
ecmu x € X. OTHOIIEHHE MHIUACHTHOCTH MOYKHO OIUCATh C MOMOUIBIO JIBY-
noneHoro rpada G, B kotopom VG =AUB, EG= {(x,X)|x€ A, Xe B, x € X}.
Ha puc. 1.26 nokasan rpad oTHomeHus uHIUaAeHTHOCTH Uit A = (a, b, ¢}, B =

= {B], By, B3, B4}, rae B = {a}, By = {a, b, C‘},B3 = {b, C}, Bys= <.

a b c

By B B Bs O
Puc. 1.26

Boo0O1ie roBopsi, pa30HeHHe MHOXKECTBa BEPIIMH JBYIO0JIBHOTO rpada Ha
JIOJIM MOYKHO OCYIIECTBUTHh HE €IMHCTBEHHBIM criocobom. Tak, B rpade u3
TOJIBKO YTO MPUBEICHHOTO PUMEPa MOYKHO B3SITh B KA4eCTBE J0JICH MHOXKECT-
Ba {a, b, ¢, B4} u {B), By, B3}. B T0O e BpeMsi B CaMOM OIPEICICHUHN ITOTO
rpada yxe 3aJ0KEHO «eCTECTBEHHOEe» pa3buenue Ha goiau A u B. J[ByaoibHbIe
rpadbl, BO3HUKAIONIHE B MPUIOKCHUAX, HEPEAKO OBIBAIOT 3aJaHbl HMMEHHO TaK
— C MHO)XECTBOM BEpIIINH, H3HAYAIBHO COCTOSIINM U3 JBYX YacTel, H ¢ MHO-
KECTBOM pebep, KaKa0e 13 KOTOPBIX COCANHSET BEPIINHBI U3 Pa3HBIX YaCTEH.

Ecnu pa3buenue Ha J0JTM HE 3a]]aHO, TO MOXET BO3HUKHYTH BOIIPOC, CYIIIe-
CTBYET JI OHO BOOOIIIE, TO €CTh ABJISCTCS JIM JaHHbIH rpad nBymnoabHbM? Ecin
B Tpade 7 BEpIINH, TO UMEETCS 2! pa30ueHnii MHOKECTBA BEPIIMH Ha B
MOJIMHOXKECTBA W HEMOCPEJCTBEHHAS MPOBEPKA BCEX ITHX pa3OueHuil Oyer
OYeHb TPyJOeMKuM jeioM. Creayroias TeopeMa 1aeT KPUTePHUi IBYI0IbHO-
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CTH, a U3 €€ J0Ka3aTeJbCTBa MOYKHO U3BJIeUb U A(PPEKTUBHBIA aIrOpUTM MPO-
BEPKU JBY10JbHOCTHU. [101poOHO Takoil anroput™M OyJeT ONUCaH B CleIyIOIeH
rJ1aBe.

Teopema 1.14. Cnedyrowue ymeepicoenus ons epagpa G pasHOCUIbHbL:
(1) G — 08yooavHuil epagh;

(2) 6 G Hem yuk06 HeuemHOU ONUHbL;

(3) 6 G Hem npocmuix YUKI06 HeUemHOU OUHbL.

Hoxazamenvcmeo. Jloxaxem, uro u3 (1) cienyer (2). [lycte G — nByn0I1b-
HBII Tpad, B KOTOPOM BBEIOpaHO HEKOTOpoe pasouenue Ha gomn, C = Xy, X2, ...,
Xk, X1 — uuki aausel k B rpade G. [pu arodom i = 1, ..., kK — 1 BepiuHsl X; U
Xit1 CME@XHBI U, CJIE€OBATEIbHO, TPUHAUIEKAT PAa3HBIM AOJIAM. Takum obOpa-
30M, OJIHA JIOJISi COCTOUT U3 BCEX BEPIIMH C HEUYECTHHIMH MHIIEKCAMH, TO €CTh
X1, X3, ..., ApyTasi — U3 BCEX BEPILIUH C YSTHBIMU UHACKCaMU. Ho BepIIMHBI X 1
X1 TOXKE€ CMEXHBI U JOJDKHBI NPHHAJUICKATh Pa3sHbIM jaosisM. CienoBaTenbHo,
k — yeTHOE YHMCIIO.

OueBunHO, uTo U3 (2) cnenyer (3); ocraercs 10Ka3aTh, 4To U3 (3) caemyet
(1). PaccmoTpum rpad G, B KOTOPOM HET MPOCTHIX ITMKJIOB HEYETHOW JJTMHBI.
SlcHo, 4TO Tpad, B KOTOPOM Kak[aasi KOMIIOHEHTa CBSI3HOCTH — JIBYJIOJIbHBIN
rpad, cam nBymonbHBINA. [loaTOMY MOXHO cumrtaTh, uyTo Tpad G cBs3eH. 3a-
(GUKCHpyeM B HEM HEKOTOPYIO BEPIIMHY @ U JOKAXKEM, YTO JUIS JHOOBIX JBYX
CMEXHBIX MEXly cO00 BEPIINH X U ) UMEET MECTO PaBEHCTBO

|d(a, x) —d(a, y)| = 1.

JleficTBUTENBHO, AOMYCTUM CHavana, uto |d(a, x) = d(a, y)| = t. llycts X1, X2,
.., X; — KpaT4almui myTh U3 d B X, V1, V2, ..., ¥y — KpaTHalllIni IyTh U3 A B ).
OTH MyTH HAYMHAIOTCS B OJIHOU BEpIIMHE: X| = )| = d, 2 OKAHYUBAIOTCS B pa3-
HBIX: X; = X, V; = y. [loaTOMY HaiieTcs Takoe k, 9To X; = Vx ¥ X; # V; IPH BCeX I
> k. Ho Toraa mocienoBaTelbHOCTD Xk, Xitls ---5 Xty Vis «-+» Vitls Yk SBISETCS
npocThIM 1HKIOM JutHbl 2(f — k) + 1. Cnenosarensho, d(a, x) # d(a, ).
[Mpeanonoxum, uto d(a, x) < d(a, y). Ecnu x1, X2, ..., X, — KpaT4aliuii myTh
U3 d B X, TO, OYEBHUHO, X|, X2, ..., X;, ¥ — KpaTUalIIuiil myTh U3 a B ), CIe0Ba-
TenbHo, d(a, y) = d(a, x) + 1. Itak, pacCTOSHUS OT IBYX CMEXKHBIX BEPIIHH 10
BEPIINHBI ¢ PA3THYAOTCS POBHO Ha exuHmIty. [loaTOMy, eciii 0003HAYUTD Ye-
pe3 A MHOXKECTBO BCeX BEpIIUH rpada, pacCTOSHUE OT KOTOPBIX JI0 BEPIIHHBI ¢
YeTHO, a Yepe3 B MHOXECTBO BCEX BEPIIMH C HEUYSTHBIMHU PACCTOSIHUSIMU JI0 d,
TO JIJIsl KaXJI0ro pedpa rpada oJuH U3 ero KOHIIOB MPHHAICKHUT MHOKECTBY
A, npyroii — MHOXecTBY B. CienoBarenbHo, rpad G —1BYAONbHBIH. [
[Tycte C — ki B rpade G. MuoxectBo BepunH nukia C nopoxaaer B G
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noarpad, KOTOPBIA CONEPIKUT BCE pedpa ITOTro IUKIA, HO MOXKET CO/ICPKATh U
pebpa, emy He mpuHauIexamme. Takue peOpa Ha3pBarOT xopoamu uukia C.
IIpocToil HKN, HE MUMEIOMUNA XOPA, — 3TO MOPOXKICHHBIM MPOCTOM UK. B
rpade, n3o0paxeHHoM Ha puc. 1.27, xopnamu nukia 4, 1, 2, 6, 5, 4 sBistorcs
peopa (1, 5), (1, 6) u (2, 5), a uuka 2, 3, 7, 6, 2 — MOPOKACHHBIA MPOCTOH
UKL

o
R S
O

Puc. 1.27

3aMeTHM, 4TO JIIOO0ON IMKI JJUHBI 3 SBISETCS MOPOXKICHHBIM MPOCTHIM
IIHKJIOM.

ITycts C — mpocToii UK JUTMHBI k B HEeKoTOpoM rpade, (X, ¥) — Xxopaa 3To-
ro nukia. Pedpo (x, y) BMecre ¢ pedpamu mukina C oOpas3yeT /Ba IUKIA MEHb-
mreit guabl, Cp u Cy (eM. puc. 1.28), cymMMa JTHH KOTOPBIX paBHA k + 2.

3naunrt, eciiu C — UK HEYETHOH JIMHBL, TO ouH u3 UKo Ci, C; Toxke
uMeeT HeueTHYIo JunHy. OTcrofa cieayer, 4To B rpade, B KOTOPOM €CTh UK
HEUYCTHOMW JUTMHBI, UMEETCSI U TMOPOXKICHHBIN MPOCTOM IIUKII HEYETHOM THHBI.
[TosTOMYy KpHTEepHii IBYJOIBHOCTH CIIPABE/JIMB U B CIICAYIONICH GOPMYIHPOB-
Ke.

Cneocmeue. [ pag sensemcs 08y001bHbIM MO20A U MOALKO M020d, KO20d 8
HeM Hem NOPONCOEHHBIX NPOCMbIX YUKA08 HeUeMHOU ONUHbL.

1.8. MNnaHapHble rpacbl

T'eomempuueckuii epagp — 310 mockas Gurypa, cocrosias U3 BEpPIIUH —
TOYEK IUIOCKOCTH U pedep — JTUHHIA, COSTUHSIOINX HEKOTOPBIE Maphbl BEPIIHH.
Besikuii rpad MOKHO MHOTHMH CIIOCOOAMHU TPEJCTABHTH T'€OMETPUYECKUM
rpadom, ¥ MBI YK€ HE pa3 MOJb30BAIKMCh 3TOM Bo3MOXHOCThIO. Ha puc. 1.29
NOKa3aHbl JiBa reoMerpuieckux rpada I’y u I'p, mpencraBnstonmx, kak He-
TPYIHO MTPOBEPUTH, OJMH U TOT e 0OBIKHOBEHHBIN Tpad. [IpocToe ycTpoicTBO
3TOrO Tpada, OYeBHIHOE HA JIEBOM M300PaKEHHUHU, HE TaK JIETKO OOHAPYXKHTb,
paccmarpuBas mpaBoe. | TaBHas mpuYMHA 3TOTO — B TOM, 4TO B I’} peOpa He
UMEIOT «IMIIHUX)» [epeceyeHu.

I'eomeTpuyeckuii rpad, B KOTOPOM HHUKAaKHE JiBa pedpa HE UMEIOT OOIINX
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TOYEK, KPOME MHIUACHTHON UM 000MM BEPIIUHBI, HA3bIBAIOT NIOCKUM 2PAPOM,
a M0 OTHOIICHHUIO K MPEACTaBIIEMOMY UM OOBIKHOBEHHOMY Ipady — €ro miuo-
ckou ykaaokou. He xaxnaplil rpad nomyckaer IUIOCKYIO ykmanaky. I'pad, mis
KOTOPOTO CYIIECTBYET IUIOCKAs YKJIAJgKa, Ha3bIBACTCS MIAHAPHLIM 2pagom.
Kpome ynoOcTBa BU3yalbHOI'O aHAIN3a, €CTh HEMAJIO ITOBOJOB, B TOM YHCIIE U
cyry0o MpakTHYECKUX, JJIsl UHTEpeca K TUIaHApHBIM IpadaM U UX MJIOCKUM YK-
JaIKaM.

1 2 1 7
3 4 5 6
5 6 4 3
7 8 8 2
F] FZ
Puc. 1.29

Ecnu mnockocTs pa3pesaTs 1o pedpam miockoro rpada, oHa pacmajaercs Ha
CBSI3HBIC YAacTH, KOTOPbIE HA3BIBAIOT epaHamu. Bcerma umeercs oaHa Heorpa-
HUYCHHAs @HewiHss TPaHb, BCE OCTAJbHbIE I'PAaHU HA3BIBAIOTCS 6HYMPEHHUMU.
Ecau B mnockom rpage HeT IMKIOB, TO Y HEr0 MMEETCsl TOJIBKO OJHA T'PaHb.
Ecnu ke IMKIIBI €CcTh, TO TpaHUIIAa KaKI0H rpaHH COAEPKUT UK, HO He 00s13a-
TesIbHO siBiseTcst ukiioM. Ha puc. 1.30 noka3zan miiockuii rpag ¢ mAThIO 3aHY-
MEPOBaHHBIMM I'paHAMHU. ['paHuna rpaHd ¢ HOMEPOM 3 COCTOMUT U3 JIBYX LIHK-
JIOB, a TPaHUIAa TPAHU C HOMEPOM 2 KpoMe IMKJIA [UIMHBI 5 BKIIIOYAET elle Je-
peBo u3 Tpex pedep. MHOkecTBa pedep, 00pa3yrome rpaHullbl TPaHEH, MOTYT
OBITh Pa3HBIMH JUJISl PA3HBIX IJIOCKUX YKIAJO0K OJHOTO M TOro ke rpada. Ha
puc. 1.31 mokasaHbl JBe IUIOCKHE YKJIAJKU OAHOTO rpada. B neBoit ykmamke
€CTb JIB€ TPaHM, TPAHHIIBI KOTOPBIX SBJISIOTCS MPOCTHIMU LUKJIAMHU JUTUHBL 5. B
NpaBoOil yKJIaJIKe TaKUX TpaHe HET, HO €CTh PaHH, OTPAaHHMYCHHBIC IMKIAMU
JnuHb 4 1 6. OHAKO YMCIIO TPpaHel, KaK MOKa3bIBaeT CleAyolas TeopemMa, He
3aBUCHT OT YKJIQJIKH, TO €CTh SIBJISIETCS MHBAPUAHTOM IUIaHAPHOTO Tpada.

vl DD DK<

Puc. 1.30 Puc. 1.31

[\
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Teopema 1.15. (popmyna iinepa). Konuuecmso epaneii 8 110601 niockou
VKIAOKe NIAAHApHO20 epagha, umerouje2o n eepuiut, m pebep u k komnonenm
ceszHocmu, pasno m—n + k+ 1.

Hokazamenscmeo. JlokaxkeM CHavana yTBEpXKICHHE TeOpeMbl mpu k = 1.
PaccmoTpum cBsi3ubIi Tuiockuit rpad G . Ecinu B HEM HET IMKIIOB, TO UMEETCS
€/IMHCTBEHHAs TpaHb, a m = n — 1, u popmyna BepHa. Ecnu ke ectb X0Ts ObI
OJIMH LHUKJI, TO BO3bMEM Kakoe-HHOyIb pedpo e, MpHHAAJIeKaIIee MPOCTOMY
oy C. D10 peOdpo MPUHAUICKHUT TPAHUIIEC JBYX T'paHEH, OJHA M3 KOTOPBIX
[EIMKOM JISKUT BHYTpH nukia C, apyras — cHapyxu. Eciu ynanuts pedpo e
u3 rpada, 3TH JBE TpaHu CoibloTCs B onHY. ['pad G, nomydeHnsiii u3 rpapa G
ynaneHueMm pedpa e, o4eBHIHO, OyIeT IUIOCKUM U CBSI3HBIM, B HEM Ha OJHO
pebpo 1 Ha OJHY rpaHb MeHbIIe, 4eM B (5, a YHCIIO BEPIINH OCTAJIOCh MPEXK-
HuM. Ecim B G emie ecTh IUKIIBL, TO, YJAJIUB €Ie OJJHO IHUKIOBOE pedpo, Mo-
ayuum rpad G,. Byaem mpomoimkath yaaieHue IHMKIOBBIX pedep A0 TexX Imop,
MOKa He TIOJYYUTCS CBS3HBIN Tutockuid rpad G, 6e3 UKIIOB, TO €CTh AepeBO. Y
Hero n — | pebpo u emTUHCTBEHHAsl TpaHb. 3HAYMT, BCErO OBUIO yNAJNEHO 7 =
=m —n + 1 pebep, a Tak Kak Npu yJaJCHUU KaKAOTO pedpa 4ucio rpaHer
YMEHBIIAJIOCh Ha €UHHUILY, TO B HCXOJHOM rpade Obuto m — n + 2 rpanu. Ta-
KM 00pazoM, popmyra BepHa aJs JH0O0TO CBA3HOTO TuIOCKOTO rpada. Ecim
rpa¢ He CBS3EH, TO B KOMIIOHEHTE CBSI3HOCTH, UMEIOILEH 7; BEPIIUH U M; pe-
0ep, KaK JJ0Ka3aHo BhIlIe, OyaeT m; — n; + 1 BHyTpeHHsist rpaHb. CyMMHPYS 110
BCEM KOMITOHEHTaM U MpuOaBisis 1 aiis ydyera BHEIIHEH rpaHd, yoeKaaeMcs B
CrpaBeTMBOCTH (hopMyIiel B 001IeM ciyyae. [

Cneocmeue 1. Eciu 6 nnanapnom epagpe n eepuun, n > 3, u m pebep, mo
m<3(n-2).

Joxazamenvcmeo. Ecnu B rpade HET HUKIIOB, TO M = 1 — k 1 HEPABEHCTBO
BBITIONIHSIETCS Tipu 7 > 3. PaccMoTpum miockuit rpad G ¢ r rpaHsMu, B KOTO-
POM UMEIOTCSI ITUKITBL. 3aHyMepyeM I'paHu YuciiaMu OT | 10 7 1 0003HAYMM Ye-
pe3 a; Konn4ecTBo pedep, MPUHAIeKAIINX TPaHU C HOMepoM I. Tak Kak rpa-
HUIIA KXKI0H IPaHu COIACPIKUT LUKIL, TO @; = 3 JJIsl KQXKJOTO i, CIIEI0BATEIIbHO,

.
Za,» > 3r. C apyroii cTOpoHBI, Kaxa0e pedpo MPUHAMICKHUT TpaHulle He 00-
i=1

,
Jlee ueM ABYX IPaHel, 0aToMy Y a; < 2m . U3 5THX AByX HEPABEHCTB CIIE/y-
i=1
eT, uro 37 < 2m. [lpumenss Gpopmyny Diinepa, noaydaem m < 3n — 3k — 3 <
<3n-61.
CnenctBue 1 naer He0OXOIUMOE yCIOBHE IUTAHAPHOCTH, KOTOPOE B HEKO-
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TOPBIX CIy4asX MO3BOJISIET YCTAaHOBUTh, YTO Tpad HE SBISACTCS IUIAHAPHBIM.
Paccmotpum, Hanpumep, nonHsli rpad Ks. Y vero n =5, m = 10 u Mb1 BuanMm,
YTO HEPAaBEHCTBO U3 CJIEJACTBHA | HE BBIOMHAECTCA. 3HAYMT, ATOT rpad HE ria-
HapeH. B To e Bpems cymiecTByIOT rpadbl, He SBISIONIUECS UTAHAPHBIMH, IS
KOTOPBIX HEPaBEHCTBO cieAcTBHsA | BeimonHsieTcs. [Ipumep — momnHbIi ABY-
noabHbI Tpad K3 3. Y Hero 6 BepmuH u 9 pebep. HepaBeHCTBO BBIOMHACTCS,
HO MBI ceifuac yCTaHOBHMM, YTO OH HE IUIaHapeH. 3aMeTUM, YTO B 3TOM rpade
HET LIMKJIOB JUIMHBI 3 (Tak Kak OH JBY/JOJIbHBII, B HEM BOOOIIE HET IUKJIOB He-
4eTHOW JUTMHBI). [loATOMY rpaHHIia KaKaoW TpaHU COACPKHUT HE MEHEE YeThI-
pex pebep. IloBTOpsis paccykaeHust U3 AOKA3aTENbCTBA CIEACTBUSA 1, HO HC-
HOJIB3YsI HEPABEHCTBO &; = 4 BMeCTO @; = 3, IOJTydaeM CIeAYIOIMINN pe3yIbTarT.

Cneocmeue 2. Eciu B imaHapHoM rpade n Bepius, n > 3, m pebep u HeT
IIUKJIOB JUTHHBI 3, To m < 2(n — 2).

s rpada K33 HEpaBeHCTBO CJIEJCTBHS 2 HE BBIIIOJIHSETCS, 3TO JJOKa3bIBa-
€T, YTO OH HE IUIaHapEeH.

M3BecTHO HECKOIBKO KPUTEPUEB IUIAHAPHOCTHU, chopMynupyem 0e3 moka-
3aTeNbCTBA /1Ba U3 HUX. J[Ba rpada Ha3bIBAIOT 2OMEOMOPEHHBIMU, ECIU U3 HUX C
HOMOIIBI0 NOJpa30ueHus pedep MOXKHO MOJIyduTh H30oMop¢Hble rpadsl. Ha
puc. 1.32 u3obpaxxeHsl romeoMopdHbIe TPpadbl.

Puc. 1.32

Chopmynupyem 0e3 Joka3zaTesIbCTBA ABA KPUTEPHS IIITAHAPHOCTH.

Teopema 1.16. (Kpumepuii Ilonmpsazuna— Kypamoeckozo). [ pagh niana-
PpeH moeda u mobKo moaoa, Ko2oa y Heeo Hem noozpaghos, comeomoppuvix Ks
unu K3,3.

I'pad G HazbiBaetrcs cmseusaemvim X rpady H, ecniu H MOXHO MOITyYUTh
n3 G OCIIeI0BaTeILHOCTRIO OTIepaIiii CTATUBAHUS pedep.

Teopema 1.17. (Kpumepuii Baznepa). [pagh nianapen mozoa u monvko
moeoa, ko20a y He2o Hem noozpagos, cmazueaemvix k Ks unu K3 3.

OTMeTuM, 4YTO, HECMOTpPS. Ha BHEIIHEE CXOACTBO JIBYX TeOpeM, (HUTypH-
pyIoIye B HUX HOHATHS TOMEOMOP(H3Ma U CTATUBAEMOCTH CYIIECTBEHHO pa3-
mnanbl. Tak, rpad Iletepcena crsaruBaercs k rpady Ks, HO B HEM HET TOTpa-
¢a, romeomoppuoro Ks (cm. 3amauy 2).
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3apgaum

1. Onpenenure 4YMCIIO HEOPUEHTHUPOBAHHBIX I'padoB C 7 BEpLIIMHAMH, B
KOTOPBIX HET KPaTHBIX pedep, HO MOTYT OBITh TETIIH.

2. Ompeznenure YUCIO OPUCHTUPOBAHHBIX IpadoB C 1 BEpUIMHAMHU Oe3 Iie-
TEJb, B KOTOPBIX KaXK/1asl apa pa3IMYHbIX BEPIINH COCTUHEHA

a) He OoJsiee YeM OJHUM pedpoM;

0) TOYHO OTHUM PEOPOM.

3. [ns mo6oro HaTypaibHOrO 4mcia k omnpenenum rpad Ok Cleayromum
o0pa3oM. BepmmHaMu ero SBISIOTCS BCEBO3MOXKHBIE YIOPSI0OUYCHHBIE JIBOMY-
Hble HaGOpBI JUTHHBL k. Beero, Takum o6pasom, B 3ToM rpade 2* Bepumn. Bep-
HIMHBL X = (X1, ..., Xx) YV = (V1, ..., Vk) CMEKHBI B HEM TOT/Ia M TOJKO TOTJIa,
KOrJia HabOphl X M ) Pa3In4aloTCsl TOUYHO B OJHOM KoopauHare. JToT rpad Ha-
3bIBaeTCs k-mepuvim kybom. Onpenenute ncio pedep B rpade Oy.

4. I'pagh nepecmanoeok nopsioka k crtpoutcs cienyromuMm odpazom. Ero
BEPIINHBI COOTBETCTBYIOT BCEBO3MOKHBIM ITEPECTaHOBKAM dIIEMEHTOB 1, 2, ...,
k. B aTom rpade, cienoBarensHo, k! BeprimH. J[Be BEpIIMHBI CMEKHBI TOTIa U
TOJILKO TOTJIa, KOT/Aa OJHA U3 COOTBETCTBYIOUIMX MEPECTAHOBOK MOXET OBITh
MoJIydeHa W3 APYrod OJHOM TpaHCHO3UIMeH (MepecTaHOBKOM JBYX 3JIEMEH-
toB). [Ipu k = 3 stoT rpad mokasan Ha puc. 1.33. Onpenenure yuciao pedep B
rpadye nmepecTaHOBOK MOPsAKA K.

1.2.3
1.3.2 2.1.3
2.3.1 3.1.2
3.2.1
Puc. 1.33

5. IlepeunciuTe Bce monapHo HeM30MOp¢HBIE Tpadbl

a) ¢ 4 BepIIMHAMU;

0) ¢ 6 BepiinHamMu U 3 pedpamu;

B) ¢ 6 BepmimHamu u 13 pebpamu.

6. Haiinute Bce (¢ TouHOCTBIO 10 n3oMophu3Ma) rpadsl ¢ 6 BepIIMHAMHU, Y
KOTOPBIX CTEIIEHb KaX/01 BEPIIUHBI PaBHA 3.

7. BosicHUTe, TIpH KaKuX 3HAUEHUSX 71 CYIIECTBYIOT PETyJSIpHBIE Tpadbl
cTenieHu a) 3; 0) 4 ¢ n BEpUIMHAMH.
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8. Ckonbko umeercs paznuuHbIx n3oMoppusmoB G B G 1uis rpadoB, U30-
OpakeHHBIX Ha puc. 1.8?

9. I'pad, n3oMOpQHBI CBOEMY IOMOJHEHUIO, HA3BIBAETCS CaMOJOIOIHU-
TEJIbHBIM.

a) lokxaxwure, uto rpad Cs — caMOOTIOTHUTETHHBIH.

0) Haiinure caMo0MOMHUTENBHBIN Tpad ¢ HAUMEHBIIUM YUCIOM BEpPIINH
n>1.

B) CylIecTBYIOT JI CAaMOJIOTIOUTEIbHBIE TPpadbl ¢ 6 BEpIIMHAMU?

10. BersicauTe, kakue u3 rpadoB, N300pakeHHBIX HA puc. 1.34, n30MophHBI

ApyT ApYyTY.

A

G 1 G2 G3 G4 GS
Puc. 1.34

11. Ha puc. 1.35 uzobpaxen epag Ilemepcena. BeisicHuTe, MOXKHO JIU U3
HEro MoJy4yuTh rpad Ks ¢ mMOMOIIBIO onepanuit

a) yJaJieHUs BEpIIUH U pedep u moapa3oucHus pedep;

0) cTaruBanus pedep.

Puc. 1.35

12. ITpoBepbTe, uTO Kax /bl rpad ¢ 3 BepIIMHAMHU SBISETCA MO0 CYyMMOI,
6o coeqMHeHHeM MeHbIX TpadoB. BepHo mm 310 ms rpadoB ¢ 4 Bepmu-
Hamu?

13. B rpade G| umeercs n; BepmuH u m; pedep, a B rpade G, — np BepumH
u m, pedep. Ckonbko pedep Oyaer B rpade G © G1? B rpade Gy x G,?

14. Bepen nu ans npousBonbHBIX rpadgoB G, G, G3 «1UCTpUOYTHBHBIN
3aKOH» (G1 + Gz) ° G3 = (Gl °© G3) + (G2 ° G3)?

39



15. Haiinute panuyc u quametp kaxaoro u3 rpagos C,, Ok, Ky, 4, W

16. Cxonbko umeercsi B rpade (O, MyTed JUTHHBI 1, COSAUHSIONINX BEPIIH-
ny (0, 0, ..., 0) ¢ Bepmmnoii (1, 1, ..., 1)?

17. Kakoe HanbosblIee YnCIIO MAPHUPOB MOXKET OBITh B Ipade ¢ 7 BepIIu-
Hamu?

18. lokaxxute, uto uis ir00oro rpada G crpaBesIUBbI HEPABEHCTBA

rad(G) < diam(G) < 2rad(G).

19. I[lepeuncnure Bce (C TOYHOCTHIO 10 H30OMOP(HU3MA) IEPEBHS C YUCIOM
BEPIINH, HE TPEBOCXOISAIINM 6.

20. ITyctp B mepeBe ¢ n BepIIMHAMHU Ka)k[as BEpIIWHA, HE SIBIISIOIIASNCS
JILCTOM, UMEET cTeneHb k. CKOIBKO B HEM JIMCTHEB?

21. Ckoubko pebep B Jiece ¢ 71 BepIIMHAMU U k KOMIIOHEHTaMH CBSI3HOCTH ?

22. Kakoii MokeT ObITh HAaMMEHbIIIasi BEICOTa KOPHEBOTO JIepeBa, Y KOTOPO-
ro KakJasi BepIInHa UMeeT He OoJiee IBYX CHIHOBEH, ecin

a) IepeBO UMEET /1 JINCTHEB?

0) IepeBO UMEET # BEpIITUH?

23. BeouicHHTE, KaKkue U3 CIEIYIONUX YTBEPXKIAECHUH BEPHBI IS J1I000TO
rpada G u mrobdoro ero pedpa e:

a) B G CyIlIecTBYyeT KapKac, COAepIKaIIni e;

0) B G cymecTByeT Kapkac, He CojiepKaIui e;

B) €CJIH € — He Tnepenieek, To B G CyIIeCTBYeT KapKac, He COACpIKaIIui e;

24, Kaxoe epeBo ¢ MHOXECTBOM BepiiuH {1, 2, ..., n} sBuseTcs Kapka-
com nojaHoro rpada K,. [Ipumenss teopemy Kupxroda, Haiinure yucio pas-
JMYHBIX JIEPEBBEB C 71 BEPIINHAMH.

25. [Ipu KakuX 7 CyHIeCTBYET ditiepoB LUK B rpade 0,7

26. Jlokaxwure, 4TO €ClIM B CBS3HOM rpade MMeeTcsi pOBHO 2k BEpIINH C
HEUYCTHBIMH CTETICHSIMH, TO MHOXKECTBO €ro pedep MOKHO pa30ouTh Ha k My Teil.

27. BepHo nm, 4uro mns Mr0ObIX IBYAONBHBIX TpadoB G u G, rpad
a) G1 U Gy, 6) G1 N Gy, B) Gy x G, OyeT 1BYA0JIbHBIM?

26. [lokaxwure, uto rpad Ok npu J000M k SBISETCS ABYIOTBHBIM.

28. Bersicaure, kakue u3 rpadoB, n300pakeHHBIX Ha puc. 1.36 , TuTaHapHBbI.

Puc. 1.36
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29. Haiinure B rpade Ilerepcena noarpag, romeomopdHsiii rpady K3 3.

30. Kakoe HanMeHbIlIee KOTUYECTBO pedep Hy HO yAanuTh u3 rpada K,
YTOOBI MTOJTYYUTh TUTAHAPHBIN Tpad?

31. O606muTe HEOOXOIUMOE YCIOBUE IJIAHAPHOCTU W3 CIEACTBHUS 2 Ha
rpadbl, B KOTOPBIX HAUMEHBIIIasH JUIMHA [IUKJIa paBHA C.
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Mnaea 2. AHanu3 rpacoB

B aT0li rI1aBe paccMaTpUBAIOTCS HEKOTOPBIE 3aa4l UCCIIEJOBAHUS CTPYK-
TYpPHBIX CBOMCTB M METPHUECKUX XapaKTEepUCTHUK IpadoB. Henb3st cka3arhb, 4TO
9TO YETKO ONpEeAETICHHbIH KPYT 3a/1a4, HO, B 0011eM, peub HJIET 00 HHCTPYyMEH-
TaX, C IOMOIIBIO KOTOPBIX MBI MOJKEM UYTO-TO y3HaTh 00 ycTpoiicTBe rpada.
OTH 3HaHMA MOTYT IIOMOYb B pellleHUH 00JIee CIOKHBIX 3aau.

MHorue 3aaun aHanu3a rpadoB MOTYT ObITH pellIeHbl IIyTeM 00Xoza rpa-
¢a ¢ mocerieHreM BceX €ro BEpIINH U HCClIeN0BaHUEM Beex ero pedep. Takoit
00X0/1 MOXHO BBIINOJIHUTH MHOTMMHU CIIOCOOAMH, B I€HICTBUTEJIBHOCTH XK€ IlIU-
pOKOE pacnpocTpaHeHHe Osarozapsi cBoei MpOCTOTe, a B OOJIbLIEH CTENEeHU
Osarozapst CBOeH MOJIE3HOCTH, MOJIyYUIH JIBE€ CTPATErUu — IIOUCK B IIIyOUHY U
IIOUCK B IIHMPHUHY. PaccMOTpeHne 3TuX aJIrOPUTMOB M UX IPUMEHEHUHN COCTaB-
JSIeT co/ep’KaHue IEpBBIX TPEX pa3zeioB HACTOALIEH IaBbl. B ocTanbHBIX
Tpex pasJieJax pacCMaTPUBAIOTCSA 3a/1aud aHAJIN3a LIUKIIOB B rpadax.

2.1. NMownck B WUMPUHY

2.1.1. MeToa noucka B IMPHHY

PaboTa Bcsikoro anroputma o0Xoja COCTOMT B IOCJEIOBATEIBHOM IOCe-
IIEHUHN BEpIIMH M uccienoBaHuu pedep. Kakue MMEHHO AEWCTBUS BBINOJIHS-
IOTCSI TIPH TTOCEIIICHUN BEPIIMHBI M UCCIIEAOBAaHIH pedpa — 3TO 3aBUCUT OT KOH-
KPETHOM 3ajauu, JUIS PEIICHUsT KOTOPOH MPOM3BOAUTCS 00Xox. B mrobom ciry-
Yae, 0/IHaKO, (paKT MOCEIIEHUS BEPIIMHBI 3alIOMUHAETCS, TaK YTO C MOMEHTa
MOCEIIEHUS U JI0 KOHIAa PadOThI allrTOpUTMa OHA CUMTACTCS MOCEIICHHOH. Bep-
HIMHY, KOTOpas €lle He MocelleHa, OyaeM Ha3bIBaTh Hogou. B pesyibTate mo-
CEIICHHUs BEPIIMHA CTAHOBUTCS OMKPbIMOU YU OCTAETCsl TaKOU, TOKa HE OyIyT
UCCJIEJIOBaHbl BCE MHLUJCHTHBIE eil peOpa. [locie aToro ona mpespamiaercs B
3aKpLImy’Io.

I/IILCH IMOKUCKAa B IUPHUHY COCTOUT B TOM, YTOOBI IoceuiaTb BEPUIUHLI B I10-
pAIKe WX YOAIEHHOCTH OT HEKOTOpOW 3apaHee BHIOPAHHOW WM yKa3aHHOM
CTapTOBOW BeplIMHBI a. VIHadue roBops, cHavana mocenaeTcs caMma BepInHa a,
3aTEM BCE BEPILIWHBI, CMEKHBIE C @, TO €CTh HaXOMASIINECS OT HEE HA paccTos-
HUM 1, 3aTeM BEPIIMHBI, HAXOAALIUECS OT @ HA PACCTOSIHUU 2, U T.JI.

PaccmoTpuM anropuTMm noucka B IIMPUHY C 33JJaHHON CTapTOBOW BEpLIU-
HOI a. BHauane Bce BepLIMHBI TOMEYAIOTCS Kak HOBbIE. [lepBoil mocemaercs
BEpPIINHA (, OHA CTAHOBUTCS EIWHCTBEHHOW OTKPBITOM BepIIMHON. B nanb-
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HEHIeM KaX bl OYepeTHOM mIar HAYMHAETCS ¢ BEIOOpPA HEKOTOPOW OTKPBITOM
BEPILMHBI X. DTa BepLUIMHA CTAHOBUTCS akmuegHou. Jlanee uccienyrorcs pedpa,
MHIMJCHTHBIE aKTUBHOW BepmuHe. Eciin Takoe pedpo coeaMHSAET BEPIIMHY X C
HOBOM BEpUIMHOMN y, TO BEpIIMHA ) MOCEUIACTCS M MPEBPAIIAECTCS B OTKPBITYIO.
Korna Bce pebpa, HHIMACHTHBIE aKTUBHOM BEPIINHE, NCCIIEAOBAHbI, OHA Mepe-
cTaeT OBITh aKTUBHON M CTaHOBUTCS 3akpbiToi. [locie aToro BeiOMpaercs Ho-
Bas aKTUBHAs BEpIIMHA, U ONHUCAHHBIC JAeWCTBUsA NoBTOpsitoTcs. [Ipouecc 3a-
KaHYMBAETCsl, KOI'/1a MHOKECTBO OTKPBITHIX BEPIINH CTAHOBUTCS ITYCTBIM.

OcHOBHast 0COOCHHOCTh MOKCKA B IIUPUHY, OTIMYAIONIAsl €r0 OT JPYTuX
croco6oB 06xo0/1a rpadoB, COCTOUT B TOM, YTO B KAUECTBE aKTUBHOI BEPILINHBI
BbIOMpaeTcs Ta M3 OTKPBHITBIX, KOTOpass Obljla MOCEIIeHa paHblIe APYTUX.
HNmenHO 3THUM o0ecreuynBaeTcsl TJIaBHOE CBOMCTBO MOWCKA B IIMPHHY: YeM
OJvKe BepIIMHA K CTapTy, TeM paHblle oHa OyneT nmocemieHa. [[is peanuzammu
TaKOTO IpaBwia BbIOOpa aKTUBHON BEPIIMHBI YA00HO MCIOIL30BATh IS Xpa-
HEHUSI MHOYKECTBA OTKPBITHIX BEPIIMH O4YEpe/Ib — KOT1a HOBAsl BEpLIMHA CTAHO-
BUTCSI OTKPBITON, OHA J00aBIseTCs B KOHEIl OYepe/in, a aKTUBHAs BBIOMpaeTcs
B ee Havase. CXeMaTH4ecKu MpOLecC U3MEHEHHUs CTaTyca BEPIINH N300pakeH
Ha puc. 2.1. YepHbIM KpY>KKOM MOKa3aHa aKTHUBHAsI BEPLIMHA.

Hosrie OTKDBITEIE 3aKDBITEIE

Puc. 2.1

Omnumem npouenypy norcka B mupuny (BFS — ot anrnmiickoro Ha3zBaHus
storo anropur™ma — Breadth First Search) u3 3amanHo# cTapTOBOI BEpIINMHEI d.
B »tom ommcanuu V(x) 0003Ha4aeT MHOXKECTBO BCEX BEPIIMH, CMEXKHBIX C
BepIMHOM X, (J — ouepeab OTKPBITHIX BepiiuH. [Ipeamnonaraercs, 4ro npu mo-

CEIIIEHNH BEPIINHBI OHA IOMEYAETCs KaK ITOCELEHHAs U 9Ta TIOMETKA 03HAYaeT,
YTO BEPILNHA YK€ HE ABJIIECTCS HOBOM.

Procedure BFS(a)

1 moceTuTs BepUIMHY A

2 a=0

3  while 0 Y do

4 x<=0Q

5 for y € V(x) do

6 uccie0BaTh pedpo (x, )
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7 if BepmmHa )y HoBas

8 then mocetuts BepiMHY )

9 y<=90

OTmeTnM HEKOTOphIe CBOCTBa nporeaypsl BFS.

1. IIpoyeoypa BF'S 3axanuusaem pabomy nociie KOHe4HO20 YUCIA Wa2o8.

JleicTBUTENBHO, NIPU KaxaoM noBropeHuu nukia while us ouepenu yna-
JsieTcsl oJlHa BeplIMHa. BepmmHa 106aBnseTcs K o4epen TOIbKO TOTa, KOraa
oHa mocemaercs. Kaxgas BepimHa MOXeT ObITh TOcenieHa He 6osiee 0QHOTOo
pasa, Tak Kak IMOCEUIAI0TCs TOJIBKO HOBBIE BEPIIMHBI, @ B PE3YJIbTATE MOCEIIe-
HUsI BEpUIMHA IepecTaeT ObITh HOBOM. TakuM 00pa3oM, YHCIO MOBTOPEHUI
rukia while He mpeBOCXOANT YKCIIa BEPIUIHH.

2. B pesynbmame 6vinoanenus npoyedypwvi BFS 6yoem nocewenvt 6ce sep-
WUHBL U3 KOMIOHEHMbL C8A3HOCMU, coOepaicauiell 6epuumy a, U moabKo OHU.

O4eBHUIHO, YTO BEPIIMHA MOKET OBITH MOCEIIEHA TOJILKO B TOM CIy4ae, KO-
I/1a CYIIECTBYET MyTh, COCIMHSIONIUIN €€ ¢ BEPIIMHON @ (TaK KakK MOCeIaeTcst
BCETJ]a BEpIIMHA, CMEXHas ¢ yke mocemenHoi). To, 4To kaxkaas Takas Bep-
muHa OyJeT MOcelleHa, JIETKO JTOKa3bIBaeTCsd MHIYKIMEH MO PacCTOSHUIO OT
JTAHHOM BEPILUHBI /10 BEPIINHBI d.

3. Bpems pabomwer npoyedypvl BFS ecmvO(m), e0e m — uucio pebep 6
KOMNOHeHme C8A3HOCU, cooepcaujeli 6epuumy a.

U3 mpenpiayinx paccy>kaeHui BUAHO, YTO KaXK/1asi BEPIIMHA U3 3TOU KOM-
MMOHEHTHl CTAHOBUTCSl aKTUBHOM TOYHO OJMH pa3. Buyrpennuit uuxn for ans
aKTHBHOU BepIINHbI X BbInonHseTcs deg(x) pas. CiieioBaresibHO, 001Iee YUCIIo

MOBTOPEHHIi BHYTPEHHETo LuKia Oyznet pasHo Y deg(x) =2m.
xeVG

Urak, npoueaypa BFS(a) npoussoauT 06X01 KOMIOHEHTHI CBA3HOCTH, CO-
nepxkaiiei BepmnHy a. UToObl mepedTH K Apyroil KOMIOHEHTE, 10CTaTOYHO
BBIOPATh KaKyH-HUOYAb HOBYIO BEpPIIMHY, €CIIM TaKWe BEPIIMHBI €Ille HMEIOT-
cs1, B KauecTBe ctapToBoil. [lycts V' — MHOXecTBO BepiiuH rpada. Cienyromuit
QITOPUTM OCYIIECTBIISIET MOJIHBIN 00X0/ rpad)a METOI0M MOKUCKA B IIUPHUHY.

Anzopumm 1. Ilouck 6 wupuny.

1 IIOMCTUTH BCC BEPIINHLI KaK HOBBIC

2 co3math mycTyto ouepens O

3 fora e V do if a HoBas then BFS(a)

VYuuteiBas, uto nukia for B crpoke 3 moBTOpsAeTCS 1 pas, TAE K — YUCIIO
BepIIMH rpada, moimydyaeM oOIIyro oeHKy Tpyaoemkoctu O(m + n). Heobxo-

JAUMO OTMETHTB, UTO OTa OLCHKa CIpaBCIIMBa B MPCANOJI0KCHUN, YTO BPEM,
Tp€6y€M06 AJI1 IpOCMOTpPa OKPECTHOCTHU BCPUIMHBI IMMPOIIOPHIHUOHAJIBHO CTCIIC-
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HU 9TOW BEPIIMHBL. JTO UMEET MECTO, HallpuMep, eciiu rpad 3aJaH CIUCKaMU
cMmexHoctd. Ecnu xe rpad 3amaH mMaTpunell CMEKHOCTH, TO JUIS MIPOCMOTpA
OKPECTHOCTH JII00OW BEpIIMHBI OYAET 3aTpaunuBaThCS BPEMsi, IPOMOPIIHOHAIb-
Hoe n. B aTtom cimyuae oOmiee Bpemsi paboThl anroputma OyAeT OICHHBATh-
cs kak O(n”). HanGonbluee 3HaueHHe BENMYMHBI /1 TPH JAHHOM 71 PAaBHO
n(n — 1)/2, To ecTh UMEET NOPAITOK n®. Takum 06Pa3OM, TPYAOEMKOCTb Alro-
pUTMa MOKCKA B IIMPHUHY TPH 33aJaHUU rpada CIIUCKaMU CMEKHOCTH HE BBIIIIE,
4YeM IpH 3aJJaHUK MaTpPUIIe CMEKHOCTH. B 11e10M ke mepBbIid crioco0 3a1aHust
NpeAnoYTUTENbHEE, TaK KaK JaeT BRIMTPHINI A7 TpadoB ¢ HEOOIBIIUM YHUCIOM
pebep.

B kavecTBe mpocTteiiero npuMepa MpUMEHEHHs TOUCKAa B IUPHUHY pac-
CMOTpPHUM 3a/iavy BBISBJICHHUSA KOMIIOHCHT CBA3HOCTHU rpa(ba. I[OHYCTI/IM, MBI XO-
THUM TIOJTyYUTh OTBET B BUJIE TAOJIHIIBI, B KOTOPOH /ISl KaXKI0H BEPIIUHBI X yKa-
3aH HOMep cOmMp(X) KOMIOHEHTHI, KOTOPOH MPUHAUISKUT 3Ta BepirHa. Kom-
IIOHEHTHI OyAyT MoJyyaTh HOMepa B mpolecce ooxona. Jist pemenus 3toil 3a-
Jla4ll JOCTATOYHO BBECTH MEPEMEHHYIO ¢ CO 3HAUYCHHEM, PaBHBIM TEKYIIEMY
HOMEpY KOMITOHEHTBI U KaXKAbIH pa3 MpH MOCEUICHUH HOBOM BEPIIMHBI X 10JIa-
ratb comp(x) = c¢. 3HaueHHe ¢ MEePBOHAYAIBHO YCTaHABIUBAaeTCs paBHbIM () U
MoOIU(UIINPYETCS TIPU KaXKI0M BbI30Be nporenypsl BFS.

2.1.2. BFS-1epeBo u BbIYHC/IeHUE PACCTOSAHUT

Jlpyras mpocras 3a7a4a, Ui peleHus] KOTOPOH MOYKHO MPUMEHUTH TTOMCK
B IIMPUHY — ITOCTPOEHUE Kapkaca. HamoMHmM, 9TO Kapkacom rpada Ha3bIBaeT-
Csl OCTOBHBIN JIeC, Y KOTOPOTO OOJACTH CBSI3HOCTH COBIAIAIOT C O0JACTSIMU
cesi3HOCTH rpada. Kapkac cBs3HOro rpada — oCTOBHOE JIepeBo.

Pebpa, uccienyemsie B mponecce 00xoza rpada, MOKHO pa3AeauTh Ha JBE
KaTerOpUU: eClId pedpo COCAMHSICT aKTUBHYIO BEPIIMHY X C HOBOM BEpUIMHOU
¥, TO OHO KJIacCHUIHPYETCs KaK npsiMoe, B IPOTUBHOM cliydae — KaK o6pam-
Hoe. B 3aBHCHMOCTH OT pemiaeMoil 3aj1auu MpsiMble U 0OpaTHbie pedpa MOTYT
MOJIBEPraThCs pa3InyHON 00paboTKe.

[Mpearnoaoxum, 4T0O aITOPUTM IMOUCKA B IIUPUHY MPUMEHSIETCS K CBA3HOMY
rpady. [TokaxeM, 4TO B 3TOM cilly4ae 1O OKOHYAHHH 00X0J/ia MHOXKECTBO BCEX
npsMBIX pedep oOpasyer nepeBo. JIefcTBUTENBHO, TOMYCTHM, YTO Ha HEKOTO-
poM mare paboThl alropuTMa 0OHApPYKUBAETCS HOBOE IMpsiMoe pedpo (x, »), a
MHOXKECTBO MPSAMbBIX pedep, HAKOIUIEHHBIX K 3TOMY Inary, oopasyer jaepeso F.
Torna BepmmHa X MPUHAUISKUT IepeBy F, a BepIIrHA ) HE IPUHAIICKHT eMy.
[MosTomy mpu nobGaBieHun K aepeBy F pedpa (X, y) CBI3HOCTh COXPAHHTCS, a
IIMKJIOB HE TIOSBUTCSI.

WTtak, ecny MpUMEHHUTH MOUCK B IIUPUHY K CBSI3HOMY rpady M 3alIOMHHUTH
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BCe TpsiMbIE pedpa, TO MOTyuyuM Kapkac rpada. s npousBosbHoro rpaga Oy-
JIET TIOJTYYEH JIeC, TAK)KE, OUEBUIHO, SBIISIOIIUNACS KApKACOM.

Kapkac, koTopsiii OyeT MOCTPOSH ONMUCAHHBIM 00pa3oM B pe3yJbTaTe Io-
UCKa B IIMPHHY B CB3HOM Tpade, HazbiBaeTcss BFS-oepesom. Ero moxno pac-
CMaTpuBaTh Kak KOPHEBOE JIEPEBO C KOPHEM B CTapToBOW BepmmHe a. BFS-
JIepeBO C 33/IaHHBIM KOPHEM ¢, BOOOIIIE TOBOPSI, HE €AMHCTBEHHO — 3aBHCUT OT
TOTO, B KAKOM MOPS/IKE MPOCMATPUBAIOTCS OKPECTHOCTH BepIinH. OTHAKO BCS-
koe BFS-nmepeBo oGmamaer cBoiicTBOM, Ha KOTOPOM M OCHOBaHBI Hamboiee
Ba)XKHBbIC MTPUMEHEHHs noucka B mupuny. Kapkac 7' csizHoro rpada G ¢ xop-
HEM d Ha30BEM 2e00e3UutecKum 0epesom, eClv i TF000H BEpIINHBI X MyTh U3
X B a B iepeBe T sBIsieTCs KpaT4alIiuM IyTeM MEXIy X U a B rpade G.

Teopema 2.1. /lio6oe BFS-oepeso asnsiemcs ceodesuueckum oepesom.

Hoxazamenvcmeo. O603HaunM uepe3 D(i) MHOKECTBO BCEX BEPILIUH Ipa-
¢a, HaXOMSAMUXCS HA PACCTOSHUM [ OT CTapTOBOW BepiuuHBI a. Pabota anro-
pUTMa HAYMHACTCS C TIOCEIIEHHS CTAPTOBOW BEPIIHMHBI, TO €CTh SIUHCTBEHHON
BEpPIINHBI, cocTapisitomeil MHOkecTBO D(0). [Ipy mepBoM BBIOTHEHUN LUK
while OyayT mocemieHsl U MOMENIEHBI B OYepe/ib BCe BEPIIMHBI U3 MHOKECTBA
D(1). 3arem 3TH BepumIMHBI OyIyT OJHA 3a APYTOM U3BJIEKATHCS U3 OYEPEIH,
CTaHOBHUTHCS AKTUBHBIMHU, M JJIS KOXKIOW M3 HUX OyAyT HCCIEIOBATHCS BCE
CMEXXHBIE C Hell BepmMHBL. Te U3 HUX, KOTOPBIE elle He MOCEeIAINCh, OyayT
MOCEIIEHB! ¥ TIOMEIIeHb! B ouepeas. Ho 3To kKak pa3 Bce BEpUIMHBI U3 MHOXeE-
ctBa D(2) (korja HaAYMHAETCS MCCIIE0BaHUE OKpecTHOCTeH BepiuH u3 D(1),
HU OJIHA BepiuuHa u3 D(2) emie He mocemanach U KaKaas U3 HIX CMEXHA XOTs
Ob1 ¢ oxHo# BepmmHOi 3 D(1). CnenoBarenbHo, Kaxaas BepmuHa u3 D(2)
Oyzet nocemiena nocie Beex Bepuun u3 D(1). Paccyxknas nanee takum oOpa-
30M, MIPUXOIUM K CIEIYIONIEMY BBIBOY.

(A) Bce Bepmunbl U3 D(i + 1) OyayT moceleHsl OCie BCeX BEPIIMH U3
D(i),i=0,1, ...

Ctporoe n0Ka3aTenbCcTBO JIETKO MPOBECTH MHAYKIMEH 1o i. OTMETHM ere
CIenyromui (hakT.

(b) Ecnu axtuBHOW siBisiercsi BepmnHa u3 D(i), TO B 3TOT MOMEHT Bce
BepiuHbI 13 D(7) y’Ke MOCEHICHBI.

B camom nene, u3 (A) cienyer, uro BepinuHbl u3 D(i) momnaayt B o4epeb
nocie BepmuH u3 D(i — 1). [Toaromy, koraa nepsas Bepmuaa u3 D(i) craHo-
BUTCSl aKTHBHOM, Bce BepiiuHbl U3 D(i — 1) yxke 3aKkpbIThl. 3HAYHUT, K ITOMY
MOMEHTY OKPECTHOCTH BcexX BepnH U3 D(i — 1) MOTHOCTBIO HCCIIeIOBaHBI, U,
CIICIOBATENIbHO, BCE BEPIIMHBI U3 D(7) TOCEIICHBI.

PaccmoTpuM Tenepr MOMEHT pabOThI alTOPUTMA, KOTa aKTHBHOM SIBIISET-
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cst BepmHa X € D(i) u oOHapy»KHBaeTCs CMEKHas ¢ Heil HoBasl BepinuHa y. B
BFS-nepeBe paccrosiaue Mexy ¥ U @ Ha 1 Ooblie, 4eM pacCTOSTHHE MEXITY X
u a. B rpade paccrosHue Mexmy y u a He Oonbiie, ueM [ + 1, Tak Kak X u y
cMexHbl. BBUay (A) 3TO paccTosiHue He MOXET ObITh MeHblle i, a BBUIY (b)
OHO HE MOXeT ObITh paBHO i. 3HauuT, y € D(i + 1), TO ecTh B rpade paccros-
HHE MEXAY V U a Toke Ha | OoibIire, yeM paccTtostaue Mexny x u a. Crienosa-
TEJIHO, €CITU JI0 KaKOT0-TO MOMEHTa padOThl aJITOPUTMA PACCTOSIHUSL OT KaXK-
JIOW W3 MOCEUICHHBIX BEPIIMH JI0 CTAPTOBOW BEPIIUHBI B Tpade U B AepeBe ObI-
JIM paBHBI, TO 3TO OYET BEPHO U JIJIsl BHOBB MOCeNIaeMOi BepinHbL. [TockoIb-
Ky 3TO BEpPHO BHaydaje, KOT/la NMEeTCsl €MHCTBEHHAs TOCEIIEHHAsl BepIInHA d
(o6a paccrostaust paBbl (), TO 3TO OCTAHETCS BEPHBIM M TOT/AA, KOTAa OyayT
MIOCEIICHBI BCE BEPIIUHBI.

Wrak, MBI MO’KEM NMPUMEHUTH TIOUCK B IIMPHHY JJIsl BEIYUCICHUS PACCTOS-
HUI OT CTApTOBOM BEPIIMHBI @ IO BCEX OCTAIBHBIX BEPIIUH Tpada — HYKHO
TOJILKO B IpoIecce 00xo/aa sl KaKA0H MoCeaeMol BEpIIUHBI ) OTIPEIENIATh
paccrosiaue oT y 10 a B BFS-nepese. D10 cnenats nerko: d(a, y) = d(a, x) + 1,
IJie X — aKTHBHas BeplirHa. BHauane ycranasnuBaeM d(a, a) = 0.

Ecnu rpa¢ HecBsizeH, HEKOTOpBIE paccTOsiHUA OynyT 6eckoHeuHbIMH. UTO-
ObI y4ecTh 3Ty BO3MOXHOCTh, MOJOXUM BHauane d(a, X) = oo 1Jist BceX X # d.
[Toka BepmIMHa X ocTaeTcss HOBOM, ISl HEEe COXpaHseTcs 3HaueHue d(a, x) = o,
KOTJIa K€ OHa moceimaetcs, d(a, X) CTAHOBUTCS PaBHBIM PACCTOSIHUIO MEXIY d
U X U Oonbiie He MeHseTcs. TakuMm o0Opa3oM, OECKOHEYHOCTb PACCTOSHUS
MOYKHO HCITIOJIb30BaTh KaK MPU3HAK TOTO, YTO BeplInMHa HoBas. Eciu mo okoH-
qaHu# paboThl d(a, X) = o0 Ik HEKOTOPOW BEPIIMHBI X, TO O3HAYAET, YTO X HE
JOCTIDKUMA U3 d, TO €CTh MIPHHAJICKHUT IPYTOil KOMIIOHEHTE CBSA3HOCTH.

Jnst Toro yTOOB! HE TOJBKO OMPEIENATh PACCTOSHIS, HO M HAXOJIUTh Kpart-
Yalle MyTH OT @ 10 OCTAIBHBIX BEPIUIMH, JOCTATOYHO JUIS KaXKIOH BEPIIMHBI
vy 3Hath ee otua F(y) B BFS-nepese. OueBunno, F(y) = x, rae x — BepuInHa,
aKTHBHAs B MOMEHT ITOCEUICHUsI BEPUIMHBI V. 3anoidHeHne tadmunsl F dakru-
4yeckH o3Havaet nocrpoenne BFS-nepesa.

Momudunmpys nporeaypy BFS ¢ yaerom crnenannbIx 3amMmeuaHuii, moryda-
€M CJIEeAYIOIINUNA aJTOPUTM.

Anzopumm 2. Ilocmpoenue BFS-Oepesa u eviuucnenue paccmosinuii om
8epuLUnbl A 00 8CeX OCMANbHBIX BEPULUH

1 forx e Vdoda,x):=owx

2 d(a,a):=0
3 a=0
4 while Q # J do

47



5 x<=Q

6 for y € V(x) do

7 if d(a,y)=o

8 then d(a,y)=d(a,x)+1
9 F@y)=x

10 y=0

2.2. Nowuck B rnyouHy
2.2.1. MeTtoa noucka B riryOMHy

ITouck B rimyOuHy — BEpOSATHO, HauboJIee BakHAsI BBUY MHOTOUYUCIICHHO-
CTH NPUJIOKEHUH cTpaTerus ooxona rpada. Maes sToro merona — UATH BIepes
B HEHUCCIIEJIOBAaHHYIO 00JacTh, IOKAa 3TO BO3MOXHO, €CIIH e BOKpYT BCE HC-
CJIEI0OBAHO, OTCTYIIUTh HA WIAar Ha3aJ U MCKAaTb HOBbIE BO3MOYKHOCTH JJIS IPO-
JBIDKEHUS BHepea. Metoa moucka B IIyOMHY M3BECTEH IOJI Pa3HBIMM Ha3Ba-
HUSIMH, HaIIPUMeEp, «O3KTPEKUHI», «ITOUCK C BO3BPAIIECHUEM).

IToHsATHSA HOBOW, OTKPBITON, 3aKPHITON M aKTUBHOW BEPIIHMH JJIA IMOUCKA B
[IyOMHY UMEIOT TaKoH 7K€ CMBICI, KaK U JUIs MOMCcKa B IupuHy. OTMETUM, 4TO
BCET/1a UMeeTcsl He 0oJiee 4YeM OJ{Ha aKTUBHAs BEPIIUHA.

OOxo HauMHAETCs C MOCEUICHUs 3alaHHOM CTapTOBOM BEPIIMHBI @, KOTO-
pasi CTAHOBUTCSI aKTUBHOM M €IMHCTBEHHOM OTKPBITOM BEPIIMHON. 3aT€M BBbI-
OupaeTcs MHIMICHTHOE BeplinHe a pedpo (a, y) | MocemaeTcss BepLIMHa ).

OHa CTaHOBUTCS OTKPBITOM U aKTUBHOW. 3aMETUM, YTO MPH MOUCKE B MIUPUHY
BEpILMHA @ OCTaBajach aKTUBHOM /10 TeX IMOp, MOKa He ObUIM HCCIIeI0BaHbI BCE
WHITICHTHBIC el peOpa. B manmpHeiineM, Kak u Mpu TOUCKE B MIUPHHY, KaXK-
JbIi O4YEpETHOM II1ar HAauMHAETCs C BBIOOpA aKTUBHOM BEPIIMHBI U3 MHOXKECTBA
OTKPBITHIX BepinH. Eciu Bce peOpa, MHIIMICHTHBIC aKTUBHOW BEPIIMHE X, YIKE
MCCJICJIOBAHbI, OHA MPEBPAIIAETCS B 3aKPHITYI0. B MpoTHBHOM ciiy4yae BbIOMpa-
eTCsl OIHO M3 HEUCCIIEAOBaHHBIX pebep (x, V), 3To pedpo mccaenayercs. Ecian
BEpILMHA ) HOBasA, TO OHA MOCELIAETCs U MPEBPAIIAETCS B OTKPBITYIO.

['maBHOE OTJIMYME OT MOUCKA B IUIMPUHY COCTOUT B TOM, UTO IPU MOUCKE B
IyOMHY B Ka4eCTBE aKTUBHOM BBIOMPAETCS Ta U3 OTKPBITHIX BEPIIUH, KOTOpast
ObL1a mocenieHa nociennei. s peanuszanuy Takoro mpaBuia Beibopa Hanbo-
nee yIoOHOU CTPYKTYpOH XpaHEHHUS MHOXKECTBA OTKPBITHIX BEPIIUH SBISETCS
CTCK: OTKPbIBAE€MbIC BEPIINHBI CKIAJBIBAIOTCA B CTCK B TOM ITOPAIAKE, B KAKOM
OHHU OTKPBIBAIOTCS, @ B KQUEeCTBE aKTUBHOW BBIOMpAETCS IMOCIEIHSS BepIINHA.
CxeMaTuuecku 3TO OKa3aHo Ha puc. 2.2.
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Horkie OTKDBITBIE
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3aKphIThIE
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Puc. 2.2

O0603HaYNM CTEK JJIs1 OTKPBITBIX BEPIIIUH Yepe3 S, OCTabHBIC 0003HAYSHUS
COXPAHSIOT TOT K€ CMBICI, YTO U B mpeabiayieM paszaene. Yepes top(S) ob6o-
3HAYACTCsl BEPXHUHU DIIEMEHT CcTeKa (TO €CTh MOCIEJHUH JJIEMEHT, H00aBIIeH-
HBI K cTeky). [Iponenypa o6xoma OMHONH KOMIIOHEHTHI CBS3HOCTH METOJIOM
HOUCKa B MIyOMHY CO CTApTOBOM BEPINUHON @ TOrJa MOXKET OBITh 3alHcaHa
creayronmm oopazom (DFS — or Depth First Search).

Procedure DFS(a)

1l moceTuTh BEPUIMHY

2 a=S§

3 while S#= Jdo

4 x =top(S)

5 if umeeTcs HewnccnenoBanHoe pedpo (x, )
6 then uccienosats pedpo (x, )

7 if BepimmHa y HOBas

8 then noceTuTh BepIInHy )
9 y=3S

10 else yaamuthb x u3 S

Eme pa3 oOparum BHMMaHHE Ha OCHOBHOE OTJIMYHE ITOH MPOLEIYPHI OT
AQHAJIOTMYHOW ITPOLEAYpBI TOMCKA B IIUpHHY. [Ipy noncke B MUpHUHY BEpLIMHA,
CTaB aKTHBHOM, OCTAeTCs €10, MoKa He OyJeT MOJHOCTHIO UCCIeI0BaHa e OK-
PECTHOCTB, MOCJIe Yero OHa CTaHOBUTCS 3aKpbIToi. [Ipwm moucke B riryOuHy,
€CIIM B OKPECTHOCTH aKTUBHOM BEPIIMHBI X OOHAPYKUBACTCSI HOBasl BEPILIUHA ),
TO y TMOMEIIAETCSl B CTEK M NPU CIEAYIoIIeM MoBTopeHuu 1ukia while craner
akTHBHOU. [IpH 3TOM X OcTaeTrcs B CTEKe M 4yepe3 KaKoe-TO BpeMsi CHOBA CTaHET
aKkTUBHOH. MHa4ye roBopsi, peOpa, MHIIMICHTHBIC BEPIIUHE X, OyJeT UCCIe0Ba-
HBI HE TIOJIPSI]I, a C IepePBIBAMH.

Anroput™ 00x0/a Bcero rpada — TOT ke, 4TO ¥ B Cliydyae IMOKCKa B HINPHU-
Hy (anroput™ 1), TOTBKO HY)KHO O4epeb 3aMEHHUTh CTEKOM, a mporenypy BFS
— nporenypoit DFS.
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CaoiictBa 1 1 2 moucka B NIMPHHY, OTMEYEHHBIE B IPEABLAYIIEM pa3zere,
COXPAHSIOTCS M JUIs TIOMCKA B T1yOnHy. OCTaeTcsi BEpHOU U OIICHKA TPY0EM-
koct O(m + n), HO ee OKa3aTeIbCTBO TPeOyeT HECKOJIBKO MHBIX PAacCyxkIie-
HH, TaK KaK KaXJgas BepIIMHA Terepb MOXKET CTaHOBUTHCS AaKTUBHOW He-
CKOJIBKO pa3. OqHaKo Kaxkaoe pedpo paccMaTpUBaeTCsl TOJIBKO ABa pasa (OIuH
pa3 ais Kax[oi MHIUICHTHOW €My BEepIIHHBI), M03TOMYy B omeparope if B
cTpoke 5 BeTBb then (cTpoku 6-9) moBTopsiercss O(m) pas. B atom e onepato-
pe BetBb else (ctpoka 10) moBTopsiercs O(n) pa3, Tak Kak Kaaas BepILU-
Ha MOXeT OBITh yJIaJieHa W3 CTeKa TOJBKO OJWH pa3. B memom momydaercs
O(m + n), mpryeM OCTAIOTCS CIIPABEITUBBIMHE CACTaHHBIC B MIPEABIIYIIEM pa3-
JieTie 3aMedYaHus 00 YCIOBHSIX, IPU KOTOPBIX HMEET MECTO 3Ta OIICHKA.

2.2.2. DFS-nepeBo

[Touck B riryOuHYy MOXKHO MPUMEHUTH JJISI HAXOXKICHUS KOMIIOHEHT CBS3-
HOCTH Tpada Wi AJIsl MOCTPOSHHS KapKaca TOYHO TaKUM ke 00pa3oM, Kak I1o-
UCK B mMpHHY. [ToHATHS MpsIMOTO U 00paTHOTO pedpa ONMpEeaesioTCs TaK ke,
KaK B TPEABLIYIIEM pa3Jielic U TaK K€ JIOKa3bIBAaeTCs, YTO MpsSMbIe pedpa mpu
NOUCKe B IyOuHy 00pa3yroT kapkac rpada. [ns cBsizHoro rpada kapkac, mo-
JTy4aeMblii IOUCKOM B TiyOuHY, Ha3biBaetcs DFS-0epesom. DFS-nepeBo pac-
CMaTpHBAETCs] KaKk KOPHEBOE JIEPEBO C KOPHEM B CTAPTOBOM BEpIIMHE d. DTO
JiepeBo 00J1aaeT 0COOBIMH CBOMCTBAMH, Ha MCIIOJIB30BAaHUU KOTOPBIX OCHOBA-
Hbl MHOTOYHCJICHHBIC MPUMEHEHHS METOJa MOHMCKa B IiIyOuHy. PaccMoTpum
HanboJiee BaKHOE U3 ITHX CBOMCTB.

OTHOCHUTENBHO JTI000T0 KOPHEBOTO OCTOBHOTO JiepeBa Bce pedpa rpada, He
NpUHAJIeKAIINE 1ePEBY, MOKHO pa3/ieuTh Ha JBe Kateropuu. Pedpo HazoBem
NPOOOIbHBIM, €CITA OJIHA U3 €r0 BEPIINH SBISETCS MPEIKOM JIPYToii, B IPOTUB-
HOM cllydae peOdpo Ha30BeM nonepeynvim. B mpumepe Ha puc. 2.3 pedpa kapka-
ca BBIJICJICHBI )KUPHBIMU JINHUSIMH, KOPEHb — YEPHBIM KPYKKOM.

Puc. 2.3

OGpatHbie pebpa MOKa3aHbl TOHKUMH JIMHUSAMH, U3 HUX MPOJOJIBHBIMHU SIBIISI-
totcst peopa (1, 7), (2, 9), (3, 8), a nonepeunsimu — pedpa (1, 2), (2, 5), (3, 5).
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Teopema 2.2. [Tycmo G — cesasuviii epagp, T — DFS-0epeso epagpa G. Toeoa
omuocumenvHo T 6ce obpammuvie pebpa a6110Mcst NPOOOTbHBIMU.

Hoxazamenscmeo. YOeaumMcsi cHadaia, 4To, MOCJIE TOTO, KaK CTapTOBas
BEpIIMHA @ TIOMEIICHA B CTEK, HA KAXKJOM IOCIEAYIONIEM Iare padoThl aliro-
pUTMa TIOCIIEAOBATENLHOCTh BEPIINH, XPAHAIIAACA B CTeKe, 00pa3zyeT MyTh C
HAyYaJIoM B BEPILIUHE d, a BCce pedpa 3TOro ImyTH MPUHAAIEKAT 1epeBy. Bauagane
9TO, OYEBUHO, TaK. B nanbHeiemM BCSIKHMA pa3, KOTJa HOBas BEPIIUHA ) TIO-
MEIIAeTCs B CTEK, K JIEPEBY JA00aBIsieTCs psiMoe pedpo (X, ), mpuyYeM BepIlu-
Ha X HAXOJIUTCS B CTEKE Mepe]] BEPIIMHON V. 3HAUUT, €CJIM YKa3aHHOE CBOMCTBO
MUMEJNI0 MECTO /10 H00aBJICHHS BEpIIMHBI B CTEK, TO OHO COXPAHHUTCSA U TOCIE
noOasrieHus. Y JalieHUe yKe BEPIUIMHBI U3 CTeKa, KOHEUYHO, HE MOXET HapYIIUTh
3TOTO CBOMCTBA.

ITycts Temeps (x, y) — oOpatHOe pedpo. Kaxkias U3 BepIIvH X U Y B X0/
paboThI aNTrOpUTMa KOTIa-JIM00 OKAKETCS B cTeKe. J[omycTuM, X OKaKeTCs TamM
pasbiie, yeM y. PaccMOTpuM mmiar ainropurMa, Ha KOTOPOM ) TIOMENIAeTcs B
CTEK. B 3TOT MOMEHT @ ele HaxoauTcs B CTeKe. J|eHCTBUTENBHO, BEPIINHA UC-
KJIFOYaeTCs U3 CTEKa TOJIKO TOT/A, KOT/Ia B €€ OKPECTHOCTH HET He MOCEIIeH-
HBIX BepiinH. Ho HemocpeacTBeHHO mepesa MOMEIICHHEM B CTEK BEpIIMHA )
SBIISIETCS HOBOW M TPUHAJUIEKUT OKPECTHOCTH BEpIIMHBI X. Takum obpazom,
BEPIIMHA X JISKUT HA IyTH, IPUHAIJICIKAIIEM JEPEBY U COSAMHSIONICM BEPILH-
HBl @ 1 ). Ho 3TO O3Ha4aeT, 4YTO BepIIMHA X SBJSIETCS MPEIKOM BEPIIHHBI ) B
nepese 1 u, ciieoBaTeabHO, pedpo (X, ) — npomosibHOE [,

Takum oOpa3om, kapkac, n300pakeHHbIN Ha puc. 2.3, HE MOT OBITH TOCTPO-
€H METO/IOM ToucKa B TyOouHy. Kcratu, oH He MOT OBITh IIOCTPOEH U C TOMO-
HIbIO MIOMCKA B MIUPUHY (TIouemMy?).

2.2.3. /Ipyrue BapuaHThl AJrOPUTMA NOUCKA B ITyOMHY

BBuy Ba)KHOCTH 3TOr0 METOJa ONMILIEM ellle JBa BapHaHTa ajJropuTMma
noucka B riryOuny. I1epBblif U3 HUX — pEeKYpPCHUBHBIN, U, KaK OOBIYHO, PEKypPCHUs
JlaeT BO3MOXKHOCTH IPEACTAaBUTHh AITOPUTM B Hanboiee KOMITAKTHOH (opme.
s Toro, 4TOOBI aNTrOPUTM BHITIOIHUI KaKyHO-TO TOJIE3HYIO paboTty, Oyaem
HYMEpOBaTh BEPIIMHBI B TOM MOPSAKE, B KAKOM OHU BCTPEYAIOTCS MPH 00X0I€.
Homep, mosmyyaemblii BEpIIMHO#M X, 0003HauaeTcs uepe3 Dnum(x) u Ha3bIBaeT-
csl ee enyounnviM Homepom. Bradane nmomaraem Drnum(x) = 0 mis Bcex x. D10
HYJIEBOE 3HAYEHUE COXPaHSIETCs J0 TeX MOp, IOKa BEpIIMHA HE CTAHOBUTCS OT-
KPBITOH, B 3TOT MOMEHT €i PUCBANBAETCS €€ HACTOSAIINN TITyOUHHBIH HOMED.
Taxkum oOpa3oM, HET HEOOXOAUMOCTH B KaKOW-THOO cHelManbHOM CTPyKType
JUISL 3aTIOMUHAHUSI HOBBIX BEPIIMH — OHU OTJIMYAIOTCS OT BCEX APYTUX HYJICBBIM
3HaueHueM Dnum. IlepeMeHHas ¢ XpaHUT TeKyluii Homep. PexypcusHas npo-
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neaypa DFSR 00XxoauT oHy KOMIIOHEHTY CBS3HOCTH, @ QITOPUTM 2 OOXOIUT
Bech Ipad U NMPUCBAUBAET BEpLIMHAM ITyOMHHbBIE HOMEpA.

Anzopumm 2. Ilouck 6 2nyouny ¢ @vlyucieHuem 21yOuHHbIX HOMEpos — pe-
KYPCUBHBIL 8APUAHTN

1 forx € Vdo Dnum(x) :=0

2 ¢=0

3 forxeV do

4 if Dnum(x) = 0 then DFSR(x)
Procedure DFSR(x)

I c=c+l1

2 Dnum(x) :==c
3 foryel do
4 if Dnum(y) = 0 then DFSR(y)

Crenyrommii BapuaHT alropuT™Ma IMoucKa B TIYOHHY OTIUYAETCS TEM, YTO
HE MCIOJIB3YET CTEKA ISl XPAHEHUS OTKPBITHIX BepmnH. CTEK HyKEH IS TOTO,
4TOOBI B MOMEHT, KOTJIa OKPECTHOCTh aKTHBHOH BEPIIWHBI X UCCIEJOBaHA U
HEOOXOIMMO CeNaTh «IIar Ha3aa», MOXKHO OBUIO ONpeNIeNIUTh BEPIINHY, B KO-
TOPYIO HYKHO BepHYThcs. Ho 3TO Ta BepiimHa, KOTOpas SIBJISETCSI OTLIOM Bep-
mmebl X B DFS-nepese. IlosToMy, ecnu pemieHue 3amadu mpeaycMaTpUBACT
noctpoernne DFS-nepeBa, To 3T0 1epeBO MOKHO MCHOIB30BaTh U JUIs OpraHU-
3alliU «BO3BPATHBIX JBIKEHHI» B Tporiecce 00xona. OnuceiBaeMbIii HUKE all-
TOPHUTM CTPOMT KapKac MPOU3BOIBHOTO rpada, Kaxaas KOMIIOHEHTa CBI3HOCTH
aTOro Kapkaca siBisercsi DFS-nepeBoM cooTBeTCTBYIOIIEH KOMIIOHEHTHI CBSI3-
HocTH rpada. Yepes F(x) obo3HagaeTcs oter BepmuHbl X B 3ToM DFS-nepese,
IpU 3TOM ISl KOPHS JepeBa (CTapTOBOW BeplIMHBI) a mojaraeM F(a) = a.
3nmecy M jAanee B ONHCAHMAX AITOPUTMOB MHCTPYKLHUS «OTKPBITH (3aKPBITH)
BEPIINHY» 03HAYaeT, YTO BEpIINHA KAKUM-TO 00pa3oM MOMeJaeTcsi Kak OTKPHI-
Tas (3aKpbITas).

Anzopumm 3. [louck 6 2nyouny ¢ nocmpoeHuem Kapkaca

1 moMeTuTH Bce BEPIIMHBI KAK HOBBIE

2 forae Vdo

if Bepimna a HoBas then DFST(a)

Procedure DFST(a)

1 F(a):=a

2 OTKpBITh BEPIIUHY d
3 x:=a

4  while x otkpsiTas do
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5 if umeercst HenccnenoBanHoe pedpo (X, )

6 then uccrnenoBats pedpo (x, y)

7 if BepmmHa y HoBas

8 then F(y) =x

9 OTKPBITh BEPIINHY )
10 xX=y

11 else 3aKpBITH BEPIINHY X

12 x = F(x)

2.2.4. lllapHupwbl

B kauectBe mpumepa 3amgaun, s 3Q(EKTUBHOTO pEIIeHHs] KOTOPOil MOXK-
HO HCIIOJIb30BaTh OCHOBHOE cBoiicTBO DFS-nepesa, Beipakaemoe Teopemoit
2.2, paccMOTpUM 3a/iadyy BBISBIEHUS HIApHUPOB B rpade. Hamomuum, urto
[IAPHUPOM HA3bIBACTCSA BEPINMHA, NMPU YJAICHUU KOTOPOW YBEIUYMBACTCS
YHUCII0 KOMIIOHEHT CBSI3HOCTHU. [y IpoCcTOTHI OyeM ceifuac c4uTarh, 4TO pac-
CMaTpUBaeMbIil rpad CBS3€H, TaK YTO MIAPHHUP — ITO BEpPIUIMHA, IPU yIaJICHUH
KOTOPO# HapyIIaeTcs CBA3HOCTb.

OtcyTcTBHe momepeyHbIx pebep oTtHOocuTenbHO DFS-nmepeBa mo3BomsieT
OYEHb MPOCTO y3HATh, SABISAETCS JIM CTAPTOBAs BepIIMHA @ (KOPEHb 3TOTO Jiepe-
Ba) IIAPHUPOM.

Jemma 2.3. Cmapmosas éepuiuna a A61Aemcs WapHupom epaga mozoa u
MobKo moz2oa, ko2oa ee cmenenv 8 DFS-0epese 6onvue 1.

Joxazamenscmeo. Ecny BeplIvHy a yIaInuTh U3 I€PEBa, TO OHO pacrlajer-
Csl Ha TOJ/IEPEBBS, Ha3bIBaEMbIE BETBAMU. YUCIIO BETBEH paBHO CTENEHU Bep-
IIMHBI @ B JiepeBe. Tak Kak MOMepeyHbIX pedep HET, TO BEPUIMHBI U3 Pa3HBIX
BETBEH HE MOTYT OBITh CMEXHBIMU B Tpade, U Kaxablil MyTh U3 OJHON BETBU B
JIpyryto o0s3aTeIbHO MPOXOAUT Yepe3 BepuinHy a. CieaoBareiabHO, €clu cTe-
nenb BepmuHbl a B DFS-nepese Gombine 1, To 3Ta Bepmuaa — mapaup. Ecimu
xe crereHb BepmrHbl @ B DFS-nepese paBna 1, To B 1epeBe nMeeTcst eIMHCT-
BEHHAs BEpUIMHA b, CMEXHas C @, M KaXIas U3 OCTaJbHBIX BEPLIMH rpada co-
elMHEeHA C BEPIIMHON b myTem, He MPOXOJSIMM 4Yepe3 a. [loaTroMy B 3TOM
cilydae yJajieHHe BEPIIMHBI g He HapyllaeT CBSI3HOCTH rpada M 3Ta BepIInHA
HE SBJISIETCS IapHUpoM [ .

Oro cBoiicTBo kKopHSI DFS-nepeBa M0okHO ObLIIO ObI UCTIOIB30BATh IS BBI-
SIBJICHUSI BCEX IIAPHUPOB, MIPOCTO BHITIOIHUB /1 Pa3 MOUCK B IIIyOUHY, CTapTys
[I00YEPEAHO B KaKI0M BepiurHe. OKa3bIBAaeTCsl, BCE HIAPHUPBI MOKHO BBISIBUTH
OJTHOKpATHBIM NOMCKOM B TyOuHy. Crenyromias TeopemMa XxapakTepu3yeT Bce
HIapHUPBI, OTIIUYHbIe 0T KopHS DFS-nepeBa. HamomunM, 4T0 KaXkaasi BepiunHa
JiepeBa SBISETCS U MPEIKOM U MOTOMKOM camoil cebs. Ilpemox (moTomMok)
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BEPIINHBI, OTIMYHBIA OT CaMOW ATOH BEpIIWHBI, HA3BIBACTCS COOCTBEHHBIM
peAKOM (TIOTOMKOM).

Jdemma 2.4. Ilycmo T — DFS-0epeso epagha G ¢ kopuem a. Bepuwuna x # a
ABNAEMCA WAPHUPOM 2pagha moeoa u moibKo mo2oa, koeoa y Hee 8 oepege T
umeemcs maxkou cblH Y, 4mo HU 0OUH NOMOMOK 6epULUHbL Y He cOeOUuHeH ped-
POM HU C OOHUM COOCMBEHHBIM NPEOKOM BEPULUHDL X.

Joxazamenscmeo. Eciii y — ChIH BEpPIIMHBI X ¥ HA OJMH IMIOTOMOK BEpIIIH-
HBI y HE COCJIMHEH peOpOM HU C OJJTHUM COOCTBEHHBIM MPEKOM BEPIIUHEI X, TO,
BBUJY OTCYTCTBHSI NOIIEPEUYHBIX pedep, JM000i MyTh, COSAMHSIONINNA BEPUIHHY
¥y C KOpHEM, MpoxoauT uepe3 X. ClenoBaTeNbHO, B 3TOM CiIy4ae BEpIIMHA X —
mapaup. Ecam jke UIst KaXXI0ro ChIHAa ) BEPIIMHBI X MMeeTcsl pedpo, coenu-
HSIOIIEE BEPIIMHY V ¢ KAKMM-JIHO0O0 COOCTBEHHBIM MPEIKOM BEPIIMHEI X, TO Ka-
KBl CBHIH BEPIIMHBI X COCIMHEH C KOPHEM JepeBa IyTeM, HE MPOXOSIIUM
yepe3 x. [ToaToMy mpu ynaneHuu BEepIIUHBI X rpad) OCTAHETCS CBSI3HBIM H X B
ITOM CiIy4ae He SBISETCS MapHUpoM [,

JInsi IpUMEHEHHsT 3TOTO KPHUTEPUs K OTHICKAHWIO IIAPHUPOB BBEJIEM Ha
MHOXeCTBE BepimuH QyHKuuio Low, cesa3annyro ¢ DFS-nepeBoM: 3HaueHnemM
Low(x) siBisieTcss HAMMEHBIINN W3 TITyOMHHBIX HOMEPOB BEPIIHMH, CMEXHBIX C
MOTOMKAaMHU BEPIIMHBI X. EciM BepiinHa ) SBISIETCS CHIHOM BEPIIMHBI X, TO
Low(y) £ Dnum(x) (Tak KaK BepIIMHA ) SIBISCTCS MOTOMKOM CaMoil ce0sl u
CMEXHa ¢ BepUIMHOH Xx). V3 Teopemsl 2.3 cnemyer, 4TO BEpUIMHA X, OTIMYHAS
OT a, SIBIISIETCS IAPHUPOM TOT/IAa M TOJBKO TOTJA, KOTJa y Hee UMEETCS ChIH )
takoi, uto Low(y) = Dnum(x).

OyHkHIo Low MOXHO ONMpPENeInTh PEKYPCUBHO — €CJIM MbI 3HAEM €€ 3Ha-
YeHHUsl U1 BCEX CHIHOBEHW BEPIIMHBI X W TIyOMHHBIE HOMEpa BCEX BEPIIHH,
CMEKHBIX C X U HE SBISIONIUXCS €€ CBIHOBBSIMU, TO LOW(X) €CTh MUHUMYM H3
BCEX ATUX BEJIMYHUH, TO €CTh

Low(x) = min(miAp Low(y), miBn Dnum( y)) ,
ye ye

rae A 0003Ha4YaeT MHOXECTBO BCEX CHIHOBEH BEPIIMHBI X, a B — MHOXECTBO
BCEX OCTAJbHBIX BEPIIUH, CMEXKHBIX ¢ X. HeTpyHO BHIETh, 4TO 3TO Ompeele-
HHUEC SKBUBAJICHTHO IICPBOHAYAILHOMY. I/ICXOI[SI U3 HETO0, MOXXHO BBIYHCIIATH
3HaueHus1 QyHKIUH Low B mporiecce TOMCKa B TIyOHHY C TIOMOIIBIO CIIEITyTO-
el peKypcuBHOM mpoueaypsl. [Ipeamnonaraercs, 4To BHa4Yajae BCEM JJIEMEH-
Tam MaccuBa Dnum PUCBOCHBI HYJICBbIC 3HAYCHHUSI.

Procedure ComputeLow(x)

1 c=c+1

2 Dnum(x) :==c
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Low(x) := min(Low(x), Low(y))
else Low(x) := min(Low(x), Dnum(y))

3 Low(x):=c

4 fory € V(x)do

5 if Dnum(y)=20

6 then ComputeLow(y)
7

8

2.3. bnoku

Ecnu rpad cocTOMT M3 HECKOJIBKUX KOMIIOHEHT CBS3HOCTH, TO €r0 MOXKHO
U3y4aTh «II0 YaCTSAM», U 3TO MOXET YIPOCTHTh OMHUCaHUE rpada u o0JIeryuTh
peleHre MHOTHX 3aaa4. OJJHaKO U CBSI3HBIN Ipad) MHOTAA MOKHO IIPEICTABUTh
KaK COCTOSIIMN M3 YaCTeH M TaKOEe MPEJICTABICHHE TAK)KE MOXKET OBITh MOJIE3-
HBIM. Ilociie KOMIIOHEHT CBSA3HOCTHU HpOCTeﬁMHMH JaCTdMH TaKOro poja sB-
JSFOTCSL OJTOKH (Ha3bIBaeMbIe TaK)Ke KOMIIOHEHTaMH JIBYCBS3HOCTH). Biok — 3T0
MaKCUMaJIbHBINH Toarpad rpada, He MMEIIMUN COOCTBEHHBIX MIAPHUPOB (TO
€CTh HEKOTOPBIE MIAPHUPHI Ipada MOTYT MPHHAIICKATH OJIOKY, HO CBOHX IIap-
HUpOB y Oinoka Het). Ha puc. 2.4 nzobpaxensl rpad G u ero 6ioku By — Bs.
Hmxe Oyner mano apyroe ompezaesneHue Oloka, U3 KOTOPOTO BHIHO, TTOYEMY
OJI0KM Ha3bIBAIOT KOMIIOHEHTAaMH JIBYCBS3HOCTH. 3aTe€M B 3TOM pazfeine OyxyT
paccMOTpPEHBI HEKOTOpBIE CBOWMCTBA OJIOKOB ¥ OIHCAH AITOPUTM BBISBICHUS
0JIOKOB, OCHOBAHHBII HA TTOWCKE B TITyOHHY.

D—05 B 3
B B, B
—E—0)
oo
B, Bs
Puc. 2.4

2.3.1. IByCBSI3HOCTD
CBs3HbIM rpad) ¢ He MEHee YeM TpeMs BEepLIMHAMHU, B KOTOPOM HET LIapHU-
pPOB, Ha3bIBaeTCsA 08ycesasHuiM. [Ipumepsl ABycBs3HBIX TpadoB — mukn C, u

nonuelii rpad K, n > 3, uens xe P, He SBISETCS IBYCBSI3HBIM TpagoM HU MPU
KaKoM 71.
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Bynem rooputh, 4TO nBa 31eMeHTa rpada (HAIOMHUM, YTO SJIEMEHTHI
rpada — 3TO BEpPIIMHBI U pedpa) yukiuuecku céazamvl, €Ciu B rpade nMeercs
HPOCTOM LUKII, COAEpKALIUK 00a 3TH JIEMEHTa.

Teopema 2.5. B 0sycssiznom epaghe niobvie 06a pa3iuyHblX d1eMeHmMa Yuk-
auyecku cesizanvl. Ecnu 6 epaghe nobvie 08a pebpa yukiuuecku cs3amvl, mo oH
08YCB513€H.

Jokazamenscmeo. JlokaxkeM cHavana, 4Tto B IBYCBsi3HOM rpade G mis
JFOOBIX JIBYX Pa3IUUHBIX BEPIIUH @ ¥ b UMEEeTCs MPOCTOU LUKII, TPOXOISIIUIA
gyepe3 00e ITH BEepIIMHEL J[0Ka3aTenbCTBO MPOBOIUM MHIYKIUEH O paccTos-
HUI0 MeXny a u b. Eciu d(a, b) = 1, o a u b cmexusl. Pebpo (a, b) He sBus-
eTcs epenieikoM (MHave XOTs Obl OJIHA M3 BEPIIUH d, b ObLIa ObI IAPHHUPOM).
Ho Torma u3 nemmsl 1.6 cienyer, 4ro B rpade MMeeTcss MPOCTON UK, TIPOXO0-
nsmui uepes 3to pebpo. Ilycts d(a, b) > 1. PaccMoTpuM KpaT4yaiiimii myTh U3
a B b u mycte X — mpennociennsas BepiiuHa 3Toro mytd. Torma d(a, x) =
=d(a, b) — 1 u, Mo NpeANONOKEHIIO HHAYKIIUH, CYIIeCTBYeT npocToi nuki C,
COJIep KAIIHIA BEPIIUHBI @ U X. Tak Kak BEPIIMHA X — HE IIAPHUP, TO CYIIECTBY-
et mpocToit myTh P u3 b B a, He npoxonsaiuii yepes x. [lycts y — nepBas Bep-
IIMHA 3TOTO MyTH, npuHaiexanias C (Takas cymiectByet, Tak kak a € C). To-
rZia OTpe3oK IyTu P oT b 10 y BMecTe ¢ OTPE3KOM IUKIIA OT ) 0 X, COIeprKa-
UM BEPIIUHY d, U ¢ peOpoM (x, b) oOpa3yeT MpoCToil IUKII, COJepKAIINI 00
BEPIINHEI @ ¥ b (10Ka3aH cTpejaKamMu Ha puc. 2.5).

C

y
Puc. 2.5

Temneps mokaxeM, 4TO JIs1 JTF000H BEpIIMHBI @ U TH000T0 pedpa (X, 1) ABy-
cBsizHOrO rpadga G B HEM MMEETCS IHMKJ, COACPKAIIUN 3Ty BEPIIUHY U 3TO
pebpo. Kak nmokazaHo Bbllie, cymecTByeT npoctod mukia C, comepKaiuit
BEPILUHBI d U X. Ecau 3TOT LUK IPOXOAMT U Yepe3 y, TO, 3aMEHUB B HEM OTpe-
30K OT X JI0 y, HE COJIepKaIIui a, peOpoMm (X, '), HOTYIHM MPOCTOM IHKII, TIPO-
XOJSIIIUI yepe3 BEpUIMHY a U pedpo (X, y). B mpoTHBHOM ciiydae BO3bMeEM
ik C, cofepikaiuii BepIIMHBL @ U ). KpaTd4almmii oTpe3ok 3TOro IMKIA,
COCITMHSIONTNH J ¢ KaKoW-Tnoo BepmmHon z Ha Cj, BMECTe C OTPE3KOM ITHKIIa
C OT z 10 X, Co/IepIKaIlUM BEpIIMHY d, U ¢ pedpom (x, y) oOpa3yeT mpocTon
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IIUKJI, COACPIKAIIHIA 3TO peOpO U BEPIIUHY d.

JlokazaTenbCTBO TOTO, YTO B JABYCBSI3HOM Tpade yepes JitoObie 1Ba pedpa
HOPOXOJIUT MPOCTON LUK, TOYTH B TOYHOCTH MOBTOPSET MPEBIAYIIEE, TOIBKO
BMECTO BEPIIMHBI ¢ HY)KHO paccMaTpuBarth pedpo (a, b).

Ocraetcst noka3ath, 4rto ecinu B rpade G uepe3 JroOble JBa pa3IHMYHBIX
9JIEeMEHTa TPOXOIUT MPOCTON IHKI, TO ATOT Tpad — NBYCBS3HBIN. JleHcTBU-
TEJIbHO, JOMYCTHM, YTO BEpIINHA a — mapHup rpada G. Bo3bMeM BepIIMHBI X U
¥V, CMEXHbIE C g ¥ NPUHAUIeKAIME pa3HbIM KOMIIOHEHTaM CBSI3HOCTH rpada,
NOJTYYaromerocs MpH yAajleHnu BepnHbl a. Toraa B G He CyIIeCTBYeT IMKIIA,
conepaxariero oda pedpa (a, x) u (a, y) L.

W3 310it TeOpeMBI clieayeT, 9TO CBOMCTBO JIBYCBSA3HOCTH MOYKHO OXapaKTe-
pPHU30BaTh CIEAYIOLUIUM 00pa30M.

Cneocmeue. I'pad c He MeHee yeM JAByMs pedOpamH JIBYCBSI3€H TOTAa U
TOJILKO TOT/Ia, KOTJIa B HEM JIFOObIe J[Ba Pa3IMYHbIX pedpa HUKIMYECKH CBS3a-
HBI.

PaccmoTpum noapoOHee OTHOILIEHNE MUKINYECKOH cBsizHOCTH pedep. OHO,
OYEBHUJIHO, CAMMETPUYHO. ByieM cunTarth, 4To Kaxk10e pedpo MUKINIECKH CBSI-
3aHO C caMHM C000Mi, Torga 3To OoTHOWIeHHE OyneT M pediekcuBHBIM. Jloka-
JKEM, YTO OHO Ha CaMOM JIeJIe SIBJISIETCS] OTHOIICHUEM SKBUBAJICHTHOCTH.

Teopema 2.6. /[na nob6ozo epagpa omuouieHue YuKIUYecKkol CeA3aHHOCmU
pebep asnsiemcs omuouleHuemM dK8UBATEHMHOCMU.

Hokazamenvcmeo. Ocraercs 10Ka3aTh TPAH3UTUBHOCTD 3TOI'O OTHOILLIEHHUS.
[Mycte C} — mpocToOl UKL, coepkaiuii pedpa e u ez, a C; — MPOCTO# UK,
coaepKalIii pedpa e, U e3; MOKaKeM, UYTO CYIIECTBYET MPOCTOM IMKII, COaep-
xamuii pedpa e; u es. Ecnu e; npunamnexxutr C,, TO MOCISIHUN U SBISETCS
stuM 1KiIoM. Eciu ke e He mpuHamiexutr Cp, To B C) ecTh 0oTpe3ok P,
BKJTFOUAOIIHI €], y KOTOPOTro KOHIIEBbIE BEPIIUHbBI a U b npuHamiexar Cs, a
BCe BHyTpeHHUE BepmnHbl He mpuHaiexar C,. [Tycts P, — orpe3ok muxiia C,
KOHI[AMH KOTOPOTO SIBISIFOTCS @ ¥ b U KOTOPBIN BKIoUaeT pedpo es. Coesute-
Hue P u P, naet nmpocToil LUK, CoAep KAyl e; 1 e3 [.

Wrak, MHOKeCTBO pebep mro0oro rpada pa3OuBaeTcs Ha KIIACChl HKBHBA-
JICHTHOCTH IO OTHOIICHHIO IHKJINYECKOH CBs3aHHOCTH. KaxkIplii mepemieex
o0pa3yeT OTAeNbHBIN KilacC SKBUBAJICHTHOCTU. Eciu rpad AByCBsi3eH, TO UMe-
€TCsl €IMHCTBEHHBIN KIIacC IIUKINYECKON CBSI3aHHOCTH.

2.3.2. baoku u BC-nepeBbst

bnokom rpada G HazweiBaercs moarpad B, yIOBICTBOPSIOUINIA OJHOMY 3
TpeX yCIOBUM:
a) B cocrout u3 ogHON M30IMpOBaHHON BepmnHbI rpada G (Takoil 610K
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Ha3bIBACTCS TPUBUATBHBIM);

0) B mopoxaaercsi eIMHCTBEHHbIM PeOpOM, KOTOPOE SBIISETCS Mepeliei-
koM B G;

B) B siBnsieTcss MaKCHUMaJIbHBIM JIBYCBSI3HBIM moarpadom rpada G .

W3 mocnegHux ABYX TEOpeM cienyeT, YTo pedpa HETPUBHAIBHOTO OJIOKa
00pa3yIoT Ki1acc MUKINYECKOl cBsi3aHHOCTH. CletoBaTenbHO, pa3iuyHbie 0J10-
KA He UMEIoT oOummx pedep. OmHAKO, B OTIMYUE OT KOMIIOHEHT CBSI3HOCTH,
OJIOKM MOTYT UMETh OOIIME BEPUIMHBI. TakuM OOIIMMH BepIIMHAMH, KaK ITOKa-
3BIBACT CJIEAYIOUIAast TEOPEMa, MOTYT OBITh TOJIBKO IIAPHUPHI rpada.

Teopema 2.7. /[sa paznuunvix 010Ka 00HO20 epaga mozym umems He Oojee
00HOU 0bwell gepuiuHbl. Bepwuna npunaonesicum 6onee wem 00HOMY ONOKY
mo2oa u mobKo mo2od, Ko20d OHA AGIAEMCsl WAPHUPOM epagha.

Hoxazamensvcmeo. Ilycts B u B, — paznuunbie 610ku rpada G. Paccmot-
pum noarpad B = By U B,. OH He sBisgeTcst OJI0KOM, CIIeI0BaTeNIbHO, WIIA HE-
CBsi3eH, WK uMeeT mapuup. Ecnu B HecBsizeH, To B) u By — ero KOMIOHEHTHI
CBSI3HOCTH W, CJIEZIOBATENIFHO, HE UMEIOT o0muX BepunH. Eciu ke B cBsi3eH u
a — mapHup B B, TO mocie yaaneHus BepiiuHbl a rpad B pacnagaercs Ha KOM-
MIOHEHTHI CBsI3HOCTH. [Ipu 3TOM BCe BepiuuHBI mojarpada B, OTIUUYHBIC OT 4,
NpUHAAJIeKAT OAHOM KOMIOHEHTe, MHaue a Obuta Obl mapHupoMm B Bi. To xe
BEpHO JUisi BepiuH mnoarpada B,. 3HAUUT, UMEETCs BCEro JIBE KOMITOHEHTHI,
OJTHa U3 KOTOPBIX COCTOMT MOJHOCTHIO M3 BEepIIUH Tpada B, npyras — u3 Bep-
mvH rpada B. CnenoBatensHo, @ — €AMHCTBEHHAs 00IIas BepiinHa B u B).

Ecnu BepmmHa x mpUHAANSKUT Oosiee 4eM OJHOMY OJIOKY, TO OHA MHIIU-
JICHTHA JABYM pebpam, (X, V1) u (X, )2), IpUHAUIeKAIINM pa3HbIM OJI0KaM, TO
€CThb HE SIBIISIONIMMCS [TUKIMYECKH CBsi3aHHbIMH. HO Torna BCsikuil myTh, CO-
eIMHSIONNN ) ¥ V2, POXOAUT Yepe3 X, CIeloBaTeldbHo, 1o Jemme 1.5, x —
mapaup. OO6paTHO, €Iy X — MAPHUP, TO HAMIYTCS JBE CMEXKHBIE C X BEPIIMHBI
V1 ¥ 1, IpUHAJUIeKAIIIE Pa3HBIM KOMIIOHEHTaM CBS3HOCTH Tpada, morydaemMo-
ro yaajaenueM Bepmunbl X. Ho Torma pedpa (x, y1) u (x, )2) He ABISIFOTCS LIUK-
JMYECKH CBSA3aHHBIMH, CIIEIOBATEIBHO, TPUHAIICKAT pa3HbIM OJI0KaM [ .

Crpoenue cBA3HOTO rpada, COCTOAIIETO W3 HECKOJIbKUX OJIOKOB, MOMKET
OBITh CXEMaTHUYECKH OMHMCAHO C IMOMOIIBIO TaK HAa3bIBAEMOTO depesa 00K08 U
wapnupos, Kpatko uMmenyemoro BC-0epesom. B 3TOM nepeBe MMEIOTCS JIBE
KaTeropuy BEPIIMH — OJHU TOCTABICHBI B COOTBETCTBHE OJiokam rpada, Ipy-
r'He — ero mapHupaM. Bepmmaa-610k B gepeBe coenuHseTcs peOpoM C BepIn-
HOW-IIAPHUPOM, €CIH B Tpade COOTBETCTBYIOMIMN IIAPHHUP MPUHAIICIKUT CO-
oTBeTcTBYIONeMy Oyioky. Ha puc. 2.6 m3o6paxeno BC-gepeBo mns rpada c
puc. 2.4. bioku u300paxeHsl OebIMHU, a HIAPHUPBI YEPHBIMU KPYKKAMH.
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Puc. 2.6

2.3.3. BoisiBjieHME O0JIOKOB

Paccmotpum cBsizubiid rpad G u B Hem DFS-nepeBo 7, moctpoeHHoe mouc-
KOM B TITyOMHY M3 CTapTOBOM BepiinHbl a. Yepes F(x) Oynem 0003Ha4aTh OTIA
BEPIIMHBI X B 3TOM JIepeBe, MPU ITOM cuutaeM, uto F(a) = a. Bymem takxke
CUMTaTh, YTO B Tpolecce 00xoma rpada BBIUUCISIOTCS 3HAYCHHS (QYHKIHN
Dnum u Low, onipeieICHHBIX B TIPEIBIAYIIEM pa3Jiele.

[Tycts B — 6110k rpada, a x — BepImHa 3Toro 0J10Ka ¢ HAMMEHBIITAM 3HaYe-
HueM Dnum(x). Hade roBopsi, X — BepIIuHA OJIOKa, IMocemaemas mpu o0xoe
nepBoii. Cpein CHIHOBEH BEPIIMHBI X HMEETCs €IMHCTBEHHAs BEpIIUHA ), TIPH-
HaJyIexkaias 0oky B. BepuimHy x OyseM Ha3blBaTh HAYaIbHOW BEPIIHHOM, a
pebpo (x, ) — HavaIbHBIM pedpoM OJioka B.

Jdemma 2.8. I[Tycmo x = F(y) ¢ DFS-oepese T. Pebpo (x, y) aensemcs Ha-
YANLHBLIM PebPOM HEKOMOPO2o bI0Ka mo20a u moabko moeoa, koeoa Low(y) =
= Dnum(x).

Jokaszamenvcmeo. Ecivi x = a, TO 711 KaXA0TO ChIHA ) BEPLIUHBI X UMEET
MecTto paBeHCTBO Low(y) = Dnum(x) u pedpo (x, y) ABiIseTCs Ha4aIbHBIM peo-
POM HEKOTOpOTO OJI0Ka.

ITycts x # a u (X, y) — HauanbHOEe peOpo Oinoka B. IIpeanonoxum, 4to
Low(y) # Dnum(x). DTo 03Ha4YaeT, 4TO MMeeTCsi pedpo, COCIUHSIONIEe HEKO-
TOPOT0 MOTOMKA BEPIIUHBI } ¢ COOCTBEHHBIM MPEIKOM BepIinuHbl X. Ho Torma
peopa (x, ¥) u (x, F(x)) oka3pIBarOTCS LIUKIMYECKH CBSI3aHHBIMH, a OTCIO/IA
Clle/TyeT, 4TO BepiuinHa F(x) npuHauIexkuT 070Ky B. DTO MPOTUBOPEUUT TOMY,
YTO X — HaYaJibHasl BepIuHa 0Jioka, Tak kak Dnum (F(x) < Dnum(x).

O6patHo, nycth Low(y) = Dnum(x). Toraa BepiunHa X sSBISETCS MIAPHU-
pom rpada. PaccMoTpum nomiepeBo, cocTosiee U3 BceX MOTOMKOB BEPIIUHBI
y. Hu oiHa U3 BepIIKMH 3TOTO MOAAepPEeBa HE CMEXKHA HU C OJJHOIM OTIIMYHOM OT X
BEPIIMHON BHE MOJAJEPEBa. 3HAUYUT, BCE BEPUIMHBI OJIOKA, COIepKaIero pedpo
(x, ¥), IpUHAIEKAT ITOMY MOAEPEBY, U (X, V) — HAYaIbHOE PEOPO ITOTO 6JI0-
Ka.

B 0CHOBe OMKCBHIBAEMOT0 HIKE aITrOPUTMA BBISBICHUS OJIOKOB JICKHUT pe-
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KypCHBHAs POLIEAypa BbIYUCICHUS QYHKIUH LOw U3 MPEIbIAyIIero pasaena.
Hamomuum, uto Low(x) ecTh HAUMEHBIINI U3 TITyOUHHBIX HOMEPOB BEpIIUH,
CMEKHBIX C TOTOMKaMHu BepinuHbl X. [lepemennas k — cuetuunk 6y10koB, B(k) —
MHOECTBO BEpIIMH OJI0Ka ¢ HOMepoM k. B cTeke S HakarummBaroTCsl BEPIIMHBI
rpada, BIepBble BCTpedarolluecs B mpolecce 00xoaa (To ecTh HpeBpallaro-
IIHECs U3 HOBBIX B OTKPBITHIC).

MHosxecTBa BepuinH 0J10koB cTpouT mpoueaypa NewBlock. Ona Bbi3biBa-
eTCsl BCSAKUI pa3, Korjaa oOHapyKUBaeTCs HadallbHOE pedpo (X, ¥) HEKOTOPOTo
6noka (BeIoNHSETCS paBeHCTBO Low(y) = Dnum(x). Dta npoueaypa BKIOYa-
€T B HOBO€ MHOXecTBO B(k) BepIIMHEI X, y ¥ BCe BEpIIMHBI, HAXOAIINECS B
CTEKE BBIIIC BEPIIUHBI ). ITH BEPIUIMHBI yIAISIOTCSA U3 CTeKa (KPOME BEPIIMHBI
X, KOTOpasi SBJISICTCS HAYaIbHON BEpIIMHON OJOKa M MOXKET MPHHAIIECKATH
emie U apyruMm Giokam). [Iyisi 000CHOBaHUS QJITOPUTMA OCTAETCsl yOSIUThCS B
TOM, YTO OJIOK COCTOMT MMEHHO M3 3THX BepuIMH. J[0Ka3aTelbCTBO MOXHO
NPOBECTH MHAYKIHUEH Mo HoMepy Osoka k. BepimHa y momeraercs B CTEK S,
KOTJ]a OHa CTAHOBUTCSI OTKPBITOM, a ycinoBue Low(y) = Dnum(x) npoBepsieTcs
ISl BEPILMHBI ) TOT/Ia, KOTIa OHA TPEBPAIlaeTCs B 3aKPhITYI0. Bce BepInHbI,
HOMeI[aeMble B CTEK MEXKIY J3TUMH JIByMs COOBITHSIMH, OYAyT MOTOMKAMHU
BepmHEl Y B DFS-nepeBe, Kaaplii MOTOMOK BEPIIMHBI y OyIeT MOMEIIEH B
CTEK MOCJIe ), U KOTJIa ) CTAHOBUTCS 3aKPBITOM, BCE 3TH BEPIIMHBI YXKE 3aKpbI-
Tol. Eciim k = 1, TO cpean MOTOMKOB BEpIIMHEI Y HET HAYaJIbHBIX BEpPIIUH OJ10-
KOB (MHa4Ye HOMEp 3Toro Oyioka Obul ObI Oombiie 1), ciaemoBaTesbHO, OJIOK C
HavyaJIbHBIM peOpoM (X, YY) COCTOMT M3 BCEX ITHX BEPIIMH U BepIIUHbI X. Ecin
xe k > 1, To, MO MPEIONIOKESHUIO HHAYKIMH, BCe BEPIINHBI JIPYTUX OJIOKOB,
COCTOSIIIIMX M3 MOTOMKOB BEPIUIMHBI ), HE IpUHAIeKamue 6moky B(k), k mo-
MEHTY OOHapy>KeHHs Ha4aJbHOTO pedpa (X, ) yXkKe YIaJeHbl U3 CTeKa, CIe0-
BaTesIbHO, B(k) COCTOMT B TOYHOCTH U3 X, V M BEPIIMH, HAXOJSIIHECS B CTEKE
BBIIIIC BEPIIUHEI ).

Anzopumm 4. Bvisignenue 010K08
1 forx € Vdo Dnum(x) :=0

2 ¢:=0

3 k=0

4 forx € V do if Dnum(x) = 0 then Blocks(x)
Procedure Blocks(x)

5 c=ct+1

6 Dnum(x):=c

7 Low(x):=c

8 x=S§
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9 forye V(x)do

10 if Dnum(y) =0

11 then Blocks(y)

12 Low(x) :=min(Low (x), Low(y))
13 if Low(y) = Dnum(x) then NewBlock
14 else Low(x) := min(Low (x), Dnum(y))
Procedure NewBlock

1 k=k+1

2 B(k):=x

3 repeat

4 z& S

5 B(k) .= B(k) U {z}

5 untilz=y

2.4. ba3a uuknos

2.4.1. IlpocTpancTBo noarpagos

3adukcupyeM HEKOTOpOe MHOXECTBO V W paccMoTpuM MHOecTBO [y
Bcex rpadoB ¢ MHOKecTBOM BepiinH V. BykBoir O Oyaem 0003Ha4aTh mycToi
rpad u3 aroro muoxectsa: O = (V, O).

Hns rpados Gy = (V, E1) u G, = (V, E,) u3 I'y onpenenum ux cymmy no
Mmooynio 2 (B AanbHEWIIEM B ATOM pasjenie OyJaeM Ha3blBaTh €€ MPOCTO CyM-
moit) kak rpad G1 @ G, = (V, E; @ E,), tae E; @ E; 0603HaYaeT CUMMETPH-
YEeCKyI0 pa3HOCTh MHOXecTB £ u E,. MHaue roBops, peOpo MPUHAIICKUT
rpady G; @ G, Torma M TOJNBKO TOTA, KOTJa OHO MPUHAIICKHUT B TOYHOCTH
onHoMy u3 rpadoB G u G,. [Ipumep nokaszan Ha puc. 2.7.

O—@ OO O—@
»

®» @ e 9.9 - O—®
—® O—® ® ®
Puc. 2.7

Crnenyrouiye cBoOiCTBa BBEIEHHOW Ollepaliiy OYE€BHUIHBI WIN JIETKO IIPOBE-
pSIIOTCA.
1) KommytatuBHocth: G; @ Gy = Gy @ G i mobwix G u Gs.
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2) AccormatuBhocth: G| @ (Gr @ G3) = (G @ Gr) @ G3 s moobsix G,
G, Gs.

3) G ® O = G ana moboro G.

4) G ® G = O nna moboro G.

Ortcrona cnemyer, 94To MHOKECTBO |’y oTHOCUTENBHO omneparun & obpasyer
abeneBy rpymmy. HelTpanbHBIM 2JIEMEHTOM («HYJIEM») TOM TPYIIIBI CITYKHUT
rpad O, a MPOTHBOMONOKHBIM K KaXJI0My rpady sBISETCS caMm 3TOT rpad.
VYpaBuenune G @ X = H ¢ HeusBectHbIM X 1 3aganHbiMu rpadamu G u H nmeet
enuHcTBeHHOE perenne X = G @ H. brnaromapsi CBOHCTBY acCOIMATUBHOCTH
MBI MOKeM 00pa30BbIBaTh BeIpaxkeHus Buna Gy @ G, ®... DGy, He ucnonb3ys
CKOOOK ISl yKa3aHHs TMopsiaka aAedcTBUi. JIerko moHsATh, 4T0 pedpo mpuHa-
nexur rpady G; @ G, @ ... @ Gy Toraa M TOJNBKO TOT/a, KOTJIa OHO MIPHHA/I-
JIGKUT HEYETHOMY KosmuecTBy u3 rpados Gy, G, ..., Gi.

Paccmorpum MHOkecTBO U3 AByX 3ementoB {0, 1}. OHO sBisieTcs monem
OTHOCHTENIFHO ONepanuii yMHOXKEHHUS U CIOXKEHHS 0 Moy o 2. Onpeaenum
OTIepaIMI0 YMHOXEHUS 31eMeHToB 3Toro noist Hartpade: 0 - G=0,1 - G=G
utst mro6oro rpada G. MuoxkecTBo [y ¢ BBEJICHHBIME OTIEpAITUSIMU CIIOKEHUS
rpad)oB ¥ YMHOXXCHHS HA 3JIEMEHTBI MOJIS SBJISICTCS JIMHEHHBIM BEKTOPHBIM
IPOCTPAHCTBOM.

3adukcupyem HekoTopwiid rpad G € ['y m paccMOTpUM MHOXECTBO BCEX
€ro OCTOBHBIX moarpadoB, koTopoe Oynem o6o3Ha4dath S[G]. DTO MHOKECTBO
cocrout u3 2™ snementos, cpenu Hux cam rpad G u rpad O. OHO 3aMKHYTO
OTHOCHTENIFHO CIIOKEHUS IrpaOB M YMHOXKCHHUS HA JIEMEHTBI TIOJIs, CIIe0Ba-
TEJIBHO, SIBIISIETCS TOANPOCTPAHCTBOM MpocTpaHcTBa [ 'p. Ero Ha3wIBaOT npo-
cmpancmeom noozpagos rpada G.

Jrob6oii rpad u3 S [G] MoxeT OBITh BBIpAKEH KaK cyMMa OJHOPEOEPHBIX
noarpados. Beero y rpada G umeercs m(G) ogHopeOepHBIX moarpadoB U
OHH, OYEBUJIHO, TUHEWHO He3aBHCUMBL. ClenoBaTeiIbHO, OJHOpPEOepHBIE MO
rpader oOpasytot 6aszuc mpoctpancTBa S| (G|, a pa3MepHOCTh ATOTO TPOCTPaH-
ctBa pasaa m(G).

B npoctpanctee S[G] MOXHO OYeHD €CTECTBEHHBIM CITOCOOOM BBECTH KO-
opauHatel. 3aHymepyem pebpa rpada G: EG = {ej, ey, ..., en}. Teneps oc-
TOBHOMY noArpady H MOXKHO MOCTABUTH B COOTBETCTBUE XaPAKTEPUCTUICCKHIA
BekTop oU(H) = { ay, 0, ..., Oy} €r0 MHOXKECTBA pedep:

1, ecnu pebpo e; npuHagnexut H,

(X,‘ =
0, eciii pedpo e; HEe mpuHAIICHKUT H.
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[Tomyyaem B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXIY MHOXKecTBOM S| G|
¥ MHOKECTBOM BCEX JBOMYHBIX BEKTOPOB C m KoopauHaramu. Cymme rpados
COOTBETCTBYET BEKTOPHAs (IIOKOOPAMHATHAs) CyMMa MO MOJAYJIO 2 UX Xapak-
TEPUCTUUYECKUX BEKTOPOB.

2.4.2. KBa3uuKJjIbl

B sToM paznene cioBo «MKID» OyaeM MOHMMAaTh HECKOJIBKO HHAUe, YeM JI0
cux nop. Mmenno, nukiom Oynem Ha3bplBaTh rpad, y KOTOPOrO OJHA KOMIIO-
HEHTa CBSI3HOCTH SIBIISIETCS MPOCTHIM IIUKJIOM, & OCTaJbHBIE — U30JIMPOBAHHBI-
MU BepmuHaMu. Puc. 2.7 mokasbIBaeT, 4To B pe3ysIbTaTe CI0KEHUS JIBYX ITUK-
JIOB MHOT/IA MOJIy4aeTcs UKL JTO He BCerna Tak (HarmpuMep, KOrJa CKIIaJlbl-
BaeMbI€ IUKIIbI HE UIMEIOT O0IIMX pedep), HO Bce-Taku rpadbl, KOTOPbIE MOXKHO
NOJYYHTh, CKJIAJIBIBAs IIUKJIbI, 00Iaat0T OMpeIeICHHBIMU 0coOeHHOCTsIMU. Ha
9TOM OCHOBAaH aJreOpanvecKuil MOJAX0J K M3YUYCHHUIO YCTPOWCTBA MHOKECTBA
IIUKJIOB rpada.

Paccmorpum Hekoropstil rpad G € ['y. Cpenu ero ocToBHBIX moarpados,
BO3MOXKHO, IMEETCSI HEKOTOpPOe KOJIMuecTBO mukiioB. O6o3Haunm vepe3 C[G]
HOJIIIPOCTPAHCTBO TIPOCTPAHCTBA MOATPadoB, IMOPOKIAEMOEC BCEMH 3TUMHU
mukiaamu. C[ G| HaseBaeTcs npocmpancmeom yuxios rpada G. OHO COACPKUT
rpa¢ O (ecnu B G HeT MUKIOB, TO O SBISETCS €AMHCTBEHHBIM JIEMEHTOM IIPO-
CTPAHCTBA IMKJIOB), & BCE OCTAJIBHBIE €r0 AIEMEHTHI — 3TO BCEBO3MOXKHBIC JIU-
HeliHble KOMOMHAIMY UKIOB rpada G. 3aMeTnM, uTo K03 hUIHeHTaMu B JIU-
HEHHBIX KOMOMHAIIMSIX SIBJISTIOTCS 3JIEMEHTBHI MHOXKecTBa {0, 1}, moatoMy peds
UJIET Ha CaMOM JIeJie TIPOCTO O BCEBO3MOXKHBIX CyMMaXx IIUKJIOB.

OctoBHbIH nIOArpad, y KOTOPOTO CTETIEHH BCEX BEPIIMH YETHBI, HA3bIBACT-
cs1 keazuyuriom. OxaspiBaercsi, MHOKECTBO C[(G] COCTOUT B TOYHOCTH U3 BCEX
kBa3uLUKIOB rpada G. [lpexae yem moka3aTh 3TO, MOKAKEM CHAyaya, 4To
MHOYECTBO BCEX KBA3HIIMKIJIOB 3aMKHYTO OTHOCHUTEIIBHO CIIOKEHHS.

Jemma 2.9. Cymma 08yx K8A3ULUKIO8 eCTNb KBAZUYUKIL.

Jlokazamenvcmeo. 1lycte Hy n H, — xBazunumkiel. PaccMoTpuM mpowns-
BOJILHYIO BEPIIUHY @ € V u mycTh ee crenienu B H| 1 H, paBHBI COOTBETCTBEH-
HO d| u d. Torna crenens BepuHbl a B rpade Hy @ H, Oyner paBHa d = d; +
+ dy — 2d, 1, TAe d) » — 4mncino BepIinH, ¢ KOTOPBIME d CMEXHa B 000uX Tpadax
Hy n H,. Otcrona BUIHO, YTO YKCIIO d YETHO, €CIIA YE€THBI 00a uncna dy u d, [.

Crenyromas ieMMa 00bSICHIET CTPOSHHE KBa3HIIMKJIIOB.

Jemma 2.10. Jli0601i K6A3UYUKTL C HENYCMBIM MHONCECMBOM pebep 8Tisiem-
cs1 0OveduHeHuemM NPOCMbIX YUKL08, He UMeIouux oowux peoep.

Moxkazamenvcmeo. B xBasunukiie H B 110001 KOMIIOHEHTE CBSI3HOCTH, CO-
CTOSIIIEH HE MEHEEe YeM M3 JIByX BEpILWH, CTENICHH BCEX BEPIIMH HE MEHBIIE 2,
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U, 1o JemMme 1.4, B HEM ecTh IMKI, a, 3HAYMT, U MPOCTON IMKI. B3sB Kakoii-
HUOYb MpocTOil KK B H u ynanuB ero pedpa u3 H, cHOBa MoJyduuM KBa3H-
k. Eciim B 5TOM HOBOM KBa3HWIMKIIE €CTh XOTA Obl OAHO pedpo, TO B HEM
TaKKe UMEETCs MPOCTON IHUKJI, U T.J. B KOHIIe KOHIIOB, KOT/Ia OCTaHETCS ITyC-
TOM Tpad, OyJeT MOCTPOSHO CEMEHCTBO MPOCTHIX IUKIIOB, HE UMEIOIIUX O0IINX
pebep U B COBOKYITHOCTH CojiepxKalux Bce pedpa rpada H [.

Teopema 2.11. I'pagh npunaonexcum muosxcecmey C[G| mozoa u monvko
moeoa, Ko2oa oH sesiemcs keazuyuxiom epaga G.

oxkazamenscmeo. Bcakuil UK ABISIETCA KBa3ULIUKIOM. Tak Kak 3IeMeH-
Tl C[G] — 3TO CyMMBI IIMKJIOB, TO, TIO JeMMe 2.9, Bce OHM — KBa3UIIUKIIbL. O0-
patHoe yTBepxkaeHHe (Kaxubplid kBazuuukil npuHamiexutr C[G]) ciemyer u3
aemMmsl 2.10, Tak Kak 00beIMHEHHE IIMKIIOB, HE UMEIOIIUX 00IUX pedep, COB-
MaJlaeT ¢ UX CyMMOM [ .

2.4.3. DyngaMeHTAJIbHbIE HUKJIbI

KomnakTHoe mpencraBieHne MpoCcTpaHCTBa naeT ero 6asuc. Eciu Beimu-
caTh BCE MPOCThIe MUKIBI Tpada (G, TO 3TO B OONBIIMHCTBE CITydaeB HE OyaeT
ero 0a3ucom, Tak Kak HEKOTOpPbIE M3 STHX LUKIOB MOTYT OBITH CyMMaMH JIpy-
rux (cMm. npumep Ha puc. 2.7). [Toctpouts 6a3uc npocrpancrsa C[G], cocTos-
WA U3 TIPOCTHIX ITUKIIOB, MOYKHO CJIETyIOIMUM oOpa3oM. Beibepem B rpade G
Kakoil-Huoyap xapkac 7. [lycts ey, ..., es — Bce pebpa rpada G, He npuHAIe-
xamme 1. Ecmu mo6aButs k 1 pedpo e;, To B moiydeHHOM rpade odpazyercs
€MHCTBEHHBIN (1mpocToil) uuki Z;. Takum 06pa3oM, mosrydaeM CeMEHCTBO U3 §
IIUKJIOB, OHU Ha3bIBAIOTCS (HYHOAMEHMANbHLIMU YUKIAMU OTHOCUTEIIBHO Kap-
kaca 7.

Teopema 2.12. Mnoowcecmso 6cex QyHOAMEHMANbHBIX YUKIO8 OMHOCU-
menvHo arboco kapkaca T epagpa G obpazyem bazuc npocmpancmea yukios
amoeo epaga.

Joxazamenscmeo. 3apukcupyeM HEKOTOpHIA Kapkac I M PaccMOTPUM
dbyHAaMEHTaIbHBIC IUKIBI Z], Z), ..., Zs OTHOCUTEIBHO 3TOTO Kapkaca. B kax-
JIOM M3 3TUX IMKIIOB UMeEETCsl pedpo e;, MpHHAIJISKAIIee STOMY IUKIY U HE
NpUHAIJICKAIIEE HUKAKOMY W3 OCTAIbHBIX. [109TOMY TpH CIIOKEHHH 3TOTO
UKJIAa C APYTUMH (QYHIaMEHTAIBHBIME IIMKJIAMH 3TO peOpO HE «yHUUYTOXKHT-
csh» — OHO OyJIeT MPUCYTCTBOBATH B cyMMapHOM rpade. CiegoBaTensHO, cymma
pa3nu4HBIX (yHIaMEHTAIBHBIX [IUKIOB HUKOT/Ia HE OyAeT MyCThIM rpadoM, TO
ecTh (hyHTaMEHTAIbHBIC IIUKJIbI THHEHHO HE3aBUCHMBI.

[MToxaxxem Temepb, uyTo M0O0H KBa3ULUKI rpada G ABIsIeTCs CyMMOU QyH-
JTAMEHTAJIbHBIX LIUKJIOB. JleficTBUTeNbHO, ycTh [ — Takoi kBa3uuuki. ITycts
é,,6,,..., — Bce pebpa H, He npuHamnexamue 7. PaccMmorpum rpad
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F=H®Z, ®Z, ®...®Z,. Kaxnoe us pebep ¢;, j=1,..., s, BXOIUT poB-
HO B JIBa CJIaraeMbIX 9TOM cyMMbl — B [/ u B Z; . CnienoBaTenbHO, IpH CII0Ke-

HUH BCE 3TH pedpa yHHUTOXarcs. Bce ocranbHbie pedpa, MPUCYTCTBYIOIIUE B
rpadax-cnaraemblx, npunaiexar 7. 3nauut, F' — noarpad rpada 7. Tak kak
BCE cJlaraeMple SBISIOTCS KBa3HUIMKIAMH, 3HAUUT, [ — Toxke kBazumki. Ho B 7'
HET IMKJIOB, TIOATOMY MMEETCS €IMHCTBEHHas BO3MOXHOCTh: F = O, OTKyIa
nonysaeM H =72, ®Z, ®...® Z, [

W3 sTolt TeopeMsbl ClieyeT, YTO pa3MEepHOCTh MPOCTPAHCTBA IIUKJIOB Ipada
paBHa 4MciIy pedep, HE BXOIAIIMX B €ro Kapkac. Tak Kak KapKac COJCPKHT
n — k pedep, rae k — 9nucio KOMIOHEHT CBSA3HOCTH rpada, To 3Ta pa3MepHOCTb
paBa W(G) = m — n + k. DTO 4HCIIO HA3BIBAOT YUKIOMAMUYECKUM YUCIOM

rpada.
2.4.4. IlocTpoenue 6a3bl MUKJIOB

basuc npocrpancTBa HUKIOB rpada KOPOTKO HA3BIBAIOT Oazou yuxnos. Ha
OCHOBAaHUU TeOpeMbI 2.12 MOXKHO TMPEIOKHUTH JOCTATOYHO MPOCTOW CIIOCOO
noctpoeHus: 6a3pl MUKIOB rpada. CHavYama HaXOJUTCs KaKOH-HUOYIb Kapkac,
3aTeM Ui KaXJI0ro pedpa, He MPHHAIISKANETO KapKacy, OTHICKUBACTCS TOT
€MHCTBEHHBIN IUKJI, KOTOPHIH 3T0 pedpo oOpasyeT ¢ pedpamu kapkaca. Takum
o0Opa3om, 000 alTOPUTM TOCTPOSHUSI KapKaca MOXKET OBITh HCIIOJIb30BaH
JUISL HAXOXKAEeHUs 0a3bl IUKIIOB.

[Touck B rmyOmHy OcoOeHHO ynoOeH Onaromaps OCHOBHOMY CBOMCTBY
DFS-nepeBa (Teopema 2.2) — xaxmoe obpaTHOE peOpO OTHOCUTEIHHO 3TOTO
JiepeBa SIBJIICTCS MPOJOIBHBIM. JTO 03HAYaeT, YTO M3 JBYX BEPIIMH TaKOTO
pebpa oana siBisieTcst npeakoM apyroit B DFS-nepese. Kaxnoe takoe pedbpo B
npoIiecce MOUCKa B IIyOWHY BCTPETUTCS IBAXK/IbI — OJIMH Pa3, KOTJa aKTHBHOM
BEPILIMHON OyJeT MpeaoK, APYrou pas, Koraa e OyaeT moToMoK. B atom mo-
CJIEZITHEM CIlydyae MCKOMBIN (pyHIaMEHTa bHBIH LUK COCTOUT M3 paccMaTpH-
BaeMoro oOparHoro pedpa u yuactka mytu B DFS-nepeBe, coequnstoniero stu
IBe BepIMHBL. Ho 3TOT myTh Tak WM WHAYe 3alIOMUHAETCs B Ipoliecce 00xona
B IIyOWHY, TaKk Kak OH HEOOXOIUM sl TIOCJIEAyIonero Bo3BpamieHus. Eciu,
HaMpUMep, JUTsl XpaHEHHsI OTKPBITHIX BEPIIMH UCIOIb3YETCs CTEK, TO BEPIIMHBI
ATOTO MyTHU HAXOISTCS B BEPXHEH 4acTH cTeka. B moOoMm ciydae 3TOT myTh
JIETKO JOCTYIEH M IIMKJI HAXOAUTCS 0e3 Tpyaa. 3amuiieM Mmporeaypy HocTpoe-
HUsl QyHAaMEHTAIbHBIX IMKJIOB Ha 0a3ze ajaropuTMa IMOHCKa B IIIyOMHY C TO-
crpoerreM DFS-nepera (anroput™m 3). [lepemennas k — cuetunk uukios, C(k)
— MOCJIEIOBATEIBHOCTD (CIIMCOK) BEPILIUH, COCTABIISIONINX UK C HOMEPOM K.
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Anzopumm 5. [locmpoenue 6a3vi yuxkios

1 mOMEeTUTh BCe BEpIIMHBI KaK HOBbIE

2 k=1

3 for xe VxeV do if x noBas then CycleBase(x)

Procedure CycleBase(a)
OTKPBITh BEPIIUHY d
F(a):=a
X =a
while x otkpsiTas do
if umeercs HenccienoBanHoe pedpo (X, )
then momeruts pedpo (X, y) Kak UCCIEIOBaHHOE
if BepmmHa y HOBas
then OTKpBITH BEpUIMHY V
F@):=x

10 xX:=y
11 else NewCycle
12 else 3aKpBITH BEPIIUHY X
13 x = F(x)
Procedure NewCycle

k=k+1

Cosnars ciucok C(k) M3 OHOTO 3JIEMEHTa X

O NN B W~

O

1
2
3 z==x
4 repeat z = F(z)
5 nob6asuth z k crucky C(k)
6 until z=y

XoTs caM MOKCK B TIIyOUHY BBIMOIHSAETCS 3a JIMHEHHOE OT YMCIIa BEPIIUH U
pebep Bpemsi, pelarolee BIUSHAE HA TPYJIOSMKOCTh 3TOr0 allfOPUTMa OKa3bl-
BaeT HEOOXOAMMOCTD 3allOMHHATh BCTpeUaronuecs: nukibl. [logcuntaem cym-
MapHYI0 JUIMHY 3TUX IUKJIOB JJsI OJHOTO rpada ¢ n BepumHamu. DFS-nepeso
B 3TOM CIly4ae SIBIISICTCSl IMPOCTHIM ITyT€M, OTHOCHUTEIBHO Hero OymeT n — 2

IUKJIa JUTUHBL 3, N — 3 mUKIa JUIMHEL 4, ..., 1 1k aoaasl 7. CymMMa JITHH BeeX
byHIaMEeHTaIbHBIX IUKJIOB OyIeT paBHa
n-2 3 2
. ~ n+3n°-8n
Z in+l-i)=——
i=l 6

Taxum 006pa3zoM, Ha HEKOTOPBIX Tpadax YHUCIIO ONEepanuii ITOTO aaropuTMa
OyJeT BeIMYMHON TIOpSAKA 1.
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2.4.5. Pannonajau3anus

[TpuBenCHHBINM AITOPUTM HETPYIHO MOIU(PHIMPOBATH TaK, YTO OH OynIeT
CTPOUTH 0a3y IMKJIOB C CYMMapHOW JUTMHOW, OTPAaHMYEHHOW CBEPXY BEIINUH-
HOW mopsiika n° (M Takoi ke OyleT OlleHKa TPYIOeMKOCTH ainroputma). Pac-
CMOTpPUM B Trpade MpOU3BOJIBHYIO BEPUIMHY X U IyCTb Vi, )2, ..., Yk — BCE €€
npenku B DFS-nepese, coenunennsie ¢ x oOpatHbiMuH pebOpamu. [lomoxum
TaKkKe Vi1 = X. O6o3Hauum uepe3 P; mist i = 1, ..., k myte B DFS-nepese,
COCIMHSIOMMUN V; U Vir]. ONHCaHHBIN BbILIE AJTOPUTM BBIJAET LUKIBI BHUJA
C;=aPPi...Pa,i=1, ..., k,. Pacemorpum muknel C; =aPa,i=1, ..., k.
Tak kak C; =C/ @ C},, ®...® C}, TO COBOKYITHOCTh BCEX TAKHMX IMKJIOB TaK-
ke oOpasyeT 6a3y nukioB rpada. HazoBem 3Ty cucTeMy LMKIOB COKpalleH-
HOW. AJITOPUTM JIETKO MOAUQPHUIIMPOBATH TakK, 9ToObI BMecTO 1ukiIoB C; BbIIa-
Bajuch 1UKIBl C] — HYXHO TOJBKO TIOCIE OOHApyKeHHUs: 0OpaTHOro pebpa,
BEJIYIIETO OT MpEAKa X K MOTOMKY ) (cTpoka 14) BeIMucaTh BEPIIUHBI, COAEP-
Kalyecs B CTEKE, HAYMHAS C Y U 3aKaHUMBAs CIIEAYIONICH BEPIIMHOMN, CMEX-
HOM ¢ x. Iy 3pPexTHBHON MPOBEPKH ITOH CMEKHOCTH YI00HO HCIIOJIB30BATh
MaTPUILy CMEXKHOCTH.

O1eHUM CyMMapHYIO JUTHHY S IIUKJIOB COKpaIlIeHHOW cucTeMbl. [Ipemro-
J0XHUM, 4TO rpad uMeeT n BepmiuH U m pedep. Kaxnoe odpaTtHoe peOpo mpu-
HAJUIOKUT He 0oJiee YeM JBYM IIMKJIAM COKPAIICHHOW CHCTEMbl. 3HAYUT, CyM-
MapHBIN BKJIaJl 0OpaTHBIX pedep B S HE MPEBOCXOAUT 271.

JUist KaKI0TO IIUKIIA U3 COKPAIIEHHON CHCTEMBI Ha30BEM BEPXYIIKON ATOTO
[IUKJIa BEPIIUHY [IUKJIa ¢ HAHOOJIBIINM TJTyOMHHBIM HOMEpPOM (3TO Ta BEPIIUHA
X, TIPH UCCJICJIOBAHUH OKPECTHOCTH KOTOPOU ObLT HaliieH TOT nuki). OueBu-
HO, JJIs1 K&KIO0TO MPSMOro pedpa B COKPAILIEHHOW CUCTeMe MMeeTcsl He Ooiee
OJTHOTO IIMKJIA C JIAaHHOW BEpXYIIKOH. 3HAYHT, YUCIIO IIUKIOB, B KOTOPbIE BXO-
JUT TaHHOE TpsMoe pedpo, He MPEBOCXOINT YKCIIa BEPIIHH, JEKAIIUX B JAepe-
BE BBIIIE 3TOr0 pedpa (TO €CTh SBISAIOIINXCSA MOTOMKAMH BEPIIUH 3TOro peod-
pa). Tem Gosnee 3TO YKCIIO HE MPEBOCXOIUT YKCIIa BceX BepiuH rpada. Tak kak
uMmeercs: He Oojee yeM 1 — | mpsimoe pedpo, TO At CyMMapHOTO BKJIa/1a BCEX
NPSIMEIX pebep B S IoTydaeM BEpXHIOK OLeHKy 71°. TakuM obpasom, S < 2m +
+ 1’ = O(n”), T ecTh HA NOPSIOK MEHBIIE MAKCHMAIIBHOM CyMMApHOMN JUTHHBI
cucTeMbl (yHJaMEHTAIBHBIX IUKJIOB.

2.5. dnnepoBbl LUKNbI

HanomHunM, 4TO 3HIEPOBBIM IUKJIOM Ha3bIBAETCA 3aMKHYTBIM MapIIpyT, B
KOTOPOM KaxJ10e pedpo rpada BcTpedaeTcst TOUYHO oauH pa3. CorjaacHo Teope-
me 1.11 mis cymecTBOBaHUS TaKOTO MapuIpyTa B CBS3HOM rpade HeoOXoauMo
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U JJOCTaTOYHO, YTOOBI CTENIEHU BCEX BEPIUMH ObLIM YeTHBIMHU. B aTOM paznene
OIUCBIBACTCSI AJITOPUTM, KOTOPBI HAXOIUT 3MJIEPOB LUK B 33JaHHOM rpade
IIPU YCJIOBUY, YTO 3TO YCJIOBUS CBA3HOCTU M YETHOCTU CTENICHEN BBIIIOJIHECHBI.

OTOT aNrOpUTM MOXO0XK Ha aJITOPUTM IIOUCKA B INIyOWHY: HAUMHAS C IPOU3-
BOJILHO BBIOpAaHHOH CTapTOBOM BEpUIMHBI @, CTPOUM IIyTh, BBIOMpasi KaXKAblil
pa3 A gajbHeHIero NpoABMKEHU elle He MpoiiieHHoe pedpo. I'naBHoe oT-
JMYHUE OT NTOUCKA B IITyOHMHY COCTOUT B TOM, YTO KaK IPONAECHHBIE IOMEYAIOTCS
UMEHHO pebpa, a He BeplIMHbL. I103TOMy OfHa U Ta e BepIIMHA MOXET Ioce-
IIaThCSl HECKOJIBKO Pa3, HO Kakaoe peOpo MpoxoAuTcst He 0ojiee 0JJHOTrO pasa,
TaK 4TO B IOJY4YEHHOM Mapuipyte pedpa He OyayT HMOBTOPAThCS. Bepuinmubl
IyTH HaKaluIMBaroTcs B cTeke S. Uepe3 HEKOTOpoe KOJIMYECTBO IIaroB HEW3-
0€XHO HACTYIHT TYIHK — Bce pedpa, MHIMCHTHbIE aKTUBHOI (Tocneaneil no-
CELIEHHOM) BEepILUHE X, YK€ NpoiaeHbl. Tak Kak CTENEeHU BCeX BEpLIMH rpada
YETHBI, TO B 3TOT MOMEHT X = @ U NPONUJEeHHbIE pedpa 00pa3yroT LUK, HO OH
MOXET BKJIIOYATh He Bce pedpa rpada. s oOHapyKeHHs elle He IpOoiaeHHbIX
pebep Bo3BpalaeMcs 1o MPOHAEHHOMY ITyTH, I€peKiIaiblBas BEPIIUHBI U3 CTE-
ka S B apyroii crek C, MoKa He BCTPETUM BEPLIMHY X, KOTOPOI HHIIMICHTHO HE
npoiaerHoe pedpo. Tak kak rpad cBsi3eH, TO Takas BepIIMHA 00sS3aTEIHHO
BCTpeTuTcs. Torga Bo30OHOBISIEM JIBIKEHHE BIEpE] 10 HE MPOMICHHBIM peo-
pam, IoKa He JOWJeM 0 HOBOro Tymnuka u T.1. [Iponecc 3akaHunBaercs, Koraa
B OUEPEIHOM TYIIHKE OOHapy>KuBaeTcs, 4yTo S mycT. B 3ToT MOMeHT B cteke C
HaXOJIUTCS MOCIIEI0BATEIbHOCTh BEPIIMH diljiepoBa LUKJIA.

Anzopumm 6. I[locmpoenue stineposa yurxia
BBIOpATh MPOM3BOJIBHO BEPIINHY d
a==_§
while S # & do
x = top(S)
if nmeercs He poiinenHoe pedpo (X, )
then momeruts pedpo (x, y) Kak npoiaeHHOe
y==S
else nepemectuts BepmuHy x U3 S B C

03NN B WND

Jlnst 000CHOBaHMS aJIropuTMa 3aMEeTUM CHavaja, YTo MEpBOM B CTEK S mHo-
MeIIaeTcsl BepIINHA @, ¥ OHa OyneT mocienHeit nepemeniena u3 S B C. Crneno-
BaTeJIbHO, OHA OyeT nmocneaneil BepmuHoii B cteke C. Jlanee, kak ObUIO OTMe-
YEeHO BBIIIE, NEPBBIA pa3, Korja oOHApyKUTCS, YTO BCE MHIUICHTHBIC AKTHB-
HOW BepiinHe pedpa mpoiiieHsl (TO ecTh OyJeT BBINOJHATHCSA BETBb else B
cTpoke 8), akTHBHOI OyJIeT cTapTOBasi BEPIIMHA @. 3HAYMT, 3Ta BepIInHA OyaeT
nepBoii nepemernieHa u3 S B C. Urak, Mo okoHYaHUH pabOTHI aaropuTMa B Ha-
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Yaje U B KOHIIC TIOCJIEIOBAaTEIbHOCTH BEPILUH, cojepxaieiics B creke C, Ha-
XOJUTCS BepIIMHA a. MHaue roBopsi, €cii 3Ta MOCIeI0BaTeIbHOCTh MPEICTaB-
JsieT MapuIpyT (a ganee OyJeT MoKa3aHo, YTO 3TO TaK M €CTh), TO OH 3aMKHYT.

Jlanee OTMETHUM, YTO B KOHEYHOM UTOTrEe Kaxkaoe pedpo OyaeT mpoiijieHo.
JlelicTBUTENBHO, TOMYCTHM, YTO MOMEHT OKOHYaHHS PabOThI alropuT™Ma MMe-
IOTCS ellIe He MponaeHHbIe pedpa. Tak kak rpad CBSA3EH, TO JOJKHO CYIIECTBO-
BaTh XOTs OBl OTHO HE MPOHACHHOE PeOPO, MHIMIEHTHOE MMOCEIIEHHOM BePIITH-
He. Ho Torna sTa BepiimHa He MorJia ObITh yJajieHa U3 cTeka S, u S He Mor
CTaTh MyCTHIM.

Bynem roBoputs, uto pedpo (x, ) npeacrasieno B creke (S wiu C), eciu B
KaKO#-TO MOMEHT pabOTHl aJITOPUTMA B CTEKE PSIOM HAXOISATCS BEPIIUHBI X U
y. SIcHO, uTO Kaxmoe pedpo rpada OyaeT MpencTaBieHO B CTEKE S U YTO Kaxk-
JIble TB€ BEPINWHBI, PACIIONIOKEHHBIE PSJIOM B 3TOM CTeKe, 00pasyloT pedpo.
JlomycTum, B Kakoif-To MOMEHT 13 cTeka S B crek C repeMeriaeTcst BepIuHa X,
a HEeTOCPEICTBEHHO TOJ] HEel B CTEKE S HAXOUTCs BepiIuHa y. Bo3MoKHO, 4TO
BepmmHa ) Oynet nepemenieHa u3 S B C TpH CleIyrONIeM TOBTOPSHUH KA
while, Torna pebpo (x, y) Oynmer npencrasieHo B creke C. JIpyras BO3MOX-
HOCTb — MEX/Y MIEpEeMEIIeHHEM BEPIINHBI X U CIIeIYIOIUM ITepeMEeICHUEM, TO
€CTh CJICAYIONIMM BBIIIOJHEHHEM BETBH else OyJeT HECKOJIBKO pa3 BBIMOJIHEHA
BeTBb then (cTpoku 6-7). D10 03Hay4aeT, 4To OyAET MpolaeHa HEKOTopas Io-
CJIEIOBATENLHOCTh pedep, HAUYMHAIOIIAsACA B BepIIMHE . BBy YeTHOCTH CTe-
MEeHeH 3Ta MOCIeA0BaTEIbHOCTh MOXKET 3aKOHYHMTHCA TOJBKO B BEPIIUHE ).
3HaYMT, U B 9TOM ClIydae CIeAYIOIel 3a BEepIINHON X OyJeT nepeMernieHa u3 S
B C BepunHa ). B mrobom cityuae pebpo (x, y) Oyaer npencrasieto B cteke C.
W3 sToro paccyxaeHus BUAHO, YTO TMOCIIEJOBATEILHOCTh BepiinH B creke C
SBJISIETCSI MapIIPyTOM, M YTO Kaxkaoe pedpo rpada B KOHEYHOM UTOTE OyIeT
COJZIepKATHCS B 3TOM MapHIpyTe, IPUYEeM OJIMH pas.

[Tpu xaxmom moBTOpeHny 1ukia while B paccMoTpeHHOM anropuT™e JTU00
MPOXOIUTCS OTHO pedpo, b0 oxHa BepmmHa nepememntaercs u3 S B C. Ilo-
CJIEZITHEE MOXXHO TPAKTOBATh KaK MPOXOXKACHUE YK€ MPOMIEHHOTO OHAXIBI
pebpa B oOpaTtHOM HampasiieHnu. Kaxmoe pedpo B KakoM HampaBiieHUU Oy-
JET MPOWUIEHO OJIWH pa3, MO3ITOMY OOIIasi TPYJOEMKOCTh 3TOTO alrOpUTMa
onenuBaercsi kak O(m). HeoOX0aMMO TOIBKO OTOBOPHTHCS, YTO 3TOT BBIBOJI,
KaK U aHAJIOTUYHBIC 3aKIIOYCHHUsSI 00 alropuTMax 00X0aa B MEPBBIX pa3/ienax
9TOH TJaBbl, CIIPABEUIMB JIUIIb MIPH ONPEACICHHBIX MPEINONI0KEHUSIX O TOM,
Kak 3aj1aH rpad. Crnocob 3a1anus JOIKEH 00eCIeYuTh BO3MOKHOCTh OBICTPOTO
POCMOTpa MHOXECTBA pedep, MHIUACHTHBIX JTaHHOW BepmuHe. [loaxoasmum
SIBIISICTCSI, HAIpUMEp, 3a7aHue rpada CIHUCKaMu HHIUJACHTHOCTH, B KOTOPBIX
JUTSE K&KIOW BEPITUHBI IEPEUNCIIIOTCS UHITMICHTHBIE eif pedpa. Heobxommmo
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TaKk)K€ MMETh BO3MOXKHOCTb OBICTPO MOMETUTH peOpO KaK MPOHICHHOE WU
MPOBEPUTH, IPONACHO JIU TaHHOE peOpo. /st aToro moaxozdsmend CTpykTypoit
MOJKET CIIY>KHTb XapaKTepUCTUYECKUI MacCHB Ha MHOKECTBE pedep.

2.6. FTaMUnNbTOHOBBLI LUKNbI

I'amunomonosvim yukiom (nymem) Ha3bIBAIOT MPOCTOW IUKI (IyTh), CO-
Jep Kalii Bce BepuuHbI rpada. B rpade, n3odbpaxenHoM Ha puc. 2.8 ciesa,
TaMIJIBTOHOBBIM ITHKJIOM SIBJISIETCSI, HAIIPUMEP, TTOCIIeI0BaTeNbHOCTD 1, 2, 3, 5,
4, 1. B rpade, n300pakeHHOM B IIEHTPE, HET TAMUJIBTOHOBBIX IIUKJIOB, HO €CTh
raMIJIBTOHOBHI ITyTH, Hanpumep, 2, 1, 3, 5, 4. B nmpaBoM rpade HET 1 TaMHITb-
TOHOBBIX ITyTEH.

Puc. 2.8

Baemne omnpeneneHne raMiuJIbTOHOBA LUKJIA ITOX0XKE HA ONPEIEIICHUE M-
nepoBa nukia. OJHAKO UMEETCs KapJUHAJIBHOE PA3JIMYUE B CIOKHOCTH pelle-
HUSl COOTBETCTBYIOIIMX 33]1a4 PACIIO3HABAHUS U IIOCTPOECHMSI. MBI BUJEIH, YTO
UMEETCsl IOCTATOYHO MPOCTOM KPUTEPHIl CyIIECTBOBAaHUS JiljiepoBa LUKIA U
3¢ GEKTHUBHBIN AITOPUTM €ro MOoCcTpoeHHs. /i raMIIIbTOHOBBIX K€ ITUKIOB (U
nyTeil) He M3BECTHO HUKAKHUX IIPOCTO MPOBEPSIEMBbIX HEOOXOAMMBIX U J10CTa-
TOYHBIX YCJIOBUH UX CYIIECTBOBAHUS, & BCE U3BECTHBIC AITOPUTMBI TPEOYIOT
JUIs HEKOTOpBIX rpadoB nepedopa 60IbIIOro YUCIa BAPUAHTOB.

["aMuIbTOHOB LMKJI PE/ICTaBIIsAET cOOO0M, C KOMOMHATOPHOM TOUKHU 3pEeHus,
IPOCTO MEpecTaHOBKY BepunH rpada. [Ipu 3Tom B KauecTBe HadajabHOI Bep-
MIMHBI IUKJIa MOKHO BBIOpaTh JI0OYIO BEpIIMHY, TaK YTO MOXKHO paccMaTpu-
BaTh MEPECTAHOBKU C (PMKCHPOBAHHBIM IEPBHIM 3y1eMeHTOM. CaMblii 6ecXUTpo-
CTHBIN IUIaH IIOMCKA FaMHJIBTOHOBA IIUKJIA COCTOUT B IOCJIEOBATEILHOM pac-
CMOTPEHHH BCEX 3TUX NEPECTAHOBOK M MPOBEPKE I KaXJIOM M3 HUX, Mpea-
CTaBJISICT JIM OHA ITUKJ B JaHHOM rpade. Takoi crocod ASHCTBHIA yKe TpU HE
OUCHb OOJIBIIIOM YHUCIIE BEPIIMH CTAHOBUTCS NPAKTUYECKU HEOCYIECTBUMbBIM
BBUJIy OBICTPOTO pOCTa YUCIa MepecTaHOBOK — uMeetcs (n — 1)! nepectanoBok
U3 /1 DJIEMEHTOB ¢ (PUKCUPOBAHHBIM MEPBHIM JIEMEHTOM.

bonee panuoHanbHBIA MOAXOJ COCTOMT B PAacCMOTPEHHHM BCEBO3MOKHBIX
IPOCTBIX MyTeH, HAUMHAIOIIUXCS B IPOU3BOJIBHO BHIOPAHHOW CTapTOBOM Bep-
HIMHE @ JI0 TeX MOop, MoKa He OyaeT oOHapyKeH TaMUIBTOHOB LUKJ MU BCE
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BO3MOXHBIE TIYTH He OyayT uccienoBanbl. [lo cyTu aena, pedb TOXE UAET O
nepebope MepecTaHOBOK, HO 3HAYMTEIBHO COKPAIIEHHOM — €CIIU, HAlpumep,
BepIIMHA b HEe CMeXHa C BEPUIMHOU a, TO Bce (1 — 2)! mepecTaHOBOK, Y KOTO-
PBIX Ha IEPBOM MECTE CTOHT d, a Ha BTOPOM b, HE pacCMaTpUBAIOTCSI.

PaccmoTpum atot anroputm nonapoOHee. Bynem cumrath, 4To Tpad 3amaH
OKPECTHOCTSIMU BEPIIHH: ISl KaXKI0W BEPIIUHBI X 3a/IaHO MHOXECTBO BEPIIIUH,
CMEXHBIX ¢ X. Ha KakoM miare anropurMa UMeeTcs yxKe MOCTPOCHHBINH OTpe-
30K MyTH, OH XpaHuTcs B cteke PATH. JIis xaaoW BEpIIMHBI X, BXOASIICH B
PATH, xpanutcsi MHOXeCTBO NV(X) BCeX BEPIINH, CMEKHBIX C X, KOTOPBIC €IS
HE pacCMaTPUBAIKCH B KAYECTBE BO3MOXKHBIX MPOJIOJDKEHUH ITyTH U3 BEPIITHHBI
x. Korna BepmmHa x mo0aBisieTcsi K IMyTH, MHOXeCTBO NV(x) monaraercs pas-
HbIM V(x). B nmampHelinmeM pacCMOTpPEHHBIE BEPUIMHBI YAAISIOTCS M3 ITOTO
MHOXkecTBa. OuepeTHOM IIar COCTOUT B MCCJICIOBAHUU OKPECTHOCTH IMOCIEI-
Heii Bepunbl X mytd PATH. Eciiu N(x) # & u B N(X) UMEIOTCS BEpIINHbI, HE
NpUHaAJIeKaIIne My TH, TO OJIHA U3 TAKUX BEPIINH J00aBiseTcs K myTu. B mpo-
TUBHOM CITydae BepIIMHA X UCKIItoYaeTcs u3 creka. Koraa mocie noGaBieHus K
MYTH OYEPEIHOW BEPIIMHBI OKA3bIBACTCS, YTO MyTh COJCPKUT BCE BEPIIMHBI
rpada, OCTaeTcsl MPOBEPUTH, CMEXHBI JIM MEPBast M IMOCIICAHSS BEPIIUHBI Ty TH,
U TIPH YTBEPAUTEIHHOM OTBETE BBIJATH OUYEPEAHOM raMUIBTOHOB ITUKIL.

AﬂzopumM 7. Ilouck camunbmonoebix UUKII08

1 BBIOpaTh MPOM3BOJIBLHO BEPUIMHY d

2 a= PATH

3 Ma) = Wa)

4 while PATH = & do

5 x :=top(PATH)

6 if N(x) =

7 then B3s116 ¥ € N(X)

8 N(x) :=N(x)—y

9 if BepumHa y He Haxonurcs B PATH

10 then y = PATH

11 N(@y) = N©y)

12 if PATH conepxuT BCe BEpUTUHBI
13 then if x cmexHa c a

14 then BbIIaTE UK
15 else ynanute Bepmmny x u3 PATH

OTOT QJITOPUTM OYECHb MTOXOK Ha aJITOPUTM IIOMCKA B TIIyOMHY M OTJINYAET-
Csl OT HEro IO CYILIECTBY TOJBKO TEM, YTO OTKPBITAas BEpILIMHA, KOTJa BCA €€
OKPECTHOCTh HMCCIIEZIOBAHA, HE 3aKPbIBAETCs, @ OISATh CTAHOBUTCSA HOBOH (MC-
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KJIIO4aeTcs U3 creka). B Hauane Bce BepiiuHbl HOBBIE. [Ipoliecc 3akaH4yMBaeT-
Cs1, KOTJ1a BCE BEPILUMHBI OIATh CTaHYT HOBBIMU. Ha camoM feie 9To U ecTh 1o-
UCK B ITyOMHY, TOJIBKO HE B caMOM Ipade, a B iepese nmyTteil. Bepmunamu 3to0-
ro JiepeBa SIBISIOTCS BCEBO3MOXHBIE IIPOCTHIE IIyTH, HAYMHAIOIIUECS B BEPILU-
HE a, a peOpo JepeBa COEAMHSET ABA IIyTH, OJUH U3 KOTOPBIX IOJIy4aeTcs U3
Jpyroro no6aBieHreM O JHOM BepIIMHBI B KoHLe. Ha puc. 2.9 noka3zans! rpad u
€ro JIepeBo IyTel U3 BEPUIMHEI 1.

[1253] [1254] [13435] |1352] 1zs4|1435||1452||1453|

I I
[12534] [12543] [13452] 14352

Puc. 2.9

B xyamewm cirydae Bpemst pabOTBI 3TOTO alIrOPUTMa TOXKE pacTeT ¢ (axTo-
puanbHOI ckopocThio. Hammpumep, s rpada K, + K (rpad ¢ 1Bymst KOMIIO-
HEHTaMH CBS3HOCTH, OJJHa W3 KOTOPBIX — MOJHBIA rpad ¢ n — 1 BepmuHOMH,
Jpyrasi — U30JUPOBaHHAs BEPIIMHA), €CJIM B Ka4eCTBE CTApTOBOH BBHIOpaHa HE
M30JIMPOBaHHAs BEpIIUHA, TO OyayT paccMoTpeHsl Bee (1 — 1)! mpocThix myTeit
JUIMHBI 11 — 2 B OOJIBIIION KOMITIOHEHTE. BmecTe ¢ TeM, eciiu nepes MoucKoM ra-
MHIJIBTOHOBA IIUKJIa HCXOHBII rpad MPOBEPUTH HA CBSI3HOCTH, TO OTBET OyneT
noJy4eH ObIcTpo. MOKHO MOMTH Janblie W mpu 00Xoze JepeBa myTeil mose-
PATh Ha CBSA3HOCTh KaXIBIH BCTPEYAIONIUICS «OCTATOYHBIM Tpady, TO €cTh
rpad, Moay4aromMnics U3 UCXOJHOTO YAAJICHHUEM BCeX BEPIIUH paccMaTpHBac-
Moro myTH. Eciu 3T0T rpag He cBsi3eH, TO 3TOT MyTh HE MOXKET OBITH MPOJIOTI-
KEH 10 raMWJIbTOHOBa IMyTH. [103TOMy MOXXHO HE HCCIEe0BaTh COOTBETCT-
BYIOIIYIO BETBb JIEpEeBa, a BEPHYTHCS K pACCMOTPEHHIO 00jee KOPOTKOTO MyTH,
yJIaJIUB MOCJIECAHIO BEPIIMHY (TO €CTh C/IeNaTh «IIar Ha3aa» B IOHCKE B TIIy-
O6uHy). MOXHO MOWTH eI1e Jalbllle U 3aMETUTh, YTO €CJIM HEKOTOpasi BepIInHA
x DFS-nepeBa ¢ kopHeM a sBIsieTCs pa3BUIIKOM, TO €CTh HMEET HE MEHEE JIBYX
CBIHOBEH, TO B moAarpade MCXOAHOro rpacda, MOJyYeHHOM YyAaleHHEM BCeX
IPEKOB 3TOW BEpIIMHBI, KpOME Hee caMoif, oHa OyneT mapHupoMm. [losTomy
nyTh oT a 110 x B DFS-nepeBe He MoeT ObITh NPOJOKEH A0 FaMHUIBTOHOBA
nyTd. DTH cOOOpaKeHHs MPUBOAAT K Takod MoauduKanuu anroputma: 00xo-
muM Tpad mouckom B TmyOuHy ¢ moctpoenneM DFS-nepesa, 3arem HaxomuMm B
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3TOM JI€peBEe CaMyI0 HIKHIOIO pa3BUIKY (pa3BWIKY C HAUMEHBIIUM IJIyOHH-
HBIM HOMepoM). Ecm Hu omHO#l pa3Buiku Het, To camo DFS-nepeBo mpen-
CTaBIsIeT COO0I TaMIIIBTOHOB MYTh M OCTAeTCs MIPOBEPUTH Halu4uue pedpa, co-
€AMHSIOIIEr0 Havalo U KOHel myTu. Ecin ke x — pa3BWIIKa, TO BO3BpaIliaeMcs
U3 X B IPEALISCTBYIOIIYIO0 BEPUIMHY ITyTH, IOMEYaeM BCE€ BEPIIMHBI, KPOME
COOCTBEHHBIX IPEKOB BEPIINHBI X, KAK HE IMOCEHICHHBIE 1 BO30OHOBIISIEM T10-
UCK B INIyOUHY € 3TOTO MECTa.

Paccmotpum npyroit airoput™, BBISICHSIIOIINM CYIIECTBOBAHHE TaMUJIBTO-
HOBA IIMKJIA, UAEHHO OJIM3KUI K IOUCKY B IIMPUHY U UMEIOIIUI HE CTOJb Obl-
CTpO (XOTA BCe e OBICTPO) PACTYIIYIO OLIEHKY TPYJAOEMKOCTH.

ITycts rpad G 3aman matpurein cmesxxaoct A = || A(i, j)||. Beioepem mpo-
U3BOJIBHO CTAPTOBYIO BEPIIUHY a M onpeenum st kaxaoro k=0,1, ..., n—2
¢ynkmmo Hi(x, X), Tae 3HaYeHUSIMH TIEPEMEHHON X SBIISIOTCS BEPIIMHBI, OT-
JMYHBIC OT @, a 3HAYCHHUSAMH MepeMeHHOU X — k-dIIeMEHTHBIC TIOJMHOXKECTBA
MHOXecTBa VG — {a}, mpudyeM BepIIMHA X HE JOJDKHA MPUHAUIC)KATh MHOXKE-
cTBy X. DTH QyHKIMHU onpeersiroTces Tak: monaraeM Hi(x, X) = 1, eciu cyiue-
CTBYET IPOCTON MyTh JVIUHBI kK + 1 U3 BEpUIMHBI @ B BEPUIMHY X, POXOISITHN
TOJIBKO Yepe3 BeplInHbl U3 MHOKecTBa X, U Hi(x, X) = 0, ecnu takoro myTu He
cymectByer. Torma

Hy(x,3)= A(s,x) mis Bcex X,
ama k>0
H,(x, X)= ¥ H,_,(y, X =y)A(y,x).

Taxum oOpa3oM, 3Hast Bce 3HaUeHUs GYHKUUU H}_j, MBI MOKEM BBIYMCIIUTH BCE
3HaYeHus1 QyHKIMK Hy, IpudeM Ui BBIYUCICHUS OTHOTO 3HAYCHUS TpeOyeTcs
BBINIOJHUTH 2k — 1 moruyeckux omepaiuii. OOIee BpeMsl Ha BBIYHCICHHE BCEX
9TUX (YHKITUH, KaK JIETKO IMMOJACYUTATh, COCTABHUT O(n22”). Ocraercs TOJIBKO
JUTsL BCeX X, U1l KOTOpbIX H,, »(x, X) = 1 (X B 3TOM ciiy4ae onpeensercs 0JHO-
3HAYHO), BBIICHHUTH, YeMy paBHO A(X, a) — eciau XOTs OBl B OJJHOM CITydae 3TO
paBHO 1, TO raMWIBTOHOB LUKJ cyllecTByeT. OUeBUAHBIA HEAOCTATOK 3TOTO
QITOPUTMA — HEOOXOIMMOCTh XPaHEHHs OOJIBIIOTO KOJIMYECTBA MPOMEKYTOU-
HOW nH(pOpMAaIINN.

3apaum n ynpaxHeHus

1. Cxonbko pazmuuHbix DFS-nepeBbeB MOXKHO MOCTPOMTH AJISI TIOJHOTO
rpada K,?

2. Jlokaxkute, 4TO B JIByCBS3HOM Tpade IJis II0ObIX TpeX BEepIluH a, b, ¢
CYILECTBYET MyTh, COSANHSIOMINH @ U b, He TPOXO LN Yepes C.
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3. CKOJIBbKO pa3IMYHBIX KBA3UIMKIOB UMEETCS B rpade ¢ # BEpLIMHAMMU, M
peOpaMu ¥ kK KOMIIOHEHTaMH CBSI3HOCTH?

4. [lokaxxute, uto B rpade Q, mpu J000M 7 > 2 CyIIecTBYeT TaMUILTOHOB
LUKJL.

5. Pazpaboraiite anroputm ¢ TpyaoeMKocTbtio O(m + n) Ans HaXOXKICHHS
BCEX NepeleiikoB rpaga.

6. Pa3paboraiiTe aaroput™, MPOBEPSIONIH, SBISICTCS JIW TaHHBIA rpad me-
PEBOM.

7. Pazpabotaiite anroputm ¢ TpymoeMkocTbio O(m + n), IpOBEPSIOIINIA,
SIBJISIETCS JIW JTaHHBIN rpad ABYAONBHBIM, a IPU OTPULATEIIHLHOM OTBETE HAaXo-
JSIUN B HEM HEYETHBIM UK.

8. 3amaua 00 OAHOCTOPOHHEM IBM)KEHUH: TpeOyeTcs KakIaoMy pedpy 3a-
JTAHHOTO HEOPUEHTHPOBAHHOTO Tpada MPUCBOUTH OPHEHTAIMIO TakKuM o0pa-
30M, 4TOOBI MOJIYYEHHBIH OpUEHTUPOBAHHBIN Ipad ObUT CHIIBHO CBSI3HBIM. J{o-
Ka)KUTE, YTO 3TO BO3MOXKHO TOT/Ia M TOJIBKO TOrJa, Korjaa B rpade HET mepe-
uieiikoB. [locTpoiiTe anroputm s HaXOKIAEHUS TAKOM OpPUEHTALINH.

9. JTokaxuTe, YTO B KaX/I0M CBSI3HOM HEOPUEHTHPOBAHHOM Ipade CyIiecT-
BYET 3aMKHYTHII MapHIpyT, MPOXOSAIINN MO KaKIOMY peOpy TOYHO OJIUH pa3 B
Ka)XJI0M HampapiieHHH. Pa3paboraiiTe anroputM, KOTOPBIA HAXOJWUT TaKOH
MappyT 3a Bpemst O(m).

10. Pa3paOoraiite anroput™ ¢ TpyaoeMkocTbio O(m), HaXOIAIIUIl B TaH-
HOM HEOPHUEHTHUPOBAHHOM Tpade KpaTdalImid IUKI, MPOXOIANINN depe3 3a-
JAHHYIO BEPIIHHY.

11. Pa3pabotaiiTe aqroput™M ¢ TPyI0eMKOCThI0 ((m), HaXOASAIIMIA B JTaH-
HOM HEOPUEHTHPOBAHHOM rpade Bce IUKIIBI 33JaHHOH JJTUHBI K, TIPOXOISIINE
yepes 3a/1aHHYI0 BEPILIUHY.
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MnaBa 3. 9kcTpemanbHbIe 3agaym Ha rpadax

Bo mHOTUHX 3a/1a49ax Ha rpadax TpedyeTcs HalTH KaKoW-HUOY b MAKCHMYM
WIM MUHUMYM, HallpuMep, HanOoIbIIHid noarpad ¢ 3aaHHbIM CBOWCTBOM, HITH
pa3buenue rpada Ha HAMMEHbLIEe YUCIIO YaCTeH, yA0BICTBOPSIOUINX KaKUM-TO
yCIIOBUSM, U T.J. B 3T0if rinaBe paccmaTpuBalOTCS HECKOJIBKO 3a7a4 TaKOTo po-
Jla, CYMTAIOUIMXCS KIACCUUYECKUMH B Teopuu rpagdos. HekoTopbie U3 HUX U3-
BeCcTHbI Kak NP-TpynHble, Al HUX paccMaTpUBaIOTCA NepeOOpHbIE allrOPUT-
MBI, IPUEMBI PAIMOHATIM3AINHY, IBPUCTHKH U MPUOIKEHHBIE alrOpuTMBbL. J{7s
JPYTUX 3aj1a4 M3JIaraloTcsl u3BeCTHBIC 2(PPEeKTUBHBIC ANTOPUTMBL. B mocnennem
paszene 3aTparuBarOTCsl BOIMPOCHI TEOPHH T.H. JKaJHBIX (FpaJUeHTHBIX) ajro-
PUTMOB.

3.1. HezaBucumMbIie MHOXeECTBA, KITMKU, BEPLUMHHbIE MOKPbITUA

3.1.1. Tpu 3apaum

Hesasucumvim mHodcecmeom BepIivH rpada Ha3bIBACTCS JIF000EC MHOKECT-
BO MOMAaPHO HE CMEKHBIX BEPIIMH, TO €CTh MHOXECTBO BEPIINH, MOPOXKIAI0-
mee myctoi noarpad. HezaBucrumoe MHOKECTBO HA3BIBACTCS MAKCUMALbHbIM,
€CJIM OHO HE SIBJISETCS COOCTBEHHBIM MMOJMHOXECTBOM JIPYrOro HE3aBHCHMOTO
MHOXECTBa, U HAUOOILWUM, €CITH OHO COJEPKUT HAHOOJBIIEEe KOJIUYECTBO
BepiinH. YUCI0 BEepIIMH B HAUOOIbIIEM HE3aBUCHMOM MHOXecCTBe rpada G
obo3navaercs yepe3 ou(G) U Ha3BIBACTCS YuUCIOM Hezasucumocmu rpada. 3ana-
94a 0 HE3aBUCHMOM MHOYECTBE COCTOMT B HAXOKJICHUU HaWOOJBIIErO HE3aBH-
CHMOT'0 MHOKECTBA.

Knuxoti rpada Ha3pIBa€TCS MHOXECTBO BEPINUH, MOPOXKIAIONICE ITOTHBIM
noarpad, TO e€CTh MHOXECTBO BEpPIIMH, KXKIbIC JBE U3 KOTOPHIX CMEXHBI.
Yuciio BepIIUH B KIMKE HAUOOJIBIIEr0 pa3Mepa Ha3bIBACTCS KIUKOGbIM YUCIOM
rpada u obo3navaercs uepe3 ®(G). OueBUIHO, 3a/1a4a O HE3aBUCUMOM MHO-
KEeCTBe MpeoOpasyeTcs B 3a7a4y O KIMKe U Ha000POT MPOCTHIM MEPEXOJO0M OT

nannoro rpada G k gomonauTensHOMy rpady G, tak uto o(G) = o(G).

Bepuwunnoe noxpeimue rpada — 370 TaKOE MHOXKECTBO BEPIIUH, YTO Kax-
noe pedpo rpada WHIMASHTHO XOTs ObI OJTHOW M3 3TUX BepinH. HanMeHbmee
YKCJI0 BEPIIMH B BEPIIMHHOM MOKpbITHH rpada G obo3Hadaetcs uepes B(G) u
Ha3bIBACTCS YUCIOM GepuluHHO20 nokpuimus rpada. B rpade Ha puc. 3.1 Hau-
OOJIBIINM HE3aBUCHMBIM MHOXECTBOM siBJIsieTcst MHOXecTBO {1, 3, 4, 7}, Hau-
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0oJIbIIEH KIMKON — MHOXKeCTBO {2, 3, 5, 6}, HAMMEHBUIUM BEPIIHHHBIM T10-
KPBITHEM — MHOXKECTBO {2, 5, 6}.

1 2 3

o )

4 5 6 7
Puc. 3.1

Mexny 3agadaMu 0 HE3aBHCUMOM MHO)KECTBE M O BEPITMHHOM ITOKPBITHH
TOKE UMEETCSI POCTast CBA3h Oaromaps cieayromemy (pakry.
Teopema 3.1. [loomnoocecmeo U muoocecmea sepuiun epagpa G aensemcs

BEPUUHHBIM NOKpbIMueM mo2da u moavko moeda, koeda U =VG-U -
He3a8UCUMOE MHOINCECTEO.

Jlokazamenvcmeo. Eciiu U — BepIIMHHOE MOKPBITHE, TO BCIKOE peOpO co-
JICPKHUT XOTSI ObI OJIHY BEpUIMHY W3 MHOXecTBa U M, 3HAYHUT, HET HU OJHOTO

pe6pa, COCAUHAIOICTO ABC BEPIINHBI U3 MHOKCCTBA U. CHGHOB&TCJ’IBHO, U -

He3aBUCHMOE MHOXecTBO. O0OpartHo, ecnii U — HE3aBHCHMOE MHOXECTBO, TO

HET pebep, COSAMHSIONMX BePIINHE n3 U W, 3HAYHT, y KAKIOro pebpa oxHa
win o0e BepumMHBI npuHaiexar MHoxecTBy U. CnenosarensHo, U — Bep-
HMIMHHOE TIOKPBITHE [ .

W3 s1oii Teopemsl crenyert, uto o(G) + B(G) = n ans moboro rpada G ¢ n
BEPILIMHAMHU.

Taxum oOpa3om, Bce TpU 3a7adél TECHO CBSA3aHBI JIPYT C JPYrOM, TakK 4TO
JIOCTAaTOYHO HAYYUTHCS PEUIaTh OJHY U3 HHUX, U MBI Oy/leM yMeTh pemarb oc-
TaJIbHBIC JIBe. BMecTe ¢ TeM U3BECTHO, 4TO 3TH 3anaun NP-monnbl. [{ns Takux
3aJa4 He U3BECTHO d(D(HEKTUBHBIX aJITOPUTMOB, & HAKOTUICHHBIH K HACTOSIIEMY
BPEMEHU OIIBIT JEJacT MPaBIONOJ00HBIM MPEINOI0KEHUE O TOM, YTO TaKHX
QITOPUTMOB M HE CYIIECTBYeT. TeM He MEHee, alrOPUTMBI Ui TIOJOOHBIX 3a-
J1ad pa3pabaThIBAINCH U MPOJODKAIOT pa3padaThIBATHCS U B HEKOTOPBIX CIIyda-
SIX OHH MOTYT OBITh TOJIE3HBI. Bce ATH anropuTMbl B TOM WM HHOU (opme
OCYIIECTBIISIOT Mepe0op BapHAHTOB (UHCIIO KOTOPHIX MOKET OBITH OUEHBb OOJTh-
mmM). Jlanee paccMOTpUM OAMH M3 CIIOCOOOB Takoro mepedopa A 3aJa4d O
HE3aBUCHMOM MHOJKECTBE.
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3.1.2. Crparerusi nepedopa AJjsi 3a1a44 0 He3aBUCUMOM MHOKeCTBe

[Tycts G — rpad, B KOTOpOM TpedyeTcsi HaliTH HauboIbIlee HE3aBHCUMOE
MHO>KeCTBO. BriOepeM B HeM mpou3BoIbHYI0 BepmuHy a. O603HaunM yepe3 Gy
noarpad, moiaydaromuiics ynanenueM u3 rpada G BepmuHsl 4, T0 ecTb G =
= G — a, a yepe3 G, noarpad, momydaronuiics ynaineaneM u3 G BceX BEpIIUH,
cMexHBIX ¢ a. Ha puc. 3.2 nmokasansl rpadsl Gy u G, monyvaronecs U3 rpada
G, m3o0pakenHoro Ha puc. 3.1, mpu a = 1.

2 3 1 3

5 6 7 4 6 7
Gl G2
Puc. 3.2

~Q

[Tyctp X — xakoe-HuOynb He3aBUCUMOE MHOKeCTBO Tpada G. Eciu oHO He
COJICPKHUT BEPLIMHY @, TO OHO SIBJISIETCS HE3aBUCUMBIM MHOXecTBOM rpada Gi.
Ecimm xe a € X, To HUKakas BepIIUHA, CMEXHas C d, He MpuHauIexkuT X. B
ATOM CiTydae MHOKECTBO X SIBIISICTCSI HE3aBHCHMBIM MHOXecTBOM Tpada Go.
3ameTnM, uTo B rpade (| Ha OJIHY BEPUIMHY MEHBIIE, YeM B HCXOJHOM rpade
G. Ecnu BepmmHa a He SBIISCTCS W30JMPOBAHHOU, TO M B Tpade (G, BepmuH
MeHblIIIe, 4eM B rpade G. Takum oOpa3zom, 3a7a4a 0 HE3aBHCHMOM MHOYKECTBE
s rpada G cBenach K PeIISHHIO TOHM XkKe 3a1a4u JJs ABYX TpadoB MEHBIIEro
pa3Mepa. DTO NPUBOJHUT K PEKYPPEHTHOMY COOTHOIIEHHIO JJIsl YHCIIa HE3aBH-
CHMOCTH:

o(G) = max { a(G)), (G2)}

U K PEKypCHUBHOMY JITOPUTMY JUIS HaXO0KJICHUS HAMOOJBIIETO0 HE3aBUCHMOTO
MHO)KecTBa rpada G: HalimeM HanbosblIee HE3aBUCHMOE MHOXKECTBO X| rpada
G, 3arem HamOoJjpliee He3aBUCHMOe MHOXecTBO X> rpada G, u Bbibepem
Oouplliee U3 ATUX JABYX MHOXECTB. B IemoM mporiecc pemieHust 3agaul Mpu
3TOM MOXXHO paccMaTpHBaTh KaK HCUSPIBIBAIOIINNA ITOMCK B BO3HUKAIOIIEM
Jepese noj3aaad. UtoObl He MyTaTh BEPIIMHBI JepeBa U BEpUIMHBI rpada, Bep-
IIUHBI AepeBa OyeM Ha3bIBaThb y3JIaMH. Y3€ll, HE SBJISIOLUIMIACS JIUCTOM, Ha3bl-
BA€TCsl BHYTPEHHUM y3ioM. KakoMy BHyTpeHHEMY y3ily JAepeBa COOTBETCT-
ByeT HEKOTOpHIH rpad H m HekoTopas BepmmHA 3TOTO rpada x. Bepmmuy x
MOXHO BBIOMpaTh NPOU3BOJIBHO, HO OHA HE JOJDKHA OBITH H30JIMPOBAHHOU
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BepinHOM rpada H. BHyTpeHHuU# y3en uMeer IByX ChIHOBEH — JIeBOro U Ipa-
Boro. JleBomy cbiHy cooTBeTcTBYeT noArpad rpada H, nonydaemslit yianeHu-
€M BEpIIMHBI X, a IPaBOMY — MoArpad, mory4aeMblii ylaleHHeM BCeX BEpIIUH,
CMeXHBIX ¢ X. KopHIO fepeBa cOOTBETCTBYET UCXOAHBIN rpad. JIMCThIM cOOT-
BETCTBYIOT NOATpadbl, He UMEoIINe pedep, TO ecTh NoArpadml, y KOTOPhIX BCE
BEPILMHBI U30JMpOBaHHbIE. MHOXKECTBA BEPIIUH ATHX MOArpadoB — 3TO HE3a-
BHCHMBbIE MHOKECTBA UCXOJAHOTO Tpada.

Jlnsi HaxoX/1eHUs] HanOOoJIbIIET0 HEe3aBUCUMOI'0 MHOXKECTBA HE 00s3aTellb-
HO CTPOUTH BCE JIEPEBO MOJHOCTHIO, a JOCTATOUHO 00OUTH €ro B TOM WJIM HHOM
HOpsIZIKe, 3aIIOMUHAsT HA KaXKOM IlIare TOJIbKO HEOOJIbIIYI0 YacTh HHPOPMALUU
00 ycTpoicTBe 3TOTO JepeBa. MOXHO, HaIpUMEp, MPUMEHUTH MTOUCK B IIyOu-
Hy /Ui 00X0/1a iepeBa: cHavaia MpOHTH OT KOPHS A0 HEKOTOPOTO JINCTA, 3aTEM
BEPHYTHCS K IPEJIKY 3TOTO JINCTA U UCKATD CIEYIOIIMHA JUCT, U T. 1.

Jlnist OTHOTO W TOTO ke Tpada MOTYT MOIYUYUTHCS Pa3HbIE AEPEBbsS B 3aBU-
CUMOCTHU OT TOr'0, KaK BbIOMPAETCS aKTHUBHAs BEPIIMHA X B Ka)KJOM Y3JI€ Jiepe-
Ba. MoXeT ObITh pa3MUYHBIM U YKCJIO JHUCTHEB B 3THUX JIEPEBBAX, a 3HAYUT, U
TPYAOEMKOCTh aJIrOPUTMa, OCHOBAHHOro o0xozie aepeBa. OnHaKo B JIH0O0M
cllydae JIMCThEB B JiepeBe Oy/eT He MEHbIIE, UeM YHCI0 MaKCHMAJIbHBIX He3a-
BUCHMBIX MHOXXECTB y Tpada, Tak Kak KakKJ0€ U3 3TUX MHOXKECTB OyJIeT cooT-
BETCTBOBAaTh HEKOTOpoMy JucTy. Tak, g rpada pK,, To ecth rpada, cocTos-
IETO U3 p KOMIIOHEHT CBS3HOCTH, KaKIasi M3 KOTOPBIX m3oMopdHa rpady Ko, B
JepeBe moj3anay OyJieT B ydnieM ciydae 27 TucTheB.

3.1.3. Panmonanu3auus

W3BecTHBI pa3iaryHble TPUEMBI COKpAIeHUs iepebopa MpH UCIOIb30BAHUT
ONMCAaHHOM CTpaTeruu ucyeprnbiBaroniero noucka. OIWH U3 HUX OCHOBaH Ha
creaytonieM HaomoaeHuu. JJomyctum, B rpade G, 111 KOTOPOTO HY)KHO HAUTH
HanOoJIbIlIee HE3aBUCHUMOE MHOKECTBO, UIMEIOTCS JIBE BEPIIMHBI a U b Takue,
4TO KaXk[as BEpIIMHA, OTIIMYHAs OT b M CMeXHasi ¢ BEpIIUHOMN @, CMEXKHA U C
BepimHoi b. Uuave rosops, V(a) — {b} < V(b). Bynem roBoputs B 3TOM City-
Yae, 4TO BepIIMHA b moriomaer BepmuHy a. Eciu npu 3ToM BepiiuHbl a u b
CMEXHBI, TO CKa)KeM, 4TO BepIlIMHA b CMEKHO MOTJIOIAeT Bepiinny a. Bepuiu-
Hy b B 3TOM cllyyae Ha30BeM CMEXHO moromaromieid. Hanpumep, B rpade,
n300pakeHHOM Ha puc. 3.1, BeplinHa 2 CMEXHO MOTrJoulaeT BepmHHbI 1 u 3.
Bepuuns! 5 1 6 B 3TOM rpade Toxke SABISIOTCS CMEXHO MOTIOMIAIOIIUMU.

Jdemma 3.2. Ecnu sepwuna b sensiemes cmedxicno noznowarowett 6 epage G,
mo oG — b) = a(G).

Hokazamenscmeo. JlonycTuM, BepIInHa b CMEKXHO MOTJIOMIAET BEPIINHY d
B rpade G. Ilycts X — HanbonbIiee He3aBrucuMoe MHOXecTBO rpada G. Eciu X
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HE COJICPXKUT BEPIUIMHY b, TO OHO SIBISICTCS HAUOOJBIINM HE3aBUCHMBIM MHO-
’ecTBOM U B rpade G — b, tak uto B 3ToM ciaydae oG — b) = o(G). Ipenmo-
JI0KUM, YTO MHOXeCTBO X conepkuT BepimHy b. Torna HU ollHAa BepIIUHA U3
MHOkecTBa V(b) He npunaiexut X. 3HauuT, X He CONEPKUT BEPIIUHY d U HU
OJHYy BepimHy u3 MHOxecTBa V(a). Ho Ttorma muoxecto (X — {b}) U {a}
TOXKe OyJeT HEe3aBUCUMBIM, TIPUYEM OHO LIEIHUKOM coaepxurcs B rpade G — b,
a YMCIIO DJIEMEHTOB B HEM TakKoe e, Kak B MHOecTBe X. 3HAuuT, U B 3TOM
ciydae (G — b) = a(G) [.

Wrtak, ecnu Mbl yaanuM u3 rpada CMeKHO MOTIIONMIAMIIYI0 BEPUIHHY b, TO
HOJY4YHM Tpad ¢ TeM K€ YHCIOM HEe3aBHCUMOCTH. Tak Kak HOBBIH rpad sBis-
eTcs MOPOXKISHHBIM noArpadom ucxonnoro rpada G, To kKaxmoe HauOobIIEE
HE3aBUCHMOE MHOXECTBO HOBOro rpada Oyner HauOOJbIIUM HE3aBUCHUMBIM
MHOECTBOM HUCXOJHOTO. DTOT MPUEM HA3BIBACTCS «CIKATHEM T10 BKITFOUCHHIOY.
HccnenoBanne NpUMEHUMOCTH U TIPUMEHEHHUE ONepaliiy CXKaTus 10 BKIIOYe-
HUIO K KaXXJOMy BCTpedaromemycss noarpady TpedyeT, KOHEYHO, JOTOJHU-
TEJIBHBIX PACXOJI0B BPEMEHH, HO MOXKET MPUBECTH K CYIIECTBEHHOMY COKpa-
HICHUIO JiepeBa moja3anad. Jms HekoTopwix rpadoB 3amada O HE3aBUCHMOM
MHOECTBE MOXET OBITh PelIeHa ¢ TOMOIIBIO OJTHUX TOJIBKO CKATUH O BKITIO-
yenuto. TakoB, Harpumep, rpad pK,, u BooOme m000i# sec. [leiicTBUTENBHO,
ro0asi BepIIMHA, CMEXHAs C JIUCTOM, IOTJIOMIAET 3TOT JIUCT. PaccMoTpum 6o-
Jiee MUPOKUH Kiracc rpadoBs, I KOTOPBIX 3TOT mpreM d(heKTrBeH.

3.1.4. XopaaabHbie rpagubl

I'pad HazpBaercs xopoanrvhviv (WA MPUAHSYIUPOBAHHBIM), €CIIA B HEM
HET MOPOKACHHBIX MPOCTHIX IIUKJIOB JUIMHBI > 4. MIHaue ToBOpsi, B XOPAaIbHOM
rpade I KaKI0ro MPOCTOro MUKIIA JITUHBI 4 UiIu OOJIbIIIE HMMEETCS XOTS OBl
oJlHa XopAa — pedpo, He MpUHAAJIeKaIlee UKy, HO COEANHSIONIee IBE Bep-
IIVHBI [TUKIIA.

Teopema 3.3. B n10060M Henycmom XopoaibHOM epaghe umeemcsi CMeNCHO
no210Warwas 6epULUnA.

Hoxazamenvcmeo. Ilycts G — HemycTo# rpad, B KOTOPOM HET CMEKHO TO-
momamux BepmuH. JJokaxem, uro G He XopAalbHBIA. PaccMoTpuM B HeM
npocToit mytb P = X1, X2, ..., X4 HAUOOJIbIIEH JATUHBI, HE UMEIOLIHHA XOpI, TO
ecTb pedep, COeNMHSAIOMNX JIB€ BEPIIMHBI IMyTH U HE MPHUHAMICKAIINX MyTH.
Tak kak rpad HemycTo#, To k > 2. PaccMoTpuM BepiiuHy X;. Tak kak oHa He
MOTJIONIAET BEPIIUHY Xj 1, TO CYIIECTBYET BEPIIUHA } # X, CMEXKHAs C Bep-
IIMHOM X}, HO HE CMEXHAs C Xj_1. BeplInHa y He NPUHAAISKUT IMyTH P, Tak Kak
uHaue pedpo (Xx, ¥) Obu10 OBI XOp0H 3TOr0 MyTH. ClIe0BaTEIBLHO, TIOCIIEI0BA-
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TeNnbHOCTh P’ = X1, X2, ..., Xk, ) ABJSI€TCS NPOCTHIM myTeM. Ho amiHa 3Toro my-
TH OoJble, YeM JJINHA IyTH P, mostoMy, B cuity BbiOopa iyt P, y myta P’
JIOJDKHA CYIIECTBOBATh XopzAa. Takoi Xopaoit MOKeT OBITh TOJIBKO pedpo Buaa
(v, xi), tne i < k — 2. Ilyctb i — HauboblIee, mpu KOTopoM pedpo (y, x;) sBis-
ercst xopnoii mytr P'. Torya mocnenoBaTeIbHOCTD V, Xi, Xit1, - - ., Xk, V SBISETCS
IUKJIOM 0e3 XOp/I JJIMHBI He MeHee 4 [.

Wrak, s xopmaipHOro rpada HaumOOIbIee HE3aBHCUMOE MHOXKECTBO
MOXHO HaWTH C MOMOIIBIO OJHUX TOJBKO CXKaTHH TO BKJIOUYeHHIO. HyHO
TOJILKO HaXOJUTh CMEXHO IOTJIONIAIOIINE BEPIIHHBI M YIaISATh X U3 rpada 10
TEX TI0p, TOKa OCTaBLIMICS rpad He cTaHeT MycThIM. MHOXECTBO OCTaBILIMXCS
BEPILHH U SABIISCTCS HANOOIBIINM HE3aBUCHMBIM MHOXKECTBOM.

3.1.5. DBpucTuKH AJ5 3212494 0 HE3AaBHCUMOM MHOKECTBE

[Touck B mepeBe BapuaHTOoB Hed(D(deKTHBEH B 00mEeM cilydae, a MPUEMbI
COKpaieHus rnepedopa, 1mogo0HbIe ONMUCAHHOMY BBIIIE CHKATHIO 1O BKJIIOYE-
HUIO, IPUMEHUMBI JaJIeKo He KO BceM rpadam. OJHUM U3 BBIXOJOB M3 ATOTO
HOJIO’KEHMS SIBIISICTCS IPUMEHEHHE TaK HAa3bIBAEMBIX IBPHUCTUUECKHUX ANTOPUT-
MOB, WIM 3BPHCTHK. Tak Ha3bIBalOTCSl alrOPUTMbI, OCHOBAaHHBIE HAa KaKHX-
HUOY/Ib HHTYHUTUBHBIX COOOPaKEHHSX, KOTOpPBIE, KaK KaXeTcsl, BeAyT K IOIy-
YEHUIO XOPOUIEro pelIeHus. Takue alropuTMBl MOTYT MHOT/Ia HE J1aBaTh BO-
00IIle HUKAKOTO PEeIIeHHs WK 1aBaTh PelIeHne, JaleKoe OT onTuManbHoro. Ho
OHH, KaK MMPaBUIJIO, 0YCHH OBICTPO PabOTAIOT, M MHOT/IA (2 MOXKET OBITh, 1 OYCHB
4acTo) JAI0T pelieHne, OJM3K0e K ONTUMAIILHOMY WIIM MIpHEeMJIEMOe /ISl TIPaK-
TUKU. PaccMOTpuM J1Be MPOCTHIE 3BPUCTUKH JUIA 33a4l O HE3aBUCHMOM MHO-
KECTBE.

OnHa U3 9BPUCTUYECKUX HJIEH COCTOUT B TOM, YTOOBI PACCMOTPETH TOJBKO
OJIMH MYTh OT KOPHS JI0 JIKCTa B JIEpeBE BAPUAHTOB B HAAEK/IE, UYTO ITOMY JIHC-
Ty COOTBETCTBYET JIOCTATOYHO OOJIBIIOE HE3aBUCHUMOE MHOXKECTBO. J{71st BBIOO-
pa 3TOro €IMHCTBEHHOTO MYTH MOTYT HNPUMEHSTHCSA pasHOOOpasHble cooOpa-
XKeHus. B nepeBe BapuaHTOB, OMIMCAHHOM BBIIIE, Y KaXIOTO BHYTPEHHETO y371a
UMEIOTCS J1Ba ChiHAa. OTHOMY M3 HHX COOTBETCTBYET MoArpad, morydaromuiics
yJaJeHueM HEKOTOPOH MPOM3BOJIBHO BHIOPAHHOW BEPUIMHBI @, a JAPYIOMy —
noarpad, MONydYaroluics yAaleHHeM OKPECTHOCTH 3TOW BepIIMHBL. UTOOBI
BMECTO JIepeBa MOIYYMJICS OJHUH IyTbh, JOCTATOYHO KaXKAbIH pa3 BBITOJIHSATH
KaKy1o-HHOYb OJTHY M3 9THX JBYX oneparuii. PaccMorpum 06a BapuaHTa.

JlonycTHM, MBI PELIMIN KaKAbIi pa3 yJalsiTh BHIOPAaHHYIO BEpIIMHY. JTH
yJaJeHus: IPOU3BOJATCS 10 TE€X MOp, [oKa He ocTtaHeTcs rpad 6e3 pebep, To
€CThb HE3aBUCHMOE MHOKecTBO. OHO M MPUHUMAETCS] B KaueCTBE PELICHHUs 3a-
nadu. [l MOMHOTO OMMCaHMs aIropuTMa HEOOXOIMMO erle chopMyIHpPOBaTh
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IpaBUJIO BBIOOpA aKTUBHOW BEPIIMHBI d. MBI XOTUM NOIYy4UTh Tpad 6e3 pedep,
B KOTOPOM ObLIO OBbI KaK MOXKHO OOJIbIlIE BEpUIMH. YeM MeHbllle BepIIuH OyneT
yJaJeHO, TeM OO0JIbIIe X OCTaHETCs. 3HAYUT, LeJIb — KaK MOYKHO OBICTpee yaa-
Tk Bee pedpa. Kaxercs, Mpl OyzieM ABUraThCsl B HY)KHOM HaIrpaBlICHUH, €CITH
Ha KaXI0M 1are Oy/ieM yAaiasaTh HanOoJblee BO3MOKHOE Ha 9TOM IIare 4uciio
pebep. DTo 03HAYAET, YTO B KAUECTBE aKTUBHOW BEPIIMHBI BCETJa HY>KHO BBI-
Ouparb BepIIMHY HAHOOJbIIEH cTeNeHn. ANTOPUTMBI TAKOTO THITA Ha3bIBAIOTCS
KaJHBIMU WM TpagueHTHbIMU. K coxalleHuio, kak OyJeT MOKa3aHo Jalblie,
ONTHUMAJIBHBINA BHIOOD HA KaXKJIOM IlIare He rapaHTUPYET MOJTYyUYEHHUS ONTUMAIIb-
HOT'O PELICHUs] B KOHEYHOM UTOTE.

Jpyroi BapuaHT — KaxXKJblil pa3 yIaisiTh OKPECTHOCTb AKTUBHOW BEPLIMHBI
a. DTO OIATH MOBTOPSIETCS 10 TE€X IOp, ITOKa OCTABIIMECS BEPIINHBI HE OyAyT
00pa30BBIBATH HE3aBUCUMOI'O0 MHOXKECTBA. Y JaJIEHUE OKPECTHOCTU BEPIIHHBI @
PABHOCHJIBHO TOMY, 4YTO CaMa 3Ta BEPIIMHA BKIOYAETCS B HE3aBUCHUMOE MHO-
KECTBO, KOTOpOE OyJeT MOIy4eHO B KaueCTBE OTBETA. TaK Kak Mbl XOTHM IIO-
JY4YUTh B UTOT€ KaK MOXHO OoOJblliee HE3aBUCMMOE MHOXECTBO, €CTECTBEHHO
HOCTapaThCs yNANATh HAa KaXIOM IIare Kak MO>KHO MEHbIIIE BEpIIUH. DTO 03-
HAyaeT, 4TO B Ka4eCTBE aKTUBHOM BEPIIMHBI BCET/1a HYKHO BHIOUPATh BEPLIMHY
HauMeHbllel creneHy. [lomyyaeTcs eme oquH BapyuaHT ’KaJHOTO aIrOpUTMa.

Nwmeercs Hemarno rpadoB, A KOTOPBIX KaXKAas M3 ATUX IBPHUCTHK JaeT
0JI3KO€ K ONTUMAlbHOMY, @ MHOTJA U onTuManbHoe pemienue. Ho, kak 3to
OOBIYHO OBIBAET C IBPUCTHUECKUMH AITOPUTMAMH, MOXKHO HAWTH TMPHUMEPHI
rpadoB, A KOTOPBIX Hal/IeHHBIE pemieHus OyAyT BecbMa JAJIEKd OT ONTH-
ManbHbIX. PaccMoTpuM rpad Gy, y KOTOPOTO MHOXKECTBO BEpIINH V COCTOUT U3
Tpex vacteit: V=4 U B U B, npudem A sBISETCS HE3aBUCUMBIM MHOXKECT-
BOM, KaXJ10€ U3 MHOXECTB B, B, — KIIMKOM, U KaXJasi BEpIINHA U3 MHOXKECTBA
A cMexXHa ¢ KaxKA0H BepIIMHOW U3 MHOXecTBa B U B,. C nomolusio onepa-
Ui cyMMBI 1 coenuHeHust rpados (paznen 1.3) aToT rpad MOKHO MpeACTaBUTh
dopmynoit Gy = (Ki + Ki) © Oy. CrenieHb KaXk101 BEpIIMHBI U3 MHOXeCTBa 4 B
sToM rpade paBHa 2k, a CTENEHb KaKIOH BEpINMHBI M3 MHOXecTBa B U B)
paBHa 2k — 1. IlepBblii aaropuT™, BEIOWPAIOIIHIA BEPIIUHY HaHOOJBIICH cTere-
HU, OyJIeT yJaJaTh BEPIIMHBI U3 MHOXECTBA 4 JI0 TeX MO, MOKa HE YAAIUT UX
Bce. [locne atoro ocranercs rpad, cOCTOAMMN U3 ABYX KIMK U B KOHEYHOM
uTore OyJeT IOJydyeHO HEe3aBUCHMMOE MHOKECTBO M3 JBYX BepIIMH. BTopoit
QITOPUTM HA IEPBOM IlIare BO3bMET B KAaue€CTBE aKTUBHOW OJHY W3 BEPILUH
MHOXecTBa B U B, U yAalnuT BCIO €€ OKPEeCTHOCTh. B pesynbrare nmomydntcs
rpag, COCTOSIINX U3 3TOW BEPIINHBI M KJIMKH, a TIOCIIE BTOPOTO I1ara MoJy4YuT-
Csl HE3aBUCHUMOE MHOXECTBO, COCTOSIIEE OMATh M3 ABYX BeplIMH. MTak, mpu
NPUMEHEHUH K 3ToMY rpady 1r000# U3 IBYX SBPHCTHUK IOJIy4aeTCs HE3aBHCH-
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MO€ MHO’KECTBO U3 JBYX BEPILUH. B TO ke BpeMs B rpade MMeeTCsl HE3aBHCH-
MO€ MHOECTBO A MOIIHOCTH k.

3.1.6. IlpudMKeHHBIH ANTOPUTM JJISl 32Ja4YH O BEPIUIMHHOM IOKPBI-
THH

WuHorna muist anroputMa, He TapaHTHPYIOIIETO TOYHOTO PEHICHUs, YIaeTcs
HOJIYYUTh OLIEHKY CTENCHU MPUOIMKEHUS, TO €CTh OTKIIOHEHHS T0Ty4aeMOro
peleHns: OT TOYHOTO. B TakoM cirydae roBOpST O MPHOIMKEHHOM allTOPUTME.
PaccMoTpuM 0oITMH MPOCTO# MPHOIMIKEHHBIH aIrOpUTM IS 331a49H O BEpIIINH-
HOM MOKPBITHH.

Pabota anroputma HaYMHAETCS C CO3JAHUsS MMyCTOrO MHOXeCTBa X U CO-
CTOWT B BBHIIIOJIHEHUY OJJHOTHUIHBIX IIaroB, B PE3yJbTaTe KaKIOTO M3 KOTOPHIX
K MHOXeCTBY X J0OaBIISIOTCS HEKOTOpBIE BepHIMHBL JlomycTHM, mepen oue-
PEIHBIM IIArOM UMEETCsl HEKOTOpoe MHOXecTBO BepiinH X. Ecin oHO mOKpbI-
BaeT Bce pedpa (To ecTh Kaxaoe pedpo WHIUACHTHO OJHON M3 dTUX BEPIIUH),
TO MPOIIECC 3aKaHYMBACTCS, U MHOKECTBO X IPUHUMAETCS] B KAUeCTBE HCKOMO-
rO BEpIIMHHOTO MOKPHITUS. B MPOTHBHOM Cilyuae BBIOMpAETCs KaKkoe-HUOYIb
HEMOKpBITOE pedpo (a, b), ¥ BepuiuHbl @ U b 100ABIAIOTCS K MHOKECTBY X.

JI71sl TIOJTHOTO OMHMCAHUS ATOPUTMa HYXKHO OBI emie chopMyTupoBarh Ipa-
BUJIO BbIOOpa pebdpa (a, b). OmHako Uit ONEHKH CTENIEHH MPHOIMKEHHS, KOTO-
past Oyzer ceiiyac TMOJy4eHa, ITO HE MMEET 3Ha4eHUs. MOXKHO CUUTATh, YTO
KaKOoe-TO TIPABHJIO BEIOPAHO.

O603naunm uepe3 B'(G) MOIIHOCTh BEPIIMHHOTO TTOKPBITHS, KOTOPOE TI0-
JyYUTCS TPU TPHUMEHEHUH 3TOro ajroputMa K rpady G H JOKaKeM, 4YTo
B'(G) £ 2B(G). Unaue roBopsi, MOTYYEHHOE C TIOMOIIBIO 3TOTO aIrOpUTMa pe-
IeHue He 0oJiee YeM B [[Ba pa3a OTIINYAETCS OT ONTUMAJIBHOTO.

JIefiCTBUTENHHO, HOIYCTUM, YTO JI0 OKOHYAaHUS PabOTHI aJrOPHTM BEIIIOJI-
HSCT k 1aroB, 100aBisiss K MHOXeCTBY X BepIuHbl peoep (ai, by), ..., (ak, bi).
Torna B'(G) = 2k. Hukakue nBa u3 3Tux k pebep He UMEIOT OOIICH BEPIIUHBEI.
3Ha4uT, 4TOOBI MMOKPBITH BCE 3TH pedpa, Hy)KHO He MeHbIIe k BepmuH. Cieno-
BaresbHO, B(G) 2 ku B'(G) < 2B(G).

3.1.7. Ilepedop MakCUMAIBbHBIX HE3ABHCUMBIX MHOKECTB

OCHOBHOW HEJOCTATOK H3JIOKEHHOTO BBIIIC CIIOCO0A OpraHU3alMH Tepe-
00opa COCTOUT B TOM, YTO MPH HEM YacTO PAacCMaTPUBAIOTCS HE TOJBKO MaKCH-
MallbHbIe HE3aBHCHMBIE MHOXKECTBA. DTO O3HAYAeT, YTO JENAeTCs 3aBEIOMO
auIIHAsS paboTa, TaKk Kak HawOoJblIee HEe3aBUCHMOE MHOKECTBO HAXOIHTCS,
KOHEYHO, CpeJlM MaKCUMaJbHBIX. KpoMe TOro B HEKOTOPBIX CIIydasx ObIBaeT
HEOoOXO0IMMO 3HATh BCE MAaKCHUMaJIbHBIC HE3aBIHCUMbIC MHOXKECTBA. PaccMoTpuM
AIITOPUTM, KOTOPBIA CTPOUT BCE MAaKCHMAJbHBIC M TOJILKO MaKCHMAJIbHBIC He-
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3aBHCHUMBIC MHOXKECTBa rpada.

[TpenmnonoxuM, 4To BepmiMHaMu 3afanHoro rpada G sBistores yucna 1, 2,
..., n. PaccmarpuBast 11060€ MOAMHOKECTBO MHOYKECTBA BEPILIUH, Oy/1eM BBIIH-
CBIBaTh €T0 DJIEMEHTHI B TIOPSIIKE BO3pacTaHus. JIekcukorpaduieckuit mopsiok
HA MHOJKECTBE IMOJIyYAIOIIUXCS TaKUM 00pa3oM KOpTEXKel MOpOXKIAeT JTHHEH-
HBIH MOPSAZIOK Ha MHOXKECTBE BCEX TOJIMHOXKECTB MHOXECTBA BEPIIHH, KOTO-
pBIii TOke OyJaeM Has3bIBaTh JieKCHMKorpaduveckuMm. Hampumep, MHOKECTBO
{2, 5,7, 9} npenuiecTByeT B 3TOM MOPsAKEe MHOXKECTBY {2, 5, 8}, a MHOXKeCT-
BO {2, 5, 7, 10} 3aHuMaeT NpOMEKyTOUHOE TIOJ0KECHUE MEXKTY STUMH JIBYMS.

HerpynHo HaiiTh JiekcMKorpad)uveckd IMepBOe MaKCHMalbHOE HE3aBHCH-
MO€ MHOKECTBO: HYXKHO Ha Ka)XJIOM Iare OpaTh HAaMMEHBIIYIO U3 OCTABIIMXCS
BEPILINH, 100aBIATh €€ K MOCTPOCHHOMY HE3aBHCHMOMY MHOXECTBY, a BCE
CMEXHBIE ¢ Hel BepmuHbl ynanate u3 rpada. Ecim rpad 3aman crnimckamu
CMEKHOCTH, TO 3TO TIOCTPOCHHUE BBITIOHSAETCS 3a Bpemst O(m).

Homyctum teneps, uro U < VG, G' — noarpad rpada G, NOpoxIeHHBIH
MHOXecTBOM U, W IycTh MMeeTcs CNUCOK L BceX MaKCHUMAaJbHBIX HE3aBHCH-
MBIX MHOXecCTB Tpada G. Torna oHOKpaTHBIM MMPOCMOTPOM CHHCKA L MOXXHO
MOJTyYUTh CIIHCOK L' BCeX MaKCHMaJbHBIX HE3aBHUCHMBIX MHOXKECTB rpada G'.
DTO OCHOBAHO Ha CIIEAYIOMIUX OYEBUIHBIX YTBEPKICHUSAX:

1) kaxm0e MakCUMaJbHOE HE3aBUCUMOE MHOXeCTBO Tpada G’ comepruTcs
B HEKOTOPOM MaKCHMaJIbHOM HE3aBHUCUMOM MHOXecTBe rpada G;

2) s KaXIO0r0 MaKCHMAaJbHOTO He3aBHUCHMOTro MHokecTBa N rpada G’
MUMEETCsl TOYHO OJHO MaKCHUMaJbHOE He3aBUCHMoe MHOxecTBO M rpada G
takoe, 4To N € M u M — N — nekcuxkorpaduyuecku nepBoe cpeu MakCUMaib-
HBIX HE3aBUCHMBIX MHOXECTB Mojrpada, mopoxkIecHHOT0 MHOXecTBoM VG —
— (U v V(N)) (nocnennee yTBepKICHUE BEPHO M B TOM ciiydae, eciu VG —
— (U v V(N)) = &, ecitu cuntaTh, 4TO MyCTOE MHOMXKECTBO SBJISCTCS MaKCHU-
MaJIbHBIM HE3aBHCHMBIM MHOXECTBOM B Tpade ¢ IyCTHIM MHOKECTBOM Bep-
IITUH).

Bynem Teneps paccMaTpuBaTh MHOKECTBA U3 L OHO 3a IPYyTUM U 1mycTb M
— ouepeaHoe Takoe MHOXecTBO. [lomoxxum N = M M U. Eciu N He sBisieTcst
MaKCHMaJbHBIM HE3aBHCHMBIM MHOKeCTBOM rpada G', To mepexoaum K cie-
ayrouiemy aneMeHty cnucka L. Ecmu ke N — MakcumanbHOE HE3aBUCHMOE
MHOXkecTBO B G', To paccMatpuBaeM MHOXecTBO M — N. Ecnu oHO siBisieTcst
JeKCUKOTrpapMuecKy MEepBbIM CPeId MAaKCUMAaJIbHBIX HE3aBHCHUMBIX MHOXKECTB
noarpada, nmopoxxaeHuoro Mmaoxectsom VG — (U U V(N)), To Bximoyaem N B
criucok G'.
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Bei6epem B rpade G mpoU3BONIBHYIO BEPIIUHY @ U MyCTh 4 — MHOXKECTBO
BCEX BEPILUH rpada, CMEXHBIX ¢ @ (OKPECTHOCTh BEPIIHHBI @), B — MHOKECTBO
BCEX BEPIIMH, HE CMEXHBIX C d U OTIMYHBIX 0T a. O003Hauum yepe3 G| moj-
rpad, nonyvarommiics yaaienueM u3 rpada G BepumuHsl a, a uyepe3 G, moa-
rpad, nonyyaromuiicss ynainenuem u3 G Bcex BepiMH MHOXecTBa A U {a}.
Wnaue rosops, G| — noarpad rpada G, nopoxaeHHbIH MHOXeCTBOM A U B, a
G, — noarpad, NOpOKICHHBIIT MHOXECTBOM B.

JIomyCcTHM, YTO MMEEeTCSI CIHCOK L BCeX MaKCHUMAaJbHBIX HE3aBHCHMBIX
MHOXkecTB Tpada (. Ha OCHOBaHMH BBIIIEU3I0KEHHOTO MOXKHO MPEJIOKHUTh
CJICAYIOUIYIO MPOLEAYpy MOIY4YEeHHUs CIHCKa L BCeX MaKCUMAaIIbHBIX HE3aBHCH-
MBIX MHOKECTB rpada G.

1. B3saTh odepennoit anmemenT M cnmcka L.

2. Eciu M < B, T0o 106aButh K ciucky L MHOecTBo M U {a} u nepeiitn
K 1, nHaue 106aBUTH K crucKy L MHOXecTBO M.

3. Ecnu mHO)ecTBO M M B He sBAseTcss MAKCUMAJIbHBIM HE3aBUCHMBIM
MHOXeCTBOM B rpade (2, To mepeitu k 1.

4. Eciiu mHOXecTBO N = M M A sBHsieTcsl JEKCUKOTpapUIeCKH TEPBBHIM
MaKCHUMaJIbHBIM HE3aBUCUMBIM MHOKECTBOM moAarpada, MmopoKaASHHOTO MHO-
xectBoM A — V(M N B), To 1o6aBuTh K criucky L muoxectso M U {a}.

5. Ecnu cimcok Ly He ucueprnas, nepeT k 1.

Hauunas ¢ omHoBepmmHHOTO rpada (y KOTOPOro CHUCOK MaKCHMAllbHBIX
HE3aBHCUMBIX MHOXKECTB COCTOUT M3 OJJHOTO 3JIEMEHTa), 100aBIIss MociIe0Ba-
TEIBHO MO OAHOW BEpIIMHE, TMOJyyaeM IocienoBaTelabHocTs rpadoB G, G,

.., G, = G. llpumensis g kaxaoro i = 1, ..., n — 1 ONHMCaHHBIA aNTOPUTM
JUISL TIOCTPOCHUS CIIFICKA BCEX MaKCHMAIIbHBIX HE3aBHCHMBIX MHOXECTB rpada
Gi+1 Mo TakoMy cnucky 1is rpada Gy, B KOHIIE KOHIIOB MOJIYYHM CIHCOK BCEX
MaKCHUMaJIbHBIX HE3aBUCHMBIX MHOXecTB rpada G. [lo cytu nena, sToT anro-
PHUTM TIpeJICTaBiIsIeT cOOOM MOWCK B MIMPHHY B JiepeBe BapHaHTOB. [lyisi TOTO,
9TOOBI HE XPAHUTD BCEX MOTYYAIOIINXCS CITUCKOB, €r0 MOXHO MIPe0oOpa3oBaTh B
MOWCK B TIyOMHY. 3aMeTHM, YTO NPUBEACHHAS MPOLEAypa A KaKI0T0 MakK-
CHMaJIbHOTO HE3aBUCHUMOI0 MHOKecTBa rpada G; HaXOAWUT OJHO WU J]Ba MakK-
CHUMaJIbHBIX HE3aBHCUMBIX MHOeCTBa Tpada Gi+1. OJHO U3 ATHX HOBBIX MHO-
KECTB pacCMaTpUBAETCs Ha CIEAYIOIIEM IIare, Ipyroe, eciii OHO €CTb, 3aIlo-
MHUHAETCS B CTEKE.

W310KeHHBII aNroOpuT™M MOKHO NMPUMEHUTH IS OTHICKAHHUS HAUOOJBIINX
HE3aBUCHMBIX MHOXECTB B Trpadax, mIpo KOTOPbIE M3BECTHO, YTO B HHX MAJIO
MaKCHUMaJIbHBIX HE3aBHCUMBIX MHOKECTB. OJIHUM M3 KJIacCcOB rpad)oB C TAaKUM
CBOWCTBOM SIBJISIETCSI KJIacc Bcex rpados, He conepkamux 2K, B KauecTBe MO-
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POXIOCHHOTI'O nonrpa(ba. I/I3BCCTHO, 49TO B rpa(pe cm pe6paMH H3 3TOro Kiaacca
JUCJI0 MaKCUMAJIbHBIX HC3aBUCUMbBIX MHOXXCECTB HC IIPEBOCXOAUT M +1.

3.2. Packpacku

3.2.1. Packpacka BepuiuH

Packpackoii BepmH Tpada Ha3bIBacTCS Ha3HAUCHHE I[BETOB €r0 BEPIIH-
HaM. OObIYHO 1BeTa — 310 uKcia 1, 2, ..., k. Torna packpacka siBisietcst pyHK-
e, OTpeIesICHHON Ha MHOKECTBE BEpIIHMH rpada ¥ MpUHUMAIONIEH 3Hade-
HUS BO MHOXeCTBe {1, 2, ..., 3}. Packpacky MOKHO Take pacCMaTpUBaTh Kak
pazOueHne MHOXKeCTBa BepuiuH V=V, U V>, U ... U V}, tae V; — MHOXECTBO
BEpIIMH IBeTa i. MHOXecTBa V; Ha3pIBalOT IBETHBIMHU KilaccaMu. Packpacka
Ha3bIBACTCSI NPAGUILHOL, €CITN KAXKIBIN IIBETHOW KJIACC SIBJISIETCSI HE3aBUCHMBIM
MHOXeCcTBOM. VHaue ToBOpsi, B MPaBHIBHOW PacKpacKe JOObIC TBE CMEXKHBIC
BEPIIMHBI JOJDKHBI UMETh pa3HbIC IIBETa. 3ajaya O pacCKpacke COCTOUT B HAXO-
JKJICHUH TIPAaBUWIBHOM packpacku jaHHoro rpada G B HaMMEHbIIEE YHCIIO IIBE-
TOB. DTO YHCJIO HA3bIBACTCS Xpomamuyeckum duciom rpada u 0003HaYaeTCs
x(G).

B mpaBunbHO# packpacke noiaHoro rpada K, Bce BEpUIMHBI TOHKHBI UMETh
pasHsble 1BeTa, nodtomy ¥ (K,) = n. Ecnu B kakoM-HHOY b rpade nmeeTcst moJ-
HBII ToArpad ¢ k BepmimHamMu, TO JJIs1 paCKpacKu 3TOro mnojarpada HeoOX0auMO
k uBeroB. Otcrozia ciaeayer, 4To AJsi Jr000ro rpada BBIMOIHIESTCS HEPABSHCTBO

x(G) = o(G). (3.1

OnHAaKO XPOMATHIECKOE YUCIIO MOXKET OBITh U CTPOTO OOJIBIIEC KIMKOBOTO YHC-
na. Hanpumep, mis mukoa aauabl 5 o(Cs) = 2, a (Cs) = 3. Ipyroii npumep
nokasaH Ha puc. 3.3. Ha Hem u300pakeH rpad, BepIIMHBI KOTOPOTO pacKpaiie-
HbI B 4 11BeTa (I[BeTa BEPILIUH [TOKa3aHbl B CKOOKax). HeTpyaHo nmpoBepuTh, 4TO
TpeX IBETOB JIsl MPABUJIBHOW packpacku 3Toro rpada nemocratouno. Ciemo-
BaTEJIbHO, €r0 XPOMATHUECKOE YKCIIO0 paBHO 4. OUEBHIHO TAKXKE, YTO KIIMKOBOE
YHCIIO 3TOTO0 rpada paBHO 3.

a(l)

b(2) e(3)

f(1) g4
Puc. 3.3

85



OueuHo, %(G) = 1 Torma u toapko toraa, koraa G — mycroii rpad. He-
TPYAHO OXapaKTepH30BaTh U rpadbl ¢ XpOMATUYECKUM YUCIIOM 2 (TOUHEE, HE
6onbuie 2). ITo onpenenenuto, 3To Takue rpadsl, y KOTOPHIX MHOXKECTBO Bep-
IIMH MOYKHO pa30UTh Ha JIBa HE3aBUCHUMBIX MHOKecTBa. Ho 3TO coBmamaer ¢
orpenesnieHueM JBynoibHOro rpada. [lostomy nBynonbHbIE Tpadbl Ha3BHIBAIOT
eme ouxpomamuveckumu. CormacHo teopeme 1.14, rpad sBisercs OGuxpoma-
THUYECKUM TOTJa U TOJBKO TOT/1a, KOT/Ia B HEM HET IIMKJIOB HEYETHOW JITUHBI.

st rpad)oB ¢ XpOMAaTHUECKUM YHCIOM 3 TaKOrO MPOCTOrO OMHCAHUS HE
U3BeCTHO. He M3BECTHO M MPOCTBHIX AJTOPUTMOB, MPOBEPSIOUINX, MOXXHO U
JaHHbIN Tpad) packpacuth B 3 1Bera. boiee Toro, 3aqaya Takoi mpoBepkH (Bo-
o01me, 3ama4a MpOBEPKH BO3MOKHOCTH pacKpacuTh rpad B k IBETOB IPH IIIO-
60oM puKcHpoBaHHOM k > 3) sBisiercss NP-monHOiA.

3.2.2. IlepeOOpHBIii AJITOPUTM /JIsI PACKPACKH

PaccMoTpuM anropuT™ pemieHHs 3aJadi O packpacke, TOXOKUH Ha OIH-
CaHHBIN BBIIIEC AITOPUTM JUIS 33Ja4l O HE3aBUCUMOM MHOXkecTBe. CXOICTBO
3aKJIFOYaeTCsl B TOM, YTO 3aj[a4ya JUisl IAHHOTO rpada CBOIUTCS K TOH ke 3a7ade
1uist 1ByX npyrux rpados. [1oaToMy cCHOBa BO3HHKAeT JEpPEeBO BapUAHTOB, 00-
X0 KOTOPOTO MO3BOJISICT HalTH perieHre. Ho ecTh ¥ 0JJHO CylIecTBEHHOE pa3-
JUYKe, COCTOSIIEE B TOM, YTO TEIeph JBa HOBBIX rpada He OyayT moarpadamu
MCXOAHOTO Tpada.

Beibepem B qanHoM rpade G qBe HE CMEKHBIC BEPIIUHBI X U ) U TIOCTPOUM
nBa HOBBIX rpada: G, noiydJaromuiics 1006aBneHueM peopa (x, y) k rpady G, u
G, nonyuaromuiics u3 G cnusiHEEM BepinuH X U y. Onepanus CIusHus COCTO-
UT B yJAJICHUU BEPIIUH X ¥ } U T00ABICHUU HOBOM BEPIIUHEI Z U pedep, co-
SAMHSIONMNX €€ C KaXKI0M BEpIIMHON, ¢ KOTOPOW ObLIa CMEXHA XOTs ObI OfHA
u3 BepmH X, y. Ha puc. 3.4 nokasansl rpader Gy, u Gy, nodydaromuecs u3
rpada G, n300paKEHHOTO Ha puUC. 3.3 ¢ MOMOIIBIO ITHX OINEpaIHii, €CIIH B Ka-
YECTBE X M V B35ATh BEPIIUHBI @ U f.

a d

G1 G2
Puc. 3.4
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Ecnu B mpaBuibHOU packpacke rpada G BeplIMHBI @ U b UMEIOT pa3HbIe
I[BETa, TO OHa OyneT mpaBwibHOW 1 /i rpada G;. Ecnu xe 1Bera BEepIIvH a U
b B packpacke rpada G oxuHakoBbl, TO rpad) G, MOXKHO PacCKpacuTh B TO JKe
YHUCIIO 1IBETOB: HOBAas BEPILMHA C OKPAIIUBAETCS B TOT I[BET, B KOTOPHIN OKpa-
IICHBI BEPIIUHBI @ U b, a BCe OCTaIbHBIC BEPIINHBI COXPAHSIOT TE IIBETa, KOTO-
peie o umenu B rpade G. O6paTHO, packpacka Kaxaoro u3 rpagos Gi, Ga,
OUYEBUJIHO, Aa€T packpacky rpada G B To e yucio usetos. [losTomy

x(G) = min { x(G1), x(G2)},

4TO JaeT BO3MOXXHOCTh PEKYPCUBHOTO HAXOXJICHHs pacKpacku rpada B MHHU-
MaJIbHOE YHUCIIO IIBETOB. 3aMeTHM, uTo rpad (G; MMeeT CTOIBKO K€ BEpIIUH,
CKOJIBKO MCXOJHBIN Tpad, HO y Hero Oombie pedep. [loaTomy pekypcus B Ko-
HEYHOM CYeTe NPUBOJMT K MOJTHBIM rpadam, s KOTOPBIX 3a7ada O pacKpacke
pelaercst TPUBUAIBHO.

3.2.3. Panmonanu3auus

B omucanHyro cxeMy pelieHus 3a/1a4 O PacKpacke MOKHO BKIIOYHTH TOT
JKE TIPUEM CHKATHUSl MO BKIIOYCHUIO, YTO U JUIA 3324l O HE3aBHCHUMOM MHOMXKE-
crBe. HebGombiioe oTM4re COCTOUT B TOM, YTO TeIeph BEPIIMHBI d U b MOIK-
HBI OBITH HE CMEXHBI. MTak, mycTh B rpade G IMEIOTCS IBE HECMEKHBIC BEp-
mHel a u b takue, uro V(a) < V(b). Bynem roBoputh, 4To BepuinHa b He-
CMEXHO TOTJIONIAeT BEepIIMHY ¢, a BEPIIMHY d Ha3bIBaTh HECMEXKHO IIOTJIO-
maemoii. B rpade Ha puc. 3.3 HET HECMEKHO IMOTIIONIAEMBIX BEPIIUH (HO Bep-
IIMHBI b U ¢ CMEXHO MOTIIONIAOT ApYT Apyra). B rpade G| Ha puc. 3.4 Bepiuu-
Ha ¢ HECMEXKHO TIOTJIOIIAET BEPIINHY g.

Jemma 3.4. Eciu eepuiuna a s61semcsi HeCMENCHO No2ioujaemoll 6 spaghe
G, mo (G —a) = y(G).

Jokazamenvcmeo. [onyctuM, BeplUIMHA @ HECMEXHO MOTJIOIIAETCS Bep-
mHOM b. PaccMOTpUM mpaBWIBHYIO packpacky rpada G — a B HaMMEHbIIIEe
gucino 1BeToB. [Ipumennm 3Ty ke packpacky k rpady G, okpacum a B TOT
BT, KOTOPBIi MeeT BepiirHa b. Tak Kak BepIIMHA a CMEXKHA TOJBKO C TaKH-
MU BEpUIMHAMH, C KOTOPBIMU CMEXHA b, TO TIOIYYHUTCS TPaBUIIbHAS pacKpacka
rpada G B To ke camoe uuciio nuetoB. Ciemnoparenbho, ¥ (G) = (G —a) [l

Kak u ams 3agaun 0 HE3aBHCHMOM MHOJKECTBE, JJISi HEKOTOPBIX rpadoB
3TOT MPHEM IO3BOJISIET HAXOAUTh PEIIEHHEe, COBCEM He Mpuberas K nepedopy.
Jomyctum, BepiinHa b CMEXHO Torjomaer BepmuHy a B rpadge G. Torma B

JOINOJTHUTCIIbHOM rpaq)e G, OYCBUIHO, BEpUINHA A 6y,[[€T HCCMCXKHO IIOIJIO-

maTh BepiiuHy b. BepHo u oOparHoe yrBepxaeHue. [loatomy 13 Teopemst 3.3
cienyer
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Teopema 3.5. B nobom epaghe, 00noiHUmMenNbHOM K XOPOAIbHOMY U He 56-
JISTIOUWUMCS, NOTHBIM, UMEEMCsl HeCMENCHO NO2IoWaemMas 6epULltA.

Takum 0Opa3oM, Jjist rpadoB, TOMOTHUTENIBHBIX K XOPIalbHBIM, PACKpacKa
B MHHUMAJIbHOE YHCJIO [[BETOB MOXKET OBITh Haii/leHa C TIOMOIIBIO OJTHUX TOJb-
KO CKaTHii 1o BKJIrOUeHHi0. OKa3bIBaeTCs, U A XOpJabHBIX TpadoB cymiecT-
ByeT 23 EKTUBHOE PEIICHHE 331a4H O PACKpaCKe.

3.2.4. Xopaajabublie rpagbl

YcraHOBHM CHaualia HEKOTOPBIE CBOMCTBA XOpaanbHBIX rpados. [TogmHo-
KECTBO MHOXKECTBA BEPIUUH Ipada HA3bIBACTCS pazoenssiouum MHOACECBOM,
€CIIM yJJaJICHHE BCEX ATHX BEPIUIMH MPUBOAUT K YBEITHUSHHIO YUCIIA KOMITOHEHT
cBsi3HOCTU. TakuMm 00pa3oM, MOHATHE Ppa3JeNAIONIer0 MHOXECTBA SBIISAETCS
00o01eHneM MOHATUS WapHUpa. Pasnesnsioiee MHOXKECTBO Ha3bIBAETCS MU-
HUMAJIbHBIM, €CJIM OHO HE COJIEPIKUTCS B OOJIBIIIEM pa3/IeisIoeM MHOKECTBE.

Jemma 3.6. B xopoanvnom cpage 6csakoe MUHUMATbHOE pazoensiroujee
MHOHCECNBO ABNACTNCS KIUKOU.

Hokazamenscmeo. Jlonyctum, 4T0 B HEKOTOpoM Irpade G ecTh MUHUMAIb-
HOE pa3fersioliee MHOKECTBO X, HE SIBIISIOUIEECs KIMKOH. DTO O3HAYaeT, 4To
B X MEIOTCS He CMEeXHBIE BepIIUHbI @ U b. [Ipu ynanennn mHOkecTBa X oOpa-
3yeTcs He MeHee JBYX HOBBIX KOMHOHEHT cBsizHOCTH. [lycte C u C| — Takue
KOMIIOHEHTHI. BepmuHa a cMexHa 1o KpaliHel Mepe ¢ OJHOM BEpIIHHON B Ka-
XKJIOM M3 3TUX KOMIIOHEHT. JleiCTBUTEIBHO, eciii a Obliia Obl He CMEXHA, CKa-
KEM, HU C OJHOW U3 BepiinH KoMmroHeHTsl Cj, To MHOXecTBO X — {a} Toxe
OBUTO OBl pa3AeAIoIINM, a TO IPOTHBOPEYUT MUHUMAIBHOCTH Pa3/IeIISIONIETO
mHoxectBa X. To ke oTHOcHuTCs K BepiinHe b. Beibepem B komnonente C| Ta-
KUE BEPIUIMHBI X| U V1, YTOOBI X| OblJIa CMEXHA C BEPIIUHOH @, y OblIa CMEXHa
C BEpIIMHOHN b, ¥ TIPH 3TOM paccTosiHie Mexay X; u )y B C| ObUIO MHHAMAITb-
HBIM (BO3MOXKHO X| = J1). AHaJOTHYHO BBIOEpEM X; U ) B KommnoHeHTe ().
[Tycte P — kparyaifmuiii myTh U3 X| B V| B Komnonente Cy, a P, — kpaTdaitimii
NyTh U3 ) B X2 B KOMIIOHEeHTe Cy (KaXIblii U3 3TUX IMYTEH MOXKET COCTOSITh M3
onHOW BepmuHbl). Torma mociaenoBarenbHocTs a, Py, b, P, a sBuseTcs mpo-
CTBIM LIUKJIOM 0e3 Xop. JIuHbI He MeHee 4. CnenoBarenbHo, rpad G He Xop-
MAJILHBIN [ .

Bepmuna rpada Ha3pIBaeTCs CUMPIUYUATLHOU, €CITH MHOMXECTBO BCEX
CMEXHBIX C HeW BEPIIUH SBISACTCS KIMKON WU ITyCTHIM MHOKECTBOM.

Jemma 3.7. B ntob6om xopoanebHom epaghe umeemcs CUMNAUYUATLHASL 8EP-
WUHa.

Hoxazamenscmeo. B nonmHoMm rpade mobas BepIIMHA SBISETCS CHMILIH-
UabHON. JloKa)keM MHIYKIIMEH 10 YUCITy BEPINWH 71, 9TO B JIFOOOM HE TOJI-
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HOM XOpJAaJbHOM Tpade eCTh JBE HE CMEKHBIC CUMIUTUIMAIBHBIC BEPIIUHBI.
[pu n = 2 310, OueBHIHO, TaK. [IycTh G — XOpAaNBHBIN Tpad ¢ 7 BepIIUHAMH,
n > 2, He sBIsAONMNCcS NoaHBIM. Eciin G HecBsizeH, TO, 10 MPEANOJIOKEHHIO
WHIYKIMH, BO BCEX KOMIIOHEHTAaX CBSI3HOCTH €CTh CUMILTUIIHATbHBIC BEPIIUHEI.
Honyctum, uro rpad G cBsizeH. Tak kak OH HE MOJHBIN, TO B HEM €CTh pas3zie-
JsFoIIiee MHOXKECTBO, a 1Mo JieMMe 3.6, ecTh pasaensromas kiuka. [lycts C —
Takas Kiuka, 4 u B — 1Be HOBbIE KOMIIOHEHTHI CBSI3HOCTH, TIOSIBIISIOIIUECS TIPU
ynaneHuu u3 rpada Bcex BepmmH kuku C. Pacemotpum moarpad G4, mopox-
neHHblii MHOXecTBoM A U C. Ecinu OH TOJNHBIA, TO B HEM Jr00as BepIIMHA
CUMILTHIIMATbHA. ECIM JKe OH HE TOJIHBIH, TO MO MPEIO0I0KCHUIO HHIYKIIUH B
HEM €CTh JIB€ HE CMEKHbBIE CUMIDTHIATIbHBIC BEPIIUHBL. XOTs OBl O/IHA U3 3TUX
JBYX BEpIIMH MMPHHAUICKHUT MHOXKECTBY A. MTak, B I0OOM cirydae B MHOXKe-
CTBE A MMeeTCsl BEepIIMHA d, SBJISIONIASICS CUMIUTHIHAIbHOU B Tpade G4. Ok-
PECTHOCTh BEPIIMHBI @ BO BceM Tpade G cOBNAACT C € OKPECTHOCTHIO B IOJI-
rpadpe G4. CnemoBaTenbHO, @ — CUMIUTUITHANBbHAs BepimHa rpada G. AHano-
THYHO, B MHOXKECTBE B MMeeTcs cuMIUTMIaibHas BepiirHa rpada G U oHa He
CMEKHA C BEPUIMHOM a [ .

CymiecTBOBaHHE CHMIUTUIMAIBHBIX BEPIIMH MOXKHO HCIOJNB30BATh JUIS
co3nanus 3(p(EeKTHBHOrO ajiropuTMa pacKpamiBaHUs XOpAAIbHOrO rpada B
HaMMEHBIIIee YHCIIO [BETOB. [IJaH TAaKOro aliropuTMa COIEPXKHTCS B JO0Ka3a-
TENBCTBE CICIYIOICH TEOPEMBI.

Teopema 3.8. /[ m06020 xopoanwrozo epagha y(G) = o(G).

Hokazamenvcmeo. Ilycte G — XopnaneHblii Tpad Cc »n BeplIMHAMH U
o(G) = k. ITokaxem, yro rpad G MOKHO TPaBUIIBHO PaCKpacHTh B k IIBETOB.
Haiiznem B HeM CHMIUIMIIMANBHYIO BEPIIMHY U 0003HAYUM €€ Yepes X,, a rpad,
HOJyYeHHBIH yIaJeHueM 3TOW BepIuuHbI, depe3 G, . ITOT rpad Toxe Xop-
JaNbHBINA, 3HAYHUT, B HEM TOXE €CTh CUMIUIHIUANIbHAS BepIuuHa. [1ycTh X, | —
CHUMIUTMIMAbHas BepiuHa B rpade G, 1, a G,2 — rpad, momydaeMslil U3 HETo
yIaJleHueM 1TOi BepluHbL. [Ipogomkas neiicTBOBaTh TaKUM 00pa3oM, MOIY-
YHM IOCIIE0BATEIbHOCTh BEPIIUH Xy, Xy 1, ..., X] ¥ TOCIEIOBATEILHOCTD Ipa-
doB G,, G4, ..., Gi (3necy G, = (), IprUEM NIPU KAXKJOM [ BEPIIHHA X; SBJIS-
eTCsl CUMILTUITMAIbHOM B Tpade G|, a rpad G; | nonydaercs u3 G; ynajicHHeM
3TOW BEPIIHUHBI.

Honyctum, uto rpad G; | mpaBWIbHO packpaiieH B k 1BeToB. [Tokaxem,
YTO BEPIIMHY X; MOKHO TOKPAaCHTh B OJMH W3 ITHUX ILIBETOB, COXpaHss Ipa-
BUJILHOCTB pacKpacku. J[eficTBUTENBHO, X; — CHMILTUIIMAIbHAS BepIINHA rpada
G, 3HauuT, MHOKECTBO C BCEX CMEXHBIX C HEll B 3TOM rpad)e BepIIuH SIBIISET-
cst ximkoi. Tak kak rmpu n06aBiIeHUH K MHOKecTBY C BEpIIMHBI X; TOXKE TOIY-
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YaeTcs KIMKa, a MOITHOCTh HanOoubIneil kianku B rpade G pasna k, 1o |C| <
< k — 1. 3nauwur, Ui OKpalIMBaHus BepuinH MHOKecTBa C HCIOJIB30BAHO HE
oonee k — 1 uBera. [ToaTomMy /sl BEpPIIMHBI X; MOXHO HCIIOJIB30BATh OJIUH M3
OCTAaBIIIMXCS [[BETOB.

Urak, kaxasiii u3 rpados G, a, 3HAYKUT, U UCXOAHBIN rpad G, MOXKHO Ipa-
BUJIBHO packpacuT B k 1iseToB. OTcrona cieayert, uto ¥ (G) < o(G), a BMecTe ¢
HepaBeHCTBOM (3.1) 3TO 1aeT yTBEep)KICHUE TEOPEMBI [ .

3.2.5. Packpacka pebep

Hapsiny ¢ 3amaueit o packpacke BEpIIMH UMEETCS 33/1a4a O packpacke pe-
bep Tpada, Koraa 1BeTa HazHadaroTcs pedbpam. Packpacka pebep (mm pebep-
Hasl pacKpacka) Ha3bIBaeTCs NMPABWIBHOM, €CIi JIOOBIEe /1Ba pedpa, UMEIOIIHe
O0IIy!0 BEpUIMHY, OKpAIICHHI B pa3Hble [[BeTa. MUHHMAIILHOE YUCIIO I[BETOB,
HEeoOXoAuMoe ISl TIPaBUIILHON packpacku pebep rpada G, Ha3bIBaeTcs xpo-
mamuyeckum undexcom rpada u o6oznavaercs yepes y'(G).

O6o03naunm uyepe3 A(G) MakCUMaJIbHYIO CTEIICHb BepIIMHBI B rpade. [Ipu
HpaBIIBHOI peOepHOl packpacke Bce peOpa, HHIUICHTHBIC OJHOW BEpIIHMHE,
JIOJDKHBI IMETh pa3Hble 1Beta. OTCroa CleayeT, 9To uis J1o0oro rpada BbI-
nonHsiercss HepaBeHCTBO X' (G) = A(G). s HEeKOTOphIX rpadoB MMEET MECTO
cTporoe HepaBeHCTBO, Hanpumep, A(C3) = 2, a y'( C3) =3. Caenyromas Teope-
Ma, nokasanHas B.I'. Busunrom B 1964 1., mokaseiBaet, 4ro '(G) Moxer OT-
mnyatbes oT A(G) He Gosee yem Ha 1.

Teopema 3.9. /{5 no60eo epagpa G cnpasediugvl nepaseHcmaa
A(G) £y¢'(G) S AG) + 1.

Hokazamenscmeo. IIpuBoanMOe HIDKE T0KA3aTENbCTBO JAaeT U IUIaH ajro-
puT™Ma sl packpaiuBanusi peodep rpada He Gosee yem B A(G) + 1 uBetos.
OHO OCHOBaHO Ha JIBYX OINEPALMSIX MMEPEeKPaIINBaHUs, C OIMCAHNS KOTOPBIX U
HauHeM. [lanmee OyayT paccMaTpHBaThCs YaCTHYHBIE PeOCpHBIC PACKPACKH, TO
€CTh MPaBUIBHBIC PACKPACKH, IPU KOTOPBIX HEKOTOPHIE pedpa OCTar0TCs HEOK-
pAaIICHHBIMH.

Honyctum, pedpa rpada G npaBwiIbHO (MOKET OBITh, YACTUYHO) pacKpa-
mwensl. [1ycTs o 1 3 — J1Ba U3 KCHOJIB30BaHHBIX B ATOM packpacke IBeTOB. Pac-
cmotpuM noarpad H, oOpa3oBaHHBI BCceMHU peOpaMu, UMEIONIMMH IIBETa Ol

wi 3. B atom moarpade creneHs Kaxmoi BepIIUHBI HE MIPEBOCXOAUT 2, Clie-
JIOBATENIbHO, KaK/1as KOMIIOHEHTA CBSI3HOCTH B HEM SIBIISIETCS LIETIBIO MM ITHK-

aoM. Takyro KOMIIOHEHTY OyjaeM Ha3biBath (., )-komnonenmot. Eciu B ka-
KOU-HUOY b (O, 3)-KOMIIOHEHTE MOMEHSThL MeCTaMHU 1BeTa oL U [3 (TO ecTh Bee,
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OKpAIlICHHBIC B I[BET O, MEPEKPACHTh B LBET [3 U HAOOOPOT), TO MOJTyUCHHAS
packpacka Toke OyAeT MpaBUIBHOW. DTy OIEpalfio Ha30BEM IepeKpacKoi
(o, B)-KOMIOHEHTBL

Jlpyrasi onepanus MpUMEHSEeTCs K YaCTHYHO pacKpameHHOMY mnoarpady,
Ha3bIBAEMOMY Geepom. Bynem roBopuTh, 4TO NMpH JTaHHOM pacKpacke LBET O,
OTCYTCTBYET B BEpIIMHE X, €CITH HU OJHO U3 pedep, MHIUACHTHBIX BEPIINHE X,

HE OKpAIlleHO B 3TOT 1BeT. Beepom HaszwiBaercs moarpad F (x, yi, ..., Vi, O,
..., Olg), COCTOSIIHIA U3 BEPILIUH X, V1, ..., Vi U pedep (x, y1), ..., (X, V), B KOTO-
pom

pebpo (x, y1) He OKpaIIeHO;

pebpo (x, y;) OKpaleHo B 1BET i1, [ = 2, ..., k;

B BEPIIKMHE }; OTCYTCTBYET UBET O, I = 1, ..., k;

o, ..., O—] BCE TIOIIAPHO PA3IUYHBI.

[Tepekpacka Beepa COCTOUT B TOM, 4TO pedpa (X, Vi), ..., (X, Vi_1) OKpariu-
BAIOTCSI COOTBETCTBEHHO B IIBETA O, ..., Olk—1, & peOPO (X, V%) CTAHOBHUTCS He-

okpamieHHbIM. OueBUIHO, HOBasl YaCTUYHAs pacKpacka Toxe OyJeT NpaBHIIb-
Hol. Ha puc. 3.5 cneBa nokasaH Beep, a clipaBa — pe3yJbTaT €ro NepeKpacku.
I{BeTa pebep npeacTaBiIeHbl YUCIAMH, a OTCYTCTBYIOIIME 1IBETa B BEPIIMHAX —
YHCcIaMM O 3HaKOM MuHyc. HeokparenHoe pedpo n300pakeHO MyHKTHPOM.

Puc. 3.5

ITokaskem, 4TO ¢ MOMOIIBIO 3TUX JIBYX MPOLENYp MepeKpalIuBaHUs MOXKHO
pebpa nrodoro rpada G okpacuth B He Oosiee ueM A(G) + 1 useros. [domyc-
TUM, YTO YK€ MOCTPOEHA YaCTUYHAsl NMPaBHJIbHAs pacKpacka, MCIOJb3yIoLIast
He Oonee yem A(G) + 1 nBeroB, U MMeeTCsl HeOKpalieHHoe pedpo (x, y). Tak
KaK YHUCJIO pa3pelIeHHBbIX I[BETOB OOJIbIIE, YeM MaKCHMaJibHasi CTENEHb Bep-
IIMHBL, TO B KaXJIOW BepUIMHE KaKOoW-HUOYIb IIBET OTCYTCTBYeT. JlomycTuM, B
BEPILMHE X OTCYTCTBYET LBET [3.

Bynewm ctpouts Beep cnemyronmm oopazom. [lomoxum y; =y u myctb o —
I[BET, OTCYTCTBYIOIIMIA B BepinuHe y. [Tomyuaem Beep F(x, yi, o). Jomyctum,
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Beep F(X, Y1, ..., Vi Ol1, ..., O) YIKE TIOCTpOeH. ECiin 1[BET O OTIHMYEH OT O,
..., O_| ¥ UMEETCS MHIIUJICHTHOE BepIluHE X pedpo (X, Z) 3TOTO 1BETa, TO yBE-
auuuBaeM k Ha 1 W mojaraem )y = z, Ol — IBET, OTCYTCTBYIOIIMH B BEpIIUHE Z.
DTOT mpoIecc MOCTPOCHUSI Beepa MPOIOJHKACTCS 10 TeX IOp, MOKa He HACTY-
IUT OJTHO U3 CIICAYIOMIUX COOBITHH.

(A) Her pebpa uBera oy, MHOUUACHTHOTO BepuinHe x. [lepekpammBaem Be-
ep, B pe3yibrare pedpo (X, ¥) CTAHOBUTCS OKpAIlIEHHBIM, a pedpo (X, Vx) — He-
OKpAIIIEHHBIM, ITPUYEM LBET O OTCYTCTBYET U B BEPIIUHE Vi, U B BEPIIHHE X.
Ho Torma MoxHO 3T0 peOpo OKpacuTh B LBET O, MOJYYUM MPABUIBHYIO pac-
Kpacky, B KOTOPOI Ha 0JIHO OKpallleHHOe pedpo OoJiblIe.

(b) Let 0y, coBmasaeT ¢ OJHUM U3 LIBETOB O, ..., O] (AIMEHHO 3TOT CITy-
yail n300paxeH Ha pucynke 3.5). Ilycts o = a. PaccmMoTpuM BepiiuHE X, Vi,
Vi B Kax101 U3 HUX OTCYTCTBYET KaKOW-HUOY/Ib U3 I[BETOB [3 WM Ol. 3HAYHT,
B moarpade, o0pa3oBaHHOM peOpaMu ATHX JBYX LIBETOB, CTEIICHb KaXIOH W3
ITHUX BEPUIMH He npeBocxoautT 1. CienoBaTenbHO, BCE TPU BEPIIMHBI HE MOTYT
NPUHAJIICKATD OJHOI (0, [3)-KoMITOHEHTe. PaccMOTpHM J1BE BO3ZMOMXKHOCTH.

(B1) Bepruuusl x u y; MpUHAUIEKAT pa3HbIM (O, B)-kommonenTam. [lepe-
kpacum Beep F(x, vi, ..., Vi, O, .., Q;). PeOpo (X, y;) CTaHET HEOKpaIICHHBIM.
Tenepr mepexpacum (0, [B)-KOMIOHEHTY, colepXallyio BepmuHy y;. [locie
9TOro 1BeT [3 Oy/AeT OTCYTCTBOBAThH B BEpIIMHE ); U peOpo (X, ;) MOKHO OKpa-
CHUTb B ATOT LIBET.

(B2) BepiuHsl x u y; OpUHAIICKAT pa3HbM (0, [3)-kommoHenTam. [epe-
kpacum Beep F(x, vi, ..., Vi, O, .., Q;). PeOpo (X, y;) CTaHET HEOKpaIICHHBIM.
Tenepr mepekpacum (0, [3)-KOMIIOHEHTY, COAEpIKAIIyI0 BepuinHy Vi [locie
3TOro 1BET [3 OyIeT OTCYTCTBOBATh B BEPIIUHE Vi U PeOpo (X, ;) MOKHO OKpa-
CHUTb B ATOT LIBET.

Hrak, B m000M ciTydae mosrydaeM MpaBUIBHYIO PacKpacKy, B KOTOPO# 10-
0aBHJIOCH eIlle OJIHO pacKpalieHHoe pedpo (x, y) [.

Ha puc. 3.6 unmoctpupytorcs ciyqan (b1) u (b2) Ha mpumepe Beepa ¢ puc.
3.5.3necs k=5, i = 3. JleBoe nzoOpaxenue coorBeTcTByet ciay4aro (b1): Bep-
IIMHBI X U Y3 TpUHAUIeKAT pasHeM (3, 5)-kommonentam. [Tocie nmepekpacku
Beepa F(x, y1, ¥2, ¥3, 1, 2, 3) u (3, 5)-KOMIOHEHTHI, CO/IepIKaIleH BEPUIUHY V3,
HOSIBIISIETCS BO3MOXKHOCTB OKpPacuTh pedpo (x, ¥3) B uset 5. Ciyyaii (b2) moka-
3aH CIIpaBa: 3/1eCh BEPIIMHBI X U Vs IPHHAIICKAT pa3HbIM (3, 5)-KOMITOHEHTaM,
MOATOMY TIOCJIEe Tepekpacku Beepa F(x, yi, v, V3, Va, Vs, 1, 2, 3,4, 3) u (3,5)-
KOMITOHEHTBI, COJIEpKAIEH BEpPIINHY s, TMOSBISETCS BO3MOXXHOCTH OKPACUTh
pebpo (x, ys) B uBeT 5.
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Puc 3.6

Wrak, Bce rpadbl Ienarcs Ha JiBa Kilacca: y OJJHUX XPOMATHUECKUI HHIICKC
pPaBeH MaKCUMAJIbHOW CTETICHW BEPIIMHBI, Y JIPYTrUX OH Ha CJUHHUILY OOJIbIIIE.
Oxa3bIBaeTcsi, OnpeeseHre MPUHAIISKHOCTH rpada K TOMY WJIM HHOMY KJac-
cy ssisiercsi NP-tpyaHoi 3amadeil. ANTOpUTM, KOTOPBI MOKHO H3BJIEUb U3
JI0Ka3aTeNbCTBA TEOPEMBI 3.9, 3a MOJIMHOMHUAIBHOE BPEMsl HAXOIHUT PACKPACKY
B He Oonee yeM A(G) + 1 uBeroB. Ero Mo>xHO Ha3BaTh «HJIeaIbHBIMY IPHOIIHU-
JKCHHBIM QJITOPUTMOM — 00JI€€ BBICOKYIO TOYHOCTh UMEET TOJBKO TOYHBIH aJi-
TOPUTM.

3.3. Mapoco4eTaHus

3.3.1. IlapocouyeTanusi u peGepHble MOKPHITUS

Iapocouemanuem B rpade Ha3bIBACTCS MHOXKECTBO pedep, MOMapHO He
UMEIOIINX OOIIMX BEPIUIMH. 3a7a4a O MapOCOYCTaHHHU COCTOUT B TOM, YTOOBI B
JTaHHOM Tpade HAWTH MapoCOYETaHHE ¢ HAHOOJBIINM YHCIIOM pebep. DTo uunc-
70 s rpada G O6yaem obo3Hauath uepes 1(G). Pebeprvim nokpeimuem rpada
Ha3bIBACTCS TAKOE MHOXKECTBO pedep, UTO BesKas BepIInHa rpada WHIMICHTHA
X0Tsl OBl OJJHOMY M3 3THX pedep. HanmeHslee uncino pedep B peOepHOM I10-
kpbiTiH rpada G ob6o3naunm yepe3 p(G). 3ameTum, uTo pedepHOE MOKPHITHE
CYIIECTBYET TOJBKO /Uisl Tpa)oB 6€3 N30JMPOBAHHBIX BEPILIHH.

OmpeneneHue MapoCcOYETaHHs MOXO0XKE Ha OMNpe/eieHHe HEe3aBUCHMOTO
MHO)KECTBA BEPINUH, MAPOCOYECTAHNE WHOT/IA TaK M HA3BIBAIOT — HE3aBUCHMOE
MHOXKECTBO pebep. ITa aHAIOTHS YCUITUBACTCS CIIIe TECHOM CBA3BIO0 MKy pe-
OEpHBIMU MOKPBHITHAMH ¥ TTAPOCOYECTAHUSIMH, ITOJJOOHO TOMY, KaK CBS3aHBI Me-
XKy cOOOH BEpIIMHHBIC IOKPHITUS W HE3aBHCHMBIE MHOXKecTBa. [laxke paBeH-
CTBO, KOJIMYECTBEHHO BBIPAXKAIOIIEE 3Ty CBsI3b, UMEET TOYHO TaKOW K€ BUI
(HarmoMHUM, 9TO YKciIa He3aBUCUMOCTH O.(G) ¥ BepiinHHOTO TOKPBITHS P(G)
ces3anbl paBeHCTBOM OU(G) + B(G) = n). [IpuBoaumMoe HIDKe JOKa3aTeIbCTBO
3TOro (hakTa MMEeT aTOPUTMUYECKOE 3HAUCHUE, TAaK KaK IMOKA3bIBACT, KAaKHM
00pa3oM Kakast U3 IBYX 3a]a4 MOXKET ObITh CBE/ICHA K IPYTOM.
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Teopema 3.10. J[ns mobozo epaga G ¢ n éepuunamu, He umeoue2o u3o-
JUposannvix eepuiuH, cnpasednuso pasencmeso T(G) + p(G) = n.

Hoxazamenscmeo. Ilycts M — naunGonpmee napocoueranue B rpade G.
O0603HaunM yepe3 W MHOKECTBO BCeX BEpIIHMH rpada, He TOKPBITHIX pedpaMu
storo mapocoderanus. Torma |[W] = n — 2n(G). OueBuano, W — He3aBucumoe
MHOXecTBO (MHa4ye M He ObLI0 ObI HAMOOMBIINM). BbiOepeM sl Kax 101 Bep-
muHbl U3 M Kakoe-HUOyIh MHIMIEHTHOE eif pedpo. Ilycth F — MHOXECTBO
BceX BbIOpaHHBIX pedep. Torma M U F — pebepHoe mokpeitue u [M U F| =
=n — 1(G), cnenoBatrenbho, p(G) = n — n(G).

O6patHo, mycts C — HanMeHbIIee pedepHoe MokpeiTHE rpada G. Pacecmot-
pum noarpad H rpada G, oOpasoBaHHBIN peOpamu 3TOro MOKpHITH. B rpade
H onvH 13 KOHIIOB KaXkKJI0To pedpa siBisieTcs: BepinHoi crenenn 1 (pedpo, ka-
JKJIasi BEpIIMHA KOTOPOTO MHIMACHTHA 110 KpallHe#d Mepe erie oJHOMY pedpy,
MOXHO ObwI10 OBbI ynanmute u3 C, ocTaBiIuecs pedpa Mmo-mpexHeMy MOKPhIBAN
051 Bce BepmnHbl). OTCIOAA CeyeT, 9YTO Kax/1as KOMIIOHEHTa CBSA3HOCTHU Ipa-
da H sBrsercs 3Be3moil (3Be31a — ATO JIEPEBO, Y KOTOPOro He OoJiee OaHON
BEPIIMHEI cTeneHu 0obiie 1). Tak kak B 1F000M Jiece CyMMa KOJTMYECTB pedep
Y KOMITOHEHT CBSI3HOCTH PaBHA YMCIIy BEPIIWH, TO YHCIO KOMIIOHEHT CBSI3HO-
ctu B rpade H paBHo n — p((G). BriOpas o ogHoMy peOpy U3 KaKJI0H KOMIIO-
HEHTBI, TOJIy4YrM napocoderanue. Orcrona cienyert, uto (G) > n — p(G) [.

HecMmoTpst Ha Takoe CXOJICTBO MEXKY «BEPIIMHHBIMU» M «PeOCpHBIMIY Ba-
pUaHTaMH HE3aBUCHMBIX MHOKECTB W MOKPBITUH, UMEETCsl KapAMHAIBHOE pa3-
JMYUE B CIIOKHOCTH COOTBETCTBYIOIIUX 3KCTPEMaNbHBIX 3aj1au. « BepiumHHbIe»
3aJa4u, KaK yKe 0TMe4asoch, ABJstoTcs NP-nonubivu. [l pebepHbIX ke n3-
BECTHBI MTOJUHOMHUANIBHBIE aNrOpuTMbl. OHH OCHOBAaHBI HAa METOJIE Yepeaylo-
MIUXCS IeTed, K paCCMOTPEHHIO KOTOPOTrO MBI Tereph mepexoauMm. OTMeTum
TOJIBKO €Ille, YTO CUTYallus [T0X0XKa Ha TO, 4TO HaOmromaeTcs Ui 3a1a4 00 dii-
JIEpOBOM M TaMUJIBTOHOBOM ITMKJIAaX — peOepHbIii BapuaHT 3()(HEeKTUBHO peria-
eTcs, a BepIIMHHbIHN sBisieTcss NP-momHbIM.

3.3.2. MeTo yBeJIHYHUBAIOIINX Nl

[Tycts G — rpad, M — HekoTOpoe mapocodeTanue B HeM. PeOpa mapocoue-
TaHUs OyZeM Ha3bIBaTh CUIbHLIMU, OCTANIbHBIC peOpa rpada — cradbvimu. Bep-
IIMHY Ha30BEM C80000HOU, €CIIH OHA HE MPHHAJICKUT pedpy mapocoyeTaHusl.
Ha puc. 3.7 cneBa mokasan rpad ¥ B HEM BBIIENEHBI peOpa MapocoYeTaHus
M= {2, 3), (4, 5), (7, 8)}. Bepuunbl 1 u 5 — cBoOOHBIE. 3aMETUM, YTO K
3TOMY MapOCOYETAHUIO HEllb3sl T0OaBUTh HU OIHOTO pedpa, TO eCTh OHO MaK-
cuManbHoe. OJTHAKO OHO HE SBJISCTCS HAaHOOJIbIIMM. B 3TOM llerko yoeaurncs,
€CJI paccMOTpPEeTh Iy Th J, 6, 8, 9, 10, 7, 3, 4 (mokazan myHkTHpOoM). OH HaYH-
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HaeTCcsl U OKAaHYMBAETCS B CBOOOJIHBIX BEPIIMHAX, a BAOJb MYTH YEPEAyIOTCS
CUJIbHBIE U ciabble peOpa. Eciy Ha 3TOM IyTH NPEeBPaTUTh KakKAOE CHIBHOE
pebpo B ciaboe, a Kaxka0€ cinaboe — B CWIbHOE, TO MOJIYYUTCS HOBOE Mapoco-
YeTaHue, MOKa3aHHOE Ha PUCYHKE CIIpaBa, B KOTOPOM Ha OJHO peOpo Ooublie.
VYBenu4yeHrne mapocodeTaHus C IOMOINBIO MOJOOHBIX MpeoOpa3oBaHU — B
OTOM U COCTOUT CYyTb ME€TO/JIa YBCIIMYHBAOIIUX uenef/'l.

Puc. 3.7

Chopmynupyem HEOOXOUMBIE TIOHATHS U TOKAKEM TEOPEMY, JIEKAIIYI0 B
OCHOBE 3TOT0 MeToja. Yepeoyrowelics yenvlo OTHOCUTENFHO TAHHOTO MapoCco-
YeTaHUsl Ha3bIBACTCS MPOCTON MyTh, B KOTOPOM YepenylOTCs CHIIbHBIE U Cla-
Oble pedpa (To ecTh 3a CHIIBHBIM PeOpOM CliefyeT ciaboe, 3a ClIadbIM — CHITh-
Hoe). Uepemyromiascs 1enb Ha3bIBACTCS yeeauyusaioujell, eCiii OHa COSAMHSICT
nBe cBoOoaHbIe BepmnHbl. Ecnmu M — mapocoderanue, P — yBenn4yuBaromas
IeTlb OTHOCHUTENBHO M, TO JIeTKO BHIETh, uTo M & P — ToXe mapocodeTaHue u
IM® P|=|M|+ 1.

Teopema 3.11. Ilapocouemanue s6131emca HAUOOILUUM MO20A U MOJILKO
moeoa, K020a OMHOCUMENbHO He20 Hem YBeTUUUBAIOUUX Yenell.

/Jlokazamenvcmeo. Ecny ecTb yBelIMUMBAaIOLIas LENb, TO, MOCTyMas Tak,
KaK B PacCMOTPEHHOM IpUMEpE, TO €CTh, 3aMEHSISI BJIOJb STOU IIETN CHIIbHBIE
pebpa Ha ciabbie 1 HAOOOPOT, MBI, OUEBHUIHO, TIOTYYHM OOJIbIIIEE MapocodeTa-
Hue. Jls 10Ka3aTenbcTBa 0OPaTHOTO yTBEPXKJIEHHsSI pacCMOTPUM NapocoveTa-
aue M B rpade G u nipenmonoxkuM, 9to M He Hambonbmee. [lokaxkeM, 9TO TO-
I7la UMEeTCsl yBeJIMuuBaromas 1uenb otHocurenbHo M. Ilycte M ' — nmpyroe
napocoderanue u |[M'| > | M|. Paccmorpum noarpad H rpada G, obpa3oBan-
HBI TeMu pedpamH, KOTOpbIE BXOJSAT B OAHO M TOJBKO B OJHO W3 IApOCO-
gyeranuit M, M'. naue roBopsi, MHOXKeCTBOM pebep rpada H siBiusiercs cum-
meTpuueckas pasHocts M & M'. B rpade H xaxnas BeplIMHA WHIMICHTHA HE
6osee yem 1ByM pebpam (ogHoMy U3 M u ogHOMY U3 M), TO €CTh UMeEET CTe-
neHb He Oosee nByX. B Takom rpade kaxmas KOMIIOHEHTa CBSI3HOCTU — MYTh
WIH TIUKIT. B Ka)KI0M U3 3THX MyTeH U IUKJIOB YepemytoTcs pebpa uz M u M.
Tak xak |M'| > | M|, To uMeeTCsi KOMIIOHEHTa, B KOTOpoii pedep u3 M' conep-
JKuTCs Ooubie, Yem pedep u3 M. D10 MOXKeT ObITh TOJBKO MYTh, Y KOTOPOTO
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o0a KOHILIEBBIX pedpa mpuHamiexar M'. Jlerko BUAETh, YTO OTHOCUTENbHO M
9TOT MyTh OyJIeT YBEINUMBAIOILEH Lenbio [,

JUnst perieHus 3ajaud O MapOCOYETAaHWM OCTAeTCs HAYYUThCS HAXOAUTh
YBEJIMYMBAIOLINE LENH UM yOexkAaThCs, YTO Takux uenei Her. Torna, Hauu-
Hasl ¢ JJr000T0 MapocoyeTaHus (MOKHO U € IIyCTOIO MHOXECTBa pedep), MoKeM
CTPOUTH NApOCOYETaHMUs CO BCE YBEJIMYMBAIOLIMMCSA KOJIMYECTBOM pedep 110
TeX IHOp, OKA HE MOJyYUM TAKO€, OTHOCUTEIILHO KOTOPOT0 HET yBEJINYHUBAIO-
mux 1eneit. OHo u 6yaer HaubosnbUM. V3BecTHBI A3 PEeKTUBHBIE AJITOPUTMBI,
KOTOpBIE MIIYT YBEIWYMBAIOIIUE LIENH Ul IPOU3BONIBHBIX rpados. PaccmoT-
pUM cHauasia 6osiee IPOCTON AJITOPUTM, PELIAIOUINI ATy 3aAady I IBYHOJIb-
HBIX TpadoB.

3.2.3. IlapocouyeTranus B ABY0JbHBIX Ipagax

[lycts G = (4, B, E) — nBynonsHsIi rpad ¢ gonsmu 4 u B, M — mapocoue-
tanue B (. Bceskas yBenuuuBaromias 1erb, €CIH Takash UMEETCS, COCAHHSCT
BEPINMHY U3 MHOXECTBa A C BEPIINHOW U3 MHOXKECTBA B.

3adukcupyeM HEKOTOPYIO CBOOOIHYIO BepIIUuHy a@ € A. Mbl XOTUM HaWTH
YBEJIMYUBAIOIIUHN MTyTh, HAUUHAIOLIUICS B @, TM00 yOAUTHCA B TOM, YTO TaKUX
nyTteil HeT. OKka3bIBaeTcsi, HET HEOOXOJAUMOCTH PAcCMAaTpPUBATh BCE Yepeaylo-
IIMECs TyTH, HAYMHAIOIIMECS B BEPIIMHE d JJISl TOTO, YTOOBI YCTaHOBUTH, Ka-
K{€ BEpIINHBI JOCTIKUMBI U3 BEPIIUHBI @ YEPEAYIOIIMMUCS Ty TSIMH.

BepinHy x Ha30BEM uemHoU WIN HeYyemHuou B 3aBUCUMOCTH OT TOTO, YETHO
WIIM HEYETHO PACCTOSHHE MEXAY HEl0 M BepHIMHON a. Tak kak rpad IByn0Ib-
HBIi, TO JIOOOM MyTh, COSAUHSIONINNA BEPIIMHY @ C YeTHOU (HEUETHOI) BepIIn-
HOH, UMeeT YeTHYIO (HeueTHyI0) AnuHy. [losToMy B yepeayromemcs myTu, Be-
JyIIIEM U3 BEPIIMHBI @ B YETHYIO (HEYETHYI0) BEPIINHY, ITOCIIETHEE peOpo 00s-
3aTeNIbHO CUJIbHOE (cradoe).

Omnpenenum depego 0oCmuHCUMOCmMY KaK MAaKCUMAJIbHOE JIEPEBO ¢ KOPHEM
@, B KOTOPOM KaXKIbIH MyTh, HAYMHAIOIIUICS B KOPHE, SBISETCS YepeayIOIM-
csi. JlepeBO JOCTHIKUMOCTH ONPEIENICHO HEe OJHO3HAYHO, HO JII000Ee Takoe Jie-
PEBO B ABYAOJIBHOM rpade 001a1aeT caeTyoIuM CBOHCTBOM.

Jemma 3.12. Bepuiuna x npunadnedcum oepesy 00CIMUICUMOCU Mo20d U
MOIbKO M020da, K020d CYWeCcmayem 4epedyiomuiicss nyms, coeOuHsowull éep-
WUHBL A U X.

Jlokazamenvcmeo. PaccMOTpUM HEKOTOPOE JI€PEBO AOCTHKUMOCTH 1 u
JOK2KeM, YTO BCSIKasi BEpIIMHA X, JOCTIDKUMAsI U3 BEPIIUHBI @ YepeayIOIUMCS
nyTeM, MPHHAIISKUT 3TOMYy naepeBy. [IpoBeaeM WHAYKIHIO 1O JUTMHE Kpart-
YalIIero yepeayronierocsi myTd u3 a B X. Ilycte y — npeamnocnensss (To ecTb
NPEMECTBYIONIAs X) BEpIINHA TaKoro myTu. [1o mpeanonokeHuto HHIYKIINH,

96



BEpIIMHA ) MpUHAANSKUT AepeBy 7. Ecim oHa verHas, TO M000H yepemyro-
IIMACS MyTh U3 BEPIIMHBI ¢ B BEPUIMHY ) 3aKaHUYMBACTCS CHJIBHBIM pPeOpoM.
CrenoBartenbHoO, B iepeBe 1 BEpIIMHY ) C €€ OTIOM COCIHHSET CUIIbHOE pedpo,
a pedpo (x, y) — cnaboe. [Toatomy, eciu 100aBUTH K J€PEBY BEPIIUHY X U PeO-
po (x, y), TOo yTh B JACPEBE, COCTUHSIIOMMUN @ C X, OyIeT Yepeayronmumcs. 3Ha-
YHT, €CJIU MPEINOJI0KHTh, YTO JAePeBO 1 HE COIACPKUT BEPILUHY X, TO OKAXKET-
Csl, UTO OHO HE MaKCHMAJILHO, & 9TO MPOTUBOPEUYHT ONPE/ICICHHI0. AHAIOTHY-
HO paccMaTpHBaeTCs ClIydaid, KOrja BepIInHa ) HedeTHas [ .

Wrak, ans pemieHus 3aJa4ll OCTACTCs HAYYUTHCS CTPOUTH JCPEBO JIOCTHU-
XKUMOCTH. [IJIs1 3TOr0 MOXKHO HUCIIOJIB30BaTh CJIETKa MOJU(PHUIMPOBAHHBIN TO-
HCK B IIMPUHY U3 BCPUIIUHBI d. Otinune oT CTaHAApPTHOI'O0 IMMOXWCKa B HIMPHUHY
COCTOHT B TOM, YTO OTKPHIBAEMbIC BEPIIMHBI KJIACCH(DUIIPYIOTCS HA YETHBIC U
HeuyeTHbIe. J[J1sl YeTHBIX BEPIIMH HCCIIEAYOTCSl WHIIMICHTHBIC UM cliadbie peo-
pa, a Ui HeYeTHBIX — cuiibHBIC. Yepes V(x), kak 00bIYHO, 0003HAYAETCSI MHO-
KECTBO BEpPIIMH, CMEXHBIX C BEPIIMHOH X, ) — odepeipb, UCTIONb3yeMasl TIPH
HOWCKe B mHpHHY. Eciy BepuinHaA X HE SBISETCS CBOOOIHOM, TO €CTh MHIIU-
JICHTHa HEKOTOPOMY CHJIBHOMY peOpy, TO Jipyras BeplIMHa 3Toro pedpa o0o-
3Ha4aercs uepes p(x).

Anzopumm 8. [locmpoenue depesa 00CMUNCUMOCTU.

1 0OBSBUTH BCE BEPUIMHBI HOBBIMU

2 0oOBSABUTH BEPIIUHY @ YETHOU

3 a=0Q

4 co3math aepeBo T U3 OAHOI BEPIIUHBI @

5 while Q=Y do

6 x<=Q

7 if BepmHa x HedeTHas

8 then if BepmHa x He cBOOOAHAS

9 then y := p(x)

10 y=0

11 OOBSBUTH BEPIIUHY } YETHON

12 n00aBUTH K JepeBy I BepLIMHY ) U pedpo (X, »)
13 else for y € V(x) do

14 if BepuinHa y HoBast

15 then y = Q0

16 0O0BSBUTH BEPIINHY ) HEYCTHOMN

17 n06aBuTh K T BepiinHy ) u pedpo (x, )

Ecnu ouepennas paccmaTpuBaemasi BepIIMHA X OKa3bIBAETCS CBOOOIHOM
(3TO BBIACHSIETCA TPU MPOBEPKE B CTPOKE 8), HET HEOOXOTUMOCTH JOBOJIUTH
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HOCTPOEHHUE AepeBa 10 KOHIA. B 3TOM cilydae myTh Meay BEpLUIMHAMU d U X B
JIEpeBE SIBJISIETCS YBEIMUMBAIOIIUM ITyTEM U MOKHO €r0 MCHOJIb30BaTh JIs MO-
cTpoeHus 6onblero napocoueranus. Ilocne aToro cHoBa BeIOMpaeTcst cBOOOI-
Hasl BepIIMHa (€clIM Takas elle eCTb) M CTPOMUTCS JIEPEBO JIOCTHXKUMOCTH. B
IPUBEJCHHOM TEKCTE aJTOPUTMa COOTBETCTBYIOIIMH BBIXOJ OTCYTCTBYET, HO
€ro JIETKO MpeAayCcMOTpETh, 100aBUB BEeTBb else k oneparopy if B cTpoke 8.

Ecnu nepeBo mocTpoeHO U B HEM HET APYTruX CBOOOTHBIX BEPIINH, KPOME
KOPHSI, TO HY>KHO BBIOpATh APYTYI0 CBOOOJHYIO BEPIUIMHY U MOCTPOHUTH JIEPEBO
JOCTIDKUMOCTH ISl Hee (KOHEYHO, eciau B rpade Oonplie JBYX CBOOOIHBIX
BepmnH). [Ipu 3TOM, Kak MOKa3bIBaeT CIEAYIOIIAs JIeMMa, BEPIINHBI IEPBOTO
JiepeBa MOXKHO YAaJIHUTh U3 Tpada.

Jemma 3.13. Ecnu depeso docmudicumocmu cooepascum xoms Ovl 00HY
BEPULUHY YBETUUUBAIOWE20 NYMU, MO OHO COOEPIHCUM YEeTUUUBAIOWUTI HYMb.

Jlokazamenvcmeo. Ilyctb nepeBo MOCTHKUMOCTH 1 ¢ KOpHEM a HMEET
o0Imye BEepIIMHBI C YBEIWYHMBAIOUIMM IMyTeM P, COeAMHSIONIMM CBOOOIHBIE
BepimHbl b u . [Tokaxkem, uto B 7 €CTh YBEITUUUBAMOIIHIA MYTh (3TO He 00s13a-
TenbHO ImyTh P). JlocTaTo4HO A0Ka3aTh, 4TO XOTS OBl OJHA W3 BEpUIMH b, ¢
npuHaanexxuT aepeBy 1. Eciu ofHa M3 HHUX coBHataeT ¢ BEpPIIMHON @, TO W3
aemMmsl 3.12 cienyer, 4To U Apyrasi IPUHAUICKHT AEPEBY, TAK UTO B ITOM CIIy-
Yae B JiepeBe UMEETCsl YBEIMYHMBAIOIINI IyTh MexXAy BepiiuHamu b u c. Jlo-
MyCTUM, 00€ BEepIIUHBI b U ¢ OTIANYHBI OT a. [IycTh R — mpocToii myTh, HAYH-
HAIOIIUIICS B BEPLIMHE d, 3aKaHYMBAIOUIMICS B BEPIIMHE X, MPUHAICKAIICH
nytd P, u He coiepKammii Apyrux BepmuH myTu P. OueBuIHO, MOCIeaHEe
pebpo iyt R cnaboe. Bepmmna x aenut myTh P Ha aBa otpeska, P, u P, co-
JieprKalie COOTBETCTBEHHO BEPIIUHBI b U ¢. B 01HOM M3 3THX OTpE3KOB, CKa-
xeM, B Pp, peOpo, MHIIMICHTHOE BEpIIUHE X, CHJIbHOE. Torma oObequHEeHHE
nyteid R u P, o0pa3yer yepeayromuiics myTh, COSAUHSIONINN BEPIIMHEL a U b.
ITo nemme 3.12, BepmmHa b npuHauiexuT aepesy 7 [

W3 3T0i1 1€MMBI CIIEyeT, YTO €CIIU MOJIHOCTHIO IIOCTPOSHHOE JIEPeBO J0C-
TH)KUMOCTH HE COAEPXKUT IPYTUX CBOOOJHBIX BEPIIUH, KpOME KOPHS, TO HU
OJIHa BEpIIMHA ATOr0 JepeBa HE MPUHAAJIC)KUT HUKAKOMY YBEIMYUBAIOLIEMY
nytu. [loaTomy, npuctynas K MOCTPOSHUIO CIEIYIOLIETro JepeBa JOCTHKUMO-
CTH, BEpIIMHBI TIEPBOTO JepeBa MOKHO YAaJIUTh U3 rpada (BpeMEeHHO, KOHEY-
HO). DTOT MpOLECC — MOCTPOCHHUE JECPEBHEB JOCTHKMMOCTH U yJAIEHUE HUX
BEpPIIMH U3 rpada — NpoJosIKaeTes 10 TeX Hop, Moka Jubo OyeT HaleH yBe-
JUYHABAIOIINN TyTh, TUO0 ocTaHeTcs rpad ¢ He OoJjiee YeM OJHON CBOOOIHOM
BepumIMHO. B mepBom ciywyae mapocoderaHue yBenuuuBaeTcs, rpad Boccra-
HABJIMBACTCS, ¥ BHOBb HAUYMHAETCS MMOMCK YBEIMUYMBAIOIIETO IMyTH. Bo BTOpOomM
Cllydae MMEIOIeecs TapOCOUETaHUE SIBIISICTCS HAUOOIIBIINM.
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Tak Kak Ipu MOKCKE B MIMPHHY KaXI0e pedpo Hccienayercst He Oojiee yem
JIBXKJIBI, TO O0IIee BpeMsl TIOMCKA YBEIUYUBAIONICTO MyTH JUIS TAHHOTO Mapo-
coueranusi ectb O(m). Yucno pedep B MapocoYeTaHHH HE MOXKET IPEBHIIIAT
n/2, mo3ToMy 00TIast CI0KHOCT anroput™a oyaer O(mn).

3.2.4. IlapocouyeTanusi B NPOM3BOJIbHBIX Ipadax (ajaropuTm IAMOHACA)

Husa rpada, He SABJISIOMIETOCS IBYAOIBHBIM, YTBEpP)KICHUE JIEeMMBI 3.12
MOXXeT ObITh HeBepHBIM. [IpuMep 3TorO MOKaszaH Ha puc. 3.7. B rpade, uszo-
Opa’)XeHHOM cJieBa, C MapoCOYETaHUEM U3 JIBYX pedep, UMeeTcs YBeITUINBalo-
i nyTh 5, 3, 1, 2, 4, 6. CipaBa moka3aHo JEPEBO JOCTHNKUMOCTH, TTOCTPOCH-
HOE JUTsl BepIIUHEL 5. BepimwHa 6 He Bolljia B 3TO JIEPEBO, XOTS UMEETCS uepe-
QYIOIIUNCS MyTh, COCOUHSIONIMNM ee C BeplMHOM 5. B pesynbrare yBenuuu-
BalolUil myTh HEe OyneT HaiaeH. [IpuumHa sTOoro — Hanmmuue B rpade pedpa
(1,2), coequHsIOmEro BEpIIMHbBI, HAXO/ISAIMECS Ha OJMHAKOBOM PACCTOSTHHH OT
KOpHS JiepeBa. B ToT MOMeHT, Kor1a ucciieyeTcst 3To pedpo, 006e BepmurHbI 1 1
2 yKe MPUCYTCTBYIOT B JIEPEBE, MOITOMY MOCTPOCHHE JIePEBa 3aKaHYMBACTCA.
Hanunuawne takoro pedpa o3Havaet, 4To B rpade eCTh HEUCTHBIN IUKII, U 3TO SIB-
JISIETCSI HACTOSIICH MPUYUHON HEey1auH.

I 2 1 2
3 4 \ .
5 6 >

Puc. 3.7

Tem He MeHee, u A TpadoB ¢ HEUETHBHIMH LMKIAMH 3a]a4y O HAHOOIb-
IIeM MapOCOYETaHHHM MOXKHO pemats 3GpGeKTHBHO. PaccMOTpUM anropuTm mo-
CTPOCHUSI HaNOOJIBIIETO MAapOCOYETaHHs B MPOU3BOJIBHOM rpade, MpeioKeH-
HBIH DJIMOHICOM.

CHauana, Kak 1 B clly4yae JIByIOJIbHOTO rpada, METOIOM MOKMCKA B IIUPUHY
CTPOUTCS IEPEBO JOCTHKMUMOCTH JIJIsl HEKOTOPOW cBOOOAHOM BepmuHbI a. [1o-
CTPOEHHE JepeBa Ul JIBYJOJIBHOTO rpada MpeKpamaioch, e€Clid K JIEpeBy
HENb3s1 OBUTO JO0ABUTH HU OJHOW BEPIIWHBI, JTHOO €CITU K HEMY M00aBisIIach
CBOOOJHAsT BEpIIMHA, TO €CTh OOHAPYKHBAJIOCh HAIMYWE YBEIUYHBAIOLIETO
nyTtu. [l mpou3BoabHOTO Tpada OyneM mpekpamaTh HOCTPOCHUE JepeBa ere
B TOM Cllydae, KOrja HccieayeMoe pedpo COCIUHSET JABE YCTHBIC BEPIIMHBI
nepesa. [Ipu moucke B MIMPHHY 3TO MOXKET OBITh TOJIBKO TOT/Ia, KOTJa 3TH J[Ba
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BEPILMHBI HAXOAATCS HAa OJUHAKOBOM PACCTOSHUU OT KOpHA. OOHapykeHue
Takoro peOpa O3HayaeT, yTo HailjeH moArpad, Ha3bIBaeMbI yeemkom (puc.
3.8). OH cOCTOUT U3 YepeIyIoNIerocs MyTu P, COeIUHSIONIETro KOPEHb IepeBa a
C HEKOTOpOH BepiuHo# b, u HeyetHoro nukia C, [Tpu sToM b sBisiercs eauH-
CTBeHHOW 00mIeil BepumHoi myti P u mukia C, a C MOXKHO paccMaTpUBaTh
KaK 3aMKHYTBIA YepEeAYIOIIUICA MTyTh, HAUMHAIOMINNCA Y 3aKaHYMBAIOLIUNCS B
BepimHe b. Ha prcyHke mOKa3aHbl TaK)Ke CMEKHBIC YETHBIC BEPIINHBI X U ),
Haxoda1muecsa Ha OJMHAKOBOM PACCTOAHUHN OT BEPIIUHBI d.

Puc. 3.8

BrIsiBIIeHHE 1IBETKOB HE MPEICTABISET TPYAHOCTH — HY)KHO TOJIbKO J100a-
BUTH BeTBH else k omepatopy if B cTpoke 14 anroputma 8. IlepBoe, uTO MBI
czenaeM, oOHapy’KUB 1IBETOK, — IIPEBpAaTHM BCce CHIIbHBIE pebpa myTu P B cia-
Oble, a cinabble — B cuibHBIE. [locie 3Toro npeodpa3oBaHus MHOXKECTBO CHIIb-
HBIX pe0ep SBISIETCS MapocoYeTaHueM TOW K€ MOITHOCTH, HO BMECTO BEPIIMHBI
a cBOOOJIHOM BeplIMHOW craHeT BepunHa b. Takum obpasom, Ha 1ukie C Oy-
JIeT OJIHA CBOOOIHASI BEPIIMHA U 3TOT LUK SBISETCS YEPEIYIOIIUMCS ITyTEeM,
HAaYMHAIOIUMCA U 3aKaHYMBAIOIIKUMCS B 3TON BepmuHe. [IokaxkeMm, 4TO Takou
IIUKJI MOJKHO CTSIHYTh B OJIHY BEpIIMHY, HE Tepsis HH(POPMAILIUU O CyIIECTBOBA-
HUH yBEJIUYMBAIOIINX ITyTEH.

Omnepanus ctsruBanus noarpada H B rpade G cocrout B creayromeM. Bee
BEPIIMHBI 3TOTO moarpada yaansorcs u3 rpada, a BMECTO HUX JT00aBISIETCS
HOBasl BEpIIMHA. JTa HOBas BEPIIMHA COCIUHSICTCS peOpaMu C TEMH U TOJBKO
TEMH U3 OCTaBIUXCS BEPIIMH rpada, KOTOpbIe OBUTH CMEXHBI XOTS ObI ¢ OJTHOM
BepmmHONW moarpada H. I'pad, momydaemsblii B pe3ynbTaTe TakOW OIEparlviH,
Oynem obo3navath uepe3 G/H.

Teopema 3.14. Ilycmv M — napocouemanue 6 epagpe G, C — yuxn Onumvl
2k + 1 6 omom epagpe, npuuem na yuxie umeemcs k cunvhvlx pebep u ooHa
c80600nas eepuwuna. ITycmo M’— napocowemanue ¢ epagpe G’= G/C, cocmas-
JienHoe uz ecex pebep napocovemanusn M, ne npunaonesxcawux yuxay C. Ilapo-
couemanue M saensiemcs naubonvuwum 6 epage G moeda u moibko moeoa, Ko-
20a M’— naubonvuee napocouemanue 6 epage G'.

Hoxazamenvcmeo. Jlokaxxem, 4TO W3 CYNIECTBOBAHHS YBEIMYUBAIOIIETO
MYTU OTHOCHUTENIbHO mapocouetanusi M B rpade G cieqyer, uTo CyIIECTBYET
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YBEIMYHBAIOUIHIA ITyTh OTHOCUTENBHO napocoderanust M B rpade G 'u obpart-
HO.

[Tycts b — cBOOOHAs BepimHa nukia C. HoByro BepiinHy, 00pa30BaHHYIO
B rpade G 'mpu crsaruBanuu nukia C, o0o3HaunM yepes ¢. OTMeTHM, 4TO OHa
SIBJISIETCS CBOOOTHON BEPIIMHOW OTHOCHUTENILHO MapocoueTanus M.

[Tycts P — yBennumBatomuii myts B rpade G. Ecnm oH He COIepKuT Bep-
mmH nukiaa C, To oH OyneT yBenuuuBarommM myteM U B rpade G B nmporus-
HOM CIly4ae paccCMOTPUM OTpe3oK P’ myTtu P, HaunHarommiics B CBOOOIHOM
BEPIINHE, OTIUYHOW OT b, 3aKAaHYMBAIOIIMICS B BEPIIUHE X, JIS)KAIICH HA ITUK-
ne C, u He conepxamuii qpyrux BepunH ukia C. Eciu B mytn P’ 3aMeHUTH
BEPIIMHY X BEPIIUHOW C, TO, OUYEBUIHO, MOIYYUTCS YBEIHMUMBAIONIUN MyTh B
rpade G

O6parHo, ycTh P’— yBenuuuBatomuii myTh B rpade G’ Ecau P’ He npo-
XOJMT Yepe3 BEPIINHY C, TO OH OYyJeT yBEIIMYMBAIOLINM IyTeM U B rpade G. B
MPOTUBHOM CJIy4ae pacCMOTPHUM IyTh P ”, OTyJaromuiics yIaJIeHueM BEepIIH-
HBI ¢ U3 MyTH P’ MOXHO CYMTaTh, YTO BEPIIMHA ¢ ObLIA TIOCIIEHEN BEPIIMHOMN
nyta P’, a myte P” 3akaHuMBaeTCs B MpeArocienHeil BepimHe X. Tak Kak
BEpIIIMHA X CMEXHA C BEpIINHOM ¢ B rpade G, 1o B rpade G Ha nukie C ume-
€TCsl BepIIrHa Y, cMexHas ¢ X. JJo6aBum k mytu P ” ToT u3 oTpe3koB 1ukia C,
COC/IMHSIIONINX BEPUIMHY ) C BEPIIMHOW b, KOTOpPBIH HAYMHAETCS CHIBHBIM
pedpom. B pesynbTare momydnTcs yBEIWIUBAIONINA My Th B Tpade G [.

W3 nokazaTensCTBa BUAHO, YTO YBEIUYMBAIONIMN MyTh B Tpade G mpu us-
BECTHOM yBEIHMUYHMBAIONIeM IyTH B rpade G’ HaXoAWUTCs 3a TUHEWHOE BpeMsl.
Jlist mosrydeHus OIIEHOK BPEMEHHU pabOoThI alrOpUTMa B IIEJIOM TpeOyeTcs ere
npopaboTKa psifa JeTaield, HampuMep, MoJIPOOHOCTEH BBIOJHEHUS ONEPALIuU
cTsiruBaHus U T.7. OJHAKO SICHO, YTO 3TO BPeMsI OTPAHUYCHO MOJTUHOMOM.

3.4. OnTumManbHbIe KapKacbl

3.4.1. 3agaya 00 onTUMAIBbHOM Kapkace u ajJroput™m Ilpuma

3amada 00 ONTHUMAJIBLHOM Kapkace (CTATHBAIOUIEM JIepeBE) COCTOUT B Clie-
nytomieM. Jlan oobikHOBeHHBIN Tpad G = (V, E) u BecoBas (QyHKIHMS HA MHO-
xecTBe pedep w: V' — R. Bec MHOXkecTBa X < E omnpenensieTcs Kak cymma Be-
coB cocTaBisromux ero pedep. Tpedyercs B rpade G HailTH Kapkac MaKCH-
MasibHOTO Beca. OOBIYHO paccMaTPHUBAIOT 3a7adyy HA MUHUMYM, HO 3TO HE Cy-
IIECTBEHHO — OHAa TpeoOpasyercss B 3ahady Ha MaKCUMyM, €CIH 3aMEHUTH
¢yHkuuo w Ha —w. B aToM pazaene Oynem npeanonarats, uto rpag G cBs3eH,
TaK 4TO pPEIICHUEeM 3aJauu Bcerja Oyzaet aepeBo. /s perieHus 3amaqu o6 on-
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TUMaJIbHOM KapKace HM3BECTHO HECKOJIbKO aJrOpUTMOB. PaccMoTpuMm 1Ba u3
HUX.

B ancopumme Ilpuma Ha KaXoOM IIare paccCMaTpUBaeTcs 4acTHYHOE pe-
HIEHUE 3a7a4y, pe/cTaBIstoniee codoil nepeBo. BHauaie 3To 1epeBo cocTOUT
U3 €JMHCTBEHHOHN BEpPIIMHBI, B KAUECTBE 3TOM BEpIIMHBI MOXKET ObITh BhIOpaHa
mobast BepuinHa rpada. 3areM K JepeBy Mocae10BaTeNIbHO 100aBIstoTCs pedpa
U BEPILIUHBI, [T0OKa HE MOJIYYHUTCS OCTOBHOE JIEPEBO, TO €CTh Kapkac. [ Toro,
9TOOBI U3 TEKYIIETO JIepeBa Mpu J0OABICHHH HOBOTO pedpa OISITh IMOTYIHIIOCH
JIepeBO, 3TO HOBOE PeOpo JODKHO COSIUHSATH BEpIIMHY JE€pPEeBa C BEPIIMHOM,
ele He MpHHAJUIeXKalIel nepeBy. Takue pedpa OyemM Ha3bIBaTh nH0OX0O0AUWUMU
OTHOCHUTEIIFHO paccMaTpuBaeMoro aepesa. B anropurme [Ipuma npumensercs
clieflyroliee MpaBuUiIO BHIOOpA: Ha KaXKAOM IIare M3 BCEX MOAXOAALIMX pedep
BbIOMpaeTcs peOpo HAMMEHBIIETo Beca. ITO pedpo BMeCTe C OJIHO HOBOM Bep-
mUHOW nobGapiisercst kK aepeBy. Eciau o6o3HaunTh vepe3 U u F MHOXecCTBa
BEPIINH U pedep CTPOSIIIErocs aepeBa, a uepe3 W MHOKECTBO BEPILUH, €IIe He
BOLIEIINX B 3TO JEPEBO, TO anropuT™ [IprmMa MOKHO MpeNCTaBUTH CIEAyIO-
M 00pa3om.

Anzopumm 9. [locmpoenue onmumanvroeo kapkaca memooom Ilpuma

1 U := {a}, rne a — npou3BoJbHAs BEPIINHA Tpada

2 F=0

3 W=V-{a}

4 while W=J do

5 HalTH pedpo HanOOBIIEero Beca e = (X, ) Cpe/id BCeX TaKHX
pebep, y kotopeix x € U,y € W

6 F:=Fu {e}

7 U=Uuv {y}

8 W=w-{y}

Hokaxewm, uro anroputm IIpumMa MeHCTBUTENBHO HAXOOUT ONTHMAJIBHBIN
kapkac. /lepeBo F Ha3zoBeM ¢pacmenmom, €CIU CyIECTBYET TaKOH ONTUMAIIb-
HBII Kapkac 1y rpada G, uro F sBusercs noarpadom nepesa 7y. Mnave roso-

ps, pparMeHT — 3TO JepeBO, KOTOPOE MOXKHO JOCTPOUTH 0 ONTHMAIHLHOTO
Kapkaca.

Teopema 3.15. Ecnu F — ¢ppaecmenm, e — nooxoosiwee pebpo naubovuiezo
seca omnocumenvro F, mo F U {e} — ¢ppacmenm.

Hoxazamensvcmeo. Ilycts 1) — onTUManbHBIN Kapkac, cojepxamuii /' B
kadectBe noarpada. Eciau pedpo e npunamiexur 1y, 1o F'U {e} —moarpad Ty
U, cliefloBaTeabHo, hparmMent. JonyctuMm, e He npunaiexut Ty. Ecnu noba-
BUTH pedpo e K nepeBy 1o, To oOpasyercs MUKI. B 3TOM MUKIIE €CTh ele XOTs
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OBl 0IHO TOAXOsIIee PeOpPO OTHOCUTENBHO F' (HUKAKOM MK, OYEBHIHO, HE
MOXET COJIepKaTh CIUHCTBEHHOE TMoaxosiee pedpo). Ilycts e’ — Takoe peod-
po. Torma moarpad Ty =T, —e' + e, nonyyaromuiics u3 Ty yaanenuem pedpa e’
u nobasieHreM pedpa e, Toxke Oyzaer nepeBom. Tak kak w(e') < w(e), To
w(Ty) > w(T})) . Ho Ty — ontiMalbHbIi Kapkac, ciepobartenbno, w(Ty) = w(Ty)
u T; — Toxe ontuManbHbii kapkac. Ho F' U {e} sBisietcs moarpadom rpada
Ty wu, cnenoBatebHO, pparMeHToM [ .

HepeBo, cocTosiliee U3 €JUHCTBEHHON BEPUIMHBI, OYEBUIHO, SBISIETCS
¢dparmenToM. U3 Teopemsl 3.12 cienyer, 4TO €Ciau MOCae HEKOTOPOTO KOJIU4Ie-
cTBa maroB anroputma [Ipuma nepeBo F sBiseTcs GpparMeHTOM, TO OHO OyAeT
(¢parmMeHTOM M mocie cienyromero mara. CienoBaTeiabHO, U OKOHYATEIBHOE
peleHne, MOMYyYSeHHOE ATOPUTMOM, OyJeT (parMEeHTOM, TO €CTh ONTHMAJb-
HBIM KapKacoM.

Ouenum Bpems padotsl anroputma Ilpuma. [ukn while B ctpoke 4 nosTo-
psieTcst OJJUH pa3 s KaKIoM BepLIMHBI rpada, KpoMme cTapToBoil. BHyTpH 3T0-
TO IMKJIa €CTh €lle CKPBITHIN IUKII B CTPOKE 5, Tie HIIeTcsl peOpo HanOoIbIie-
ro Beca Cpelu BceX pedep, COSAMHSIONIX BepIIMHBI u3 MHOXecTBa U ¢ Bep-
mmHamMu u3 W. JlomycTHM, 9TO 3TOT MOKMCK MPOU3BOJAUTCS CAMBIM OECXUTPOCT-
HBIM 00pa30M, TO €CTh MPOCMATPUBAIOTCS BCE Maphl BepiiuH (X, y) ¢ x € U,
y € W. Ecmu |U| = k, To umeercs k(n — k) takux nap. Tak kak k MeHsAETCS OT
1 no n — 1, To Bcero mosnyyaem

n—1 n—1 n—1 2 _1 _1 2 _1 3 _
Zk(n—k)=n2k—2n2=n(n ) (n—Dn(2n )=n n
=1 k=1 =1 2 6 6

nap, KOTOpbIe HY>KHO pacCMOTpeTh. TakuM 00pa3oM, TPyJA0EMKOCTh aJlTOPUTMA

3
oyner O(n’).

HeGosbioe ycoBepIIeHCTBOBAHKE TO3BOJISICT HA TMOPSAIOK YCKOPUTH 3TOT
anropuT™. J{omycTiM, 4To ISl KaXKI0M BEPUIMHBI Y U3 MHOXKecTBa W M3BeCTHA

takas BepimHa b(y) € U, uto w(b(y),y) = max w(x,y). Torna npu |U| =k

HEoOXouMo OyJeT BbIOpaTh peOpo HauOOJbIIEro Beca cpeau n — k pedep, a
oO11ee YUCIIO aHATTU3UPYEMBIX pedep OyieT paBHO

wl oy _n(n=1)
;(n k)——2 )

B sTom ciydae, onHako, HEOOXOAUMBI TOTIOIHUTENbHBIE ASUCTBUS s 00-
HOBJICHUSI TAOJHIIBI 3HAYCHHH (QyHKIUU b 1pu NOOABICHUH OJHOW BEPIIMHBI K
JIEPEBY, TO €CTh MPH TIEPEHOCE OJHOM BEPIIUHBI U3 MHOKECTBA W BO MHOKECT-
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Bo U. Cuauvana, xorma MHOXecTBO U COCTOHT M3 €MHCTBEHHON BEPIIHHBI d,
nonaraeM b(x) = a g Bcex x € W. B nanpHeiileM 3Tv 3HAYCHUST MOTYT Me-
HTHCS. JlOMyCTHM, HAa HEKOTOPOM IIIare K JAePeBY MPUCOSAUHICTCS BEPIIHHA ).
Tornma st Kakaou BepinuHbl z € W nbo coxpansiercs ctapoe 3HaueHue b(z),
au00 yCTaHaBIUBAeTCst HOBOE b(z) =y, B 3aBUCHMOCTH OT TOTO, KaKoe u3 pedep
(b(z), z) u (y, z) umeer Oonpiuii Bec. MHave roBOps, A MOIUPUKAIMH
GyHKIMU b gocTaTOUHO B anroputMe 9 mocie cTpoku 8 (M BHYTPU ILUKIIA
while) 106aBuTh cnemyromiee:

9 for z € W do

10 if w(b(2),z) <w(y,z) then b(z) =y

IMpu | U| = k uukn B cTpoke 9 mosropsiercst n — k pa3. Takum oOpasom, 110-
HOJIHUTEJIBHOE BpeMsi, HeOOXOIUMOe IJsi OOCIY)KHBaHHs TaONUIBI b, TOXe
OLIEHUBAETCSl CBEPXY KBAJAPAaTH4YHON (yHKUHMEH OT # M oOmiast OreHKa TpyHo-
eMKOCTH YCOBEPLICHCTBOBAHHOIO anropurtMa Ilpuma Gyzer O(°).

[pyroii myTh K yCOBEpPIICHCTBOBAHUIO airopuTMa IIprma moacka3biBaeT
cremyromiee 3amedanue. [lpu BeIOOpe momxozsmero pedpa (B cTpoke S5 anro-
puT™Ma 9) MOKHO paccMaTpuBaTh He Bce mapsl (x, ) € U x W, a tonbko Te,
KOTOpBbIe SABIsIIOTCS peOpamu rpada. Ecinu rpad paspexeHHbIH, TO ecTh coaep-
YKUT MHOTO MEHBbIIIE pedep, YeM IMONHBINA rpad), TO TO MOXKET 3HAYUTEIHHO yC-
KOPUTH pelieHue 3a1a4i. JONOTHUTENBHBIA BEIMTPHIIT MOXHO TOJTYYHTh, €CITU
UCII0JIb30BaTh IPUOPUTETHYIO Ouepeib AJIsi XpaHEeHUs MHOXKeCTBa pedep, Mo
JeKANTUIX UCCIEOBAHUIO (YIIPaXXKHEHHE 5).

3.4.2. Anroputm Kpackana

Jlpyroii >kaHbIi adroOpuT™M IS 33124 00 ONITUMAJIbHOM KapKace U3BECTEeH
Kak azeopumm Kpackana. B HeM To)ke Ha Ka)XJJOM IlIare paccMaTpUBaeTCs dac-
TU4HOE penieHue. OTinune oT anropurma [Ipuma COCTOUT B TOM, YTO B ajro-
putme Kpackana yacTUYHOE pelIeHUe BCEr/a MpeACcTaBisieT co0ol OCTOBHBIN
nec F rpada G, To ecTh jec, COCTOSIINNA U3 BeexX BepmnH rpadga G 1 HEKOTO-
peIx ero pedep. Buauane /' He copep:KUT HA OTHOTO pedpa, TO €CTh COCTOUT U3
M30JMPOBAHHBIX BEPUIMH. 3aTeM K HEMY ITOCIIEeIOBATEILHO JOOABISIOTCS peo-
pa, moka He OyzeT nmoctpoeH kapkac rpada G. [lycts F — jec, OCTpOCHHBIH K
ouepeaHomy mary. Pebpo rpada, He mpunHaiexamiee F, Ha30BeM KpacHbBIM,
€CIIM BEPILIMHBI 3TOT0 pedpa MpUHAIEKAT OJHONW KOMIIOHEHTE CBSI3HOCTH Jieca
F, v 3enmensIM, ecv OHU TIPHHAJUISKAT pa3HBIM KoMIToHeHTaM. Ecin k £ moba-
BUTh KpacHoe pedpo, To oOpasyercs uuki. Ecnu ke k F' 106aBUTH 3elieHOe
pedpo, TO MOIY4IHUTCS HOBBIH Jiec, B KOTOPOM OYJeT Ha OHY KOMITOHEHTY CBSI3-
HOCTH MEHBIIE, 4YeM B F', Tak Kak B pe3yJbTaTe J00aBIIeHUs pedpa JBE KOMIIO-
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HEHTHI COJBIOTCS B OnHY. Takum oOpa3om, K F Henb3si J00aBUTh HUKAKOE
KpacHoe pedpo U MOKHO J00aBUTH Jr000e 3eneHoe. [ Beibopa nodapisemMo-
ro pedpa IpuMEHsIETCS TOT K€ JKaJHbII MPUHIIUII, YTO U B anroputMme [Ipuma —
U3 BCEX 3€JIEHBIX pedep BhIOMpaeTcs pedpo HanbobIero Beca. s Toro, 4ro-
ObI 00JIETYUTH TIOUCK ATOTO pedpa, BHauaie Bce pedpa rpada yrnopsaounBaroT-
csl 0 yObIBaHUIO BecOB: W(ej) = w(ez) > ... = w(e,,). Teneph nocieaoBaTelb-
HOCTB pebep ey, €2, ..., €, TOCTAaTOYHO NMPOCMOTPETh OJMH pa3 u JJIsl o4epe.l-
HOT'O PaccMaTpUBaeMoro pedpa Hy>KHO TOJIBKO YMETh ONPEAETIATh, SBISETCS TN
OHO KPacHBIM HJIM 3€JICHBIM OTHOCHUTENIFHO TIOCTPOEHHOTO K 3TOMY MOMEHTY
neca F. KpacHbie peGpa mpocTo MpomycKaroTes, a 3eJeHbIe J00aBIsoTCs K F.

Jnst 6osiee popMaIbHOTO OIHMCAHUS aJITOPUTMa 3aMETHM, YTO TEKYILUH Jiec
F onpenenser pa3OueHue MHOXKECTBAa BepIIMH Tpada Ha 00JacTH CBA3HOCTH
atoro yeca: V= P; U P, U ... U Py, u 910 KpacHOe pedpo — 3TO Takoe, y KO-
TOPOro 00e BEPIUIMHBI IPUHAUIKAT OAHOM YacTu pa3duenus. [lycts Part(x) —
(dyHKIMS, BO3BpAIIaonias JUIsl KaKI0H BEPIIMHBI X UMs TOM 4acTu pa3oueHwus,
KOTOpOH NMpHHALISKHT X, a Unite(x, y) — mporenypa, KOTopas 1o UMEHaM X U Y
JIBYX 4yacTel pa30MeHusi CTPOUT HOBOE pa30MeHue, 3aMEHsIsl 9TH JBE 4acTH UX
oobemunenuem. Ilycts e; = (a;, b;), i = 1, ..., m. Torga amropurm Kpackana
(Tmoce ynmoMsiHyTOro ynopsaoueHus pedep) MOKHO 3amucaTh CISAyIOMnUM 00-
paszom.

Anzopumm 10. [locmpoenue onmumanvrhoeo kapkaca memooom Kpackana

1 for i:=1 to m do

x = Part(a;)
2 y = Part(b;)
3 if x#y then {F :=F U {e;}, Unite(x, y)}

Bonee nogpodno anroputm Kpackana paccmarpuBaeTcs B pasnene «Pase-
JICHHbIE MHOKECTBa». KOPPEeKTHOCTH 3TOr0 ajaropurMa cienyer u3 oouieit Teo-
pembl Pago — DnMonsca, koTopast OyIeT pacCMOTpEeHa B CIEAYIOLIEM pa3iee.

3.5. XXagHble anropuTmbl U MaTpouabl

XKanueiMu (TpaiM€HTHBIMH) HAa3bIBAIOT AJITOPUTMBI, JIEHCTBYIOIINE 10
NPUHIMITY: MAaKCUMAaJIbHBIN BBIMTPBIII Ha KaXJoM miare. Takas cTparerusi He
BCETJla BE/IET K KOHEYHOMY YCIIEXy — WHOT/Ia BBITOJIHEE C/IeNaTh HE HAWITyd-
MK, Ka3aJ10Ch ObI, BBIOOP Ha OYEPEIHOM Iare ¢ TeM, YTOOBl B MTOTE TONIY-
YUTh ONTHMalbHOE penieHne. Ho At HEeKOTOphIX 3a/1a4 MPUMEHEHUE YKaTHBIX
QITOPUTMOB OKAa3bIBACTCs ONpaBiAaHHbIM. OIHON M3 CaMbIX M3BECTHBIX 33134
TaKOTo poJa sBJIAeTCd 3ahada o0 onTHManbHOM Kapkace. CymecTByer oOmast
TEOpHsi, 0OOCHOBBIBAIONIAS NMPUMEHUMOCTh JKaJHBIX AITOPUTMOB K 3aJadyam
oTpesieIeHHOTO THMa. B 3ToM pasgene OyayT pacCMOTPEHBI KIIaCCHUECKHUE
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NPUMEPHI JKATHBIX aJTOPUTMOB IS 3a/a4d 00 ONTUMAJIBHOM Kapkace W JaH
HaOpocok OoOIIel TeOpuHu *KaJHBIX aITOPUTMOB. 3aTeM OyJIeT pPacCMOTPEHO
NPUMEHEHHUE KaJHOr0 aJIrOpUTMa B COUYETAHUU C METOJOM YBEIMYUBAIOLIUX
Henen A peleHus 3ajadd o MapocodeTaHNH HauOOJIbIIEro Beca B JIBY10JIb-
HOM T'pade co B3BEIICHHBIMH BEPIIMHAMH.

3.5.1. MaTpouasl

Korna Bo3HHK BOIPOC O TOM, KAKOBBI OOCTOSITENILCTBA, IIPH KOTOPBIX XKa/l-
HBI{ aJTOPUTM MPUBOIUT K YCIEXY, HJIM WHAYE — YTO OCOOCHHOTO B TEX 3aJa-
4ax, ISl KOTOPhIX OH JIaeT TOYHOE pElIeHUe, — OKa3aJioch, YTO MaTeMaTHue-
CKasi TEOpHsi, C TIOMOIIBIO KOTOPOIl YTO-TO B TOM MOKHO MPOSICHUTb, YXKE CYy-
HIECTBYET. DTO TEOPHUSI MATPOUIOB, OCHOBBI KOTOPOM OBLTH 3aJI05KEHBI Y UTHU B
pabote 1935 r. Llenbto cozgaHus TEOPUHM MATPOMJIOB OBIIO M3ydyeHHE KOMOU-
HATOPHOTO acIeKTa JIMHEHHOW HE3aBUCHUMOCTH, B TABHEHUIIIEM OOHAPYKUIACH
pa3HooOpa3Hble MPUMEHEHHS TOHATHS MaTpPOWAa, MEPBOHAYAILHO COBCEM HE
MUMEBILIUECS B BUY.

Onpeoenenue. Mampouoom HazwiBaetcs napa M = (E, @), rae E — xoHed-
HOE HENyCcToe MHOXecTBO, d — ceMelCTBO MOIMHOXKECTB MHOKECTBA E, y10B-
JIETBOPSIOLIEE YCIOBUSAM:

(Decmn X e ®du'tYc X, oY € ®;

2Q)ecmn X € @©,Y € ®u|X|<|Y|, To CylmecTBYeT Takoi 3IEMEHT @ € Y —

X,uto X U (a) € O.

DJeMeHTbl MHOKECTBA £ Ha3bIBAIOTCS d1eMeHmamu Mampouod, a MHOXKe-
cTBa u3 cemeiictBa O — neszagucumviMu MHOdMCecmeéamu MaTpouga. Makcu-
MaJIbHOE TI0 BKIIIOYEHHIO HE3aBUCHMOE MHOKECTBO HA3bIBAIOT 0A301 MaTpOU-
na. U3 akcuomsl (2) ciemyeT, 4To Bce 0a3bl MATPOHIA COCTOST U3 OJIMHAKOBOTO
KOJINYECTBA JIEMEHTOB.

Ecmu E — MHOXECTBO CTPOK HEKOTOpO# Matpuibl, a @ COCTOUT U3 BCEX
JIMHEHWHO HE3aBUCHUMBIX MHOKECTB CTPOK 3TOW MaTpuisl, To napa (£, ®) obpa-
3yeT MaTpPOH/l, Ha3bIBAEMbIH MAMPUUHBIM MATMPOUOOM.

JIpyTuM BaXHBIM THIIOM MAaTpPOHJIOB SIBISIIOTCS epaghosvie Mampououl.
[Mycts G = (V, E) — oObikHOBeHHBIH Tpad. [TomMHOXKecTBO MHOKECTBA E Ha30-
BEM ayukiuyeckum, eciu noarpad, oopazoBaHHBINA pedpaMu ATOTO MOAMHOXKE-
CTBa, HE COJICPXKUT LIUKIIOB, TO €CTh SIBIISICTCS JIECOM.

Teopema 3.16. Ecnu G = (V, E) — obviknosennwiti epagh, ® — cemeticmso
6cex ayukaudeckux noomuodcecms mrodcecmea E, mo napa Mg = (E, @) s6-
JA1eMCs MAMpPOUOOM.

/Jlokazamenvcmeo. Axcuoma (1) BBINONHSIETCA, TaK KaK BCSIKOE IMOAMHOXKE-
CTBO allUKIIMYECKOTO MHOXECTBA, OYEBHUJIHO, SIBISICTCS allMKINYecKuM. Jloka-
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eM, 4To BbinoiHseTcs U (2). [lycts X u Y — nBa allMKIMYecKuX MHOXECTBa U
| X| <|Y|. HomycTum, 4TO HE CYIIECTBYET TAKOTO pedpa e € Y, 4T0 MHOXKECTBO
X U {e} aBasercsa anukinyeckuM. Toraa npu nobaBiieHUH J1000ro pedpa u3
MHOXecTBa Y K MHOXeCTBY X 00pa3yercst IHKJI. ITO 03HAYaeT, YTO KOHIIBI Ka-
KJIOTO TAaKOTO pedpa MpHHAIIIEKAT OJHONW KOMIIOHEHTE CBSI3HOCTH OCTOBHOTO
nonarpada, obpaszoBaHHOTO peOpamm MHOkecTtBa Y. Torma kaxmas oOmactb
cBsizHOCTH Toarpada X coaepKuTcsi B KakoW-HHOYIb 007aCTH CBA3HOCTH IO
rpacda Y. Ho KOMITIOHEHTHI CBSI3HOCTH KaKIOTO U3 3THUX MOArpadoB — nepeBbs,
a JIepeBO C K BEpUIMHAMHU COJEPXKHUT poBHO kK — 1 pebep. CremoBarenbHo, B
ATOM ciy4ae uncio pedep B ¥ He mpeBocxoauino Obl yrcia pedep B X, 94To mpo-
THUBOPEYHT ycioBuio | X| <|Y|[.

bazamu rpadoBoro marpouia sBISIFOTCS Bee Kapkackl rpada. [[is cBsa3HOTo
rpada 3To OyIyT BCE €ro OCTOBHBIE IEPEBBSI.

3.5.2. Teopema Pajgo — Iamonjaca

Paccmotpum 00muii THI ONTUMHU3AIMOHHBIX 337a4, POPMYITHUPYEMBIX ClIe-
JyroUmM o0pa3zoM. JlaHO Mpou3BOJILHOE KOHEUHOE MHOKECTBO £ M HEKOTOpOe
cemeiictBo @ ero noaMHoxecTB. /s Kaxmoro aneMeHnrTa x € £ 3ajgaH ero Bec

— MOJIOKHUTENbHOE Ynciio W(x). Bec MHOXKecTBa X C E omnpezensercs Kak CyM-
Ma BECOB €ro 3JIeMeHTOB. Tpelyercs HalWTH MHOKECTBO HaMOOJBIIEro Beca,
npuHaexamee @. B aTy cxemy ykiaapIBalOTCS MHOTHE M3BECTHBIC 3aauH,
HarpuMmep, 3ajada 0 He3aBUCHMOM MHOKecTBe rpada (£ — MHOKECTBO BEPIIHH
rpada, Bec Kakaoi BepuHBI paBeH 1, a @ cocTouT M3 BceX HE3aBUCHMBIX
MHO>KECTB) WJIM 3a7a4a 00 ONTHMAaIbHOM Kapkace (£ — MHOecTBO pebep rpa-
¢a, @ cocTouT U3 BCEX AUKINUYECKUX MHOXKECTB).

CoopmynupyeM Tenepb *aJHbIH aITOPUTM AT PELIeHHs 3TOH oOmuiei 3a-
Ja4dyu. Yro0OBI OTIIMYATE DTOT AJITOPUTM OT APYTHUX KAAHBIX aJITOPUTMOB, HA30-
BeM ero CIIO (Copruposka u [locnenoBarensubiii OT60D).

Anzopumm 11. Aneopumm CI1O

1 YnopsimouuTh 3JIeMeHTh MHOKeCTBa E 1o yObiBaHMIO BecoB: £ = {ej,

€2, ...y emp, wler) 2w(ey) = ... = w(en).

2 A=0

3 for i:=1to m do

4 if AU {e;} € ® then 4 :=A4 U {e;}

Anroputm Kpackana sBisieTcss IpIMepoM aJITOpUTMa 3TOTO THIA. Y MECTeH

BOMNPOC: KaKUM YCJIOBUSAM JOJDKHO YAOBJIETBOPATH ceMedcTBO @ uist Toro,
4yTOOBI 1pH J1000# BecoBoi ¢GyHkimu w anroput™M CIIO Haxomun onTumans-
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Hoe pemieHne? VcyepnbIBalOmMid OTBET AT clieayromas Teopema Pamo — Dn-
MOHJICA.

Teopema 3.17. Ecnu M = (E, ®) — mampouo, mo ons mo6oii 8ecosoii
pynkyuu w:— R mnoocecmso A, natioennoe aneopummom CIT0, 6ydem mHo-
arcecmeom Hauboavweeo eéeca uz O. Eciu owe M = (E, @) ne sensemcs
Mmampoudom, mo nasidemes maxas Gynkyus w.—> R, umo A ne 6ydem mno-
arcecmeom Haubovuezo eca us D.

Hokazamenvcmeo. lpennonoxum, uto M = (E, @) sBiseTcs MaTpoOUIOM
uAd={a,a, ..., a,} — MHOXECTBO, HocTpoeHHOoe anroputmMom CI1O, nmpuuem
w(ar) 2 w(az) = ... 2 w(a,). OueBunHo, A sBiseTcs 0azoil Marpouna. IlycTb
B = {b1, by, ..., by} — moboe npyroe He3aBHUCUMOE MHOMXKECTBO U W(b;) >
> w(by) > ... > w(by). Tak kak A — 6a3a, T0 k < n. [Tokaxem, uro w(a;) = w(b;)
i kaxmgoro i € {1, ..., k}. JlelictButenbHo, monoxum X = {ai, ..., a; 1},
Y= {by, ..., bi1, b;} nns vexoroporo i. CoriacHO ycioBHIO (2) onpeaeneHus
MaTpOH/a, BO MHOXKECTBE Y MMeeTcsl Takoi aneMeHT bj, uto b; ¢ X n MHOKeCT-
Bo X U {b;} — He3aBucumoe. B cooTBETCTBHY C aITOPUTMOM, SIIEMEHTOM HaH-
00JIbIIIET0 Beca, KOTOPBIA MOXKET OBbITh A00aBieH K X Tak, 4TOObI MOTYy4HIIOCh
HE3aBHCHMOE MHOXKECTBO, siBIsieTcs a;. CnenoBarensHo, w(a;) = w(b;) = w(b;).

Teneps npeanosnoxum, uto M = (E, @) He sBasercs marpougom. Jlomyc-
TUM CHayaja, 4To HapyaeTcs ycioBue (1), TO €CTh CyHmIECTBYIOT TaKUe IOJ-
mHOkecTBa X u ¥ MHOxkectBa E, uto X € @, Y < X u ¥V ¢ ®. Onpenenum
(GYHKITIO W CIIETYIONIIM 00pa3oMm:

1, ecmu x €Y,
w(x) =
0, ectm xgY.

AnroputMm CIIO cHauana Oyzaer paccMaTpuBaTh BCE 3JIEMEHThl MHOXeCTBa Y.
Tak kak Y ¢ @, To He BCe OHH BOIIYT B IOCTPOCHHOE AJITOPUTMOM MHOXECTBO
A. CnenoBarenbHo, W(A) < | Y|. B To e Bpems umeercst MHOXecTBO X € D
takoe, 4to W(A4) < |Y|. Takum obpa3om, B 3ToM ciay4ae anroputm CIIO ctpout
HE onTUManbHOEe MHOXecTBO. Ecnu ke ycnoBue (1) BBIMOIHEHO, a HE BBIIOJI-
HseTcs ycaoBue (2), TO CyIIECTBYIOT Takue MOAMHOXKeCTBa X U Y MHOXKeCTBa
Egroi=1,Ye ®uXuU {x} ¢ ® nus xkaxnoro X € Y. Bribepem Taxoe &,
yro 0 <& <|Y|/|X| - 1 u onpenenum GyHKIHIO W CICTYIONIM 00pa3oM:
l+¢g, ectu xe X,

w(x) =11, ecmn xel —X,
0, ecn xg X UY.
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Anroputm CIIO cnauana BeIOEpeT Bce 3JIEMEHThl MHOXecTBa X, a 3aTeM
OTBEprHeT Bce AeMeHThl u3 ¥ — X. B pesynbrare OyAeT mocTpoeHo MHOKECTBO
A ¢ Becom w(A4) = (1 + ¢€)| X| < | Y|, koTOopoe He ABISICTCA ONTHUMAIBHBIM, TaK
kak W(Y) =|Y| .

Anroputm Kpackana — sto anroputm CIIO, nmpuMeHseMblil K ceMeiCTBY
AIUKIMYECKUX MHOECTB pebep rpada. 13 teopem 3.16 u 3.17 cnenyer, uto
OH JICHCTBUTENLHO peIlIaeT 3a7ady 00 ONTUMaIbHOM Kapkace. B To e Bpems
CYLIECTBYET MHOTO >KaJ{HBIX aJITOPUTMOB, HE SIBJISIOIIMXCS aJTOPUTMAMHU TUIIA
CIIO. ITpumepoM MOXKeET CIy>KuUTh anroput™m [Ipuma. DT anropuT™el HE TO-
nasaioT 1oJ AelcTBHE TeopeMbl Pago — DaMoHca, Uit ©X 000CHOBAHHUS HYX-
Ha WHas apTyMEHTAaIIHS.

Ecnu m1st HEeKOTOpO#l KOHKPETHOW 3a7]auul yIaloCh YCTaHOBUTH MPUMEHU-
MocTh Kk Helt anroputma CIIO, 3To He 3HaUMT, YTO BCE MPOOJIEMBI TTIO3aAH. DTOT
QITOPUTM BHEILIHE OYEHBb MPOCT, HO OH BKJIIOYAET OINEpalMi0 MPOBEPKHU IMpH-
HA/JICKHOCTH MHOXecTBa ceMeicTBy @, 3((deKkTUBHOE BBINOJIHEHHUE KOTOPO
MOKET TOTpeOOBaTh CEPHhE3HBIX OTOJHUTENBHBIX yCWIMA. B anropurme
Kpackana, Harpumep, JUIst 3TOT0 IPUMEHSIOTCS CIIEIMaIbHbIE CTPYKTYPbI 1aH-
HbIX. Huke paccMoTpuM ere oAuH IpuMep, KOTAa Ui YCIEUIHOTO pPEeIIeHUs
3agaun anroput™M CIIO KOMOMHHpYETCS ¢ METOAOM YBEINYHMBAIOLINX IIETIeH
JUISL 3371a4¥ O TIAPOCOYETaHUH, PACCMOTPEHHOM B paszene 3.3.

3.5.3. B3BeuieHHbIC TAPOCOYECTAHUS

PaccmoTpum criemyrontyto 3anauy. Jlan apyaonensiii rpadh G = (4, B, E) n
JUI KQXIO0W BEpIIMHBI X € A 3alaH MOJOKUTENbHBIH Bec w(x). Tpebyercs
HaWTH Takoe MapocodeTaHhe B ATOM rpade, yToObl CyMMa BECOB BEPIIMH U3
nonu A, MTHIUIGHTHBIX pedpaM mapocodyeTanus, Obuia MaKCUMalbHOM. OTy 3a-
Jlady MHOTIa HHTEPIPETHPYIOT CIEAYIOMNM 00pa3oM. A — 3TO MHOXKECTBO pa-
601, a B — MHO)XecTBO paboTHHKOB. PeOpo B rpade G coequHsET BEpIINHY
a € A c BepumHoil b € B, ecnu KBamuduKaius padOTHHKA b TO3BOJIIET eMy
BBINIOJHUTH padoTy a. Kaxnas paboTa BBIIONHSAETCS OJHUM pabOTHUKOM. BbI-
HOJIHEHHE paboThl a mpuHeceT NpuObUIL W(a). Tpebyercst Tak Ha3HAYUTH pa-
OOTHHMKOB Ha paboTHI, YTOOBI MaKCHMU3UPOBAThH OO0IIyI0 MpHOBLIH. [Tokaxkem,
4TO 3Ta 3aja4a MOXKeT ObITh pemeHa anroputMoM CIIO B couetanuu ¢ MeTo-
JIOM YepeyIonuxcs Hemneil.

MmuoxectBo X < 4 Ha3zoBeM omobpadcaemvim, ecian B rpade G cymiecTBy-
€T Takoe mapocoderanue M, 4ro Kaxknas BepmwHAa W3 X WHIMIECHTHA pedpy
3TOro mapocoderanus. M B 3ToM ciydae OyeM Ha3blBaTh 0moodpasicenuem s
X. Ilycte @ — cemelicTBO BCeX 0TOOpakaeMbIX MHOYKECTB.
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Teopema 3.18. Ilapa (A, @) sensemes mampouodom.

Jlokazamenvcmeo. Ycnosue (1) onpeneneHuss MaTpouaa, OUYE€BUIHO, BbI-
nosHsieTcs. Jlokaxem, uTo BeinosHsAeTcs U ycioBue (2). [lyctb X € @, ¥V € @,
| X| <|Y]. Paccmorpum noarpad H rpada G, mopoxaeHHbINH BCEMU BEPLINHAME
3 X U Y u BceMH CMEXHBIMH C HUMHU BepimuHamu u3 jgonu B. [lycte My —
orobpaxenne misi X, My — mia Y. Tak kak My He siBIsieTCsl HAMOOJIBIIUM TIa-
pocouetanueM B rpade H, To mo Teopeme 6 OTHOCUTEIHHO HETO B 3TOM rpade
CYWIECTBYET yBeJIWUYUBaromas 1emnb. OJHUM W3 KOHIIOB ATOW LEMU SBISIETCA
cBoOoHast oTHOcUTeNIbHO My BepimnHa a € Y. Ilocne yBennueHus napocoue-
TaHus My ¢ UCTIONBb30BaHUEM ATOH LEMH, KaK ObLIO OMUCAHO BHIIIE, MTOTyYUM
napocoderanue M, oroOpaxaromee MHOXkecTBo X U {a}. CiemoBaTenbHO,
XU {a} e DL

Haxe ecnu ObI B 3a/1a4e TpeOOBAIOCh TOIHKO HANTH TOJIEKO OTOOpakaeMoe
MHOXXECTBO HaWOOJBIIETO Beca, MPOBEPKa MPHHAIC)KHOCTH MHOXKECTBA Ce-
meiictBy @ TpebGoBana Obl M HAXOXKJICHHS COOTBETCTBYIOIIETO OTOOpaKEeHUS,
TO €CTh MmapocodeTanus. Ha camom e Jesne mocTpoeHUe MmapocovyeTanus: BXo-
it B ycioBue 3agauu. KomOunupys CIIO ¢ anropurMoM IHOMCKa yBEJIWYH-
BAaIOIIUX LIETIEH, MOTyYaeM CIeIYIOINI aJTOPUTM.

Anzopumm 12. Ilocmpoenue napocouemanus Hauborvuie2o eeca 8 08)-
oonvrom epagpe G = (A, B, E) ¢ 3a0annvimu secamu eepuiun donu A.

1 YHOpHI[OLII/ITL 3J€MEHTHI MHOKecTBa A 110 y6BIBaHI/IIO BCCOB:

A={ay, ay, ..., ar}, wla)) 2 w(az) > ... > w(ay)
2 X=0¢
3 M=9

4 for i=1 to k do
if B G cymiecTByeT yBenU4HMBAarOIIas 1enb P OTHOCUTEIBHO M,
HAYMHAOIIASCS B BEPIIUHE d;
then {X:=XU {a;}; M =M ® P}

Ecnu s moucka yBenMYMBAIOLICH e MPUMEHUTh METO]I ITOUCKA B IIH-
pHHY, KaK OIMCAHO BBIIIE, TO BpeMsl IMOUCKa OyJIeT MPOMOPIHOHATBHO YHCITY
pebep. O6mas TpyaoeMKocTs ainroputMma 0yner O(mk), rae k — uucio pedep B
noie 4.

YnpaxHeHus

1. Peanu3syiiTe ONMMCAaHHBIA BBHINIE ANTOPUTM HAXOXACHUS HAMOOJBIIETO
HE3aBUCHUMOTO MHOXKECTBAa Ha OCHOBE TOWCKA B IIIyOHMHY B JIepeBe Moj(3a/1a4u U
MOAUGPHUIIMPOBAHHBIN AITOPUTM C IPUMEHEHUEM CXKATHs TI0 BKITFOUCHHIO K Ka-
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#7101 noazanade. CpaBHUTE SKCIIEPUMEHTAIBHO BpeMsl pabOThl IBYX alITOPHUT-
MOB Ha CIy4yailHbIX rpadax.

2. Peanusyiite anropuT™M HaXOKJICHHS BCEX MAKCHUMAJIbHBIX HE3aBUCHUMBIX
MHOXECTB Ha OCHOBE ITOKCKa B I'NTyOMHY B IepeBe BapUaHTOB.

3. Pa3paboraiiTe adroput™ Mmorcka MOrJIOMIAOIINX BEPIINH U HAX0XKICHUS
HanOOJIbIIIEr0 HE3aBUCUMOI0 MHOXKECTBA B XOpAaJIbHOM rpade.

4. 3ajaH HEOPUEHTUPOBAHHBIHN Tpad CO B3BEIICHHBIMU PeOpaMu U MHOXKe-
CTBO BBIJICJICHHBIX BEpIIMH B HeM. TpeOyercsi MOCTPOUTH JIeC MUHUMAIBHOTO
BeCa, B KOTOPOM KaK/1asi KOMIIOHEHTA CBSI3HOCTH CoJiepKalia Obl TOYHO OAHY M3
BbIIEJICHHBIX BepliuH. [lokaxkure, 4To 3Ta 3ajada CBOAMTCA K MOCTPOEHUIO
onTUMaibHOro kapkaca. [loctpoiite anroputm i ee penieHus (Ha OCHOBE Ka-
KOr0-1100 N3BECTHOTO aJITOPUTMa Ul 3a7jaud 00 ONTUMAJIILHOM KapKace).

5. Pa3zpaboraiite Bapuant anroputrMa [Ipuma ¢ ucnosab30BaHUEM HPUOPHU-
TETHOI ouyepenu, Kak onucaHo B pazaeine 3.4. Kak ounenuBaercss Bpems paboTbl
3TOr0 aJIrOPUTMA, €CIIH IS pealu3aliy IPUOPUTETHON O4epENH UCTIONB3YETCS
OuHapHas Kyua?
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YacTb 2. MOOENN BbIYUCNEHUN

UcTtopuyeckne ceepeHus

K xonny XIX-ro Hauamy XX-ro Beka B MaT€MaTUKE HAKOIMWJIOCh HEKOTO-
pO€ YMCIO BBIYMCIUTENBHBIX 33/1a4, A1 KOTOPbIX MAaT€MaTHUKU, HECMOTPS Ha
YIOpHBIE MONBITKH, HE MOIVIM MPEAJIOKUTh METOI0B pemeHuss. OnHol u3 Ta-
KHX 3a/1a4 SIBJISIETCS 3a7]ada O Pa3peuInMocTd 1uogaHToBa ypaBHeHU. B 10K-
nane J. 'mnasbepta, npountannoMm Ha Il MexnyHapoaHOM KOHIpecce MaTreMa-
THKOB B aBrycte 1900 roma, oHa 3By4HT CICAYIONIMM 00pa3oM:

«[lyctp 3amano auo¢paHTOBO ypaBHEHHE C MPOU3BOIBHBIMUA HEU3BECTHBIMH
U LEJBIMU PAllMOHAJILHBIMU YMCIOBBIMH KOd(pUIIMEeHTaMH. YKa3aTh CIocoo,
P TOMOIIH KOTOPOTrO BO3MOXHO IOCJIE KOHEYHOT'O YMCia onepaiuil ycrano-
BUTh, Pa3pEIINMO JIK 3TO YPAaBHEHUE B LIEJIBIX PALIMOHATBHBIX YUCTAX».

Heynaunslie monmbITKM MaTeMaTUKOB PEIINTH 3Ty M IpyTrue NoJ00HbIe 3a/1a-
YW TPUBEIM K MBICIH O TOM, YTO MOKET W HE CYyIIEeCTBOBaTh METOJA JJIs UX
pemenusi. Ho, yToObI f0Ka3bIBaTh MOJOOHOTO poja YTBEPKACHUS, HEOOXO0IuU-
MO UMETh MaTeMAaTUYECKOE OIpENEIeHHEe METOMAA, TO €CTh JJIsi MHTYUTHUBHBIX
HNOHATHH Pa3pemIMMOCTH U BBIYUCIMMOCTH HEOOXOAWMO MMETh UX (hopMalib-
HbI€ PKBUBaJICHTHI. OIHUM U3 Ba)KHEHIINX JOCTH)KEHHM MaTeMaTHKH XX Beka
aBseTcss (OPMUPOBAHUE MATEMATHUYECKUX TMOHSATUH, KOTOpPbIE PAaCKPBIBAIOT
CYIIHOCTb MHTYUTUBHBIX NPEJICTABICHUN O TOM, YTO TAaKO€ METOJ (aJIFOPUTM)
pelIeHus TO WM MHOH 3a/1a4H, YTO TAKO€ BBIYMCIMMAs (QyHKIIHS.

BaxxHOCTh 3THX MOHATHH BBITEKAET HE TOJHKO M3 OOIIEHAYYHBIX MPOoOiieM
pa3BUTHUSL MAaTEeMAaTHUKH, HO TAaKXKe U3 MPAKTUUYECKHUX 3ajad oOlIecTBa, UCIOJb-
3YIOLLEr0 BBHIYUCIUTENbHYIO TEXHUKY B IPOM3BOJICTBE, IKOHOMUKE, HUHKEHEP-
HBIX pacyeTax M HyXJAIOLIErocs B aJ€KBATHOM IIPEICTABICHUH O BO3MOKHO-
CTSIX BBIYUCIIUTENBHBIX aBTOMAaTOB. [IpuBeneM KpaTkue HCTOPUYECKUE CBEIe-
HUSI O BOSBHUKHOBEHUU TEOPHUH aITOPUTMOB.

B 1932-35 ronax A. Yepu u C. K. KiiuHu BBeH MOHATHE A-ONpPEACTUMOI
(GYHKIIMH, KOTOPOE ChIIPaJIo BaKHYIO POJIb B ONpeAeIeHMH 00beMa HHTYUTUB-
HOT'O TIOHSTHSI BEIYUCIUMON (DyHKIIHH.

B 1934 rony I'enenb, Ha ocHOBe maelr DpOpaHa, paccMoTpen Kiace GpyHK-
1, Ha3BaHHBIX OOIIEPEeKYPCUBHBIMH, a B 1936 rony Uepu n Knnnu noxaszainu,
YTO 3TOT KJIACC COBIMAJAET C KJIACCOM A-OMPEACIUMBIX (QyHKIUI.

B 1936 rony A. TelopuHT BBEN CBOE TMOHSATHE BBIYUCIUMONW (DYHKIINH, a B
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1937 romy nokasai, 4TO OHO COBIAJAET C MMOHATUEM A-OTPEACTUMON (PYyHKIHH.

B 1943 romy Iloct, OCHOBBIBAsICh Ha CBOEH HEOIyOJMKOBAaHHOW paboTe
1920-22 rozos, omyOiauKoBai emie oAWH (OPMATIbHBIN 3KBUBAJICHT MOHATHUS
BBIUUCIUMON (DYyHKIUH.

Emte onny dopmynupoBKy gaet Teopus anroputMoB Mapkosa (1951 1).

JIro0oe M3 yHOMSHYTBIX 3/1€Ch YTOUHEHUI MHTYUTUBHOTO MOHSTHS BBIYHC-
TUMON (YHKIIMM MOXKHO TPHUHATH 3a MaTEeMaTHYECKOe OTpeiesieHHe Kiacca
BBIUUCIUMBIX (PyHKUMNA. OCHOBHBIMU JOBOAAMHM JJII TAKOTO NMPUHATHUS SIBIIS-
IOTCSI DKBUBAJICHTHOCTh PA3IMYHBIX (YOPMYIHPOBOK M €CTECTBEHHOHCTOpPHUYE-
CKHIl OTIBIT, TIOKA3bIBAIONIN, YTO BCE U3yUYaBIINECS /IO CUX MOp (QYHKIMH, KO-
TOpbIE TPUHSATO CUYUTATh BBIYUCIMMBIMH, SBISIFOTCS TAKOBBIMH B CMBICIIE JIIO-
00ro 13 yHOMSHYTBIX BBILIE OMPEICICHUN.

Eme onuH moaxoa K MOIEIMPOBAHUIO BEIYMCIICHUH pa3BUBAETCS B PaMKax
TaK Ha3bIBAEMOTO JOIMYECKOro mporpamMMupoBanus. [Ipu takom momaxoxae yc-
JIOBHUS pelIaeMoi 3ajjauu U ee 1eidb (GOpMyIUpPYIOTCS ¢ TIOMOLIBIO MPEIIoxKe-
HUN (POpPMaTbHOTO JIOTHYECKOTO s3blKa. 3aT€M OCYILECTBISETCS aBTOMAaTHYe-
CKMIl TIOMCK [10Ka3aTeJIbCTBA LEIH, COMPOBOXXIACMBIH BBIYMCICHHEM HEU3-
BECTHBIX B 3aJaue BenuurH. bubnmorpaduio mo 3aTpoHyTHIM BBIIIE BOIPOCAM
MOYKHO HaWTH B KHHUTaX [3, 4].

3ameTuM, 4TO pazpabaTbiBacMble B HACTOSIIEE BpeMs alrOPUTMHUYECKUE
SI3BIKM, COCTaBJISIOIIME MaTEMaTHYeCKoe 00ecreueHHe COBPEMEHHBIX BBIYHC-
JUTENBHBIX YCTPOMCTB, TaKXKe MOXKHO HCIIOJIB30BATh JUISI ONPEACICHHS MOHS-
THS BBIYMCIUMOCTU. boiee Toro, MOKHO TPOCIEANTh TECHYIO CBA3b MEXIY
YHOOMSHYTBIMU 3/1€Ch T€OPETUYECKUMH MOJICISIMH BBIYUCICHUNH U peaIbHbIM
nporpammupoBanueM. Tak A-ucunciienue Yepua siBisieTcs npoodpa3oM QyHK-
IUOHAJILHOTO POrPaMMUPOBAHUS, PEAIM30BAHHOTO B U3BECTHOM MPOTpaMMHU-
cram sizpike JIMCII, pazpaboranHom B 1961 romy JIx. Makkaptu, a MOAETb
[Tocta comepXuT HIeH, peaTN30BaHHBIE B ONEPATOPHBIX s3bIKax Thma dop-
TpaH, Anroj. MeTo/bl JOTMYECKOTO MPOTrpaMMHUPOBAHUS pEan30BaHbl B Ha-
CTOsIIEe BpeMs B HECKOJIBKMX BepcHsix sizbika [Iposor.

OpnHako, peanbHbIe S3bIKH MPOTPAMMHUPOBAHUS U3-32 CBOCH TPOMO3IKOCTH
¥ M30BITOYHOCTH BBIPA3UTEIBHBIX CPEJICTB MAJIO MPUTOIHBI ISl TEOPETUYECKO-
ro aHaju3a MOHATUSA BBIYMCIUMOCTUA. OTMETHM TaK)K€ MOJEIN BBIYHCIUTEIb-
HBIX YCTpOMCTB, pa3zpabotanubie lllenepaconom u Cmepmxucom (1963 1.) u
nosyunBinue Ha3Banue PAM (paBHonmoctymHas ajnpecHas mammua) u PACII
(paBHOIOCTYMHAS aApecHas MalllMHA C XPAHUMOM MPOTPaMMOM ). ITH MOJIENU B
OOJbIIeH CTETIEHW YeM, HampuMep, MOJENb ThIOPHUHTa OTPAKAIOT CTPYKTYPY
COBPEMEHHBIX BBIYUCIUTEIbHBIX YCTPOMCTB.
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Mnasa 1. TbIOPUHIOBA MO[EJIb NEPEPABOTKU
MHO®OPMALIUUN

OnucaHHass HUXKE MOJAEIb HECYIIECTBEHHO OTJIMYAETCS OT MOJEIH Ipe-
JI0’)KE€HHOU THIOPUHIOM.

Ipencrasienune nnopmanumn (Mojenb namsaTa). Cuuraem, 4To UHGOP-
Manus NpeCTaBIAETCS CIIOBAMU, TO €CTh KOHEYHBIMU MOCIE10BATEILHOCTSIMH,
COCTaBJICHHBIMH U3 OyKB KOHEUHOTO aj(aBHTa, U 3alMCHIBACTCS HA HEOTPAHU-
YeHHOW B 00€ CTOpPOHBI JIEHTE, pa3zesieHHOW Ha sueiiku. CII0BO 3amHMChIBAETCs
B UJIyIIHMX MOAPS SUeiiKkax 1o OJHOW OyKBE B sSUCHKE.

B siaeiiky MokeT OBITH HUYETO HE 3alHMCaHO, B ATOM CIIy4ae TOBOPUM, YTO
sueiika cofepkuT mpooden. J{ns o6o3HaueHus nmpobena NCIoib3yeM CHMBOI *.
Koneunyio mociieqoBaTenbHOCTb, COCTABICHHYIO M3 CHMBOJIOB anaBuTa A =
={ai,ay, ..., a;} U cuMBosa npodena, Ha3pIBacM MceBa0cIoBOM. CunTaem,
YTO ClieBa OT IEepBOM OYKBBI MICEBIOCIOBA U CIpaBa OT MOCIETHEH 3arucaHbl
npoOenbl, KpOMe TOro, OAUH M3 CHMBOJIOB IICEBJIOCIOBa OyJeM IOMeuaTh
CTpenKoi. MHOXKECTBO BCEX KOHEYHBIX IOCIEI0BATEIBHOCTEM CHUMBOJIOB U3
andasura 4 o6o3Hayaercs yepes A4 "

{ *

Ecmu nceBmocnoBo mmeer BUI Xwul ptdyy+.xu1x , THE U; € A, X €
€ (Au{*})*, TO U; Ha3bIBa€M €ro IepBbIM CIIOBOM, U — BTOPHIM U T.JI. CiioBa
U; MOTYT OBITh M IycTHIMH. [lyCThIe cioBa He 3aHUMAIOT MeCTO Ha JeHte. [lpu
HEOOXOJUMOCTH OyAeM CUMTaTh, YUTO MEXAY ABYMS WAYLIMMH MOAPSA Mpoode-
JIaMH 3aIMCaHO IyCTOE CJIOBO.

ITockonbky Ha JIeHTe B KaXIbIi MOMEHT BpeMeHU OyleT HaXOAWUThCS He
Oosiee YeM KOHEYHOE YUCIIO CUMBOJIOB, OTJIMYHBIX OT IP00eia, MOCTOIbKY AJIs
JT000TO N B MCEBIOCIOBE OYJIET OMPEAEICHO €ro 1-0€ CIOBO, BO3MOXKHO ITyC-
TOE.

IIpeodpazoBatenns nHpopmamun. [IpeodpasoBarens HHPOPMAITTH MOKHO
NpeACTaBUTh KaK HEKOTOPOE yCTPOHCTBO CHA0KEHHOE TOJIOBKOM, 0003peBaro-
HIeH B KaXIbIi MOMEHT BPEMEHU OJIHY U3 slUEEK JICHTBI, U KOTOPOE 110 3apaHee
HAMEUYEHHOMY IUIaHy (IIporpaMMe) MOXKET BBIIOJIHATH ONEpaliy CJIETYIOIIEro
BUJA:

e HareyaraTth OJMH U3 CHUMBOJIOB ayi(haBuTa B 0003peBacMoii siueiike;

® CIBUHYTH I'OJIOBKY I10 JIEHTE HA OJIHY SYEHKY BJIEBO;

® CIBUHYTH I'OJIOBKY I10 JIEHTE Ha OJIHY SYEHKY BIIPABO;
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® HUYEro He JeJIaTh J0 CJIEAYIOIIEro TakTa BPEMEHH.
Onpenenenue nporpammsl. [Iporpammy npeoOpazoBanust HH(pOpMAIUH
OyaeM IpeACTaBIsATh B BHJIE OPUEHTHPOBAHHOTO Tpada, BEPUIMHBI KOTOPOTO

MOMEYCHBbI CUMBOJIAMU U3 MHOXKecTBa A U {x, r, [, s}, a AyrH CUMBOJIaMHU H3
MHOXecTBa 4 TaK, 4TO pa3HbIM JyTraM, BBIXOJSIINM U3 OJHON BEPIIUHBI, IPHU-
NHCaHbl pa3Hble CUMBOJIBI. OHA BepuInMHA Tpada BbIeIeHa B Ka4eCTBE BXO/I-
HOW, Ha pUCYHKax OymeM oTMedarh ee BXomasmieil crpenkoit. [Ipenmonaraem,

aro AN {x,r,1,s} =OD.

JleiicTBHE MporpaMMbl OCYIIECTBISETCS CIEAyIoIUM o0pa3oM. B Hayaib-
HBIIA MOMEHT T'OJIOBKA BBIYHCIMTEIBHOTO YCTPOMCTBA 0003pEBAET O/IHY M3 sUe-
€K JIeHTHI. [[pocMaTpuBaeTcs BXOqHAsd BepIIMHA NporpaMMbl. Eciu el mpunu-
CaH CHMBOII 7, [ WK S, TO TOJIOBKA BBIYUCIHUTEIIS CABUTACTCS 110 JICHTE Ha OJIHY
SIMENKY COOTBETCTBEHHO BIIPABO, BJIEBO MJIM OCTAaETCS HAa MECTE; €CIHU K€ €l

NPUMKCaH CUMBOJI U3 andaBuTa 4 WIK *, TO TOT CUMBOJI Ileyataercsi B 000-
3pEBAEMON SUEHKE, CTAPOE COMEPHKUMOE STUEHKH MPU 3TOM cTupaercd. llocne
TOTO0, KaK BBIIIOJHEHO JEUCTBUE, COOTBETCTBYIOLIEE BEPILIMHE ¢, B Tpade OThI-
CKMBAETCs BBIXOJALIASA U3 ¢ yra, IOMEYEHHas TOi OyKBOM, KOTOpas HAXOAMT-
csl B JIaHHBII MOMEHT B 0003peBaeMoil sueiike. CieqyIOIIUM BBIIOIHACTCS
JEUCTBUE, COOTBETCTBYIOUIEE BEPLIMHE, B KOTOPYIO BEIET HalJeHHas Ayra.
ITponecc npojomkaeTcs A0 TeX MOp, OKa He OyJeT AOCTUrHyTa BEpIIUHA, U3
KOTOpOIl HE BBIXOJUT Jyra, NOMedeHHass OykBOH, 0003peBacMON B JaHHBIN
MOMeHT. Eciu Takoif MOMEHT HUKOTIa HE HAcTYIIaeT, TO IIporpaMma padoraer
0ECKOHEYHO JI0JITO.

Bepmmny v, U1 KOTOpo#i HaiaeTcst XoTs Obl oHa OyKkBa U3 A, HE UCIIOJb-
3yeMasi B KayeCTBE METKH Ha Iyrax, BBIXOJSIIUX U3 V, OyJeM Ha3blBaThb BbI-
XOJIHOM.

CorJlacHO JaHHOMY OIMCAHUIO, IPOTrPaMMy MOKHO 3a/1aTh Kak Habop:

P=(0, 4, qo, 9, y),

B KOTOpoM () — MHOXeCTBO BepiinH rpada; 4 — andaBUT CUMBOJIOB, IT€YaTar0-
IIUXCS Ha JIEHTE; ¢o — BXojaHas BepummHa (g9 € Q); @ — oToOpaxenue O B

AU {x, 1,1, s}; y—gactuanoe otobpakenne AxQ B Q.

Y100l HE 3arpOMOXKIATh YEPTEKU OOJIBIINM KOJUYECTBOM CTPEIIOK H
HaJIKUCeH TPHU M300payKEeHUH MPOrPaMM, MBI UCHOJIB3YEeM CIIEAYOIINE COrJia-
mwenusi. Ecam U3 BeplIMHBI ¢ B BEPIINHY ¢’ BEAET HECKOIBKO YT, OyeM 3ame-
HATh UX OJHOI Jyroil ¢ HaJNMCAaHHBIMHU HaJ| Hel OyKBaMH, COOTBETCTBYIOILH-
MH 3aMEHSIEMBIM yTaM; OJIHY W3 JyT BBIXOJIINX U3 JaHHOW BEPLIMHBI OyaeM
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OCTaBJIATh HEMOJAMUCAHHOW, cUMTas IIPU 3TOM, YTO OHA IOMEYeHa BCeMU OyK-
BamH andasuta 4, KOTOpbIE HE UCIIOJIB30BAaHBl HA JPYTUX Ayrax, BBIXOJSIINX
u3 BepuMHbL ¢. Takass gyra MOXET OKa3aTbCs €IMHCTBEHHOMW, BBIXOZSILEH U3
BEpIIMHBI ¢. BBUIY 00JbIION GJIN30CTH BBEAEHHOTO HAMU MOHSATHUS MPOrpaM-
MBI C TIOHATHEM MalMHbl ThropuHra 0yJeM Ha3blBaTh HAIlIU IIPOrPaMMBbI ThIO-
PUHIOBBIMH. MHOXECTBO BBIXOJHBIX BEPIIMH ITpOrpamMmbl P 0003HaUUM depe3

V.
{
Mpumep. Ilycts 4 = {0, 1} u Ha neHTEe 3aNMCAHO TICEBIOCIOBO *d1dy...d)*

,rne a; € A, k>1, a cTpesnka HaJl CHMBOJIOM #* MIOKA3bIBACT MOJ0KEHHE TOJOBKU
B HayaJbHBIH MOMEHT. PaccMmarpuBas CIOBO @1ds...q; KaK ABOWYHYIO 3allMCh
HATYpPaJIbHOTO YHUCJIa 1, COCTAaBUTh IIPOrpaMMy, KOTOpas Ha JIEHTE OCTaBJISET

J .
IICEBIIOCIIOBO #b1by...bgx, ABAAIONIEECS NBOMYHOM 3aIUCEHI0 yncna 7 + 1.
HerpyaHo yBUIETh, UTO MOCTABIEHHYIO 33[a4y pelIaeT MporpaMma, mpej-
CTaBJieHHas Ha puc. 1

N ¢ WG EG

1

(0

31ech BXOJHAs M BBIXOJHAs BEPIIUHBI IIOMEYEHBI COOTBETCTBEHHO BXOJ-
IeH U BBIXOJALIECH CTPEJIKAMH.

v

Puc. 1

1.1. Anre6pa TbIOPUHIOBbIX NMPOrpamMm

Jlng 3anucu nporpaMM B BHJie (POPMYJIBHBIX BBIpaKEHHUI BBeAeM 0003HA-
YEHMS! JJI1 HEKOTOPBIX 3JIEMEHTApHBIX MPOrpaMM MU ONepauuil, IO3BOJISIOLINE
CTPOUTH U3 YK€ MOCTPOCHHBIX MPOTpaMM OoJiee CI0XKHEIE.

DJeMeHTapHBIMU BBIUUCIIAIONIMMU TporpaMMaMu OyAeM Ha3bIBaTh IpO-
rpaMMBbI BHIa

D D e

0003Ha4yaTh UX OyJeM COOTBETCTBEHHO CUMBOJIAaMHU 7, [, S, a, Tne a € A.
[IporpaMMbl, y KOTOPBIX MHO>KECTBO BBIXOJIOB pa30MTO Ha JBAa HEMYCTHIX
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HOJMHOKECTBA: MOJMHOXKECTBO O0d-BBIXOAOB M MOAMHOKECTBO Hem-BbIXOJOB
Ha30BeM OMHApHBIMH PACIO3HAIOIIMHU IIPOrpaMMaMH.

DJeMeHTapHBIMH PACHO3HAIONIMMU IporpaMMaMH OyaeM CYHMTaTh Mpo-
rpaMMBbI BUJ1a

oa-

Hem-

0003HaYaTh TaKyIo Iporpammy Oyniem uepes < a >.

IpaBuaa xkommo3unuu. BBegeM HECKOJIBKO TPaBHII, KOTOPHIE MO3BOJIAT
HaM M3 YK€ TIOCTPOSHHBIX MPOTPaMM CTPOUTH OOJIee CIOKHBIE.

1. Ecmu T4, T, ..., Ty, — nporpammsl, TO Beipaskenue 11, 15, ..., Ti] 0603Ha-
YaeT Imporpammy, KoTopas MojydeHa CleayromuM oopa3oM. Bee BbIXoabl po-
rpammbl 1; COeTUHEHBI Ayroil ¢ BxogoM mporpammsel T (i=1,2, ..., k—1).
Kaxnmas Takas jmyra moMevyeHa OykKBaMu W3 A4, KOTOpPbIC HE MCIOJIb30BaHBI Ha
JIPYTHX JIyraX, BBIXOJAIIMX M3 pPAacCMaTPUBAEMOM BBIXOJHOW BEPUIUHBI (B
JATBHEUIIIEM TIPH COSTMHEHUHU BBIXOJIOB OJIHOHM MPOTPaMMBI C BXOJOM APYTOM
OyZeM TOJIb30BaThCSA ATUM MPAaBWIOM). BX0A0M B TOJMydeHHYIO TpOTrpamMmy
SIBIISICTCSL BXOJI MPOrpamMmbl 7, a BBIXOJaMU — BBIXOJIbI TIporpaMMel 7. Takum
obpa3om, mporpamma [T, T, ..., Tx] TpeanuchIBaeT TMOCIEAOBATEIBHOE BHI-
nosiHeHue nporpamm 11, 1z, ..., Ti.

2. Ecnu P — GuHapHasi pacrio3HaroIas rnporpamMma, a 7' — npou3BoJibHas, TO
BBIPAKCHHE

(ecmu P) T

O3HaYaeT MPOrpamMMy, MOJNYYCHHYIO CIeIyrommM obOpasom. Bcee da-Bbixons
nporpaMMsl P coeIMHAIOTCS ¢ BXOJOM Iporpammsl 7. BxonoM B nmoiy4yeHHyt0
porpamMmy SIBIISICTCS BXOJI B TIporpaMMmy P, a BBIXOIOM — BBIXOJIbI IIPOTPAMMBI
T n nem-BbIx0BI iporpamMmbl P. TIporpaMMbl Takoro BUa Ha3bIBAIOTCS OXpa-
HSEMBIMH H TOBOPST B TaKWX CIydYasX, 4TO mporpamma I OXpaHseTcs Mpo-
rpammoit P.

3. Eciiu nan Habop oxpanseMbix niporpamm Buaa: (ecmm Py) T; (i=1, 2, ...,
k), TO BBIpaXXCHUE BHIA

(ecmu P)T v (ecu Po)Th v ... v (eciu Py) Ty

0003Ha4aeT NporpamMMmy, MOJTYYCHHYIO CIEIYIOIUM 00pa3oM. /[a-BBIXOMBI
nporpammsl P; coenunsitotes ¢ Bxoaom 1; (i = 1, 2, ..., k); nem-BbIxoas! mpo-
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rpammbl P; coequnstores ¢ BxoaoMm 1y (i =1, 2, ..., k— 1). BxogoMm B moiy-
YEHHYIO0 MMPOrpaMMy SIBJISETCS BXOJ B IporpamMmy Pj, a BBIXOJOM — BBIXOJBI
nporpamm 11, T, ..., Ty 1 Hem-BbIXOIbI IPOTPaMMBI P

4. Eciu P — OuHapHas pacno3Haromias nporpamma, a 1’ — mooas, To BbIpa-
KEHUE

(moxa P)T

0003HaYaeT NPOrpaMMmy, IMOIYYCHHYIO CIEAYIOMHUM 00pa3oM. /[a-BBIXOIBI
nporpamMMbl P COSTUHSIOTCS ¢ BXOAOM Iporpammbl 7. Bcee BBIXOabI mporpam-
MbI T’ coelMHEHBI ¢ BXOAOM B P. BX00M B MOJTy4eHHYIO IPOrpaMMy SIBISIETCS
BXOJ B P, a BBIXOJIOM Hem-BbIXO/bI IPOrpamMMBbl P.

5. Ecniu P Ounapnasi pacno3Haromias nporpamma, a 1’ — irobasi, To BbIpa-
KCHUE

T(no P)

0003HaYaeT MporpaMmy, MOJYYECHHYIO COCAMHEHUEM Hem-BBIXOIOB MPOrpaM-

Mbl P ¢ BxomoMm B 7, a BeIX0J0B 7' — ¢ BXoaoM B P. BXogoM B moiydeHHYIO

HporpamMmmy siBIsIeTCsl BXOA B 7, a BBIXOJIaMH — Oa-BBIXOJIbI IPOTPaMMBI P.
Coxpamenust. [IporpamMmmMer Buga

T1VT2\/...VTk

OyaeM COKpallleHHO 3alHChIBaTh B BUJIE

a HporpaMMLI BHU1a
[Th, T>, ..., T4]

B ciyvae, korna 11=1T>=...= T;= T — B BUzIE T*,
B KOHTEKCTE CO CIIOBAMH «ECITH», ITOKa», «J0» YIJIOBbIC CKOOKH B 3aIUCH
9JIEMEHTAPHOT'O PACIIO3HAIOIIETO orepaTopa <a> OyJieM OIyCKaTh.

1.2. HayanbHOe MaTemMmaTu4yeckoe obecrneyeHue

[IpuBenem HECKOIBKO MPOrpamMM, U KOTOPBIX BBEAEM 0003HAUYEHUS U KO-
TOpble B JajbHEHWIIEM HCHOJB3YeM MJIsi MOCTPOCHHUs Oojiee CIOKHBIX MpO-
rpaMM. OHU OyJyT COCTaBIISATh HAYaJbHOE MaTeMaTHYeCcKoe o0ecredeHue mpo-
rpaMMUPOBaHMSL.

B tabnuiie nmpuBeneHB UX CXEMBI B MPEIIOJI0KESHNUH, YTO aidaBut A co-
CTOUT U3 CUMBOJIOB A, A2, ..., ds; & CAMBOJI * 0003HAYEH Uepes3 dj.
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Kpowme toro, cuntaem, uro X u Y — mpon3BoIbHBIC TICEBAOCIOBA HAJ anda-
BUTOM A; Uy, U, ..., Uy, U — CJI0Ba B alaBuTe A; @ — MPONU3BOIBHBIA CUMBOII U3
A U {*}; u = ci0BO, IONYYEHHOE U3 CIIOBA U M3MEHEHHEM IIOPSAKA CHMBO-
JIOB Ha MPOTHBOIOJIOKHBIN; 1 =1, 2, ... .

IIporpammsl R, L, onucaHHble BHavasie TaOIMIbl, UCIIOIB3YIOTCS B IOCIIE-
JYIOLIUX TPOrpaMMax.

Tabnuia
CaBur roJioBKH BJIEBO 10 Oam:kaiimero mpodeaa. O6o3Hauenue L

. 1
Bxox: XxuaY
Brixon: Xiu aY
IIporpamma: I (10 *)

CaBur roji0BKu BIpPaBo 10 Omkaiimero npodena. O6o3nauenue R

. 1

Bxox: XduxY
. 1

Brixon: XuaxY
IIporpamma: 7 (110 *)

Konuposanue n-z2o cnoea. O6o3naucuue K,

1
Xk Upx Upoy ... * Up*

Bxon:

\:

Brixon: Xo Uy Uy % Uy Uy

Hporpamma: | 77 ) [ (ecm @;) [+, R, ai, L', a; #]] (no %), R"

Yoanenue oykenvt co cosuzom. O6o3naueHue S

Bxor: Xau +Y

Brixon: Xu *iY

TIporpamma: [r, Ui (ecmu a;) [, a;], r] (no #)
Huxnuueckuit cosuz n cnoe. O6o3naueHue Z,

Bxon: X Up* Uy * ... >x<l/t1*¢

Brixox: 1

X % Uy % oo Uy % Uy, *

Hporpamma: | R, [L""', r, U; (ecim ;) [S", a ] (mo +)

Yoanenue n-20 cnoea. O6oznauenue A,

. J

Bxox: X# Uy U1 ... % UL*
- J

Brixon: X % Uy %% U

120



[Iporpamma: ‘ Z [% 1] (20 %)
1.3. MeToauka gokasaTtenbCTBa NPaBUNIbHOCTU NMporpamm

PaccmarpuBaeMas MeTojuKa MpeAHa3HAYEHa IS JOoKa3aTelabCTBa IIpa-
BUJILHOCTH QJITOPUTMOB, ITPEJICTABICHHBIX B BUJIC TpadoB, BEPIIUHAM KOTOPHIX
MOCTaBJIEHBI B COOTBETCTBUE OMEPATOPHI HAJ MAMSITHIO, a IyraM Mepexoibl OT
oneparopa k oneparopy. OfHy U3 BEpIIMH HA30BEM BXOJIHOM, €l COOTBETCTBY-
€T omepaTop, ¢ KOTOPOTO HAYMHAETCS BBIMTOJHEHUE aJTOPUTMA, a BBIXOIHBIX
BEPIIMH MOXET OBITh HECKOJIbKO. CunTaeM, 4TO BXOHAS W BBIXOJHAS BEPIITH-
HBI TIOMEYEHBI, COOTBETCTBEHHO, BXOJAIIECH M BBIXOIAMIECH CTpelkaMu. Takue
HpeIICTaBJIeHI/ISI aJ'II‘OpI/ITMOB Ha3bIBAKOT 6J'IOK—CXCMaMI/I. I[OKaBaTI) HpaBI/IJ'II)—
HOCTb aJICOPUTMA ATO 3HAUUT JI0KA3aTh YTBEPKJACHUE BUIA:

«Ecnu BXOIHbBIE TaHHBIE YIOBJIETBOPSIIOT BXOAHOMY YCJIOBHIO, TO aJIro-
PUTM Yepe3 KOHEYHOE YMCIIO IIaroB 3aBepliaeT padoTy, M BBIXOJIHBIC JaH-
HBIE yIOBJIETBOPSIOT TPEOYEMOMY BBHIXOJAHOMY YCIOBHUIO».

Ha nmpaxTuke, Takoe yTBepKA€HHE YacTO pa30MBAIOT HA JBA.

(1) «Ecnu BXonmHBIE TaHHBIC YAOBIETBOPSIOT BXOJHOMY YCIIOBHIO U aJIrO-
PUTM uepe3 KOHEYHOE YUCIIO I1aroB 3aBepIlaeT padoTy, TO BBIXOAHbIE 1aHHbIE
YIOBJIETBOPSIIOT TPeOyEeMOMY BBIXOHOMY YCIIOBHIO».

(2) «Ecnm BXoHBIEC JaHHBIE yIOBIETBOPSIIOT BXOJTHOMY YCJIOBHIO, TO aJro-
PHUTM Yepe3 KOHEUHOE YHCIIO IIAaroB 3aBepiIaeT paboTy».

Anroput™, Ui KOTOPOro J0Ka3aHO yTBepxaeHue (1) Ha3piBaeTCs 4acTHU-
HO MPaBWJIbHBIM WJIM YaCTUYHO KOPPEKTHBIM. Eciin ske oka3zaHbl yTBEPKACHUS
(1) m (2) To anrOopUTM HaA3bIBACTCS MPABUIBHBIM HIIA KOPPEKTHBIM.

3aMeTHM, YTO KOTJa JI0Ka3aTeIbCTBO YTBEPKICHHUS (2) IpeacTaBiseT He-
IPEOI0JUMBbIE TPYJHOCTH, TO OTPAaHUYMBAIOTCS J10KA3aTE€IbCTBOM YTBEpXKJe-
Hus (1). TakoBbl, HapUMeEp, UTEPALIIOHHBIE ANTOPUTMBI, 1151 KOTOPBIX HE W3-
BECTHA 00JIaCTh CXOIMMOCTH. B Takom cirydae, ecii aaropuTM B MPHEMIIEMOE
BpeMs 3aBeplIaeT CBOIO padoTy, TO NPAaBUIBHOCTh OTBETA FapaHTUPYETCS.

OcTaHOBHMMCS Ha JOKA3aTeNbCTBE YACTUUHON KOPPEKTHOCTH.

MeTtoauka 3aKIII04aeTCs B CIAEAYIOLIEM.

1. Jlns KOHTPOJIA Ha/l XOAO0M BBIYHMCIICHUIN BBIOMPAIOTCS, TaK Ha3bIBaeMEbIE,
KOHTpOJbHbIE Ayru. K dYHciay KOHTPOJBHBIX 00S3aTENbHO OTHOCST
BXOJIHYIO U BCE BBIXOJHBIE AYIH, a TAKXKE HEKOTOPOE KOJIMUYECTBO JpY-
THX JIyT TaK, 9YTOObI B rpad-cxeMme alropuTMa OKa3alHuCh «pa3pe3aH-
HBIMI BCE LIMKJIBI.

2. Jns Kax10¥ KOHTPOJIBHOW Tyru (OpMyIHpYeTCsl MHIYKTUBHOE YCIIO-
BHE, KOTOPOMY IPEATNOJIOKUTEIBHO J0JIKHO YAOBIETBOPATh CONEPKU-
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MO€ MaMATH aJIrOpUTMa IPHU KaKJOM €ro IMpOXOXKJIEHHH uepe3 pac-
cMarpuBaeMyro Qyry. CumTaeM, 4TO BCE KOHTPOJBHBIE AYTH, B Jallb-
HeimeM OyZeM Ha3blBaTh MX KOHTPOJIBHBIMH TOYKaMH, U COOTBETCT-
BYIOLUE UM UHIYKTHBHBIC YTBEPKICHUSA IPOHYMEPOBAHBI.

3. s Kaxa0i mapsl i, j KOHTPOIBHBIX TOYEK, JIJIST KOTOPHIX B OJIOK-CXeMe
UMEEeTCs yTh U3 I B j, MUHYIOIIUN Apyrue KOHTPOJIbHbIE TOUKHU, BBIOU-
paroTcs Bce TakHe IMyTH U JIUIs KaXKJ0ro BEIOPaHHOIO MyTH J0KA3bIBaET-
sl yTBepKAeHUE (MHAYKTUBHBIN 1Iar): «Eciau npu ouepeHOM IIpoxoe
4yepe3 TOUKY i BBINOJHSAIOCh MHIYKTUBHOE MPENIONoKeHne P; 1 eciu
peanu3yercsi paccCMaTpUBAaEMbIi My Th, TO MPH JTOCTUKEHUU TOUKH j OY-
J€T BBIIOJIHATBCS YCIOBHE P ».

Ecnu Bce MHAYKTUBHBIE IIAard JOKA3aHbl, TO, UCIOJIb3Ys IPUHIIUII MaTeMa-
TUYECKOM MHIYKIMH, MOKHO YTBEP/KIATh YACTUUHYIO KOPPEKTHOCTh alITOPHUT-
Ma. [l nokaszaresbeTBa MOJHOM KOPPEKTHOCTH OCTAETCs JOKA3aTh 3aBepliae-
MOCTb ITPOrPaMMBbI Uepe3 KOHEUHOE YHCIIO IIaroB.

1.4. BblUncnmmocTb U pas3pemmocTb

YnopsinoueHHbI Ha0Op U3 1 cloB B andaBute A Ha3bIBACTCS H-MECTHBIM
HabopoM Hax A. MHOXKECTBO BCEX N-MECTHBIX HaOOpoB Hag 4 0003HAYMM dYe-
pes (4°)".

JIr060e MOAMHOXKECTBO R MHOKecTBa (A )" HA3IBACTCS N-MECTHBIM CIIO-
BapHBIM OTHOILICHHEM.

JIro60e, BO3MOXKHO YaCTHYHOE OTOOpaxKeHue f: (A*)” —> A" HasbiBaeTcs n-
MecTHO# cioBapHO#l (ynkuueit. O6nacts onpeaenenus: GyHkuuu f 0003HayYa-
ercs yepe3 Def(f).

PesynbraTom paboTsl mporpammbl 7 Ha BBIXOAHOM TICEBIOCIOBE X Ha3bl-
BaeTcs MCeBAOCIOBO 7'(x), KOTOPOE MOSIBIISIETCS HA JICHTE B MOMEHT OCTaHOBKH
IpOrpaMMBI; €CIH TIporpamMMa padoTaeT OECKOHEYHO, TO pe3yIbTaT Heolpee-
JICH.

[Iporpamma, koTopas B mporecce paboThl HaJl JTFOOBIM TICEBAOCIOBOM X He
CIIBUTAET TOJIOBKY JIeBee Mpobesia, pacloIoKeHHOTO ClieBa OT A-T'0 CJIOBA IICEB-
nocioBa X, OyjieM Ha3bIBaTh A-TIPOTPAMMON.

CrnoBapHOE n-MECTHOE OTHOILICHHE R Ha3bIBACTCS NOIYPA3PEUUMBIM, ECITH
CylLIecTBYeT n-mporpamMma 1, KOTOpas OCTaHABJIMBAETCS B TOYHOCTH Ha BCEX
TIICEBJIOCTIOBAX, UMEIOIIUX BUJI

J
Xtu,#u, #... #u #,
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rae (uy, uy, ..., u,) € R.
CrnoBapHOE N-MECTHOE OTHOIICHHE R HA3BIBACTCS paszpeuumvim, eciid R u
R nomypaspermmsi (mox R 1 R 3716Ch TOHHMAETCS MHOKECTBO (A*)n\R).
CnoBapuas n-mectHas QyHkuus f:(A*)" — A* Ha3bIBaeTCsA BBIYMCIMMOM
1o ThIOpUHTY, €CIIU CYIIECTBYET nmporpamma 7' Takasi, 4To
{ !
T(xuystink. . 5l ) = U UP*. LK URF Vs,
rue uy, Uy, ..., Uy, € Def (f) u v = f(uy, ua, ..., u,) , B IPOTHBHOM CIly4ae pe-
3yJIbTaT HE OIPeeyIcH.
Boruncinumelie no TelopuHTY QyHKIMH yMeCTHO ObLIo Obl Ha3BaTh IOJY-
BBIYUCIUMBIMH, & TIOJTYBBIYUCIUMBIE C PA3pEIIUMON 00IaCThIO OTPEACICHUS —
BBIYHCIIUMBIMHE, HO 3TO TIPOTUBOPEYHUT YCTAHOBUBIIUMCS TPATULIHSM.

1.5. BbluncneHune 4ncnoBbiX PyHKLMN

UToObI BBIUUCIIATH 3HAUEHHS YHCIOBBIX (PYHKIUH C IOMOIIBIO THIOPHUHTO-
BBIX IIPOrpamMM, HEOOXOIUMO BBIOpaTh CHOCOO KOJMPOBAHHUS HA JIEHTE apry-
MEHTOB ¥ 3HaueHud (yHKmU. Mbl paccmarpuBaeM (ynkuun u3 N” B N, rae
N — MHOECTBO HaTypalbHbIX uucel, Bkmoyas 0,an> 1.

3HauyeHus: (PyHKIMM U ee apryMeHTOB Oy/eM 3aluchlBaTh B OMHApHOM,
YHApHOM WJIN KaKOM-THM00 MHOM KOJ€, Ul ’TOr0 HaM NoTpeOyeTcs: COOTBETCT-
BeHHO andasut A= {1}, A={0,1} u T.1. 3HaueHHs ApPTYMEHTOB HIepe]] BHIYUC-
JIEHUEM JIOJKHBI OBITh IIPE/ICTABIICHBI HA JICHTE B BUJIE IICEBA0OCIIOBA

*X gk Xp 1% kX%,
e x; — kon i-ro aprymenTa (i = 1, 2, ..., n).
[Mocrie BHIYMCIICHUS COACPIKMMOE JICHTBI JIOJDKHO UMETh BHUI:
{
SRS R E N L
rlie y — KO 3HaYeHUs (PYHKINU MPH 33/IaHHBIX 3HAYCHUSIX apryMEHTa.
Yupa:xxnenust
{
1. CoctaBuTh mporpammy, repepadaThiBaIOIIYIO MICEBOCIOBO *U+ B ICEB-

JIOCTIOBO *u*vi, rjie u — OWHAPHBIN, a V — YHAPHBIA KOJ HEKOTOPOTO YHUCIIa U3
N.

2. CocTaBuTh MPOTPaMMYy CIIOKECHHSI M1 YMHOXKCHHSI YHCE]l B YHAPHOM M
OMHAPHOM KOJIax.

3. CocTaBuTh MporpamMMmy I yIBOSHUS YWCiIa B OMHAPHOM M YHapHOM
KOJIax.
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4. CocTaBUTh IPOrpaMMy JEJICHHS HALIEJIO HaTypajIbHBIX YHCEN B YHAPHOM
KoJc€.
1.6. YacTnuyHoO-peKypcuBHbIe thyHKLMU

IIpITasice BBISICHUTH COJEPKAHWE WHTYMTHUBHOTO TIOHATHSA BBIYMCIMMOHN
¢ynkuuu, A. Yepu B 1936 roxy paccMoTpen Ki1acc Tak Ha3bIBAEMBIX PeKyp-
CUBHBIX (QyHKIUH, a KnuHu pacimmpui ero 10 Kiacca 4aCTHUHO-PEKYPCUBHBIX
¢GyHKIMA. B TO e BpeMs BIepBbIe ObliIa BhICKa3aHa €CTECTBEHHO HAay4yHas I'H-
IOTE3a O TOM, YTO MHTYUTHUBHOE IOHITUE BBIYUCIUMOM YaCTUUHON (YHKIMU
COBIAJAET C MOHATHEM YAaCTUYHO PEKypCHUBHON (PyHKIMH. DTy IMIOTE3y Ha-
3bIBAlOT Te3ucoM Yepua. 371eCh Mbl HAllOMHUM IIOHSATHE 4YaCTHYHO-
PEKYpCUBHOI (GYHKIIMH U MOKAXEM, 4TO JIF00asi YaCTUYHO-PEKypCUBHAs (YyHK-
1y BbruuciauMa no Teropunry. HaGop aprymMeHToB Xi, X2, ..., X 0003HaUMM
gepes X.

®yukuus f(X) Ha3bIBaeTCs cynepnosuyueil n-MeCTHbIX QYHKUUH g1, g2, ...,
gm ¥l M-MeCTHO# QyHKIMH /1, ecu

F(x) = h(g1(x), g2(X), ..., gn(X)).

ToBopsr, uto (n + 1)-mectHast GpyHkums f(X, y) MOTyYCHA NPUMUMUBHOL
pexypcueti u3 (n + 2)-MecTHOM QYHKIUK g U N-MECTHOM QYHKIUH A, eCITH

_Jh(x) npu  y=0;

= g(f(x,y=1),x,y=1), mpu y>0.

ToBopsAt, uTO nN-MecTHas (yHKuus f(X) TONyYeHA MuHUMU3AYUel W3
(n + 1)-mectHO# QyHnkIuu g, eciu f(X) = k, ecm g(k, X) = 0 u ipu Beex k' <k
omnpeneneHo u He paBHo 0, (X) He onpe/esieHa B IPOTHBHOM Cliydae.

Yacto obo3naqarot f(X) yepes wy(g(y, x) = 0).

3aMeTuM, 4TO CyNEepHO3ULMs U NIPUMUTUBHAS PEKYpPCHUs, IPUMEHEHHBIE K
BCIOJIy OIpeCTICHHBIM (DYHKIUSIM, JTAIOT BCIOAY ONpe/eicHHbIe (YHKIUH, TO-
rjia KaKk MHHUMH3AIHS, TPUMEHEHHAS K BCIOJY ONpPEICICHHON (YHKIHH, MO-
KET J1aTh YaCTHYHYIO (DyHKIIHIO.

Yucnosas Gpyukuus f: N” — N Ha3pIBa€TCS 4aCTMYHO PEKYPCHUBHOM, €CIH
OHa SIBJSIETCS OJTHOM M3 OA3MCHBIX (PYHKIIHIA:

a) O(y) =0 (mpu Bcex y € N),

06)S(y)=y+ 1 (npu Bcex y € N),

B) I,;Z (X1, X2, ey Xp) =X (n=1,2,...; 1<m<n)
WU TIOJTyYeHA U3 HUX C TIOMOIIBI0 KOHEYHOTO YHCIIa MPUMEHEHHUH CyNepIo3u-
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MU, TPUMUTHBHON PEKYPCUU U MUHUMHU3AIHH.

Teopema. Jlobas uacmuuno-pexypcusnas Gyukyus eviuuciuma no Tvro-
puHey.

/Jokaszamenbcmeo T€OPEMBI 3aKIIIOYCHO B CIEAYIOMINX YETHIPEX JIEMMaX, C
UCIIOJIb30BaHMEM YHAPHOTO KOJAUPOBAHHUS YHCEL.

Jdemma 1 (0 6aszucnvix ynxyusx). Basucnvie gynxyuu O (), SO, Ly (x1,
X2, .y Xp) BbLUUCTUMBL NO THIOpUHSY .

JeiictButenbHo, ¢yHkuoo S(y) Berauciser nporpamma (K, 1,7], dyHk-
muto O (y) Beramciser mporpamma [r], dynkumo 1, (X1,X2, ..., X,) BBIUHCIAET
nporpamma K.

Jdemma 2 (o cynepnosuyuu). Ecau ¢ynxkyuu g (X), 22 (X), ..., gn(X) u
h (Y1, V2, ooy Vi) 6b1UUCTUMBL, cOOmMBemcmeenHo, npoepammamu Gy, Ga ..., Gy
u H, mo ¢pynxyuro

JX)=h (g1 (X), g2 (X),..., gm (X))

BBIYHCIIICT IporpamMMma:
[Gma (Zn + l)na Gm -1 (Zn + l)na ceey Gla (Zn + l)na (Zn+m)na H, (AZ)m]

YrtoOb! Y66,I[I/ITBCH B CIIPAaBCJINBOCTHU, JOCTATOYHO BBIITUCATDH IICEBAOCIIOBA,
KOTOPLIC TIIOABJIAIOTCA Ha JICHTEC II0CJIC BBIINOJHCHUA OTACIbHBIX qacTtei
IIporpamMmal. CHauaira Ha JeHTe HaXOoJUTCA IICEBAOCIIOBO

{

*X*Xp — [ *... %X,

IIOCJIC BBIITOJITHCHUA Gm Ha JICHTC 6y,Z[CT

{
*X kX — 1k KX R Tk,

nocne [Gu, (Zn+1)']—

\)
*GmAX pHkXp — 1%, 6 X%,

nocne [Gu, (Zy+1)", Gu-1] -
N

*gm*X pkXp1%*.. kX * 1%,
nT.Ao.
IIOCJIC [Gma (Zn+ l)na Gm— 1, (Zn+ l)na ooy Glﬂ (Zn+ l)n] a

\)
*Tm *Gm — 1 %ok %k X Xy — k. kX *,

rnocie [Gm: (Zn+ l)na Gmfla (Zn+1)n9 ceey Gla (Znﬂ)n: (Zn+m)ns H,] -
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J
£ X kX% X RG] *.. G *f %,
1, HAaKOHEII, TIOCJIe BBITIOJIHGHUSI BCEH TPOTPaMMBbI MTOTYYUM
\
* xn*xnfl*---*xl*f*,

Jdemma 3 (0 npumumuenou pexypcuu). Eciu ¢pyuxyuu h(xi, X3 ,..., Xn) U
g1, Y2, ooy Vir2) BBIHUCTUMBL COOMBEMCMBEEHHO ¢ NOMOWbIo npocpamm H u G,
mo @yuryust f (X1, X2 ,...r X, V), NOIVUEHHAS NO CXEME NPUMUMUBHOU PEKVPCUU
BLIYUCTUMA NPOSPAMMOU

[H, L™, 1, (moka 1)[+, R"*,G, Ay L ,1,1], R"™].

/Jlokaszamenvcmeo. IlpencraBuM mporpaMmy, NpeajgaraéMyro sl BbIYHMC-

neuust GyHKuuu f(x1, X2, ..., Xn, V), OJOK-CXEMOi1, H300paKEHHOM HA PUCYHKE.
v
’ Ln+1 —> Ji P *’ Rn+2;G A2, Ln+2;l

4> R nt2 4>

P1 P3 P2

[TyHKTUPHBIMH CTpEJIKAMH TOKa3aHbl KOHTPOJIBHBIC JyTH, JJISI KOTOPBIX
OyayT chOpMHUPOBAHBI COOTBETCTBYIOIINE UHIYKTHBHbBIC YTBEpKACHUA P, P,
Ps.

VYTBepxkaeHue P; COOTBETCTBYET BXOJHOM Jyre W MO3TOMY JOJDKHO OIH-
CBIBaTh COJICPKMMOC JICHTHI B HaUaJIbHBI MOMEHT. Y TBepaeHue P3 COOTBET-
CTBYET BBIXOJHOM Ayre M JOHKHO OIMHUCHIBATH COACPKUMOE JICHTHI B MOMEHT
3aBepIleHHs] pabOoThl IPOrpaMMBbI. Y TBEep)KICHHE P, OTHOCUTCS K AyTe, paspe-
3af0leH €AMHCTBCHHBI HMEIOIIEHCS B OJIOK—CXEeMe IHMKJI, TO3TOMY JIOJIXKHO
OBITH CHPOPMYITHPOBAHO TaK, YTOOBI €My YIOBIETBOPSIIO COJCPIKUMOE JICHTHI
KaXJIblii pa3, KOTJa B MPOrpaMMe PEalTU3yIOTCs MEPEX0]] TI0 paccMaTpUBacMOi
JyTe.

HanoMHuuM, 94TO OCHOBHOE TpeOOBaHHUE, MPEABIBIAECMOE K YTBEPKIACHUAM
Py, P,, P; 3aximrouaeTcss B TOM, 4TOOBI ObllIa BO3MOYKHOCTE JOKAa3aTeNILCTBA MH-
JTYKTUBHBIX IIaroB:

Py — P, ecnu peanusyeres nyts [H; L™ [, *; R™?; G,

P\ —> P3, eciu peanusyercst myts [H; L™ [; R™;
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P> —> P, ecin peammsyercst myTb [A o3 L2 1; 1 *; R™2; G,

P, —> P3, eciu peanusyercst myThb [A o; L% 15 [; R

ITycTh X1, X2, ..., Xp, Y — UCXOHBIC 3HAYEHUS aPTYMEHTOB M3 MHOXKECTBA NN,
Torya TpedyeMble yTBEPKAEHUS MOKHO cOpMyIUPOBATH CIEAYIOIMM 00pa-
30M:

|
Py — comepxuMoe JIeHTBI paBHO * 17 * 1% ¥ %1 % | ¥ 1% %,

P, — cymectByer y; > 1, y2, g1, g2 = 0, Takue, 9TO COIEPKUMOE JICHTHI PaB-
J

HO ¥ 172 ¥ H 5 ¥ [ FPVIS IR * gyt 1=y, g =g(f(x1, X2, ..o, X Y1—

1)7 X1, X2, "'xnayl_ 1): gzzg(f(xla X2y oees Xny J/I), X1, X2, "~3xn3y1)a
\
P3 — conmepxumoe JIeHTBI paBHO * 17 * 1% * 1 0 ¥ [2% g 7 = £(x], X2,

vees Xny V).

Jl0oKa3aTeIbCTBO MHIYKTUBHBIX MIATOB JIETKO IOJYYUTh, BBIIKCHIBAs CO-
JIEP)KUMOE JICHTBI MOCJIe KaKJO0ro ONeparopa B COOTBETCTBYIONIEM MyTH. Yu-
TaTeJI0 IMPEIOCTABIIETCS BO3MOXKHOCTh 3TO MPOJE/IaTh W YOCTUTCS B Ipa-
BUJIBHOCTH TIPOTPAMMBI, IpeiaraeMoii B popMmysiupoBke jJemMMbl 3.He 3a0y1b-
TE JI0Ka3aTh 3aBEPIIAEMOCTh UCCIICAYEMOM MPOTPAMMBI.

Jdemma 4 (0 munumuzayuu). Eciu ¢pynxyus g(X1, X2, ..., Xn) 8bIMUCIUMA
npoepammoit G, mo gyuxyus (X1, X2, ..., X), HOLYUEHHASL U3 Hee NO CXeMe MU-
HUMUZAYUU BbIYUCTIICMCS NPOSPAMMOTL

[r, G, [, (noka 1)[r, Ay ,1, 7, G, [].

Jokaszamenvcmeo. 1lpencraBuM mporpaMmy, NMpeajgaraéMyro sl BbIYHMC-
nenus GpyHkuuu f(x1, X2, ..., X,) OJOK-CXEMOIi C yKa3aHHBIMU KOHTPOJIbHBIMH
Toukamu P, P;, Ps.

v

—» - » G ¥ 41> R; Ay;l

A A
4>
P,
Py A
Ps
HYCTB X1, X2, ..., Xy HCXOOHBIC 3HAUYCHUA apFYMeHTOB, TOorAa MJIsd JOKas3a-
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TEIbCTBA YACTUYHOM KOPPCKTHOCTH npezmaraeMoﬁ porpaMmMbl MOXHO BOC-

T10JIb30BAThCS CIEAYIOIMMH HHIYKTUBHBIMH YTBEPIKICHUAMHU:
{
P — comepkuMoe JeHThI paBHO * [ * [ ¥ R0 %

P, — cymectyer k, z > 0, Takue, 4TO COAEPKUMOE JIEHTHI paBHo * 1™ *

{
%, k _
Pk KPVEITF* rne z =g (k, X1, X2, ...y Xn),
{
P3 — comepkumMoe JIeHTBI paBHO * 1™ ¥ ™1 * _* 1% *1°* ‘e z = f(x1, X2,
vy Xn).

TpeOyercs moka3arh clienyroNIHe HHAYKTHBHBIC IaTH.

Py — P, eciiu peanmuzyetcs nyTs [, G;

P, — P,, ecnu peanusyercs nyth [[; r; Ay [ vy G,

P> — P3, ecnu peanusyercs myTh [[], ¥ TOIOBKa OCTAHOBUTCSI HA CUMBOJIC

Jloka3aTenbCTBO MHAYKTHBHBIX YTBEPKACHUNA U 3aBEPLIAEMOCTH IIPOrpaM-
MBI MIPEIOCTABIIACTCS YUTATENIO B KAUECTBE YIPAKHEHUH.

3aMeTuM, YTO B JOKA3aTEIbCTBAX JIEeMM 3 U 4 IpU pUCOBAHUU OJOK-CXEMbI
MBI HECYIIECTBEHHO OTCTYIWJIM OT TEKCTOB IPOTPaMM, JAaHHBIX B HX (OpMY-
JUPOBKAX, a MPU JTOKA3aTEIbCTBE JIEMMBI 2 HE BBIITUCBHIBAIIN WHIYKTHUBHBIC YT-
BEPXKJIEHUS, TaK KaK B MPEICTaBICHUU MPOTPAMMBI OJIOK-CXEM HET IUKJIOB.
OO6painiaeM BHUMaHHUE Ha TO, YTO MPABUIBHOCTH OJIOKOB, U3 KOTOPBIX COCTaB-
JIEHBI IPOTPAMMBI, Mbl HE TIOJIBEPra€M COMHEHHUIO.

1.7. YHMBepcanbHaa TbIOPUHIroBa nporpamma

B stom maparpadge MBI OOBSBISIEM O CYIIECTBOBAHHUHM YHHBEPCAIHHOMN
TBIOPHHTOBOM TIporpaMMel U, KOTOpasi MOKET UMHUTHPOBATH JTFOOYIO TIPOTpPaM-
My, paboTarolnyio Haj (GUKcHpoBaHHBIM andasurom A= {ai,d;,...,a,}. OTa
nporpamma U, OTy4rB Ha BXO/I€ TICEBJIOCIOBO, COJIEpIKAILlee B OMPEICICHHOM
BUJI€ KOJI TPOM3BOJILHON MporpaMMsbl 7' U TICEBIOCIOBO X, TOJDKHA OCTaBUThH Ha
aeHTe koj mporpammbl 1 u niceBaociioBo 7' (X) — pe3ynbTaT paboThl porpam-
Mbl T Ha iceBaociioBe X.

YuraTenb, NOCTPOUBIINI YHUBEPCAIBHYIO IPOTPAMMY, MOXKET CUUTATh Ce-
0s1 m300peTaTesieM KOMITBLIOTEpA.

[Tycts W, — MHOXEcTBO Becex QyHKIMI n3 N B N Takux, 9To Kaxmas U3
HUX orpeseneHa B Touke (0 ¥ BBIYMCIMMA MIPOTPAMMOM, cocTosmIei He Ooee
4eM M3 N ThIOPUHTOBBIX KoMaHa. PaccMorpum ¢ynkuuio s (n) = max f(0), rae
MakcUMyM Oepercs 1o BceM QyHKuusaMm u3 ‘W,
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OueBuHO, s(7) BCIOAY OINpe/esieHa 1 MOHOTOHHA. boiee Toro cripaseiu-
Ba

Teopema. J{ns 110601 6CH00Y ONpeoeneHHol GbIHUCIUMOU  DYHKYUU
f:N = N cywecmsyem k € N makoe, umo npu mobom m > k eévinonnsemcs
Hepagencmeo f(m)<s (m).

JleficTBUTENBHO, TYCTh f(71) — MPOM3BOJIbHASI BCIOAY OINpeeacHHas (YyHK-
s u3 N B N, Toraa, 04eBUIHO, PYHKITUS

F(n) =max(f(3n), fBn+ 1), f3n+2))+ 1

OyZAeT TakXke BCIOJly OIpeesIeHHOM 1 BeruucauMoil. [lycTs B yHapHOM Kozie ee
BBIYHCIISICT nporpamma 7, cocrosiias u3 kK komann. PaccMorpum mporpamMmy
T =[[1,r]", Tr], kOoTOpas cHa4ana 3alUCHIBAET HA JIEHTE YUCJIO 71, 4 3aTEM pa-
6otaet kak Tp. O4eBUAHO, OHA COCTOUT U3 271 + k KOMaH/ U BBIYKCIISIET HEKO-
tTopyto pyHkiwmo F' € W, 4.

Mo onpenencuuto F' u s umeem F(n) = F1(0) < s(2n + k). Ucnons3ys mo-
HOTOHHOCTBH (pyHKIHH S, oay4uuM F'(n) < s (3n) npu Beex n >k, cnenoBatelb-
HO, f(3n +i)<s(3n +1i), (i=0,1,2). Orcrona cienyer, 4o nupu m > 3k BbI-
TIOJTHSIETCST HepaBeHCTBO f (m) < s (m), 4TO ¥ TpeOOBAJIOCH TOKA3aTh.

Cneocmeue. OyHkuus s (n) HEBBIYMCINMA, TaK KaK OHAa pacTeT ObICTpee,
4eM J1to0ast BEIYUCTIUMast (QyHKIUA.

3aMeTHM, YTO MpH JH0OOM (QUKCUPOBAHHOM /1 3HAUCHHE S (71) MOKHO TIO-
IBITAThCSI BEIYMCIIUTE MyTEM Tepedopa BCeX MporpamMMm JUTHHBL < /1 U BBIYUCIIC-
HUSL TSl KQKJIOW U3 HUX BPEMEHHU PabOThI O MOMEHTAa OCTAHOBKH WIIU JI0Ka3a-
TeNbCTBA €¢ He3aBepmiaeMocTH. Ho BOIpoc O 3aBepliaeMOCTH MPOrpaMM B
o0IeM BHJIE AITOPUTMUYECKH HepaspeliuM. Y TOYHUM OCHOBHBIE MOMEHTBI
9TOTO YTBEPIKIACHUSI.

[ycts T — ThIOPUHTOBA MporpaMma, padortaromas B andasure A, U MyCcTh
kod(7) — cnoso B andasute A, xomupyiomiee nporpamMmmy 7 (Ha AeTansx
KOJIMPOBAHMSI HE OCTAHABIMBACMCS ).

[Iporpamma 7" Ha3pIBaeTCS CAaMONIPUMEHHUMOM, €CITH TPH TT0jade € Ha BXO
ee COOCTBEHHOTO KOJ1a, OHA Yepe3 KOHEYHOE YHCIIO IarOB OCTAHOBUTCS, B ITPO-
TUBHOM cJly4yae TporpaMma Ha3blBaeTcsi Hecamonpumenumoi. [lycte M —
MHOECTBO KOJIOB CAMOTIPUMEHHUMBIX IPOTPaAMM.

Teopema. Muoowcecmeo M ancopummuuecku Hepazpeuwumo.

Jlokazamenvcmeo. Ilycte M — anropurmMuyecku pa3pemumo. Toraa cyiie-
CTBYIOT JiBe nporpammsl 11 u 75 Takue, 4To 7| OCTaHaBIMBAETCS TOJBKO Ha
cioBax u3 M, a T, — TOJIBKO Ha CIOBax W3 A\M.

Torna, ecnu T, Ha cBoeM cOOCTBeHHOM Koje ocranoButcs, To kod (72) €
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€ M no onpenenennto M, o kod (73) ¢ M 1o onpenenenuio 15.

Ecmu xe T, Ha cBOeM COOCTBEHHOM KOJIE HE OCTAHOBHTCS, TO IO OINpeEJie-
nenuto M kod(T») ¢ M, a no onpenenenuto 7> kod(72) € M. Utak, B modom
Cllydae MMEeM MPOTUBOPEUHE.

Eme ogHUM MpUMEpOM aITOPUTMUYECKH HEPa3pelIMMOro MHOXKECTBA SIB-
JSIeTCSI MHOXKECTBO M| KOJIOB IPOTPaMM, KOTOPbIE OCTaHABIMBAIOTCS MIPHU ITyC-
TOM Bxoje. JIerko mokasars, 4to eciu Obl M| OBUIO pa3peluMbIM, TO MHOXe-
cTBO M TOX€E OBLTO OBl pa3peIINMBbIM.

1.8. O6 namepeHun anropuTMMYECKOMn CrI0XKHOCTU 3azau

[Tpu mpakTHYECKOM pEIIEHNH MHOTUX MHTEPECHBIX 3aj[ay C MOMOIIBIO BbI-
YHCIIUTEIHHBIX aBTOMATOB CYIIECTBEHHYIO POJIb UTPAET BpeMsi paboThl U 00b-
€M MaMsITH, KOTOpbIe TPEOYIOTCS ISl UX PEUICHUS] COOTBETCTBYIOIIUMH AJITO-
puTMamMH. YTIOMSIHYTBIE XapaKTEPUCTUKU HA3bIBAIOTCS, COOTBETCTBEHHO, BpE-
MEHHOH U IPOCTPAHCTBEHHOH CIIOKHOCTHIO aJrOPUTMA.

BpeMeHHO# ¥ POCTPaHCTBEHHOM CIIOKHOCTBIO 33[a4y B KJIACCE aJrOpHT-
MOB (WJITM aBTOMATOB) Ha3bIBaCTCA BpeMs W 00BEM TaMATH, TpeOyrommecs
«TydIIeMy» B JaHHOM KJlacce aliTOpUTMY (aBTOMATy), JUIsl PELICHUsT paccMar-
pHBaeMoii 3a1a4u.

Bompoc 0 HaxoXJIeHHU CIIOKHOCTHBIX XapaKTEPUCTHK 3a]ad BECbMa TPY-
neH. TpyaHOCTH Kak MpPaBUIIO CBS3aHBI C JIOTUYECKON CIIOKHOCTHIO paccMaT-
pHMBaeMBbIX 3a/1a4 M OOMIINEM aJITOPUTMOB B JIF0OOM YHHBEPCAILHOM KJIacce.

PaccmoTpum HEKOTOpbIE MOAPOOHOCTH Ha TMPUMEPE THIOPUHTOBBIX IPO-
rpamm. CuuTaem, 4To 3a7aya MpeICTaBIeHa ABYXMECTHBIM CIIOBAPHBIM IPEIH-
kaTtoM R (u, V) HaJ HEKOTOPBIM aji(paBUTOM A U 3aKJTFOUACTCS B HAXOXKIACHUH 110
3a/laHHOMY CJIOBY U € A" cnosa v e A" taxoro, uto R (u, v) uctuHHO.

CroBo v OyzieM cuMTaTh pelIeHueM 3a1adu R mpu BXOJHOM ciioBe u. Urto-
OBI IMyCTOTY CJIOBA V TPAKTOBAThH KaK OTCYTCTBHE PEIICHHS, HATOXKUM Ha R clie-
JYIOIIUE OTPaHINYCHUS

R(\ M),
Yu3IvR(u, v),
VulR(u, ) > Vv[v#A —> =R (u, v)]].

PesynbTar paboThl THIOPHHTOBO# MPOrpaMmbl 1 Ha BXOJHOM CIIOBE U 060-
snauuM 7 (1), cautast T (1) paBHBIM BBIXOJAHOMY CIIOBY.

ByneM roBopuTh, 4TO THIOPHUHTOBA Mporpamma ' pemraer 3amauy R, eciu
Ha JTF000M BXOJIHOM CJIOBE U OHA OCTAHABIMBACTCS Yepe3 KOHEYHOE YMCIIO Ia-
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roB u Vu R (u, T (u)).

Yepes time (7, u) 0003HAYUM HYHCIIO SJIEMEHTAPHBIX THIOPHHTOBBIX KO-
MaH]l, KOTOpbIe OyIyT BBITIOJIHEHBI MPOrpaMMoi 7' OT HAYaJIbLHOTO MOMEHTA JI0
MOMEHTa OCTaHOBKH TpHU paboTe Ha BXOAHOM clioBe . Ecnm mpu BXOgHOM
cioBe u mporpamMma I’ BBIMOJHSET OSCKOHEYHOE YHUCIIO IAroB, TO CYHTAEM
time (7, u) = oo.

Bemuunny time (7, #) Oyaem Ha3biBaTh BpeMEHEM paOOThI Mporpammbl 1’
Ha clioBe u. B OGoNbIIMHCTBE CiTydaeB 3Ta BEJIMYHHA CYIIECTBEHHO 3aBUCHUT OT
JUIMHBI CJIOBa U, TIO3TOMY HpejacTaBiser uHTepec ¢ynkuus t(1,n) =
= max time (7, u), rjie MAaKCUMYM BBIYHCIISICTCS 110 BCEM CJIOBAM JUTUHBI 1.

3aMeTuM, 4TO 3Ta CUTyalusi HEe SBISIETCS] OOILNCH; B HEKOTOPBIX CIyYasx
BennurHa time (7, #) He 3aBUCHUT OT JUTMHBI cjioBa u. Hampumep, mycth TpeOy-
eTCsl ONPEJeNUTh YETHOCTh YMCIia, MPEICTABICHHOTO B JIBOMYHOM Kone. s
3TOTO JOCTATOYHO MOCMOTPETh Ha €ro MITAIIINIA pa3psi.

BpemeHHoIi CITOKHOCTBIO 3a/1a4d R MOKHO OBLTO OBI MOTBITATHCS HA3BaTh
dyukimio f(n) =min ¢t (7, n), TIe MUHUMYM BBIYUCIISETCS MO BCEM MPOrpam-
mam 7, pematomum 3anady R. OnHaKo, CylIeCTBOBaHUE TakoW (HYHKIUU HE
rapaHTUPOBAaHO. MOXKHO HAJIESATHCS HA CYIIECTBOBAHUE TaKuUX (YHKIMU TpU
OrpaHMYCHUSIX Ha KJIACC BBIYUCIUTEIBHBIX AITOPUTMOB. Ha mpakTike orpaHu-
YUBAIOTCS HAXOXKICHUEM BEPXHEH M HIDKHEH OIEHOYHBIX (DYHKIMUA NI Bpe-
MEHH PabOThI KOHKPETHBIX aJITOPUTMOB.

3aMeTHM, 4TO IMOJIyYeHHE HWKHUX HETPUBHAIBHBIX OLIEHOK KAXKIBIH pa3
HPEJICTABISIET COOOM CIIOKHYI0 MaTeMaTHYeCKylo 3amady. M3BecTHO, Hampu-
Mep, 4TO BPEMEHHasl CIIOKHOCTh 3a/laud PaclO3HABaHUS CHMMETPUH CIIOBA
THIOPMHIOBBIMHA IIPOrpaMMaMH OLIGHUBACTCS CHU3Y (GyHKImel cn’, rie n —
JUIMHA CJIOBA, a C — HEKOTOPasi KOHCTAHTA.

JI71si MHOTHX MHTEPECHBIX C MPAKTUYECKON TOYKHM 3PECHUS 33a]]a4 U3BECTHBIE
BEPXHHUE OICHKH HOCAT SKCIOHCHIHUAIBHBIA XapakTep, YTO YacTO CBUACTEIb-
CTByeT O OONBINMX 3aTpaTaXx BPEMEHH IIPH BBHIOJHEHUH COOTBETCTBYIOIIUX
QITOPUTMOB Ha BBIYMCIIUTEIBHBIX YCTAHOBKAX.

Ecmu s 3amaun R mmeeTcsi MOJTMHOMUANIBHASL OT N BEPXHsSL OILICHOYHAs
(GYHKIUS, TO TOBOPSAT, YTO R pa3penirMa B OJTMHOMHATBHOE BPEMSL.

Jlnst MHOTHX 3aJia4 HE yJaeTcsl YCTAHOBUTH CYIIECTBOBAHUE BEPXHHX IIO-
JMHOMHUAIILHBIX OICHOYHBIX (QyHKIMHA. OIHAKO, pacliO3HABaHHE HA Tape CIIOB
u, v, SIBISICTCS JIU CJIOBO V PElIeHNeM 3a1a4i R Ha BXOJE U, PelIaeTcs 3a IMoJu-
HOMHUAJIHOE OT JIJTMHBI CJIOBA U BPEMS U, KPOME TOTO, JJIsl KaXKJIOTO U CYIIeCT-
BYET OTBET V, JUIMHA KOTOPOTO OrpaHNYeHa HEKOTOPBIM IMOJIMHOMOM OT JIJTHHBI
u. DTO Tak Ha3pIBaeMbIC 3aJ[aull C TPOBEPSEMBIM 32 TOJIMHOMHAIBHOE BpeMs
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OTBETOM.

Taxoiif 3amayeil sBIsIETCS, HAPUMEp, 3a/Ja4a O BBITIOJTHUMOCTH OYJIEBBIX
dbopmyi, koTopas 3aKirodaercs B cienyromeM. [lo 3ananHoit 6yneBoi popmy-
Je HaWTH HaOOp 3HAYECHUH NEPEMEHHBIX, MPU KOTOPBIX COOTBETCTBYOIIAS
dopmyne OyneBa QyHKIus npuHEMaeT 3HaueHue 1. FiMess MUHUMAIBHBIN TIPO-
IPaMMHCTCKUH OIIBIT, JIETKO yOEAMTHCS B BO3MOXKHOCTU MPOBEPKHU OTBETA K
9TOif 3a1a4e 3a MOJMHOMHAIBEHOE BPEMSL.

3aja4yn ¢ IPOBEPSIEMBIM 32 IMOJMHOMHAIEHOE BPEMsI OTBETOM Ha3bIBAIOTCS
nepeOOPHBIMU C TapaHTHPOBAHHBIM IKCIOHEHIMAIBHBIM Tepedopom. [leiict-
BUTENBHO, MycTh R (u,V) Takas 3agada W JUIMHA BO3MOXKHOTO OTBETa V
OrpaHWYeHa TOJMHOMOM p OT JUIMHBI BXoJa u, To ecTh | v| < p(|u]). ITycts,
Janee ¢ — TIONWHOM, SIBIISTIONIUICS BEpXHEH OIEHKOH BpeMeHH pPabOoThI
IPOrpaMMbl, TPOBEPSIOWIEH OTBeT, Toraa, nepebupas Beeposmoxkasie 27 ()
cioB JUMHBI p (| u |) u 3aTpaunBas Ha MPOBEpPKY Kaxaoro He Oonee g (| u |)
TAKTOB BPEMEHH, TIOJy4HM alTOPHUTM C BepxHeii oerkoit ¢ (11)-271").

3amada R MONIMHOMHUAIIBHO CBOAMTCS K 3aj1a4e R', eciiu CymecTByIOT pabo-
TaIOIIKE MTOJIMHOMHUAIBHOE BPeMsi TRIOPHHTOBBI ITporpamMmsbl 77 u T, Takue, 4To

Yu Yv'[R'(T1 (u),v') > R(u, T» (v'"))].

W3 sToro ompeneneHus CleayeT, uTo Ui pelieHus 3axaun R Ha BXOAC u
JIOCTATOYHO
e Boruucuth u' = T (u),
e 3aTeM HaWTH OTBET V' 3amaun R’ Ha BXxoje u’,
® U, HaKOHEIl, MPUMEHHTH K V' porpammy 7, mosyyuB otBeT v = 15 (V')
3aga4yu R Ha BXOJE U.
Takxum 00pa3oM, UMEEM CIIEAYIOUIYI0 CXEMY MOJIyYCHHUS OTBETA V:

u—>u' —>v—-w.

Oxa3zbIBaeTCsl, 4TO CPEIH 33734 C MOJIMHOMHUAIBHO TPOBEPSEMBIM OTBETOM
CYIIECTBYET 3aj[a4a, K KOTOPOH MOJMHOMHUAIILHO CBOAMTCS JIF00ast Apyras 3a-
Jlaya ¢ MOJMHOMHUAIILHO MPOBEPSEMBIM OTBETOM. Takue 3agadd MONyYHd Ha-
3BaHUE YHUBEPCAIBHBIX MTEPEOOPHBIX 3a7ad.

Hcropuyecku CyliecTBOBaHHE YHUBEPCAIBHBIX MEpPeOOPHBIX 3a7ay OOHa-
pyxeHno B 1971 rogy amepukaHckuM mMateMaTHkoM Kykowm, Korja oH Jokasal,
9TO 3a/1a4a BBIOJHUMOCTH OYJIeBOH (OpMyJIBI SBISICTCS YHUBEPCAJIBHOW ITe-
pebGopHoii 3a1aueii.

Torna sxe ObUIO JOKa3aHO, YTO U MHOTHE JPyTUe IMHUPOKO HU3BECTHBIC 3a/1a-
YH SBJISIOTCS YHUBEPCATbHBIMU TEPEOOPHBIMH 33]a4aMHu.

132



Kpyr Takux 3amad B HacTosiee BpeMs NOCTOSSHHO pacuupsercs. [lo gan-
HOMY BOIIPOCY MMEETCsI OOIIMpHast TUTepaTypa.

Masa 2. ABAK

2.1. OcHOBHbIe onpeaeneHns

Abak Hapsay ¢ MammHAMH ThIOpUHTA SIBISIETCS OAHOW W3 MPOCTEUIIINX
YHHUBEPCAIBHBIX MOJEJIECH BBIYUCICHUU. DTO YMCIOBAas MOJEIb; DIEMEHTaMHU
uHGOPMAIUH SBIISIIOTCS 1Ie€JIble HEOTPHUIIATEIbHbIC YHCTIA.

Ilamams npenctaBinser coOOH MOTEHIUAIBHO OECKOHEUHBIN HAOOp sSYeeK,
Kaxaas s4eiika MOXET COJAepKaTh JII000e Iefoe HEOTPHULATENbHOE YHCIIO.
Cuuraercs, 4TO SYEHKH MPOHYMEPOBAHbI Ukciamu 1, 2, ... .

Hcnonnawwee ycmpoiicmeo criocOOHO BBITONHATH BCErO JIBE ONEpaIuu
(amemMeHTapHBIE KOMaH/Ibl) HAJl YMCIaMH, 3TO TipubaBieHue (increment) U BbI-
yutanue (decrement) eIMHUIBI U3 YKa3aHHOIO B KomaHje uucia. Komannsl
uMeroT By inc (x) u dec (x), rae x — HOMep stueiiku. [TOCKONBKY B KaXKaoM
KOHKPETHOM aJrOpUTME MOKET OBITh HCIIOJIb30BAHO JIMIIL KOHEYHOE YHCIIO
SYeeK, ¥ C HOMEPAaMHU SYEeK HUKAKUX OMEepaIfii MPOU3BOJUTHCS HE OYyIET, MBI
OyaeM 000O3Ha4YaTh WX B MpHUMEpax g HATJIAJHOCTH OTACIbHBIMH OyKBaMH,
BO3MOKHO C HCIIOJIb30BAHUEM HHJEKCOB.

Ilpozpamma (anropuT™) 3TO OPUEHTUPOBAHHBIN rpad, BepIIMHAM KOTOPO-
ro MPUIHUCAHBI AJIEMEHTapHbIe KOMaH/bl YKa3aHHOTO Bbille Buaa. M3 kaxmoit
BEPIIMHBI TOMEYCHHON KOMaHI0M BUJIA INC(X) BEIXOJHUT OJJHA AyTa B BEPIIUHY,
CO cremyroiie komanaou. M3 kaxxaoi BEpIIMHBI MIOMEUEHHOW KOMaHA0M BUIa
dec(x) Beixomar e ayru. OqHa W3 HUX OMEYAeTCs 3HAKOM «1» H BEIET B
BEPILMHY, MTOMEYEHHYI0 KOMaHIOW, KOTOpas JOJKHA BBIOJIHATHCS CIIEAYIO-
el B cllydae, €CiM IMepejl €€ BBINOJIHEHUEM B f4YeiiKe X HaXOAWJIOCh YHCIIO
OTIMYHOE OT HyJs. Bropas myra nmomeuaercs 3HaKOM «—» U BEJIET B BEPILIUHY,
IIOMEUYEHHYI0 KOMaH/I0i KOTOpas JOJDKHA BBINOJIHATHCS CIEAYIOUIEH B CiIyvae,
€CJIM Tepe]] €€ BBIIOJHEHHEM B slUEHKE X HAaXOJWIOCh YUCIO Hylb. OnHa U3
BEpIIMH rpada MmoMeyaercsi Kak BXOJHAas, B HEe BEAET Iyra U3 HUOTKY/a, BbI-
XOJHBIX BEPIIMH MOXET OBITh HECKOJIBKO.

Hecmortpst Ha mpocToTy 3TOM MO/ENN BBIYUCIEHUH, OHA «3KBUBAJIEHTHA IO
cuie» 000l M3 H3Yy4aBIIMXCS YHHMBEpPCAIbHBIX MOENed BBIYUCICHUM H
OTHOCUTEIIFHO Hee MOXKHO C(HOpMYIHpPOBATh TE3UC, AHAJIOTMYHBIN TE3HCY
Yepua, KOTOPBII MOKET BHITIISACTD CIASAYIONIMM 00pa3oM. JIro0ass ”HTYUTHBHO
BbIUMCIUMast (YHKIUS MOXKET ObITh BhIYMCIICHA Ha abake. [Ipu 3ToM, KOHEUHO,
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HAaJI0 YCIIOBUTBHCS O TOM, TJIe PACIIONAraloTCs BXOIHbBIE apIyMEHTHI U KyJa Clie-
IyeT TIOMECTUTh Pe3yNIbTaT (3HaYCHUE BHIYUCIIIEMON QYHKIHN).

Ipumepsl npocpamm. B paccCMOTPEHHBIX HIDKE IPHMEpax oreparms inc(x)
0603HaYaeTCs [T KPATKOCTH uepes X, a omeparms dec(x) — uepe3 x . OCHOB-
HbIE OIEpalMi M300paKeHbl Kpy>KKaMu. [IpsMOyrolpHHKaMH H300pa’keHBI
OIepalyHy, Uil KOTOPBIX B MPEABIIYIINX IPHMEPax MOCTPOCHBI aJTOPUTMBL
3HaK «—» Ha COOTBETCTBYIOIIUX Jayrax omyuieH. Chopmynupyiite nHBapUaHThHI
IIMKJIOB BO BCEX PACCMOTPEHHBIX HU)KE IIPHMeEpax.

1. IIporpamma

B s3pikax mporpaMMHpoBaHHs 3Ta ONepais OOBIYHO SIBISIETCS SJIEMEH-
TapHO¥. Ha abake 3T0 IeiiCTBHUE MOKHO BBHITIOJHUATD CIASAYIONICH MPOTpaMMOi

+

2. Ilporpamma EI

(D
!

3. Ilporpamma
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4. Ilporpamma

—p z=0 p| Z=zZ+X p z=zty | — p

S. Ilporpamma

6. IIporpamma

—p z=0 —b@—}ZIZ* —» z =z % —P

7. HporpaMMam
—p|z:=0 )@ » oy +

2.2. NMpumepbl HEpa3peLWnmMocCcTun

—>

i
<
N
i
[\

Oyukmmio p: N— N Ha30BeM guluuciumol Ha abake, €Clid CYIIECTBYET
nporpamma P, KoTopas, TIOJy4uB B HEKOTOPOHi, 3apaHee 00yCIOBICHHON sT4eii-
K€ X 3HAUCHHE apryMEHTa 71, @ B OCTAJbHBIX SUYCHKAX HYJIHU, Yepe3 KOHCUHOE
YKCJIO IIar0B OCTAHOBUTCS, U B STYCHKE V OyeT HAXOIUThCs p (7).

[TpoGiema mOCTpOCHUST HEBBIYMCIMMON (DYHKIIMHM W3BECTHA Kak MpodieMa
ycepanoro 606pa. ITycte A — abak-iporpaMma M y — HOMEp HEKOTOPOH syeii-
ku. Onpenenum Benuuuny f(4,y), cienyrommmM obpazoM. Ecnu B HaYanbHbIM
MOMEHT BCe€ siueiku copepikat uncio O u nmporpamma 4 4epe3 KOHEYHOE YHCIIO0
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IIaroB OCTaHaBIUBAeTCs, TO f (A, ) paBHO 4uciy [y] B MOMEHT ocTaHOBKHU. Ec-
JM Ke mporpamma paboraer OeckoHeuHo, To cuntaeM f(4,y) = 0. Benuuuny
f(4,y) HazoBeM y-pOTYKTUBHOCTBHIO TIPOTPAMMBI A.

O6o3naunM 4epes 4 (1) MHOXKECTBO BceX abak-IPOrPaMM, COCTOSIIHX U3
n komanza. OnpenenuM QyHKIHO p (1) Kak MakcuMmyMm f(A4,y) 1o BceM Mpo-
rpammam A u3 A (n) u sueitkam y. OueBuaHO, 9Ta GYHKIMS ONpejieieHa IpH
BCEX HATYPAIbHBIX 3HAUYCHHSX apryMEHTa U CTPOrO MOHOTOHHA.

Jemma. [{n5 1106020 HAMYparbHO20 YUCTA I 8bINOIHAEICSA HEPABEHCINBO

pn+17)>2n.

Jns mokazaTtensCTBa JOCTATOYHO PACCMOTPETh MporpaMMmy, KOTOpasi CHa-
yayia 3anumet 0 B siueiiky x, 3aTeM mMpuOaBUT K HeW 7 pa3 1, ckomupyer co-
JIepKUMOE SIUCHKH X B STYCHKY Y U J0OABUT K HEll copepikumoe ssueiiku x. Ode-
BUJIHO, TIOCIIE BBIIIOJHEHUSI TAKOH MPOTPaMMBI B siueiike y OyAer 4ucio 2n, a
MOJICYET YHMCJIa KOMaH] TMOKa3bIBaeT, 4yTo ux Oyner n + 17. Hanuuue Takoit
nporpammsl (puc. 1) gokaspiBaeT TpedyeMoe HepaBEHCTBO.

A

Puc. 1

[peanonoxum Teneps, 4To p (71) BHIYACINMA HEKOTOPOH Mporpammoit P,
COCTOSIIICH U3 k KOMaH/I M KOTOpasi, TIOJIyYuB 7 B STYCHKE X, IOMECTHT OTBET B
SYEUKY .

Torma anst KaxI0ro HaTypaJbHOTO 7 MOKHO IOCTPOUTH MPOTPAMMY, BbI-
yucistomyto p (p (n +17)), cocrosmnyro u3 n+ 2k+25 xomana. Dta nporpam-
Ma cHauana 3anumeT O B s;iaeiKy X, 3aTeM MpruOaBuUT K Hew n+ 17 pa3 enunuiy,
3aTeM C MOMOIIBIO MPOrpaMMsbl P B siuelike y Berauciut p (n + 17), ckonupyet
¥ B X H, HAKOHEII, OTATH C MOMOIIIbI0 TporpaMmMbl P Berauciut p (p (n+17)).

Hanmuwne takoii mporpammsl (puc. 2) o3Hadano Obl, YTO MpHU JIFOOOM HaTy-
PaJIbHOM 7 BBITIOHSAETCS] HEPABEHCTBO

p(n+2k+25)>ppn+ 17)).
ITockonbky GyHKIUA p (1) MOHOTOHHA, TO TIOJIyYaeM OTCIO/a

n+2k+25>pn+17).
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ConocraBisisi 3T0 HEPABEHCTBO C HEPABEHCTBOM B YTBEP)KIEHUH JIEMMBI,
HOJTy4YUM

n+2k+25>p(n+17)>2n,

YTO MPUBOIUT K IPOTHBOPEUHIO, HApuUMep, rpu n = 2k + 26.
Wtak, mpennonoxeHHe O BBHIYUCIUMOCTH (YHKIMU p (1) NpHUBENO K
IPOTHBOPCUHIO.

(DDA

| Dl=plx] - [x]:=D] |« [v]:=plx]

Puc. 2

Ha puc. 2 koMaHa X' oBropsercs # + 17 pa3, ob1ee KOTHIeCTBO KOMAH/I
B mporpamme 1 + 2k + 25 pas, B sueiike y Berumcisercs p(p(n + 17))

PaccMoTpuM mpoM3BONIbHYI0 MHBEKTUBHYIO HYMEpAlHIO g MPOrpaMM, TO
€CThb HyMEpaluIo, CTaBSIIyI0 B COOTBETCTBUE KaXXJ10i mporpamme P ee HOMeEp
g(P), npu4eM pa3HBIM HpOrpaMmaM CTaBATCs pasHble Homepa. [Iporpammy
Ha30BE€M CAMOIPHUMEHUMON OTHOCUTENIBHO SYEHKH X, €CIM OHA, MOJIyYHB B
SYerKe X CBOM HOMEp, a B OCTAJbHBIX SYEHKaxX HYJIH, YEPE3 KOHEUYHOE YHCIIO
I1aroB 3aBEPIIAET BHIYUCIICHUS.

Paccmotpum dyskimio p: N — N, onpeaensieMyo cleAyomuM 00pa3oM:

p(n) =1, ecnu n sIBISIETCS HOMEPOM HEKOTOPOH CaMONPUMEHUMOI OTHO-
CUTEJIbHO STYEHKHU X IPOTPaMMBbl,

p(n) =0, B IpOTUBHOM cCiTy4ae.

JlokaxkeM, 4yTO (YHKIHMSI p HE BBIUMCIMMA HUKAKOH mporpammoii. [lpeamno-
JIOKUM, YTO p BBIYMCIAETCS IporpaMmMoil P, KoTopas, MOJy4uB B SYEHKE X
YHUCJIO 71, OCTAHOBHUTCS 4epe3 KOHEYHOE YHMCIIO IIAroB M B SYECHKE ) OCTaBUT
p(n).

PaccmoTpum nporpammy P’, n3o0paskeHHYI0 Ha puc. 3

—» P
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Puc. 3

Eciu P’ camonpuMeHuMa OTHOCHTENIBHO stueiiku x, To p (g (P')) = 1, no-
3TOMY, KOTJIa popadoTaeT nporpamma, P B siueiike y OyzaeT 3anucana 1 u oc-
TalbHAs YacTh NMporpamMmsl P’, OyzxeTr pabdoTats 6e3 octaHoBkH. ClieoBaTelnb-
HO, P' HE caMoTpMeHuMa OTHOCHTEIIHHO X.

Ecnu xe P’ He caMOnpUMEHUMa OTHOCHTEINBHO stueiiku x, 1o p (g (P')) =0,
CIIe/IOBATEINIFHO, KOTa MpopadoTaeT nporpamma P, B siueiike y Oyaer 3amnucan
0 u Torma ocranpHas yacTh mporpammsl P’, cpa3sy e 3aBepmut padoty. Ciie-
JoBaTeNbHO, P’ camonpruMeHnMa OTHOCHTEINBHO X.

WTtak, npennoioxkeHne 0 BEIYUCIUMOCTH (QYyHKIUH p (1) B ITOOOM Cirydae
HPUBOIMT K IPOTHBOPECUHIO.
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Mnaea 3. AIITOPU®Mbl MAPKOBA

Tepmun anropudm sSBISETCS yCTapEBIIUM BaAPHAHTOM COBPEMEHHOTO TEp-
MHUHA aJrOPUTM, OJHAKO, MO OTHOWICHHIO K anropuTMaM MapkoBa MPHUHSITO
UCTIOJIb30BaTh aBTOPCKUI BapHaHT.

Hugpopmayusa, obpadateiBacMas anropudmMoM MapkoBa, MPenCTaBIsICTCS
CJIOBOM B HEKOTOPOM (PMKCHPOBaHHOM asihaBuTe A.

Anzopughm (npocpamma) npenCTaBISETCS TOCICIOBATEIHBHOCTRIO TIap
cinoB B andasure A. [lapsel, cocTaBisromue anropudmM, Ha3BIBAIOTCA TaKXKe
MI0/ICTAHOBKaMH U 3aIHCHIBAIOTCS B BUJIE

a— B

rae o, B — ciosa B andasure 4, mpudeM 3 MOXKeT ObITh MyCThIM (0003HaYa-
eM A).

IIporpamma numeet BUA
oap— [31

(12—>Bz

o, — B

HekoTopele moACTaHOBKM MOMEYAIOTCSl BOCKIMIIATEIbHBIM 3HAKOM U Ha3bIBa-
I0TCS 3aKJIFOUUTEIBHBIMH.

@ynkyuonupeanue. Bo BXOIHOM CJIOBE UIIETCS (PparMeHT, COBITAIAFOIIIHIA
C JIEBOM uacThiO MepBOi MoACTaHOBKHU. Ecnu Takoil parmeHT Haxoautcs, TO
OH BO BXOJIHOM CJIOBE 3aMEHSETCS Ha €€ MPaByI0 4acTb, B MPOTHBHOM CiIydae
paccMaTpuBaeTcs BTOpasi MOJACTaHOBKA M3 alnropudma U Tak jaajiee. Boramcie-
HUS 3aKaHYMBAIOTCS KOTJAa HU OJIHA M3 JIEBBIX YACTEH MOJCTAHOBOK HE SIBISET-
csi ¢pparmeHTOM 00pabOTAaHHOIO K JTAHHOMY MOMEHTY CJIOBA WJIM KOTJa BbI-
MOJIHEHA 3aKJIIOUUTENIbHAS MOJCTAHOBKA. 3aMETHM, YTO OMHCAHHBIN TaKuM 00-
pa3oM IpoIecc MOXKET OKa3aThCs M OECKOHEUHBIM.

3ameuanue. AnropudmMel MapkoBa COCTaBISIOT TEOPETUYECKYIO OCHOBY
CHUCTEMBI IPOrPaMMHUPOBAHUSL, UCTIONB3YIOLLYIO s13bIK PEDAIJL.
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Mpumep 1. Andasur 4 = {1, +}. 31ech 3ansras He SBISIETCS CHMBOJIOM
andasura.
PaccmoTpum nporpammy

1.
2.
3.

1+ — +1,
>+,
+— Al

Y6enurech B TOM, 4TO OHa BxoaHoe cioBo Buaa 11...1+11...11 mepepabo-
TaeT B cJioBo 11...1 B KOTOpOM 4HCII0 CHMBOJIOB «1» Takoe ke Kak BO BXOJIHOM
cioBe. MOXHO CUMTaTh, YTO MPOTPaMMa BBIMOJHACT CIOKECHHE HATypaTbHBIX
YKcel, IPEJACTaBICHHBIX B YHAPHON CHCTEME CUHMCIICHUS.

Mpumep 2. Andasut 4 = {1, *, v, z}.

IIporpamma

1
2
3
4.
5.
6
7
8
9

*11 — v*1
¥l >
lv—vlz
zZv —>vz
zl -1z
vl - v
vz —z
z—1
1 —1!

PaccmoTrpum mporokon Beruucnenuit Ha BxogHoM cioBe 11*111. Cnpasa
yKa3aHbl IPUMEHSIEMbIE TIOJICTAHOBKH.
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11*111 *11— v*1
11v*11 *11— v*1

11vw*1 *1l— v
11vvy lv—vlz
Ivizvy lv— vz
vizlzvy v — vz
vizlvzy lv—vlz

vlzvlzzv zZv — vz

vlvzlzzv lv - vlz



wlzzlzzv
wlzzlzvz
wlzzlvzz

wlzzvlzzz
wlzvzlzzz

wlvzzlzzz
vwlzzzlzzz
vwlzzlzzzz
vwlzlzzzzz
vwllzzzzzz
vwlzzzzzz
Ywzzzzzz
WWzzzzz7
VzzZZZZ
222272
1zzzzz
11zzzz
111zzz
1111zz
11111z
111111

zZVv — vz

zZVv — vz

lv - vlz

zZVv — vz
zZVv — vz

lv - vlz

zl = 1z

zl = 1z

zl = 1z

vl ->v

vl -»v

vz — Z

vz —> Z

vz — Z

z —>
z —>
z —>
z —>
z —>
z —>

1 —

1

—_— = e ek e

!

Ecnu cuurarh, 4TO BO BXOJHOM CJIOBE 3aKOJUPOBaHA 3a/laua YMHOKEHHUS
2*3 B yHapHOM cuCTeMe CUHCIIEHHs], TO B BBIXOJHOM CJIOBE MOJIYy4€H OTBET 6.
Jlokaxure, 4TO IpOrpaMMa JaeT BEpHBIH OTBET IPU JIIOOOM KOPPEKTHOM

BXOJHOM CJIOBC.
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nasa 3. PABHOOOCTYINHAA AOPECHAA MALLUHA

PaBHogoctynnas anpecnas mamuHa (PAM) — mMamuHa 370 4nMciaoBast MO-
JIeNTb BBIYUCIIUTENFHOTO YCTPOUCTBA. DTa MOJIENb SIBIIIETCS Hanboee OJIM3Koi
U3 PAaCCMOTPEHHBIX K PEAJbHBIM BBIYMCIUTEIBHBIM MalllMHAM M I103BOJISET
HanboJiee PEeaATMCTUYHO MPUMEHATh TEOPETUUYECKHE OLEHKU CIOKHOCTH ajro-
PUTMOB K pEabHbIM BBIYUCICHUSIM.

Ilamams MalliHbl COCTOUT U3 PETUCTPOB (sueek). Kaxapiit peructp umeer
aZipec U MOXKET CoAepkKaTh NPOU3BOJIbHOE yucio. Peructp ¢ Homepom 0 Ha3bl-
BAETCsl CYMMaTOPOM.

Ilpozpamma — nocnen0BaTenbHOCTh IPOHYMEPOBaHHBIX KoMaHa. KoManaa
UMeEET BUJT

<KoJ oIlepanuu> <omnepaHi>
Koap! onepanuit:
Load, Store, Add, Sub, Mult, Div, Read, Write, Jump, JgtZ, Jzero, Halt.
Onepano MOXeT OBITh OJTHOTO U3 TPEX BUIOB
=1,1, *i,
r7e [ — HaTypaJlbHOE YHCIIO.

ConepxuMoe peructpa ¢ Homepom i 0603HauuM 4epes c (i). 3Hauenue v(a)
ofiepaH/ia a ONpeessieTCss B 3aBUCHMOCTH OT €r0 BHA CIEAYIONM 00pa3oM

v(a) — 9mcIIo i, eCi @ UMEET BUJT =i,
v(a) —aucno c(i), ecnu a umeeT BUJ i,
v(a) —aucno c(c(i)), ecnu a UMeeT BUJ *7.

IIpu oreHKe CIOXKHOCTH aITOPUTMOB HCIOJIB3YIOT B 3aBUCHUMOCTH OT 00-
CTOSITENILCTB pa3Hble Beca koMaHA. [Ipu paboTe ¢ ManbIMH 4YMCIaMU U MajbIM
YHUCIIOM PETUCTPOB PEAIMCTUYHBIM OKAa3bIBA€TCS TAK HA3bIBA€MbIl paBHOMEp-
HBII BEC MU KOTOPOM Kakaas KomaHja TpeOyer enuHuiy Bpemenu. [lpu pa-
60Te ¢ OOJIBIIMMHU YUCIaMH M OOJIBIIMM KOJIMYECTBOM PETHCTPOB UCHOJIb3YET-
Csl TaK Ha3bIBa€MbIH Jorapu(pMUIecKuil BeC KOMaH bl P KOTOPOM BpEMsI BbI-
MOJIHEHUS] KOMaH/bl 3aBUCUT KaK OT 3HAUEHUS ONepaHia, TaK U OT 3HAYECHHS
ero azapeca.
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[Ipu ompenenennu Beca KOMaHIbl HCIONB3yeTcs QyHKuus L:Z — Z, BBI-
pakarolasi IMHY 3alucy Yucia

L) = {log(i) +1 mpu
1 npu

i#0,
i=0.

OcHoBanue norapudMa mnpu MOJYYECHHH ACHUMOTOTHUECKUX OLEHOK HE
MMEeT CYIIECTBEHHOTO 3HAYCHUSL.
Bec #(a) onepanna a ompexnensercs B 3aBUCHMOCTH OT €ro BHJA CIEIyIO-
M 00pa3zom

t(a) = L(i), ecmu a ©MeeT BUJL

t(a) = L(i) + c(i), ecu a umeeT BU]

H(a) = L(i) + L(c(i)) + L(c(c(i))), ecnmu a umeeT BT *7.

Komanna HeiicTBue Jlorapudmuveckuii
BeC

Load(a)  ¢(0) :=v(a) Ha)

Store(7) c(i) = c(0) L(c(0)) + L(i)

Store(*i)  c(c(i)):=c(0) L(c(0)) + L(i) + L(c(7))

Add(a) ¢(0) :=c(0) + v(a) L(c(0)) + t(a)

Sub(a) c(0) == ¢c(0) — v(a) L(c(0)) + t(a)

Mult(a)  ¢(0) = c(0)w(a) L(c(0)) + t(a)

Div(a) c(0) == ¢(0) div v(a) L(c(0)) + t(a)

Read(?) c(i) := ouepenHOE YHUCIIO L(@) + L(c())

Read(*i)  c(c(i)):= ouepenHoe uncio L(@) + L(c(i)) +
L(c(c(d)

Write(a) nedats v(a) t(a)

Jump(a) mepexon Ha KOMaHAY C HOMEPOM a 1

JgtZ(a) repexoj Ha KoMaHy ¢ HomepoM a, eciu ¢(0)>0  L(c(0))

Jzero(a)  mepexonm Ha KoMaHAy ¢ HOMepoM a, eci ¢(0)=0 L(c(0))

Halt(a) KOHEII BBIYUCIICHUN 1

Hanpuwmep, komanaa Add *i umeer nmorapudpmudeckuii Bec

L(c(0)) + L(i) + + L(c(i)) + L(c(c(7))).

Bpemermaﬂ CJIOHCHOCmMb TIPpOrpaMMbl OIIPEACIIAACTCA KaK CyMMa BECOB
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BCCX BBIINTOJIHCHHBIX KOMAaH/ ¢ YYCTOM UX MHOTOKPATHOT'O BBIITOJIHCHUA.
Emxocmuas cnoxcnocmso nporpaMmbl OMpEACIACTCA KaK CyMMa IO BCEM
perucTpam IJIMH MaKCUMaJIbHBIX YUCEIT IMOOBIBABIIMX B 3THX perucrpax.
HpHMep PaCCMOTpI/IM BBIYHCJIICHUC I’ln. Ha IICEBAOKOAC OHO MOXKCET BbI-
T ACTh CICAYOIMIUM 06pa30M.

Read(r1);
if 1 <0 then write (0) else
{r2:=rl; r3:=rl-1; while r3<0 do {r2:=r2*rl; r3:=r3-1}; write (+2)}.

DTOT TCEBIOKOJ JIETKO MOXET OBITh IMPEACTAaBICH B BUIE CIETYIOLICH
PAM-niporpaMMel.

Read 1
Load 1
JgtZ 6
Write =0
Jump 22
Load 1
Store 2
Load 1

. Sub=1
10. Store 3
11. Load 3
12. JgtZ

13. Jump 21
14. Load 2
15. Mul .t 1
16. Store 2
17. Load 3
18. Sub 1
19. Store 3
20. Jump 11
21. Write 2
22. Halt

O (00 | |on [ [ 2 19—

Korna komanna 15 BeinosiHsietcs i-i pas, CyMMaTop COACPKUT 71 ', ar2 co-
JCPKUT 1. ITa KOMaHa BenonHseTes (n — 1) pas.

[Ipu paBHOMEPHOM BECOBOM KpHUTEpHU CyMMapHoe Bpems — O(n).

IMpu sorapuMUIECKOM BECOBOM KPHUTEPHUH CyMMapHOE BpEMsl PaBHO
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Z(L(ni) + L(n)), rae cymmupoBanue Beaercs mo i = 1, 2, ..., n. TTocKoabKy
(L(n") + L(n)) ~ (i + 1) Log(n), mony4yaem

Y (L(n")*+L(n))= O (n* log n).

EMKOCTHas1 CJIOKHOCTh HPOrpaMMBbI IPH PAaBHOMEPHOM KPHTEPUH PaBHA
O(1), npu norapudpmuueckom — O (n Log n).

145



Nmasa 5. POPMAJIbHbIE A3bIKU

5.1. OCHOBHbIEe NOHATUA N 0003HaYeHunA

Angpasum — KOHEYHOE MHOXKECTBO a0CTPAKTHBIX CHMBOJIOB, KaK IPaBUIIO,
YIOPSI0UCHO, B TAK HA3bIBAEMOM alI()aBUTHOM IOPSIJIKE.

Cnoeo (B andasute A) — KOHEYHAs MMOCIIEIOBATEIBHOCTh CUMBOJIOB (asida-
BuTa A4).

Jlnuna cnoea — KOIUYECTBO BXOXKJCHUM CUMBOJIOB B CJIOBO. [[rHa cioBa
u, 00BIYHO 0003HAYAETCS |U|.

ITycmoe cnoeo — tmycras 1oCIeNOBaTEIbHOCTh, TO €CTh IOCIEIOBATEIb-
HOCTb, HE COJeprKalasi Hu ogHoro cumBodia. [Tycroe cioBo, cobmronast Tpanu-
IIUH, 9aCTO 0003HAYAIOT TPEUECKOi OYKBOH A, mojarasi pu 3TOM, YTO OHA HE
SIBJISIETCS CHMBOJIOM paccMaTpHBaeMoro aidasuTa.

CnoBo mmumnbl k (K > () MOXHO OTOXIECTBUTH C DIEMEHTOM JIEKapTOBa
npousBeneHus, (4 x A x ... x A) B KOTOPOM k COMHOXHTEJIeH 1 0003HAYAEMO-
ro A", Tpu k = 0 umeem A°, cocrosiee U3 0AHOTO MyCTOro CII0BA, HE MYTATh C
IYCTHIM MHOYKECTBOM, 0003HAYaeMbIM 3HAKOM J.

3ameuanue. [Ipu OTOXKIECTBICHUN JIEMEHTA JIEKAPTOBA IPOU3BEAECHUS CO
CJIOBOM, IOJIAraeM, YTO CJIOBO COCTABJICHO M3 BXOJSIIMX B HETO CUMBOJIOB B
COOTBETCTBYIOIIEM MOPSIIKE.

MHOXecTBO BceX CIIOB B alipaBuTe A 0003HAYAIOT

A=ALvAdvAu.=]4.
i=0
MHO)KCCTBO BCECX HeHyCTBIX CJIOB B aﬂ(baBI/ITe A O603HaanOT
e}
A =AuL U =4
i=0

Ceepxcnoeo (B andaBure A) — OECKOHEUHAs TMOCJIEIOBATEIbHOCTh CUMBO-
noB (angasuta A4).

@Dopmanvustit azeik (B andasute A) — MHOXKECTBO CJIOB (B andaBute 4).

Konxkamenayus cnoe — 1ByXMecTHasi Onepaius HaJ CIIOBaMH, 3aKJIHO-
YaroIasicss B NPUIHUCHIBAHMK BTOPOTO CIIOBAa K TEpBOMY. Pe3ynbrar KOHKarte-
HAIIUH CJIOB U M V 0003HAYAETCS UV.

Hauanvuwiii ¢ppazmenm ciosa u, UMEIOMMN JIUHY k < |u| Ha3pIBaeTCs
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npeghuxcom NiHbI k croa u, o6o3Havaercs prefy u.

Koneunvtit ppacmenm ciosa u, umerornuii uinHy k < |u| Ha3pBaeTcst cyg-
@uxcom uHBI k cioBa u, o6o3Havaercs suffy u.

Ecnmu k < |u|, To npedukc u cypdukc Ha3pIBaOTCS COOCTBEHHBIMH. 3ame-
THM, YTO TIPH HAlleM OIpPEIEJICHUH ITyCTOe CIOBO A OylneT M coOCTBEHHBIM
npeduKCOM U COOCTBEHHBIM Cy(hPHuKCcOM JTH000TO ClIoBa U.

Onepayuu nao gpopmanvnvimu azvikamu. I1ockonbky popmMaabHbIE SI3BIKU
SIBJISTIOTCSI MHOYKECTBAMH, TO K HUM TPUMEHSIOTCS OOBIYHBIE TEOPETUKO-MHO-
JKECTBCHHBIC OIepalii: 00bEANHCHNUE, IEPECCUCHNUE, TOMOTHEHHUE (10 MHOXE-
CTBa BCEX CJIOB B paccMmarpuBaeMoM andasure). Kpome nepedncieHHBIX orie-
panuii MPUMEHSIOTCS CIeNU(UIECKUE OMEepaluy 3TO KOHKATCHAIUS ABYX S3bI-
KOB U MTEpAIHs SA3bIKA.

PesynpraToM KOHKaTeHANWH s3bIKOB L) u L, siBisiercst si3bik L= {uv |u €
Ly, v € L}, obo3nadaemblii Takxke Lj-L,. Pe3ynpTaT KOHKaTeHAIMH K
9K3EMIUTSPOB s3bIKa L 0003HaYMM uepe3 Lk

PesynbraTom urepanmu si3bika L sBisiercst si3bik L* = {u [ (k=2 0)u € L5
3amernm, uto L° = {A} n nostomy A € L* npu mo6om L.

3ameuanue. Tlpu padote ¢ popMaTbHBIMU SI3BIKAMHU OTIEPALUIO 00bEANHE-
HUS 9acTO 0003HAYAIOT 3HAKOM “+”. B cremyromux ToXIecTBax UCTIOIb3yeTCs
MMEHHO 3TO COTJIallIeHHeE.

Ocnosnvte moscoecmea. Ilycts o, B, Y — npousBosbHBIC HOpMabHbIC
S3bIKM HaJl HEKOTOPBIM (PUKCUPOBaHHBIM ajI(aBUTOM, TOTA CIIPABEUINBBI CIIe-
JYIOIIUE TOXKIECTBA.

(atp)ty =at+(P+y),
(o-B)y = a-(B-y),
atB=p+a,

Bty =ap+oay,
(a+P)y=oy+ By,
o-J* =a,

o-d =,

o* =o-a* + %,

o* = (o + J*)*.
5.2. Cnoco6bl 3apaHnsa ¢hopmanbHbIX A3bIKOB
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[Ipexne Bcero, as 3aAaHust POPMATIBHOTO SI3bIKA MOXKET MOJOUTH JH000e
MaTeMaTHYECKH KOPPEKTHOE ONpeeTICHNe MHOXKECTBA CJIOB B 3a/IaHHOM aia-
Bute. OHAKO, €CIIM UMETH B BUJy 33JaHHUE, IPU KOTOPOM BO3MOKHO aJITOPUT-
MHYECKOE pPELIEHHE BONpOCa O MPUHAJICKHOCTH CJIOBA S3BIKY, TO HY’>KHBI
cpezacTBa OoJiee OrpaHMYCHHEIE.

HaunbGonee oOmmM M3 KOHCTPYKTHBHBIX CIIOCOOOB 3a/IaHUS SI3BIKOB SIBIISICT-
Cs1 c110c00, MCTIONB3YIOMINI TaK Ha3bIBaeMble (hOpMasIbHbIE TPAMMATHKH.

Dopmanvhoil cpammamuKoll 17 OPOXKIEHUST POPMATLHOTO S3bIKa B aJl-
daBuTe A Ha3pIBaeTCs HAOOP

G=(A9B’S’P)7

rae A — andaBUT TepMUHATBHBIX (OCHOBHBIX) CUMBOJIOB; B — andaBur Herep-
MHHAJIBHBIX (BCIIOMOTaTelbHBIX) CUMBOJNIOB, A N B = J; § — craproBblii cum-
BOJI, S € B; P — xoHeuHbI Habop TpaBmil BeIBOJA. Kakmoe mpaBmiio BHIBOAA
UMEEeT BHI (¢ —> Y, TAe ¢, \J — clIoBa B 00beinHEHHOM andaBute A U B, npu-
YeM () COJEPKUT XOTs Obl OJTUH CUMBOJ U3 andasuta B.

[IpaBuiao @ — Y NMPUMEHUMO K CJIOBY U, €CIU () sIBIseTCS (pparMeHTOM
clioBa u. Pe3ynbTaToM mpuMEHEHUs 3TOTO MpaBmiia K CIOBY U Ha3bIBAETCS CJIO-
BO V, TIOJIYYEHHOE 3aMEeHOH JIF000T0 (hparMeHTa (p B CIOBE U HA CIOBO .

Ecmu v — pe3ynbraToM MpUMEHEHHs] HEKOTOPOTO MpaBWiia K CJIOBY i, TO
TUIIEM U = V.

Ecmmu = vi=> vw= = v,= Vv, TO IUIIEM U =>=> V.

S3eik L(G), mopoxkaaemblii rpaMMaTukoil (G, ompenensercs: CiIeayomuM
obpazom

L(G)={v|v e d* S==v}.

Hpyrumu cinoBamu L(G) — MHOXKECTBO CIIOB B OCHOBHOM aji(paBHTE, KOTO-
pBIe MOTYT OBITh MTOJYYEHBI U3 CTAPTOBOT'O CHMBOJIA S IyTeM KOHEYHOT'O YHCIIa
NPUMEHEHNH TPaBWJI TPAMMATHKH.
Knaccugpukayus Xomckozo
e rpammaruku TUmna () 3To TpaMMaTHKH, HE HMEIOIIHE OTPaHUYCHUH Ha BHU]T
NIPaBuUIT;

® rpaMMaTHKH TUNA 1 3TO rpaMMaTHKH, B KOTOPBIX MPaBUIa UMEIOT BHI:
P 1XP2—> O V@2, Tie X — HETePMHUHAIBHBIA CUMBOJ, a (1, (P2, V — CJIOBa
B oO0beauHeHHOM anpaBute. CioBa @, (P2 — HA3BIBAIOTCA KOHTEKCTOM
npaBuWiIa. TU TPAMMATHKH (U S3BIKH, MTOPOKAAEMbIe UMH) HA3bIBAIOTCS
TaK)Ke KOHTEKCTHBIMH, TaK KaK B OINHMCAHHOM ITpaBUJIe CUMBOI X 3aMe-
HSETCSI CIIOBOM V, €CITH HaXOJUTCSI B KOHTEKCTE @ 1, (P 2;
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® rpaMMaTHKH TUMA 2 3TO TPAMMATHKH, B KOTOPBIX MPaBUIa UMEIOT BHI:
X — v, rae X — HeTepMUHAIbHBIA CUMBOJL, @ V — HEMYCTOE CJIOBO B 00be-
JUHEHHOM anipaBuTe. DTH TpaMMaTHKU (U SI3bIKH, MOPOXKIAEMbIe UMH)
Ha3bIBAIOTCS TAK)KE KOHTEKCTHO-CBOOOIHBIMU;

® rpaMMAaTHKH TUMA 3 3TO TPAaMMATHKH, B KOTOPBIX MPaBUIa UMEIOT BHI:
X — v, rie X — HETepMUHAIBHBIA CUMBOJI, & V — MOYKET UMETh BU THOO
a, mubo a¥, rae a — CuMBOII OCHOBHOTO anaButa, a ¥ — BCIIoMOTraTelb-
HOTO. SI3BIKH, IOPOXKIaeMble TPAaMMATHKaMU THIA 3, Ha3bIBAIOTCS PETy-
JSIPHBIMH.

N3BecTHO, 4TO Kiacc S3BIKOB, 3a/laBaeMbIX I'paMMmaTiukaMu tuna (), sBiset-
€5l KJIaCCOM PEKYPCHUBHO MEPEUNCITUMBIX SI3bIKOB, HE COBMAAAIONINM C KJIaCCOM
PEKYPCUBHBIX SI3bIKOB. Ha si3bIKe TEOpUHU aJIrOpUTMOB 3TO O3HAYAET, YTO HE
CYIIECTBYET aJITOPUTMA, KOTOPBIH 1O Jt00oi rpammaruke G tumna 0 u mrodomy
CIIOBY u oTBe4aeT Ha Bompoc «u € L(G)?». C apyroil CTOPOHBI CYIIECTBYET
QJITOPUTM, KOTOPBIH, MOJYyYHB Ha BXOjae rpamMMaTHKy G U CIIOBO U, OTBETHT
«ma», eciu, u € L(G), B IPOTUBHOM CIIy4ae OH JINOO OTBETUT «HET», 100 Oy-
neT paboTaTh OECKOHEYHO.

Kiacen! s13b1K0B, 3a1aBaeMbIX rpaMmaTUKaMu Tumna 1, 2, 3 sBisieTcst Kiac-
CaMU PEKYPCUBHBIX S3BIKOB.

AJBTEpHATUBHBIM CITOCOOOM 3a/aHusi (POPMaTbHBIX SI3BIKOB SIBIISICTCS MX
OTMCAaHUE C TTOMOIIBIO0 PA3IMYHBIX BUJIOB aBTOMATOB.

OmHUM M3 MIPOCTEHIINX KJIACCOB SI3BIKOB, UMEIOIIUX OOJIBIIIOE MPUKIIATHOE
3HAYCHHUE, SBISICTCS KJIACC PETYJISPHBIX S3BIKOB, JOMYCKAIOIINX OTMHCAHUE U C
MOMOIIbIO0 KOHEYHBIX aBTOMATOB M C TIOMOIIIbI0 aHATUTHYECKUX BBIPAXKEHUH.

5.3. PerynsipHble BblpaxeHuUs

Perynsipable BeIpakeHHs 3TO aHaIUTUYeCKUi (PopMysbHBINA) criocol 3a-
JaHUS PETYJSIPHBIX S3BIKOB.
Onpeodenenue. Pecynspnvim evipasicenuem Hao angasumom A Hasvieaemcs
svlpadicerue, NOCMpoOeHHoe NO C1eOVIOWUM NPAGUAM
1. D — peeynsapnoe svipadicenue;
2. \— pecynapnoe svipadicenue;
3. a — pezynapmnoe evipadicenue, eciu a € A;
4. (P v S) — pezynsapnoe gvipadicenue, eciu P u S — pecynsipnvie svipadice-
HUsA;
(P-S) — pecynapnoe svipasicenue, ecnu P u S — pecynaproe svipasicenue;
6. P*— pecynapnoe svipasicenue, eciu P — pecynaproe svipasicenue.

“
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PerynsipHoe BoipakeHne R 3amaeT s3bIk L(R) B COOTBETCTBUH CO CIIEIYIO-
IIUMH TPaBUJIAMU:

o [ () — mycroii sI3bIK,

e L(\) — s3BIK, COCTOSIIUI M3 OJHOTO IMyCTOTO CJIOBA,

o [(a) — A3bIK, COCTOSILIMI 13 OJHOTO OJIHOOYKBEHHOTO CJIOBA A,

o L((P v S))=L(P) v L(S),

o L((P-S)) = L(P)L(S),

o L(P*)=(L(P))*.

Mpumep 1. Paccmorpum perynsiprHoe Beipaxenue R = (ab v ac)*(a v L)
Hax andasuroM A4 = {a, b, c}. A3pik L(R) cOCTOHT U3 CJIOB, B KOTOPBHIX Ha
HEUYCTHBIX MECTaX CTOUT CUMBOJ @, @ HA YCTHBIX b WJIH C.

3ameuanue 1. B peryisipHBIX BBIPAKEHHSX BMECTO 3HAKA «V» YacTO HC-
IOJIB3YIOT 3HAK «1X».

3ameuanue 2. Ecnu JONONHUTD MPaBUIa MOCTPOCHHS PETYJSIPHBIX BhIpa-
JKCHUH ellle TBYMsI PaBHIaAMHU.

7. (P N S) — pecynsapnoe svipadxcenue, eciu P u S — pezynsipnvle svipadice-
HUs,

8. P— pecynapuoe swipadicenue, eciu P — pezynsapuvie evipasicenus, u
cuumamv L((P N S)) = L(P) N L(S), a L(P) = L(P), 20e oononnenue
bepemcsi 00 MHOJCECmsa 6cex clos 6 anpasume A, mo noayuum, max
Haszvleaemvle paculuperHvle pe2ynaphvie svipadicenus. Eciu ne ucnono-
306amb 0ONONHEHUe, MO NOJAYYUM NOJYPACUUPEHHOE De2YlAPHOe Bbl-
padicerue.

Kak yBumuM B JanbHEHIIEM, HCIONB30BAHUE PACIIUPEHHBIX PETyIISPHBIX
BBIPAKECHUI HE PACIIUPSET KIacca PEerysiPHBIX SI3BIKOB.

3ameuanue 3. Vicnionb3ysi ONHCAHHYI) WHTEPIPETAIMIO PETyJISPHBIX BbI-
pakeHuM, Mbl BMECTO cooTHomeHus u € L(R), mucatb u € R.

5.4. PewweHne ypaBHeHUN B crnoBax

Paccmotpum ypaBaeHue Buga X = a-X + 3, rae o u B — popmanbHbie s3bI-
KM HaJl HEKOTOPBIM an()aBUTOM A.

Teopema. Eciu ) ¢ o, mo ypasnenue X = aX + B umeem eduncmeennoe
pewenue X = o*B. Ecu A € a, mo X = a*(P + y) 6ydem pewenuem ypase-
nua X = aX + B npu mobomy € A*.

Hokazamenscmeo. Ilycts A & o u X, — perieHne, Toraa, MoJCTaBisis ero B
ypaBHEHUE, TOIyYUM
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onaX0+B:a(aX0+B)+B:a(a(cho+B)+B)+B=a3Xo+azB+aB+B.

[Ipomoimkasi BBIMOJHATH MOJCTAHOBKH, BUANUM, 4TO Tipu Jrooom k=10, 1, 2, ...
BBITIOJIHSICTCS PABEHCTBO

Xo=o""Xo+ (@ B+ B +...+ap+P) (1)

IMokaxkem cuavama, uro a*-f < Xj. HdelictButensHo, mycts u € o*-f, Toraa
IPU HEKOTOPOM 3HAYCHHU K TIOIYYUM U € (ockB +ock_1B +...top+p)uwus
(1) mpu TakoM 3HaYeHNH k oiydaeM u € X,

Ocraiock mokasars, uro Xo < a*f. [elcTBuTenbHO, MycTh U € X), TOrAa
npu JioooM k

ue o Xy + (B +a IR+ L+ aB + P).

Ho Ttak xak A ¢ O, TO IMpPH JOCTATOYHO OONBIIMX 3HAUCHHIX K KaKmaoe
K+l
CIIOBO BO MHOXeCTBe O -Xo OyaeT JJIMHHEES CIIOBa U M, CIIEJ0BATEIbHO,
K+l
u¢ o -Xo, HO TOTJIa IPU TaKux k

ue (dp+a B+ ... +ap+p)ca*p.

CrenoBarenbHo, # € o*f. MTak, MbI moKa3aJii, 4To eciii Xy — pelieHue, To
oHO 3amaercs dopmynoit Xop = o*P, To ecTb sBIsieTCs eAWHCTBEHHBIM. ToT
dakr, aTo 0* 3 Ha caMoM Jeje pelIeHne POBEPSETCs POCTOH MOCTAHOBKOM.

Bropoe yTBepikieHHE TEOPEMBI ITPEAOCTABISEM JOKa3aTh YUTATEIIO.

3ameuanue. Eciu B ypaBHennn X = oX + 3 moxg o u 3 moHUMAaTh pery-
JApHBIC BBIPAXEHHs, TO B ciydae A ¢ L (0), ero eJUMHCTBEHHBIM pPEIICHUEM
OyzieT peryisipHoe BeIpakeHue o 3.

B cnyuae, xorna L(o) comepxuT A, ypaBHEHHE UMEET OECKOHEYHO MHOTO
pemrenuit Buna X = a*( +v), HO 31eck MOJ Y MOKHO NOHHMATh HE TOJIBKO
peryJisipHbIe BBIPAXKEHUS, HO M BBIPOKCHUS B KaKoM JHOO (opmanusme, 3a-
JIAIOIIHMe MPOM3BOJIBHBIN s3bIK. YacTo B TakoM Cilydae WHTEPECYIOTCS Hau-
MEHBIIINM 110 BKIIFOUCHHUIO PEIICHUEM, TaK Ha3bIBAEMON «HANMEHBIICH HEIoI-
BIKHOU TOUKOI».

Cucmembl JTUHENIHBIX YPAGHEHUI C PeYNAPHbIMU KOIPpuyuenmamu.
[Tox cTraHIapTHOM CHCTEMON MOHUMAIOT CUCTEMY BH/IA

Xi=onXi+opXo+ ...+ o, X, + B,
Xo =001 X1+ oXa + ...+ oo X, + Bo,

Xn = (xanl + O(412)(2 +..t Oy Xn + Bna
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rae oy, 3;— perynspHble BeIpaxeHus, X; — nepemenssie (i, j =1, 2, ..., n).

Pemennem cucremsl, HazpiBaeTcs Habop (L(X:), L(X2), ..., L(X,)) dop-
MaJIbHBIX SI3bIKOB, KOTOPBIC MPHU TOJCTAHOBKE BMECTO COOTBETCTBYIOIIMX Iie-
pPEMEHHBIX B ypaBHEHHs OOpallaloT UX B PAaBEHCTBAa. YJOOHO Ha pELIeHuE
CMOTpPETh Kak Ha 0TOOpaxkeHHe L, KOTOpoe KaXI0i MepeMEeHHOU X; CTaBUT B
cootserctBre s3Ik L(X;). Peuenne L' Ha3sblBacTCs HAMMEHDBIICH HETIOIBIK-
HOM TOYKOM CHCTEMBI, €CJIU Uil JF00Oro APyroro peuieHus: L BBIMONHIIOTCS
COOTHOIIEHUS Ll(Xl-) cLX)mpui=1,2,...,n.

Teopema. Kajicoas cmandapmuas cucmema ypagHeHul umeem eOuHcnl-
BEHHYIO HENOOBUNCHYIO MOUKY.

Jlokazamenvcmeo. JleicTBUTENHHO, HETPYIHO BUIETH, YTO OTOOpaKCHHE

L', onpenensiemoe 1o dopmymam L' (X,) = ﬂL(X .), TIe nepeceueHue Oeper-
L

cs 1o BceM perienusim L, (i = 1, 2, ..., n) SBIsSETCS UCKOMOM HETIOJIBHXHOMN
TOYKON CHUCTEMBI.

Pemrarorcsi Takue CHCTEMBbI YPaBHEHUI METOJIOM HMCKIIFOYCHUS HEHM3BECT-
Heix. Eciu, Hanpumep, oy # &, TO MepBOe YpaBHEHHE MOXHO MPEICTABUTH B
Buzie X = o X1 + B, rme B=on Xo + ... +au, X, + Bi1, 3amucath ero pere-
HHE ONUCAHHBIM BbIIIE CI0coO0M B BHe (0l11)* 1 MoACTaBUTh B OCTAJIbHbIC
ypaBHeHHs. [107ydrM CHCTEMY ¢ MEHBIIIMM YHCJIOM HEM3BECTHBIX U TaK JlaJiee.

5.5. ABTOMaTHOe 3apaHue A3bIKOB

Hedemepmunupoeaunbte KOHeuYHble aemomambl C s-nepexommm. Hene-

TEPMUHUPOBAHHBIM KOHCYHBIM aBTOMATOM C E-IIEPEXOJaMU HaJl aJ'I(I)aBI/ITOM A
Ha3bIBACTCA Ha60p

R=(0.4, q, F, 9),

rae O — MHOXECTBO COCTOsIHUM, A — andasut, Q) — HaYaJIbHOE COCTOSTHHE (G0
€ € 0), F—muoxectBo ¢puHanpHbIx coctosiauit (F < Q), ¢: O x (AU {e}) >
29— nepexouas (yHKIHS.

Takoif aBTOMAar MOXHO MPEACTABHTh HArpPYKEHHBIM OpPHUEHTHPOBAHHBIM
MynbTUTpadoM (auarpaMMoil) cienyromum oopazom. Bepmmuamu rpada 00b-
SIBUTh COCTOSIHUS, TO €CTh JIEMEHTBI MHOXecTBa (), u ecit ¢' € ¢(q, X), TO U3
COCTOSIHUSI ¢ B COCTOSIHUE ¢’ TPOBECTH YTy, IIOMEYCHHYIO CHUMBOJIOM X €
€ (AU {e}).

S3eik L(R), moporxkaaemMblii aBTOMATOM R, COCTOUT M3 BCEX CIIOB, KOTOPHIE
MOHO MPOYUTATH, BUrasiCh, HAYMHAS CO CTAPTOBOTO COCTOSIHUS ¢y, IO Peod-
paM ¥ YuTas MPUITUCAHHBIC UM CHMBOJIbI. UTeHHE 3aKaHUMBACTCS B JHOOOM M3
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(UHABHBIX COCTOSTHUN MHOKECTBA F' He 00s3aTeILHO MPHU TIEPBOM TyJIa TOTIa-
naHuu. [Ipy YTeHHU CUMBOJIOB BOCIIPUHUMATH € KaK ITyCTOE CJIOBO.

Mpumep 2. Mycts andasur 4 = {a, b, c}, O = {qo, q1, 2}, F={q:1} n
nepexoHast GyHKIMS ¢ 3a/1aHa TaOIuIei

€ a b c
Jo {q1} {91, @2} %) %)
Q %) %) {90} {90}
q2 {q1} %) %) %)

Juarpamma aBTOMaTa M300pa)keHa Ha pHc. 1. 3aMeTHM, YTO SI3BIK, TIOPOXK-
JTAeMBI 3THMM aBTOMAaTOM, COBIIAJAE€T C S3BIKOM, 33/1aBa€MBIM PETyJISPHBIM
BBIpaXKEHHEM U3 IIpumepa 1.

Puc. 1

Heodemepmunupoeanuvie Koneunsle agmomamaul 6e3 e-nepexooos. Hene-
TEPMHUHUPOBAHHBIM KOHEYHBIM aBTOMATOM 0e€3 €-Tiepexo/10B Hax ajndaButoM 4
Ha3bIBaeTCst HAbop

9{ = (Q’ A’ q07 F’ (P)’

rine ) — MHOXECTBO COCTOSIHUH, A — andaBuT, o — HaYAIBHOE COCTOSHHUE
(qo € Q), F — MHOXecTBO uHANBHBIX cocTostHUi (FC Q) u ¢: Q x A — p
nepexoanas Gynkuus. Takoil aBTOMaT Takke MOKHO MPEACTaBUTh HATPY)KeH-
HBIM OPUEHTHUPOBAHHBIM MyJbTHrpadoM (auarpammoii). OTauuue B TOM, 4TO
JyTH MOTYT OBITH TIOMEYEHBI TOJIBKO CHMBOJIAMH ajiaBuTa A.

S3pik L(R), mopoxkIaeMblii TaKUM aBTOMAaToOM ‘R, COCTOMT M3 BCEX CJIOB,
KOTOpBIE MOXHO MPOYUTATh, ABUTAsICh, HAUMHASI CO CTAPTOBOTO COCTOSHUS o,
1o pedpam ¥ YuTasi MPUIHCAHHBIC UM CHMBOJIBL. UTCHUE 3aKaHYMBACTCS B JTIO-
00M 3 (PMHATBHBIX COCTOSHUM MHOXeCTBa F He 00s13aTebHO TIPH TIEPBOM TY-
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J1a TIOTIa/IaHN Y.
Jemepmunuposannvie Koneunvle agmomamol. J|eTepMUHUPOBAHHBIM KO-
HEYHBIM aBTOMaTOM HaJ andaBuTom 4 Ha3bIBaeTCs HAOOP

SR = (QaAa QOa Fa (p)o

rae ) — MHOXECTBO COCTOSIHUM, 4 — andaBuT, gy — HaYaIbHOE COCTOSIHUE
(g0 € Q), F — mHO)ecTBO uHANBHBIX cocTosHUNA (FC Q)u @: O x4 — 0 —
nepexoanas GyHkius. Takoit aBToMaT TakyKe MOKHO TPEICTaBUTh HAarpy>KeH-
HBIM OpPUEHTHPOBAaHHBIM MYJbTHrpadom (auarpammoii). OTinudue oT HexeTep-
MHHHPOBAHHOTO aBTOMAaTa B TOM, YTO U3 Ka)KAOTO COCTOSIHUS BBIXOJHUT POBHO
OJIHA JyTa, TOMEUEHHas KOHKPETHOHW OyKBOii anaBuTa A mpudeM Tl KaKI0u
OyKBBI aipaBUTA TaKas qyra CyIIeCTBYET.

S3pik L(R), mopokaaeMblii TakuM aBTOMaToM ‘R, OmpeaessieTcss aHaio-
THYHO TOMY, KaK 3TO ObLIO JJIsl HEAETEPMHUHUPOBAHHBIX aBTOMATOB.

Teopema. Knaccoi s3v1k08, 3a0a8aemvle pe2yisApHbLIMU GLIPAHCEHUAMU, He-
0emepMUHUPOBAHHBIMU KOHEYHbIMU ABMOMAMAMU C E-Nepexo0amu, Heoemep-
MUHUPOBAHHBIMU KOHEYHLIMU ABMOMAmMamu 6e3 €-nepexooos, oemepmuHupo-
BAHHBIMU KOHEUHBIMU ABMOMAMAMU COBNAOAION.

Hokaszamenscmeo. | nokazaTenbcTBa JOCTATOYHO IO KAXIOMY peTy-
JSIPHOMY BBIPQKEHUIO, HAYYHUTHCS CTPOUTH PABHOCHIIBHBIA HEIETEPMUHHPO-

BaHHBLIA KOHEUHBIN aBTOMAT C e-rnepexogaMu (CI/IHT€3), 3aTeM HM30aBIISITLCA OT

€-TIEPEX0JIOB, 3aT€M JAETCePMHHHU3UPOBATh, U, HAKOHEI, MO JAEeTePMHUHUPOBAH-
HOMY aBTOMATy CTPOHTH PETyJISIpHOE BBIpAKEHHE (aHATH3).

Cunmes. PerynspHoe BbelpakeHHe & IpEACTaBIsieTCS aBTOMaTtoM R =
=(0, 4, q0, F, ¢), tne O ={qo, q1}, andaBur A — npou3BoJicH, gy — HAYATbHOE
cocrosiaue, F ={qi} — MHOXeCTBO (MHAIBHBIX COCTOSHUA W MEepPeXOHas
Gynkuust @ 3amaercst cootHorerusmu (Vx € 4 U {€}) ¢(qo, x) = D, ¢(q1, x)
=.

PerynspHoe BelpaxkeHue A mpexactapisiercss aBromatoM R = (0, 4, qo, F,
¢), tie Q= {qo, q1}, anpaBut A — NPOU3BOJICH, ¢y — HAYAIBLHOE COCTOSIHUE,
F={q1} — MmHO)XecTBO (PMHATBHBIX COCTOSHUM U mepexonHas QyHKIUS ¢ 3a-
JaeTcsi COOTHOMEHHIMH O (qo, €) = {q1}, ©(q1, €) = D u (Vx € A)o (qo, x) =
I, 0 (q1,x)=C.

Perynsiproe Beipaxenue a (a € A) npezncrasnsercs: aromatoM R = (0, 4,
qo, F, ), tie O = {qo, 91}, go — HauanpHOE cocTosiHue, F' = {q|} — MHOECTBO
(pMHAIBHBIX COCTOSHHI W TIepexoiHas GYHKIHS (P 331aeTCS COOTHOLICHUSIMHU

¢ (90, @) = {q1}, (Vx € (4 U {ef)\ {a}) ¢ (g0, x) =D, m (Vx € (4 U {g}))
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¢ (q1,x)=D.

Jns perynspHoro Beipaxkenus (P v S), rne P u S — perynspHbie BbIpake-
HHSI, MOXHO TOCTPOUTH 3aaatotiuii asromat ‘R = (Q, A4, qo, F, ¢) cnenyroumm
obpazom. Ilycte aBromat ‘R; = (0, 4, q1, F1, ¢1) 3amaer L (P), a aBTOMaT
Ry = (01, 4, q2, F>, ¢2) 3amaer L(S). He ymeHbIas OOIIHOCTH MOXHO CYH-
TaTh, 4T0 F| = {f1} u F, = {2} — 0HOBIEMEHTHBIC U UTO ¢| # f1 a ¢2 # f>. [To-
noxuM Q= Q01U QLU {qo, f }, T qo, f — HOBBIE COCTOSIHUSI ¥ MIOSICHUM TIO-
crpoeHre aBroMaTa ‘R Ha s3blke nuarpamm. COCTOSHHE ¢p COSIUHHM JyraMu
CO CTapTOBBIMH COCTOSIHUSIMH ¢, ¢2 aBTOMAToB ‘R, R, U HOMETUM UX CUMBO-
aom €. CocrosiHus fi U f, aBromaroB ‘Rj, R, COCAMHUM AyraMu C HOBBIM CO-
CTOSIHAEM f ¥ TMIOMETHM HX TaKke CHMBOJIOM €. HadajgbHBIM COCTOSHHEM II0-
CTPOCHHOTO aBTOMAaTa 00BSIBUM ¢,  PUHAIBHBIM — f.

s perymnsipHoro BeipakeHus P-S, tne P u S — perymnspHble BbIpaXXCHUS,
MOHO MOCTPOUTH 3anaromuii aBTomar R = (0, 4, qo, F, ¢) cienyronmm 00-
pazom. Ilycte aBromar R; = (0,4, q1, F1, ¢;) 3amaer L(P), a aBromar
R = (01, 4, q2, F>, ) 3amaer L(S). He ymeHbIas 0OIHOCTH, ONSTH CUHATA-
eM, uto F1= {f1} u F>= {f2} — oHO3JIEMEHTHBIC U YTO ¢ % f] a q2 # f>. [Tono-
xuM Q = Q17U (> 1 NOACHUM MOCTPOEHHE aBTOMaTa ‘R Ha S3bIKE TUArpaMM.
@dunanpHOE COCTOSHHME aBTOMaTa R; COCIUMHUM IYTOi CO CTapTOBBIM COCTOS-
HHeM aBToMarta Ry M MOMETHM ee CHMBOJIOM €. B kauecTBe (o BO3bMEM cTap-
TOBOE COCTOsIHME aBToMmara R, a B KayecTBe (PMHAIBHOTO COCTOSHHS [ BO3b-
MeM (HHAIBHOE COCTOSIHUE f, aBToMaTa ‘R).

Jlnst perynsipHOro BbipaxeHust P*, rie P — peryisipHOe BbIPaXKCHUE, MOX-
HO TIOCTPOUTH 3ajaroriuii aBToMat Ruew = (O, 4, qo, {0}, ¢) caenyromum 00-
pasom. Ilycts aBromar R =(Qi, 4, q1, {/1}, 1) 3amaer L(P). Onsare He
YMEHbIIIas OOIIHOCTH, CUUTaeM, 4To £ = {f;} — OIHO3JIEMEHTHOE | YTO ¢ # f].
JlobGaBnsieM k MHOXKeCTBY () JIBa HOBBIX COCTOSIHHSA ¢, U fo. Coenqunsiem €-

nepexoaMu mapel coctostuit (qo, q1), (f1, /), (qo, fo) u (f1, q1).

B 3aBepiienune 3amMeTHM, YTO U3JI0KEHHBIE TPUEMBI OYEBUIHO TO3BOJISIOT
1o JI00OMY PETyJIIPHOMY BBIP@XKEHUIO R MOCTPOUTH HEAETEPMHUHUPOBAHHBIN
aBTOMaT ‘R C g-mepexojaMu, ¢ OAHUM CTapTOBBIM U OJAHUM (PHHAIBHBIM CO-
CTOSIHUEM, TIPHYEM CTApPTOBOE COCTOSHUE OTIMYHO OT (PMHAIBLHOTO U TIPU STOM
takoi, uto L(R) = L(R).

Taxum o6pa3oM, 3ajjaua CHHTE3a peIIeHa.

H30aenenue om g-nepexodos. 11okaxeM Kak 10 HEAETEPMUHUPOBAHHOMY

asromaty ‘R = (0, 4, qo, F, ¢) ¢ e-nepexonaMu MoCTPOUTh HEIECTCPMHUHUPO-
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BanHbli aBromat R; = (O, 4, qo, F1, ¢1), 0e3 &-mepexoqoB TaKO#, YTO
L(R)) = L(R). HazoBem g-myteM myTh B JuarpamMMe aBToMata ‘R, BO3MOXKHO
MyCTO#, mopokaaroumii mycroe ciaoBo. O6o3HaunM vepe3 A(g) — MHOKECTBO
COCTOSIHHH, JOCTHKUMBIX U3 ¢ C TOMOIIBIO HEKOTOPOTO E-TTYTH.

[Monoxum F| = {q| cymectByet &-niyTh u3 ¢ B F'}. [lepexoqHyro GyHKIHEO
(P TIOCTPOUM CIIEAYIOIIUM 00pa3oM

o (q.0)= Jo(g',a),

q'er(q)

3amMeTHM, YTO B TIOJyYEHHOM aBTOMAaTe€ MHOYKECTBO (DHHAIBHBIX COCTOSHHIA
MOXeT OBITh HE OIHOIJIEMEHTHBIM.

Jemepmunuzayus. [okaxeM, Kak 1Mo HeCTEPMUHUPOBAHHOMY aBTOMATY
R = (0, 4, q0, F, ¢) 0e3 e-11epex00B MOCTPOUTH JCTCPMUHUPOBAHHBII aBTO-
mar R, = (0, 4, q1, F1, 91), takoii, uro L(R;) = L(R). Honoxum Q; =2,
q1=1q0}, Fi={ql (¢ < Q) & (g N F # D)}, a 11 01 x4 — Q) onpegennum
CIIeTy oMM 00pa3zom

(Vg € 0)(Va € Do (g,a) = Jo(s,a).
seq

HetpyaHo BHIETh, 4TO OCTPOCHHBINH TaKMM 00pa3om aBToMar R yJoBIie-
tBOpsieT ycnosuro L(R1) = L(R).

Ananus. JIns 3aBeplieHus JOKa3aTeIbCTBA TEOPEMbI MMOKAKEM, KaK IO 3a-
JAHHOMY JICTEPMUHHPOBAHHOMY KOHEYHOMY aBTOMATy ‘R HOCTPOUTH PeryJisip-
HOe BbIpaxkeHus1 R Takoe, uro L(R) = L(R). IMeHHO 3TO M Ha3bIBaeM 3agaucit
ananm3a. [IpaBma, METOM, KOTOPBIA MbI HCIOJIB3YEM, MOKHO MPUMEHHUTh U K
HEJICTEPMUHHUPOBAHHBIM aBTOMAaTaM. MeTo/] 3aKIF0YaeTCsl B TOM, YTO MbI CBO-
JMM 3a]a4y K PElICHUIO CTaHAapTHOW CHUCTEMBbI ypaBHeHHid. MTak, paccMoT-
pum aBromar R = (0, 4, qo, F, ).

Mycts O = {q0, 91> ---» qu}, A = {ai, aa, ..., an}. BBegeM nepeMeHHbIC
X(q0), X(q1), ..., X(qn). llepemennyto X(q;) mist kaxnoro i =0, 1, ..., n, Oynem
MHTEPIPETHPOBATh KAK MHOXKECTBO CJIOB, KOTOPHIE MOKHO MPOYHTATh, HAUH-
Hasl C COCTOSIHUS ¢; M 3aKaHYMBasi B QUHAILHOM COCTOSIHUH, Toraa X(¢;) JOK-
Ha yJIOBJICTBOPSTH YPABHEHHIO

X(gi) = ar-X(o(gi, a1)) + ar-X(9(qi, a2)) + ...+ aw-X(@(gi, am)) + i,
rae Bi=A,ecin g; € F, B; =, ecu ¢; ¢ F. PeuB cucremy, 6epeM B Kade-
CTBE OTBETa 3HauUeHHeE nepeMeHHon X(qo).
Banava. [TocTpouTh peryisipHOe BBIpaXKEHHE, 3aJafOlIee S3bIK, MOPOK-

156



naembiit asromatoM R = (0, 4, qo, F, ¢), tne O = {qo, 91, 92, 43}, A = {a, b},
F = {g3} u byHkuus ¢ 3anana tadaumen

a b
90 93 q1
q1 q3 92
92 92 93
qs3 91 q3

Puc. 2

Pewenue. 3anuiieM cucTeMy ypaBHEHUI

X() = an + bX],
Xi=a-X3+ bX,,
Xo=aX,+ bX;,

Xz=aXi+bXz+ A\

3aMeTUM, YTO TPH 3alMCH CHCTEMBbI MBI YHPOCTHIM OOO3HA4YeHHs Iepe-
MEHHBIX HCTIOJb3YS HHICKCHI.

W3 werBeproro ypaBHeHus nomydaeM Xz = b*(aX;+A). [logcrasnss momy-
YEHHOE BBIPAKEHHE BO BCE OCTAJbHBIC YPABHEHHS, TIOJYYHM CHCTEMY U3 TpeX
ypaBHEHUH

Xo=ab*(aX,+ L) +bXi,
Xi=ab*(aX, + L)+ bX,,

X =aX, + bb*(aX; + 1A).

[lepenuiuem ee B cTaHAAPTHOM BHJIE
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Xo=(ab*a + b)X\+ ab*,
Xi=ab*aX| + bX, + ab*,
Xo = bb*a-Xi +aX, + bb*.

U3 tpetbero ypaBHenus nonydaem X, = a*(bb*-aX; + bb*), u nmoncras-
JISIEM B OCTAJIbHBIC YPaBHEHUSI

Xo=(ab*a+ b) X, + ab*,
X1 =ab*aX, + ba*(bb*aX, + bb*) + ab*.
ITpeoGpasyeM BTOpoe ypaBHEHHE K CTAHIAPTHOMY BHIY
Xi=(ab*a+ ba*bb*a) X, + ba*bb* + ab*
U [T0JIy9aeM M3 HEeTO
X1=(ab*a+ ba*bb*a)* (ba*bb* + ab*).
Hakowner, momy4yaeM oTBET
Xo=(ab*a+ b)(ab*a+ ba*bb*a)* (ba*bb* + ab*) + ab*.

5.6. anMeHeHMe KOHe4YHbIX aBTOMAaTOB B NporpaMmMmnpoBaHnUu

3anaua. [lo 3amaHHOMY pEryJsipHOMY BBIPDOKEHHIO O HaJa alpaBUTOM
A={a, ay, ..., a,} HAWTH B TEKCTE X HAMMEHbBIIHI MPe(UKC, ComepKAIIHIA
citoBo u3 L(a).

Pemenue. Crpoutcs peryispHoe BoipaxkeHue 3 = (a; v az Vv ...V a,)*.a
U JUIS HEero HeIeTepMUHHMPOBAHHBIH KOHEYHBI aBTOMAaT C €-Tepexo/aMHu.
[Mycth 310 Oymer aBromat R = (O, 4, qo, F, ¢). Ecu npu yreHnn Tekcra x
MOCTPOCHHBIM aBTOMATOM MBI MPUXOJUM B (pUHAIBHOE COCTOSIHUE, TO ATO 03-
HA4YaeT, YTO MBI MPOUYHUTAIH Mpe(UKC TEKCTA X, COACPIKAIMNA CIIOBO U3 S3bIKa
L(o).

ANTopuT™M, MOJENUPYIOUIHMA paboTy HEAETEPMUHHUPOBAHHOTO KOHEYHOTO
aBToMmara ‘R ¢ g-mepexojiaMu Ha BXOJHOM CIIOBE X = X|X2...X, € A*

Qo= {q0};
fori:==1tondo 0;:= Jo(q,x,);

q€0;
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[TomeTuthb Bce cocTosiHUS U3 (J; KAK PACCMOTPEHHBIE;
[TomeTuts Bee coctosinus u3 Q \ O; Kak HEPaCCMOTPEHHBIE;

Bce cocrosinus u3 Q; nomectuts B Ouepenp;
While Ouepenp He nycra do
{t := TONOBHOM 3JIEMEHT U3 O4epeu (C yIaJcHueM);
For u € (¢, €) & u — He paccmotpeH do
{[TomeTuTh 1 KaK pacCCMOTPEHHOE;
[Tomectuts u B XxBocT Ouepenu u B O;} }

O1eHUM TPYI0EMKOCTh IpuBeneHHOro anroput™a. [lycts |Q| = m, |p(g, a)| <
e, Toraa teno nukia «while» onennBaercs kak O(e), a Teno nukia «for i := 1
to n do» kak O(em) U BeCh ITOPUTM UMEET TPy 10eMKoCcTh O(em.n).

Anamm3upyst anroputMm moctpoenust asromara R = (0,4,qo, {f },0) ¢
€-TIEPEX0/IaMH 110 PETYJIIPHOMY BBIPAXKEHHIO [3, JIErKO YCTAHOBUTD CIICIYIOIIIE
cBOiicTBA!

e |O|<2|B|, roe |B| — nouHA BBIpaskeHUs B ¢ y4eTOM CKOOOK M CHMBOJIOB

OTepaIHii;

* qo*f;

o (Vxe(Au{e})) o(f, x)=4;

* (Vge Q) 2lo(g,x)|<2.

ae(Ae})

VYuuThiBas NPUBEICHHBIC CBOMCTBA, MOXEM TEHEeph AITOPUTM, MOJIEIH-
pytoiuit paboty aBromata R orieHuTh BenmanHoi O(n-|B)).

PaccmoTrpum Temeph 6ojiee YacTHYIO 1O OTHOIICHHIO K 3ajade 2 3aaadgy,
KOT/Ia BMECTO PETYJISIPHOTO BBIPAKEHHS OL 3aITaHO OJIHO CIIOBO-00pasel] y.

3agaya 3. TpeOyercst HallTH BXOXKAECHUE 3a/IaHHOTO CJIOBa-00pa3ua y =
=312 ... Vn B CIOBO-TEKCT X = X| X2 ... X;; W YCTAaHOBHUTH, YTO TAKOTO BXOXK-
JICHUSI HET.

Onpeodenenue. I1o nanHOMY 00pasiy y onpenenumM GyHKIHIo Sy: A*—> A%,
cnenyromum oopasom: (Vx € A*) S,(x) — nanGonpiuii npedukc ciaosa y, sAB-
Jstromuiicst cyppukcom cioBa x.

Ouesuzno, (Vx € 4*) | S,(x)| = max {k|pref; y = suff; x}.

Ymeepotcoenue 1. /[ns noboit cmpoxu x u 1106020 cumeona da |Sy(xa)| <
< |8, +1.

JlecTBUTENBHO, TYCTh |Sy(xa)| > |Sy(x)| +1 u Syxa)=ua, Torga
lual > |Sy(x)| + 1, a u Oyner npedukcom u cyhduUKcoM CTPOKH X, MPUYEM
lul > |Sy(x) |, uto MPOTUBOPEYHT OTPECIICHUIO |Sy(x)| .
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Ymeepocoenue 2. [lycmv q = |Sy(x)| , mozoa o n0boeo cumeona a
|Sy(xa)| = |Sy(y1y2 )’qa)|-

JIefCTBUTENIBHO, MO MPEABIAYIIEMY YTBEPKIACHUIO, |Sy (xa)| <g+1, no-
ITOMY 3HA4YCHHE |Sy (xa)| He M3MEHHTCS, €M OT CTPOKHM Xa OCTABHTH IIO-
cienHue g + 1 CUMBOJIOB, @ UMCHHO )1 )3 ... Yy d.

[Toctpoum 1o cioBy-o0pasiy ¥y =yi)2 ... ¥, KOHEYHBIH aBTOMAaT ‘R =
=(0,4, q0, {f}, 0),tne Q=1{0, 1, ..., n}, go=0, f= n, a nepexoauyro QpyHK-
o @ ompeaeauM cienyomuM obdpazom (Vg € Q) Va e 4A) o (g, a) =
=] Siya... yqa)| . JInst TOCTPOEHHOTO aBTOMATa, OUEBHIHO OYIET CIpaBel-
JIMBO CIIEAYIOIEe YTBEPKIACHHE.

Ymeepocoenue 3. Ilpouumae mexcm x, asmomam R = (0, 4, qo, {f }, ©)
Oyoem Haxo0umvcsi 6 COCMOHUU | Sy(x)| .

AJNTOpHUTM BBIYUCIICHUS QDYHKIMU TEPEXOI0B:

n := length(y);

forqg=0tondofora e Adok:=min{n+1,q+2};
repeat k := k— 1 until y;y,...y, = suft (132 ... y,a);
P (qa Cl) =k

Bpewms paGotsl 3TOTO anroputMa O(n3 | Al ).

[Mpumep. Iycrs andasur 4 = {a, b} u Y = aabbaab. lonyctum, 4O,
qHTasi TEKCT X, MBI OOHAPYKHJIH, HEKOTOPBIA MpedHKC X|X7...X; CIOBA X, 3a-
KaH4MBarouiics GparmeHrom aabbaa, sBistonMes npedukcom ciioa Y, a
CIIC/TyFOIIMI CHMBOJI X;+] B TEKCTE X HE paBeH b, TO €CTh HE COBIIJAET C OUe-
pemHBIM CHMBOJIOM ciioBa Y. Cumuraem, 4TO MOTEpIENH Heyaady, HO P STOM
3amMeTuM, 49T0 cy(durc aa sToro ¢parmMeHTa SBISETCS €r0 NMPEPUKCOM U
BO3MOJKHO OH SBISIETCSI MPEe(pUKCOM HEKOTOPOTO BXOXKICHUS cioBa Y B X.
Jlenasi Takoe MPEIIONOKeHHE, MPOI0IDKAEM YUTATh X, CPABHHBAs OYCPETHBIC
CHMBOJIBl CIIOBa X C COOTBETCTBYIOIIMMH HadMHAs C TPETHETO CHMBOJIAMHU
cJloBa Y B Hajiex/1e Ha 9TOT pa3 OOHAPYKHUThH €ro BXOXKICHUE B X.

Takum obOpaszom, ynTas x, OyAeM CUMTaTh, YTO MbI B KaKAbIH MOMEHT Ha-
XOUMCSI B HEKOTOPOM COCTOSIHUHM j, €CIIH TOJBKO 4TO MpouyuTaH mnpedukc V'
cioBa Y nnuHel j. Eciu mpu 4TeHHM Cienyrouiero CMMBOJa TepIUM Heyaauy,
TO MEPEXOJUM B HOBOE COCTOSIHHUE j ', TaKOE€ YTO j ' — MaKCUMAaIbHBIN MpepHKC
cnoBa V', sBustontuiicst ero cyddukcom. DyHKINIO, KOTOpas COCTOSHHIO j
CTaBUT B COOTBETCTBHUE j', HAa3bIBAIOT (PyHKIMEH OTKaToB. B Hamem mpumepe
€€ MOXHO M300pa3uTh CIIAYIOIIEH qruarpaMMOi.

a a b b a a b
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Puc. 3

BBenem HeoOxomumble obo3HaveHus. [IycTe Y — HemycToe cliOBO B HEKO-
topoM andasute, a L(Y) — HaubosbImii cOOCTBEHHBIN mpeduKe ciioBa Y, sB-
JSFOIIUICS ero cy((UKCOM, TOT/Ia CIIPABEUIUBEI CIIEYIONINE YTBEPIKICHHS

1. Cnosa LX(Y), L(Y), ... SBISIOTCS COGCTBEHHBIMH NpeuKcaMu U cyd-
¢dukcamu ciosa Y.

2. Hocnenosarenshocts L(Y), L*(Y), L) (Y), ... oGpsiBaetcs Ha myctom
CIIOBE.

3. JIro6oe mpedurc cnoBa Y, sBisromuiics ero cyppurcoMm HaxomauTcs B
nocnegosarensroctu L(Y), L (Y), L* (Y), ...
[pumep. Iycts Y = abbabbabbacabbab. Torna

L(Y) = abbab,
L*(Y)= ab,
L* (V)=

Onpeodenenue. Oynuxyueii omxamos 011 cioga Y =1 Y,...Y, nasvigaiom
Gyukyuro [ {1,2, ...,n}—>{0, 1,2, ..., n — 1}, onpedensemyro coomuoweru-
em f(i) = | L(pref ;Y) |, 20e pref ;Y — npegpuxc onunvt i cnosa Y.

B Hamem npumepe GyHkims f(7) 3amaetcs ciaeayromnei Tadbaumneit

i |1 1234|567 |8]|9]10]1112]13]14|15]16
fGl10]lO0O]JO]1T]2]3]4|5|6]7]1]0] 112131415

Anroputm Kayta — Moppuca — [Ipatta moctpoeHust GyHKIIMH OTKATOB JIjIs
coBaY=Y1Y,...Y,:

f(1):=0;
fori:=1ton—1do
begin

J =10,
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while (Y[j +1]= Y[i + 1]) &G > 0) doj == f[/];
ifY[j+1]=Y[i+1]thenf[i+1]:=j+ 1elsef[i+1]:=0;
end

Jl1st pa3bsCHEHUsT PabOThI AITOPUTMA PACCMOTPUM CHUTYAIIHIO, BO3HHUKIIIYIO
npu o0paboTke cioBa Y Ha mare i = 9. K 3TOMy MOMEHTY BBIYHCIICHBI 3HAYC-
Hus f (D mpui=1,2,...,9

i
1 23 56 8 9 10 11 12 13 14 15 16
Y=a b b b b bb a c a b b a b
fO)= 000123456

Bemmonasiem j = f[i] (= 6). Buaum, 4To yciioBrue BO BHYTPEHHEM LUKIIC HE
BBITOJIHSICTCS M3-3a MEPBOIO COMHOXHUTENs, Tak kak Y[i+ 1]=Y[j+ 1], mo
3TOMY TEJO BHYTPEHHETO IHMKJIa HE BBIOJHSICTCS U, Jajiee, B COOTBETCTBHHU C
anroput™MoM BeruucisieM f[i+ 1] :=j+ 1 (=7)ui =i+ 1 (= 10).

[pumm k cnemyromeit curyaruu i = 10

4 7
a a

12345678910 11 12 13 14 15 16
Y=a b babbabb c a b b a b
fh=0 0 0 1 23 4 56

Beruncisiem j = f[i] (= 7).

Buanwm, uro ycnmosue (Y[i+ 1]# Y[j+ 1] &> 0) Bo BHyTpeHHEM IHKIIE
BoImoiHsAeTcs. Clie10BaTeNIbHO, BBIYHMCISICTCS HOBoe 3HaueHue j :=f[j] (= 4);
yCJIOBUE OISITh BBIMOJHEHO, BhIYKCIsieM HOBoe j :=f[j] = 1 u Ha 3TOT pa3 yc-
JIOBHE BBIMOJNIHSETCS, cHOBa BhrumcisieM j = f[j] (= 0). Hakonen BHyTpeHHUI
IIUKJI 3aBEPIIACTCS, IPHYNHON 3aBEPIICHUS SIBJISICTCS HEBBITOJHCHUE YCIIOBUS
(7> 0) u moaromy f i + 1] := 0. Urax, Beruucneno f[11] = 0.

Ouyenum mpyooemrkocmo anzopumma. OOpaboTka odepenHON OyKBBI
Y[i + 1] moxer notpeboBaTh MHOTUX UTEpalHii BO BHyTpeHHeM IuKie. O00-
3HaYMM WX YHUCIO 4epe3 NV;. 3amerum, 4TO Kaxias UTepaius BHYTPCHHETO
[UKJIa YMEHbIIAeT j 1o KpaitHeit mepe Ha 1. C Apyroil cTOpoHBI EpPEXo. K cie-
JyIOIIEeMy 3HA4YCHUIO [ yBeIM4YHBaeT j He Oosiee yeM Ha 1. Takum oOpasom,
UMeeM HepaBeHCTBA

F[i+ 1] <f[i] - Ni+ 1

HNJIn

Ni<fli]—fli + 1]+ 1.
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Cymmupys nociieiHee HepaBeHCTBO 110 I oT 1 10 7 — 1, momryunm

SN;=f[1]—f[l’l]+l’l—1Sn.

Otcrona TPYAOEMKOCTDH OLICHUBACTCA CBEPXY BEJIUYMHOM O(n)

Hocmpoenue 0emepmunupoeannozo KOHEYHO020 asémomama no d)ynkuuu
omkamoe. 3agada 3aKII09acTCs B TOM, YTOOBI IIOCTPOUTH KOHEYHBIN aBTO-
Mar, KOTOprﬁ, quTas HpOI/I3BOJ'H>HI>II71 TCKCT, IMMPUXOIUIT Obl B (bl/IHaJ'IBHOG CO-
CTOsIHHEC, 06Hapy)KI/IB (I)pal“MeHT, COBITQJAIOIIMI C 3aJaHHBIM CIIOBOM Y
=Y, 1 Y. 2 e Y, ne

W3n0xXeHHbIi HIKE allTOPUTM CTPOUT MEPEXOHYI0 (PYHKIIHIO () aBTOMATa

R= (Qa Aa q0, U‘}’ (P),

rne Q: {05 1> 2> ) l’l}, qo = Oaf: n.
IMpeanonaraem, 9To GYHKIUSA OTKATOB f yKe MOCTPOEHA.

forj:=1tondoo[j -1, Y]=/;
forace 4,a# Y do ¢ [0, a]:=0;
forj:=1tondoforac A,a+ Y. do o¢[j,al:=ol[f[],al;

Jlnst coBa Y = aabbaab nonyunM aBTOMAaT, 3aJaHHBIN AUArPaMMOM, U30-
OpaxeHHOH Ha puc. 4.

Mnasa 6. JIOTUMECKOE NPOrPAMMUPOBAHUE

TeOpeTI/IquKI/IC HCCIICAOBAaHUA MAaTCMAaTHYCCKUX MOILCJ’ICﬁ BBIYHUCJICHUN UT-
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paroT BaXXHYIO pOJib B (DOPMUPOBAHMM TEXHOJIOTUU HCIOIB30BAHUS KOMITBIO-
TepHOW TexHuKW. Kakmas Takas MOJelb BHOCHT CBOM BKJAJI B PEATbHYIO
TEXHOJOTHIO. Pa3BUTHE TEXHOJOTHMH B 00XOJ TEOPETUUYECKHX MCCIIeIOBAaHUI
4acTO MPHUBOJIUT K HEYKIIOKUM TPYAHO NMOHUMAaeMbIM M, B KOHEYHOM CYETe,
MaJIOTIPOU3BOAUTEIBHBIM BUAM J€SITEITHHOCTH.

HccnenoBanust yHUBEpCAIbHBIX METOIOB JI0KA3aTENbCTBA B paMKaX JOTHKH
MPEIUKATOB JArOT MOBOJ VIS pa3pabOTKM Ha MX OCHOBE HOBBIX SI3BIKOB TPO-
rpaMMupoBanus. ONBITHI 110 HCIOJB30BAHUIO 3TUX METO/JOB IPOBEICHHBIC B
70-e TOIBI MPOULIOTO BEKa MOKa3ald MEPCHEKTHBHOCTh MX HCIOJIH30BAHUS B
pearbHBIX TEXHOJOTHIX aBTOMATHIECKOI nepepaboTku nHGOpPMALINH.

B Hacrosiimee Bpemsi B paMKax Tak Ha3bIBA€MOTO JIOTUYECKOTO IMPOTPAMMHU-
pOBaHMS BEAYTCA HUCCIEJOBAHMUS MO HCIOJB30BAHUIO PA3NMYHBIX CTpaTEruil
MIOMCKA JIOKA3aTeNbCTB YTBEPKICHHUH, CHOPMYITHPOBAHHBIX B SI3BIKE MpEInKa-
TOB, ¥ B YAaCTHOCTH M3BECTHOTO B MAaTEMAaTHYECKOH JIOTHKE METOZA PE30JII0-
Ui, DTU CTpaTEeTUH pealn30BaHbl B HACTOSIEE BPEMsI B HECKOJIBKHX BEPCHUSIX
s3bika [Iposnor (Oputu nposor, Typ6o nposior u ap.).

6.1. A3bIK npeagukaToB

@opMyJIbl A3bIKa MPEIUKATOB CTPOATCS U3 MPEAUKATHBIX U (PyHKIIMOHAIb-
HBIX CHUMBOJIOB C IIOMOILBIO JIOTHUECKHX CBSI30K KBAaHTOPOB M HEKOTOPBIX
BCIIOMOTATEIbHBIX CUMBOJIOB. Habop mpenukaTHbIX U (PyHKIMOHAIBHBIX CHM-
BOJIOB 3apaHee He (PUKCUPYETCsl, a BBIOMpAeTCsl U3 COAEpKaTelbHBIX cOo0pa-
KEHHUH, CBA3aHHBIX C JKEJaHHEM CTPOUTH BBICKA3bIBAHUA O TE€X WJIM MHBIX 00b-
€KTax WIM UX CBOMCTBaX M OTHOUIEHUSIX MeXIy HUMHU. C KaXKIbIM IpeauKaT-
HBIM CHMBOJIOM CBS3bIBA€TCs HaTypaJbHOE YHCJIO, €r0 apHOCTh (YUCIIO apry-
MEHTOB).

«CmpoumenvHvie Mamepuanvly, U3 KOTOPbIX KOHCTPYUPYIOTCS GOPMYJIBI U
NpeII0KEHHs S3bIKa IPETUKATOB.

1. Jlornueckue CBA3KU U KBAHTOPBI:

&v— — V3.

2. CuMBOJBI JUIsl KOHCTPYUPOBAaHUS NEPEMEHHBIX: (MO TPaaulMH) JaTHH-
ckas OykBa x u ' (rpux). OTnenbHy0 OYKBY X HIIM X C HECKOJIBKHMH ILITpPU-
xaMmu OyJieM CUUTaTh NepeMeHHol. [lenas Takoi BEIOOP, MBI ITOTYEPKUBAEM TO
0OCTOSITENCTBO, YTO HCIIOIB3yEM BCETO JBAa CHMBOJIA, JJIsi 00pa30BaHUS JIIO-
00ro KOHEYHOTO MHOXKECTBa TepeMeHHBbIX. Ha mpakThke, KOHEYHO, 3TO HE
yA00HO, O3TOMY HCIIOJIb3YIOTCS U JIPYTHUE CUMBOJIBI, BO3MOXHO C UHIEKCaMHU.
KoHTekcT He MOo3BOIUT HaM «3a0JTyTUTHCS.

3. BcnomorartenbHbIE CHMBOIIBL: IPSIMBIE U KPYTJIble CKOOKH U 3asTasl.
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4. IlpenukatHbie U QYHKIUOHAIBHBIE CUMBOJIBI.

3ameuanusn

[TpeankaTHbIE CHMBOJBI HCHOIB3YIOTCS Al 0003HAYEHUs MpEeasioxKe-
HUM, B KOTOPBIX HEKOTOPBIE CIIOBA 3aMEHEHbI MIEPEMEHHBIMHU, TaK 4TO
IIpU 3aMeHE IIEPEMEHHBIX UMEHAMH KOHKPETHBIX OOBEKTOB IOJIy4aroT-
Csl BBICKA3bIBaHUS 00 ITHX OOBEKTaX, KOTOPbIe MOXXHO OLIEHHTH ITIPH
OTIpeAETICHHBIX 00CTOATENbCTBAX KaK MCTHHHBIC WM JOXKHBIE. Kasknoe
TaKoe MPEeAJIOKEHNE Ha3bIBACTCs BBICKA3bIBATEIbHOM (HOPMOHA, a KOIH-
9YECTBO A Pa3IMYHBIX MIEPEMEHHBIX, BXOJSIINX B TaKOE MPEIT0KEHHE —
€e apHOCTBIO WM MECTHOCTHI0. Hampumep, npeanoxenue: «Peka x sB-
JseTCs IPUTOKOM PEKU V» — IByXMeCTHas opMa, KOTopasi IIpH 3aMeHe
TIEPEeMEHHOH ) Ha coOCTBeHHOE MMsi Boira, mpeBpaimaercs B 0THOMe-
cTHy10 (hopMmy. «Peka x aBisercs npuToKoM pexu Bomra». A ecnu ere
U MepeMEHHYI0 X 3aMeHUTh UMeHeM OKa, TO MOJyYHMM HCTHHHOE BBI-
ckas3bIBaHMe. Ecim jke mepeMeHHyIo X 3aMeHUTh UMeHeM Enmceii, To —
JIO’KHOE.

ITpu k = 0 mmeeM €710 ¢ KOHKPETHBIM BBICKa3bIBAHHEM.
OyHKIIMOHAIBHBIE CUMBOJIBI UCHOJB3YIOTCS A1 0003HaUYeHUsI 0TOOpa-
KeHUH (QyHKIU).

HynbMecTHbIe QyHKIIMH HAa3bIBAIOTCS TAK)KE KOHCTAHTAMH.

OCHOBHBIMH KOHCTPYKIHUAMMU A3bIKA ITPEAUKATOB ABJIAIOTCA TCPMbI U (I)Op-

MYJIBL.

Ilpasuna oopazoeanus mepmos

1. Jlrobas mepeMeHHAst UM KOHCTAHTA SIBJISIETCS TEPMOM.

2. Ecnu f— QyHKIMOHAIBHBINA k-MECTHBINA CUMBOI, a 1, 1, ..., lx — TEPMBI,
TO BhIpakeHue f (¢1, ta, ..., ty) ABISCTCS TEPMOM.

3ameuanusn

MHororoune, UCIOJIb3yEMOE B ONPEAEIEHHH TepPMa, HE CIEyeT OHHU-
MaTh OYKBAJIbHO, TIOCKOJIBKY TAKHX CHMBOJIOB B HAIlIeM PACHOPSKCHUH
Het. [Ipy m0060M KOHKPETHOM 3HaueHUH k MBI 00XOJUMCs 6€3 MHOTO-
TOYHIA.

Ecnu B TepMe HET EepPEeMEHHBIX, TO OH MHTEPIPETUPYETCS KaK UM He-
KOTOpOro 00bEKTa, €CIIM XKe NEPEMEHHBIE €CTh, TO TEPM YAOOHO pac-
CMaTpUBaTh KaK cxemy juisi oOpazoBanusi umenu. Hampumep, Sin (x) —
TEpM, KOTOPBIIl IIPH 3aMEHE IIEPEMEHHON X KOHCTaHTOM | mpesparaer-
cst B TepM Sin (1), sBISIOIIAIACS UMEHEM BIIOJIHE KOHKPETHOIO YHCIIa,
XOTsl ¥ He TpaJuIOHHBIM. [loz1 BeIpaskeHneM Sin MbI TOHUMaeM 371eCh,
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(GYHKIMOHATBHBIA CHMBOJI, XOTS M COCTOSIIMN M3 TpeX JaTHHCKUX
OyKB.

e B Tepmax, MOCTPOEHHBIX C TOMOIIBIO (PYHKIIMOHAIBHBIX IBYXMECTHBIX
CHMBOJIOB, TPAJHMIIMOHHO HCIOJb3yeTcss MH(UKCHas (opma 3amucw,
IpU KOTOPOH 3HaK (PYHKIMH MMOMENIAeTCS MEXIY apryMEeHTaMmH, Ha-
npuMep, MHIIeTCs X + )y BMecTo +(X,y). AHaJOrMYHOE 3aMeYaHUe
CTPABEIIMBO TAKXKE U JUIS ABYXMECTHBIX MTPEIUKATOB.

Ilpasuna obpazoeanusn hopmyn

1. Ecnu p — k-MecTHbII IpeIUKATHBIA CUMBOIL, A 11, 12, ..., lx — TEPMBI, TO
BeIpaKeHUE p(t1, 1o, ... ty) ABISIETCS POPMYIIOH (aTOMapHOIA).

2. Ecmu A m B — dpopmynsl, To Beipaxkenusi [A& B, [AVvB], [A—>B] u
—A sBIAOTCS GOPMYIIaMHU.

3. Ecm A — dpopmyna, a y — mepemeHHasi, To Beipaxenust Vy A, 3y A sB-
JSFOTCS (POPMYJTIaMHU.

3ameuanusn

e B npasune 3. popmyna A Ha3pIBaeTCs 00IaCTHIO AEHCTBUS COOTBETCT-
BYIOLIETO KBaHTOpa, a BCE BXOXKJIECHUS MEPEMEHHOM ) B aTOMapHbIE
noihopMyIIsl GopMyIIbl A Ha3bIBAIOTCS CBSI3aHHBIMHU.

e [lepemenHas, uMerolas BXOXKJIEHHE B aToMapHyto nojadopmymny ¢op-
MyJbl A HE HaXOIAIIyIOCS B OOJIACTH JEHCTBHS COOTBETCTBYIOLIETO
KBaHTOPA, Ha3bIBaETCsl CBOOOTHON MepeMeHHO# Gopmyibl A. KoneuHo,
OJlHa U Ta e NepeMEeHHas MOXXET MMeTh KaK CBSI3aHHbIC, TaK U CBO-
00/1HBIC BXOXKACHUS B (hopmyy.

e  @opmyia, HE UMEIOIIAs MEPEMEHHBIX CO CBOOOIHBIMU BXOXKICHHUSIMH,
Ha3bIBACTCS MPEIOKEHUEM.

e  @opMynbl CO CBOOOJHBIMU TEPEMEHHBIMU TPAKTYIOTCS KaK BBICKA3bI-
BaTeNbHBIE (POPMBI, a MPEIIOKEHUST — KaK BbICKa3bIBAaHUS, HCTUHHOCT-
Hasl OILIEHKA KOTOPBIX 3aBHCUT OT WHTEPIPETAINHU, BXOASIIMX B HUX
NPEIUKATHBIX M (DYHKIMOHAIBHBIX CHMBOJOB B COOTBETCTBHH CO
CMBICIIOM JIOTHYECKHX CBSI30K U KBAHTOPOB.

[Tpumep. IlycTe Hemormueckass CHTHaTypa COCTOUT U3 TPEX CHMBOJIOB

{E, M, S}, tne E — nByXMecTHBII mpenaukar, S — OJHOMECTHas (YHKIHS,
M — nByxmecTHast QyHKIHSI, TOT/Ia BBIpaKECHHUE

VzVyE M (S (2), S (y)), S (M (z,))),

oueBUHO, Oyner Gopmyroii. [Tockonbky B 3TON QopMysie HET CBOOOIAHBIX Tie-
PEMEHHBIX, TO OHA SIBJISICTCS MPEIIOKESHUEM.
PaccMoTpuM  clieAyrollyr0 HHTEpIpeTaluio Hamed curHatypsl. [1ycTb
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YHHUBEPCOM PACCYXKICHHUSI OYIeT MHOKECTBO TOYEK IJIOCKOCTH, 3TO O3HAYaeT,
YTO 3HAYCHHUSIMH [IEPEMEHHBIX SIBISIFOTCSI TOUKH. Jlanee, mycTh

M(z, y) — TouKa, ABISIOLIASACS CEPEeAMHON OTpe3Ka (z, V),

S(z) — Touka, CHUMMETPHYHAsI TOYKE Z OTHOCHTEIIBHO HEKOTOPOIl 3apaHee
BBIOPAHHOM TOUKH,

E(z, y) — npeaukar, o3Ha4aoIHid PABEHCTBO TOYCK Z H V.

[Tpu Takoit MHTEpHpeTalMKi HEOTHYECKUX CUMBOJIOB E, M, S npuBencH-
Hasi BbIlIe (GopMylia €CTh YTBEpKICHHE O TOM, YTO CepelrHa oTpe3ka (z,))
CHMMETpPHYHA CepeIMHE OTPE3Ka C KOHI[AMH CHMMETPUYHBIMU TOYKaM Z, ).

OueBUIHO, 9TO YTBEPKICHHE HCTHHHO.

Mz, y)

M(S(2), S(»))

Puc. 1

PaccMoTrpum elie ofHy HHTEpIpeTanuio Hamieil curHatypsl. [lycTh Ha
9TOT pa3 YHUBEPCOM PACCYKICHHs OYIeT MHOXECTBO JICHCTBUTEIbHBIX YHCEI,
HCKITIoyas auciio 0,

M(z, y) — mpousBeieHNe Yncen z, V,

S(z) — unciio odbpaTHOE YHCTY Z,

E(z,y)—«z=y».

PaccmarpuBaemast Hamu GopMyIia sIBJISIETCS TEEPb YTBEPIKACHHEM O TOM,
9TO ISl JFOOBIX JIBYX YHCEN M3 HAIIEro YHHBEPCA BBITIONHSIETCS PABEHCTBO
@y)'=z"y".

OueBUIHO, 3TO YTBEpXKICHHE HCTHHHO. He TpyJAHO MPHBECTH MPUMEPHI
WHTEPIPETALUiA, TP KOTOPHIX Hama (hopmysa noxHa. Cleayomne mpuMeps
MIOKa3bIBAIOT, YTO CYMICCTBYIOT (DOPMYJIBI TOXICCTBEHHO HCTHHHBIC, TO €CTh
UCTUHHBIC TIPH JF000N HHTEPIPETAINH, & TAKIKE TOKICCTBEHHO JIOXKHBIE.

[Mpumepsi. [Iycts P u Q — OMHOMECTHBIE MTPEAUKATHBIC CHMBOJIBL.

1. Vx[—=P(x) Vv P(x)] — TOXIECTBEHHO UCTHHHAs (pOpMYIIa.

2. Vx[—=P(x) & P(X)] — ToxnecTBeHHO JIOXkHas GopMmyIa.

3. Vx[P(x) Vv Q(x)] — MCTUHHOCTH 3TOM (POPMYJIbI 3aBUCUT OT MHTEPIIpE-
TalUK TPEIUKATHBIX CUMBOJIOB P 11 Q.
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Ecmu B gopmynie ectb CBOOOJHBIE MEpPEeMEHHBIE, TO OHA TOIYy4aeT KOH-
KpPETHOE UICTHHHOCTHOE 3HAYeHHE ITPU 03HAYMBAHUH 3TUX [IEPEMEHHBIX.

dopmysia Ha3bIBAECTCS BBHIMOJTHUMOMN, €CJTM OHA UCTUHHA XOTS OBI TIPH OJI-
HOW MHTEpIpETALNH.

JIBe popMyIIbl Ha3bIBAIOTCS JIOTHYECKH PAaBHOCHIIBHBIMU, €CIIH TIPH JIF000H
MHTEPIPETALNHN MPEIUKATHBIX U (PYHKIIMOHAIBHBIX CHMBOJIOB U TIPH JIHOOOM
03HAYMBAHUU CBOOOJHBIX NIEPEMEHHBIX OHU MMEIOT OJHO U TO )K€ UCTHHHOCT-
HOE 3HAYCHHE.

Hanpuwmep, Gpopmyuisr

Vx [P(x) v O()],
Vx P(x) v Vx Q(x)]
HE SIBJISIFOTCSI JIOTHYECKH PABHOCHIIBHBIMH, 2 ()OPMYJIBI
Vx [P (x) & Q(x)],
Vx P(x) & Vx Q(x)]
JIOTHYECKH PABHOCHJIBHBI.

Jloruyeckyto paBHOCHJIBHOCTH (hopMyn OyZeM 00O3Ha4aTh 3HAKOM =, Ha-
IpUMep,

Vx [P(x) & O(x)] = [Vx P(x) & Vx O(x)]

3aMeTHM, 4TO B 3TOM BBIpaXXEHUHU (UTYypUpyeT He oxHa (GopMmyIa, a JBe, CO-
€/IMHEHHbIE 3HAKOM JIOTHYECKON PaBHOCUILHOCTH.

6.2. HekoTopble cBeAeHUA U3 MaTeMaTU4YECKOW JNOrMKH

HanoMHNM KpaTKO OCHOBHYIO LIENOYKY ITOCTPOCHUI MaTeMaTHYeCKOH JI0-
THKH UCIOJIB3YEMBIX B JIOTHYECKOM ITPOTPAaMMUPOBAHUH.

W3BecTHO, uTO Jt000OE MpEATOKEHHE B JIOTMKE HPEIUKATOB JIOTHUECKH
PaBHOCUJIBHO TPEAJIOKEHHUIO B MPEABAPEHHON HOPMaJbHOU (opme, TO ecTh B
Takoi (hopme, KOrJa B Hayalle pacroIOKeHBI BCE €€ KBAaHTOPHI, 32 KOTOPBIMHU
pacmosio’keHa OeCKBaHTOpHAs ee 4acTh. PaccMoTpum nmpumep Takoit popmyIisl

Vx3zVy JuVv [P(x,y) & R(,z) > S, u,v) &[S, u,v)vS(z,y,v)]] (1)
rae P, R, S — npeaukaTHbie CHMBOJIBI COOTBETCTBYIOIICH apHOCTH; X, V), Z, U, V
— UWHAUBUIHBIC HCpCMCHHBIC.

N3BecTHO, YTO MO JHOOOMY MPEIIOKEHUI0 A B MpeABapEHHOW HOpPMAaJIb-
HOW (popMe MOKHO MOCTPOUTH TaK HAa3bIBAEMOE CKOJIEMOBCKOE IMPEIOKCHHE
B. Jlns 3TOr0 M30aBisiOTCs OT KBAHTOPOB CYIIECTBOBAHUS CIEAYIOIUM 00pa-
30M. [lycTe Jz — camoe 51eBoe BXOXKIIEHHE KBAaHTOpa CYIIECTBOBAaHHUS B pac-
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cMaTpuBacMyr (OpMYITy H Tepel] HUIM pacloioKeHbl K KBAHTOPOB OOIIHOCTH
C TICPEMEHHBIMU X1, X2, ..., X;. BBIOMpacM HOBBIN k-MEeCTHBIN ()yHKIIMOHATIBHBIN
CHMBOII f, BXOXJIEHHE Jz yaanseM u3 QOpMyJbl, a KakI0€ BXOXKICHHUE Iepe-
MEHHOU z 3aMeHsieM TepMOoM f (X1, X2, ..., X). AHATIOTHYHBIM 00pa3oM U30aBIIs-
eMcs U OT APYruX KBaHTOPOB CYIIECTBOBaHUs. B pesynbTaTe moiayyum ckose-
MOBCKYIO (opMyiy B mist ucxogHou GopMytbl 4.

Tak mast popmyisl (1) cooTBETCTBYOIIAs CKOJIEMOBCKas ¢opmyia OyneT
UMETH BUJL

VxVyVv[[P(x,y) & R(y,f(x))—>
— S(x, g(x,»), V] & [S(, g(x, y), v) v S(g(x, ), y, ]I, 2

noxyueHnblid u3 (1) 3amenoit z Ha f(x), a u Ha g(x, y). 3aMeTuM, 4TO eciu Obl
obu10 k£ = 0, To mepeMeHHas z 3aMeHsUIach Obl HA HOBYIO KOHCTaHTy. [Iporecc
NOJYYCHUsT CKOJEMOBCKOW (OpPMYIBI MO 3afaHHOW (Gopmyie A Ha3bIBaeTCs
CKOJIEMU3ALUEM.

N3BecTHO, 4TO CKOJIEMOBCKasi popmydia B, cooTBeTcTBytomas Gopmyne A4,
MOXET OBITh JIOTUMECKHA HEepPaBHOCHIbHA (opmysie A, OJHAKO, OHU JTUOO 00e
BBITIOJTHUMBI, JIN00 00€ HEBBIMOTHUMBI (PaBHOCHIBHOCTD IO BBHITTOTHUMOCTH).

J1st WIuTIoCTpanuy 3Toro (hakta pacCMOTPUM MPOCTYIO GOPMYITy

Vx 3y R(x, y),

KOTOpasi MHTYUTHBHO BBIPAXKAET CyIIECTBOBaHWE (YHKIMHU f TakoW, 4TO JUIs
r000T0 35eMeHTa X BhimosHsaercst R(x, f(x)). [Ipu ckonemu3anuu oHa mpeBpa-
maercs B GopmyIry

Vx R(x, f(x)).

PaBHOCHIIBHOCTH 11O BBITTOJIHUMOCTH (HYOPMYIIBI A U COOTBETCTBYIOICH el
CKOJIEMOBCKOM (hopMyIibl B MOKET ObITh MCIIOJIb30BaHa CIIEIYIOIUM 00pa3oM.
[TpeanonoxuM, MBI XOTHM JI0Ka3aTh, 4TO Gopmyina C sBISETCS JOTHYECKUM
cieacteueM ¢opmyn A u B. DTo CBOAUTCS K JOKA3aTEIbCTBY HEBBITOIHUMO-
CTH POpMYJIBI

[4 & B & —(]

WA COOTBETCTBYIOIIECH €i CKOJIEMOBCKOW (POPMYIIBI, YTO OCYIIECTBUTH TEXHHU-
YECKH OKa3bIBAETCS MPOIIIE.

[TockonbKy B CKOJIEMOBCKOW (popMyJie MCHOIB3YIOTCS TOJBKO KBAaHTOPHI
OOIIHOCTH, U BCE OHU PACIIONIOKEHBI B HaYaune (GopMyJibl, TO UX OOBIYHO OITyC-
KaloT, MOApa3yMeBas 10 YMOJYaHUIO MX HalMuue, a OECKBAaHTOPHYIO YacTh
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HPEJICTABISIFOT B HOPMAIIbHON KOHBIOHKTUBHOHN (opme. [lomyueHHas Takum
obOpa3om (opmyra Ha3bIBaeTcs Kiay3albHOH. B Hamem ciydae dgopmyna (2)
IpeBpaIaeTcs B KJIay3aJlbHyI0 GopMyTy

[_‘P(xay)V_‘R(y’f(x))\/S(x,g(x’y)av)]&[S(y’g(x’y)aV)\/S(g(x’y)aya V)]] (3)

YNOMSHYTBIN BBIIIE METOJ PE3OJIONHI OCHOBBIBAECTCA HA €IHMHCTBEHHOM
MpaBuJjie BbIBO/A, HA3BIBAEMOM IIPABUIIOM PE30JIIOLNH, KOTOPOE 3aKIII0YAETCs B
CIIETYIOIIEM.

W3 nByx hopmy Buma

[~AVBivByVv...v By

[AvDyvDyv...vDg]
B COOTBETCTBHH C MPABUIIOM PE30JIFOILIMU BBIBOAUTCS GOpMyIia
[BivByv..vBiyvDivDyv...v Dyl

BuzHo, uTo kinay3anbHas popMa XOpoIo IpucrnocoOieHa 11 IPUMEHEHUsI
IpaBUIa pe30JIIoLuM. JeTany 3Toro NpuMeHeHUs B JIOTUKE NPEeIMKaToB OyayT
PacCMOTPEHBI HUXKE.

W3 MaTemMaTH4ecKkoi JIOTMKHM H3BECTHO, YTO HE CYIIECTBYET aJIFOPUTMA,
KOTOPBIM 1O JIF000MYy MHOXeCTBY /1 (OpMyI-TMIIOTE3 JIOTUKU NPEIUKAaTOB U
emie oJHOH Gopmyine A oTBeyan OBl Ha BOIPOC, ABISAETCS U A JOTHUECKUM
creicTBUeM MHOXecTBa /1. OnHaKo, CyIIECTBYET alrOPUTM, KOTOpBIHA B CIiIy-
qae, Korna A JOTHYeCKH cienyeT u3 H CTpOHWT J0Ka3aTelbCTBO ATOro (hakta ¢
HCIIOJIb30BaHUEM IPaBHUJIa PE3OJIIOINH, B IPOTUBHOM CIIy4ae aJlrOPUTM MOJKET
paboTath OECKOHEUHO.

Paznuunele Bepcu si3bika [Iposor 6a3upyroTcs Ha UCIOIb30BaHUU TaK Ha-
3bIBAEMBIX XOPHOBCKMX KJay3aJbHbIX (OpMyJl. XOPHOBCKUMH Ha3bIBAIOTCS
(GopMyJIbl ABIAIOIINECS TUIBIOHKIUSIMU aTOMAPHBIX (GOPMYJ W/HUIM UX OTPH-
[JaHUH, TIpUYEM aToMapHasi 4acTh 0e3 OTPHUIIAHUS MOXKET OBITh B TaKOH (opMmy-
1e He Oosiee yeM ozHa. PaccmoTpum npumep Takoil popmyiisl

Rx, ) v =P (x) v =0(x, 2) v =S(f(¥)). (4)
Ee MOxHO IIpeIcTaBUTh B BUAE
P(x) & O(x, 2) & S(f(¥)) = R(x, y). )

OTta (bopMyna BOCIIPUHUMACTCA HpOJIOI‘OM TaK, KaK €CJIN OBI BCE €e TNEPEMCHHBIC
OBLIH CBSI3AHBI KBaHTOPOM 06H_IHOCTI/I. BoccranaBnuBas KBAaHTOPbI, UMCEM

Vx Vy Vz [P(x) & O(x, 2) & S(f (v)) = R(x, y)]. (6)
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VY4uuTeiBasg, 4TO z HE BXOAWUT B MpPaBYI0 YacTh HMMIUIMKanuu, (Gopmyiy (6)
MOJKHO I€pENKCcaTh B BUJE

Vx Vy [3z [P(x) & O(x, 2) & S(f ()] = R(x, y)],

U3MEHUB 00J1aCTh JIEHCTBUS KBaHTOpa Jz.
B IIponore mpunsto GpopmyIsl, aHagoruuuesie Gopmyse (5), 3auceiBaTh B
BUJIC

R(X, y):_ P(X), Q(xa Z)o S(f(y))a (7)

MEHSSI MECTaMH JICBYIO M MPaBYIO YacTH WMIUIMKAIIMA M BMECTO 3HAKa KOHBIOHK-
U1 CTaBs 3aITYIO.

®opmyny (7) Ilponor BocnpuMeT Kak yKa3zaHUE O TOM, YTO JJIs JI0Ka3a-
TENCTBA UCTHHHOCTH R(X, ) HaJ0 HAWTH HEKOTOpOE 3HAYCHHUE Z U JIOKA3aTh,
gyro uctuHHbl P(x), OQ(x, z), S(f(y)). Takue GopMyIbl IPUHATO HA3BIBATH Mpa-
BUJIAMH.

Ecnmu B XOpHOBCKOI Kiay3aiabHO# (hopMysie OTCYTCTBYIOT aTOMapHBIE dac-
TH C OTPHUIIAHKEM, TO Takas ¢popmya Ha3eiBaeTcs Gpakrom. Eciin B XOpHOBCKOM
KJ1ay3aJIbHOM (hopMyJie OTCYTCTBYET aToMapHas 4acTh 0€3 OTpHUIaHHs, TO Ta-
Kas ¢opmyna Ha3biBaeTcs 3anpocoM. [Iporpammoii B [Iponore Ha3piBaeTcs Ha-
00p (hakTOB M MPaABUIL

ITo 3amanHON porpaMMe U 3ampocy cucrema lIponor onpenenser, sABISIET-
Csl JIM 3ampocC JIOTUYECKUM CIIEACTBHEM (aKTOB M MpaBuil mporpammsl. [lpu
ATOM, €CJIM B 3aIIPOCE UMEIOTCSI CBOOOIHbIE IEpeMEHHbIE, TO B MPOIIECcCe MOMUC-
Ka JI0Ka3aTeJbCTBA 3TU MEPEMEHHbIE KOHKPETU3UPYIOTCS, TO €CTh PUHUMAIOT
KOHKPETHBIE 3HAUYEHUS U IIPH YCIEIIHOM €ro 3aBEPIICHNUN 3TH KOHKPETU3HPO-
BaHHbIE 3HAYEHUS SIBJISIFOTCSI OTBETOM K MOCTaBJIeHHOW 3amaue. Ecnu ke noka-
3aTeIbCTBO HE OyJeT HalfZIeHO, TO CUCTEMa OTBETUT «NOY.

6.3. NMpumepbl hopManbHbIX AOKa3aTeNnbLCTB

I[Tpumep 1. BeiBectn u3 runores H,, H,, H; 3akmouenue C, rie

H,: Vx [E(x) & =P(x) =3y [R(x, y) & D)]],
Hy: 3x [E(x) & M(x) & Yy [R(x, y) = M(»)]],

His: Vx [M(x) > —P(x)],
C: Ix [M(x) & D(x)].
[TpepukcHas popma:
Pref (H)): Vx Jy [E(x) & =P(x) = [R(x, y) & D(V)]],
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Pref (H,): 3x Vy [E(x) & M(x) & [R(x, y) > M(»)]],
Pref (H3): Vx [M(x) > —P(x)],
Pref (C): 3x [M(x) & D(x)].
CkosieMoBcKast popma:
Sk (H,): Vx [E(x) & =P(x) = [R(x, f (x)) & D(f (x))]],
Sk (Hy): Vy [E(a) & M(a) & [R(a, y) = M(Y)]],
Sk (H3): Vx [M(x) > —P(x)],
Sk (—C): Vx [-M(x) v =D(x)].

Knay3anbnas gpopma (omyckaem KBaHTOPBI OOLITHOCTH, @ OECKBAHTOPHBIE YaCTH
npuBo UM K KH® 1 U3 kax10ro COMHOKUTENS MOJIy4aeM Kiiay3y):

Cla (H)): [E(x) v P(x) v R(x, f (x)] & [-E(x) v P(x) v D(f (x)) ],
Cla (H,): M(a) & E(a) & [—R(a, y) v M(»)],
Cla (H3): =P(x) v ~M(x),
Cla (O): =M(x) v —~D(x).

I[OKaSaTeJ'IBCTBO C UCIIOJIb30BAHUEM IIpaBUjia PE30JIIOLUN

1. mE(x)v P(x)Vv R(x, f(x) —wu3runore3sl H,

2. =E (x) v P (x) v D (f (X)) — u3 runoressl H,,

3. M(a), — W3 TUNOTE3bI H),

4. E(a), — W3 TUNOTE3bI H),

5. =R(a,y)v M(y), — U3 TUIOTE3bI H>,

6. =P(x) v -M(x), — W3 TUNOTE3BI H3,

7. =M(x) v —D(x), — u3 3akiroueHus C,

8. P(a)VvR(a,f(a), —wu3 1, 4 ¢ TOMOIIBIO TIOACTAHOBKH (X/a),
9. P(a)v D(f(a)), —u3 2, 4 ¢ TOMOIIBIO TIOJCTAHOBKH (X/a),
10. —P(a), —u3 3, 6 ¢ TOMOIIBIO TIOACTAaHOBKH (X/a),
11. D(f(a)), -m 9, 10,

12. —M(f(a)) —u3 7, 11 ¢ momomipro moacranoBku (x/f (a)),
13. R(a,f(a), —u3 8, 10,
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14. M(f(a)), —wu3 6, 13 ¢ momornkto noacranosku (V/f (a)),
15. O -u3 12, 14

[Ipumep 2. PaccmMoTpuM npeaukaThl ¢ UHTEPIPETALMEH:
F(x, y) < x sBnsiercst OTHOM 11151 Y,
S(x, y) < x, y — 1eTi 0JTHOTO OTIIa,
M(x) & x — My)K4uHa,
B(x, y) < x Opar a1 y,
B kadecTBe akcuoM paccMOTpuUM GopMyITbI
A Vx Yy [F(x, y) > M(x)],
A Vx Yy Vw [F(x, y) & F(x, w) > S(y, w)],
As: Vx Yy [S(x, y) & M(x) — B(x, y)].
[TycTh U3 HHTEpPIIPETAIIH N3BECTHBI (PaKThHI
Aq4: F(‘UBan’, ‘Xaputon’),
As: F(‘UBan’, ‘Bacunuii’),
Ag: F(‘Bacwmmit’, ‘Enena’).
Bompoc: «Ecths mu O6pat y Xapurona?». Ha s3pIke mpenInkaToB 3amichiBa-
eTcs Kak

A7: 3z B(z, ‘Xaputon’)?

[oxazarenbcTBoO

1. =F(x, y) v M(x) — 13 GOpMyIIBI A1,

2. =F(x, y)v—=F(x, w)v Sy, w) — u3 popmyitsl A,

3. =S(x, y) v—M(x) v B(x, y) — u3 hopmyIibl A3,

4. F(‘Usan’, ‘Xaputon’) — popmyna Aq,

5. F(‘UBan’, ‘Bacunmii’) — popmyna As,

6. F(‘Bacunuit’, ‘Enena’) — popmyna Ag,

7. =B(z, ‘XapuTon’) — oTpulaHue 3amnpoca A7,

8. F(‘Usan’,w)v F(‘Bacwmmii’, w) —wu3 2,5, moacraHoBka
(x/*UBan’, y/‘Bacunuit’),

9. S(‘Bacummii’, ‘XapuTon’) —u3 4, 8, MoJCTaHOBKA
(w/*Xapuron’),

10. M(‘Bacunuii’) —u3 6, 1, mocTaHoBKa

(x/‘Bacumuit’, y/‘Enena’),

11. =S(‘Bacunuii’,y) v B(‘Bacunuit’,y) —wu3 10, 3, moxcranoBka

173



(x/‘Bacummit’),

12. B(‘Bacunmit’, ‘XaputoHn’) —u3 9, 11, noacranoBka
(y/*Xaputon’),
13. [ —wu3 12, 7, mogcTaHOBKA

(z/‘Bacunmii’)

@dakTUYecku MBI HE TOJIBKO IMOJyYWJIM OTBET Ha HAIl 3arpoc, HO M MOJ-
TBEPIUIIM €r0 KOHKPETHBIM 3HAYCHHUEM TepeMeHHOM z. [IpuBeeHHBIN BBIBOJ
MOXKHO MOJU(HIMPOBATH, €CJIM BBECTH NPEAMKAT answer(z) ¥ BMECTO IeNU
«7. =B(z, ‘XapuToH’)» IOCTABUTH HOBYIO 1€

7'. —B(z, ‘Xaputon’) v answer(z). Torna mar 13 npeBpatutcs B 13'.
13'. answer(‘Bacunuit’) — u3 12, 7', noacranoska (z/‘Bacunmii’).

Ynpaxnaenue
PaccmoTpuTe BBIBOJ, B KOTOPOM IepBble 7 (OPMYII SBISIOTCS MOCBIIKAMH.

Jlnst ocTanbHBIX (DOPMYJTT BBITTUIITUTE TOSICHEHUST K TPUMEHEHUIO MPaBHiIa PE30-
JIIOLUH.

1. —A(2),

2. A(x)v-—=Px)v-=0(x, ),
3. AX)v—=RE) v -0, x),
4. P(a),

5. 0, c),

6. R(a),

7. R(b),

8. _‘P(Z)V_‘Q(Z: y):

9. —|Q(Cl, y))

10. —R() v =0, 2),

11. =0(a, z),

12. =Q(b, z),

13. [

6.4. dnemeHTbI A3bIKa MPONOI

OCHOBHBIM 3JIEMEHTOM SI3bIKA MIPOJIOT SIBJISIETCS mepm. TepMbI CTPOSTCS U3
IIepEMEHHBIX, aTOMOB, YHCell U (PYyHKTOPOB C HUCIOJIb30BAHUEM KPYTIJBIX CKO-
O0K.

Ilepemennaa 310 1enoyka (CI0BO), cOCTaBleHHas U3 OykB, LUpp U cum-
BOJIa MOJYEPKUBAHMS, HAYMHAIOMIAACSA ¢ OONBIION OYKBBI WJIM CHMBOJIA IOJI-
yepkuBaHUs. Eciau nmepeMeHHas HCIOIb3yeTCsl OMHAXK/IBI, TO BMECTO HEE MOX-
HO HCIIOJIb30BaTh TaK HA3bIBAEMYI0 aHOHHMHYIO TIEPEMEHHYI0, COCTOSIIIYIO U3
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OJTHOT'O CIMBOJIA TIOJTY€PKHUBAHUSI.

Amom 3TO UEeNoYKa, COCTaBICHHAas U3 OyKB, (P U CHMBOJIA MOTICPKH-
BaHWs1, HAUMHAIOMIASCS C MaJIeHbKOM OYKBBI TN ¢ OOJIBINOI OYKBBI, HO TOT/Ia B
OJIMHAPHBIX KaBblYKax. [locmeanuii crocod yao0eH, eciu aToM sBISETCS Co0-
CTBEHHBIM MMEHeM. VHor/a aToMbl CTPOSITCS M M3 CHEIHaIbHBIX 3HAKOB, HO
MBI UX UCIIOJIb30BaTh MPH MEPBOHAYAIBHOM 3HAKOMCTBE HE OyIeM.

Yucna 3anMChIBAIOTCA TPAJUIIMOHHBIM oOpa3oM. Yucna ¢ ruaBaromiei 3a-
nsAToi B 00bIgHBIX TpuMeHeHusX [TPOJIOI'A ucmonb3yroTest peaKo u3-3a OIIH-
OOK OKpYTJIEHUS.

@DyHKMOpP CUHTaKCUYECKU COBIAIAET C AaTOMOM.

Tepm >10 OO TMepeMeHHasi, TMO0 aToM, JIMOO YHCIO, JIUOO BHIpAKECHHE
BUJA

f(t, by s 1),

rie f— dyHkTop, a ty, ta, ..., ly— TEPMBI.

JInsi HEKOTOPBIX CIIEIHATBHBIX (DYHKTOPOB, HAPUMeEp, 3HAKOB apu(MeTH-
YECKUX Ollepaluil, OTHOIIEHU! CpaBHEHUs U Apyrux B [Iposore, kak B Tpaau-
IIMOHHOW MaTeMaTHKe HCIoJb3yercss mH(pukcHas ¢opma 3amucu. Hampumep,
BeipaxkeHue X + 1 paccmarpuBaercst Kak TepM ¢ (GYHKTOPOM + ¥ JABYMsI apry-
mMeHTaMu X U 1.

Cpemu TepMOB, BBHIY 0C000i BaXKHOCTH BBIACISIOTCS TEPMBbI JUISL TIPE-
CTaBJICHHS CIUCKOB. KaHOHMYECKH CHHUCOK MPEICTaBISIETCS JBYXMECTHBIM
TEPMOM, TIEPBBIM apPIyMEHTOM KOTOPOTO SIBIISICTCS] TOJIOBHOM DIIEMEHT CITHCKa,
a BTOPBIM — €TI0 XBOCT, TO €CTh CITHCOK, MOJTYYECHHBIH U3 HCXOIHOTO YAaIeHUEM
TOJIOBHOTO 3jieMeHTa. DYHKTOPOM B TaKOM 3alMCH YaCTO MCIOJB3YETCS CHM-
BOJI TOYKA. AJIBTEPHATUBHBIM IPEICTABICHUEM CITUCKA SIBJSICTCS BBIPAKCHUE
BUnA (1, by, ..., ] v [¢| L], Toe ¢ — TOMOBHOM 3JIEMEHT, a L — XBOCT CITUCKA.
JlomycTUMO TakxKe BhIpaKeHue Buaa 11, t, ..., t| L].

BaxHbIM MHCTPYMEHTOM B si3bIKe [Iposior siBiisieTcsi yHUDUKAIHS TEPMOB C
MOMOIIBIO MO/ICTAHOBOK. Takyl yHH(HKAIHUIO MBI MPUMEHSUIA BBIIIEC B MPU-
Mepax Ha JJ0Ka3aTeJIbCTBO MeTooM pesotonuii. Ceityac 6oliee moapoOHO pac-
CMOTPHM HOHTHE YHH(DUKAIIHH.

IToocmanosekoit HaszpiBaeTcst Habop nap 0 = (x/t1, xo/ta, ..., X,/t,), TIOC X1,
X2, ..., X,— IIEPEMCHHEIE, a [, 3, ..., {;, — TEPMBEL

Yepes EO 0003HaunM pe3ynbTar MOACTAHOBKH TEPMOB 1, o, ..., t;, B BBI-
paxenue E BMeCTO mepeMeHHBIX X1, X2, ..., Xy .

Mycte T = (y1/u1, y2/ua, ..., Vm/y) ellie onHa noAcTaHoBKa. KoMmo3uiust

OT 1BYX MOJCTaHOBOK O M T ONIPEIEIIAETCS CIICIYIONUM 00pa3oM
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E(Om) = (EO)m.

[MoacranoBka O MoxeT OBITH BhIYKCIIEHA cleayrommM oopasom. Cocra-
BHUM U3 MOJCTAHOBOK O M T ITOCIEN0BATENLHOCTD
(x/tim, xo/tam, ..., X/t T, Vi/UL, Volu, ...y Vin/tim)
U MPOBEJICM CIICIYIOIIHE JIBE OTICPAIIHH.
1. Ecnu HEeKoTopoe y; COBIAaeT C HEKOTOPBIM Xj, TO BEIYEPKUBACM I1apy
yi/ Uj.
2. Ecnu ¢, = X;, TO BBIYCPKUBAEM APy X;/1;T..

Opumep. Ilycts 0 = (x/f (), y/z), m = (x/a, y/b, z/y). CocTaBum mocie-
JI0BaTEILHOCTh

(lf O, ylzm, x/a, y/b, zIy) = (xIf (b), y1y, x/a, y/b, z1y)
¥ [0 TIEPBOMY TIPABHIIy BBIYCPKUBAEM T1aphl x/a u y/b, 3aTeM 110 BTOPOMY TIpa-
BIUTY — mapy y/y. B pe3ynbpTate nonydum

On = (x/f (D), z/y).

[MoncranoBka O HasbiBaeTcs yHuguxamopom tepmos Ey, Er, ecmn E10 =
= E»0. Haubonee oowum ynugpuxamopom tepmos E|, E,, Ha3bIBaeTCs MOJI-
CTaHOBKa G, TaKas, 4To JIt000 Ipyroil ux yHudukatop 0 mpeacraBisercs B
Buze 0 = om.

Mpumep. st tepmoB P(a, y), P(x, f (b)) yaupukaropom Oyaer moacra-
HOBKa

(x/a, ylf (b)).

Byner nu ona HanGosnee o6muM yHUDUKATOPOM?

Mpumep. Hus tepmoB P(a, x, f(g(y))) u P(z, f (2), f (1)) Haubosee 00-
muM yaupukaropom Oyaer moiactaHoBka (z/a, x/f (a), u/g(y)). Pesynbratom

yuudukanuu oyaer repm P(a, f (a), f(g(»))).
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Yactb 3. CTPYKTYPA OAHHbIX

[Tpu pa3paboTke anropuT™ma AT KOMIBIOTEPHOTO PEIICHUS TOW WIJIM MHOU
3a1aun HeoOxoanMas nHpopmanus GopManzyercs B BUie HaOOpa IEMEHTOB
pa3IMYHBIX THUNOB. B KaXA0W cCUCTEME MPOrpaMMHUPOBAHUS MPELYCMOTPEHO
UCIOJIb30BaHUE HEKOTOPBIX MPUMHUTUBHBIX TUIIOB JTAaHHBIX U CPEJCTB, C IIOMO-
IIbI0 KOTOPBIX MOXHO T'PYNIIMPOBATh UX B 00Jiee CIIOKHBIE CTPYKTYpHI. bynem
CUMTATh MPUMUTHUBHBIMU CIICYIOIINE TUIIbI: OYJIEBCKUM, LIEJIBIHA, BEIIECCTBEH-
HBIIl U CUMBOJIbHBII. MHOTHE CHCTEMBI TPOrPaMMUPOBAHUS MO3BOJISIFOT TPYII-
MUPOBATh JaHHbIE IPUMUTUBHBIX TUIIOB B MAacCCUBBI OJHOTUIIHBIX 3JIEMEHTOB,
3anmucu U3 (GUKCHPOBAHHOTO YHCJA 3JIEMEHTOB PAa3HBIX THIIOB U B HEKOTOPHIE
JIpyrue CTpYKTypbl. BooOIe, moa THIOM JaHHBIX MOHUMAIOT MPOM3BOJIBHOE
MHO>KECTBO, Ha3bIBAEMOE MHOKECTBOM 3HAYEHUH, 1 HAOOp onepalnuii HaJ 3Ha-
yeHUsIMHU. Tak, 3HAaU€HUSMU LEJIOr0 TUMA SBJSIOTCS LEJIble Yncia U3 HEeKOTO-
pOro Auana3oHa, 3aBUCSILEro OT CUCTEMBI POrPaMMHUPOBAHUS, a ONepaLUsIMHU
— OOBIYHBIC ApUPMETUYECKUE OTICPALIHH.

[Ipu anroputmMuzanuu 3agad, pelIeHHE KOTOPBIX OMUPAETCA HA HUCIIOIb30-
BaHUWE MAaTEeMaTHYECKUX 3HAHUI M TpeOyeT MaTeMAaTUYECKUX JI0Ka3aTelbCTB,
pa3paboTka anropuTMa YacTo MPOBOJUTCA TAKKE B MaTEeMaTHYECKUX WIIH
(bopManM30BaHHBIX MPUKIAIHBIX TepMUHAX. [Ipu 3TOM B 10CTaTOYHO OOJBIION
CTENEHU MPOUCXOJNUT OTBJIEUYEHHE OT TEXHUYECKHUX BO3MOKHOCTEW HCIIOJIHHU-
TeNsl aIrOPUTMOB (UEJIOBEKa MM TEXHMYECKOro ycTpoiicrBa). Tak, ecnu mnpu
ONMCAaHUU AITOPUTMA HCIOJIB3YETCSl MOHATHE MHOXKECTBA, TO JOCTATOYHO
YMEThH BBITIOJIHATH HEKOTOPBIN HAOOP Olepaluii ¢ MHOKECTBaMHU M OTBEYaTh Ha
HEKOTOpBIE BOIPOCHI OTHOCUTEIBHO MHOXECTB. llepedeHp Takux omepanuii
MOJKET OBITh CIEAYIOLIUM:

® BBECTH B PACCMOTPEHHE ITyCTOE MHOXECTBO,

® BKJIIOYMTH IEMEHT B MHOKECTBO,

® HCKJIIOUUTH 3JIEMEHT U3 MHOKECTBA,

® [IPOBEPUTH, ITYCTO JIM pacCCMaTPUBAEMOE MHOXKECTBO,

® y3HATh, CKOJIBKO 3JIEMEHTOB B pAaCCMaTPpUBAEMOM MHOYKECTBE.

OTH onepanyuy ¢ HEKOTOPOU TOYKHM 3PEHUS MOYKHO CUHMTATh 3JIEMEHTAPHBI-
MU U JI0 U3BECTHOM MOPHI HE JAyMaTh O Coco0e WX peanu3aluy UCIOIHUTE-
naeM. B Takux ciayyasix rOBOpST, YTO Mbl UMEEM JEN0 C aOCTPaKkTHBIM THUIIOM
JTAaHHBIX.

HInpoxo MCTIONb3yeMBIMI a0CTPAKTHBIMU THIIAMHU JAaHHBIX HAPSAy C MHO-
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KECTBAMU SBIISIOTCSI MYJIbTUMHOYKECTBA, B3BELICHHbIE MHOXECTBA, KOPTEXH,
oToOpa)keHHs, IPUOPUTETHBIE ouepean, Tpadel u Tak ganee. Korna neno noxo-
JUT 10 pa3pabOTKM MPOrpaMM B KOHKPETHOH cHcTeMe MpOrpaMMHUpPOBaHMSA,
NPUXOAUTCS MPUHUMATh PEIICHUS O MPEACTaBICHUN TaKUX JaHHBIX B MaMATH
U 0 peaJln3aluy orepanuil HaJl HUIMU JOCTYIIHBIMH CPEJICTBAMH.

B Hacrosmiee Bpemsi OONBUIMHCTBO aJITOPUTMOB HMPOEKTUPYETCS I HC-
[OJIb30BAHUS B YCTPOWCTBaX, oOJafaromux ajpecyeMoi namsaTbro. Kaxmbiit
3JIeMEHT MH(OpMaIY, pa3MEIEeHHbIN B TaKON NaMATH, 3aHUMAaET OIpeIeNIeH-
HyI0 no3unuio. [1o n3BecTHON MO3MLMU 3JIEMEHTa B TAKOM HaMsATH JOCTYI K
HEMY OCYLIECTBIISIETCS 3a HEKOTOPYIO YCIOBHYIO €IMHHIy BPEMEHH, 3aBHCS-
IIyI0 TOJBKO OT THIIA MOJyyaeMoil mHpopmanuy, pakTHIECKH, OT HU3ndecKo-
ro pa3mepa siueHKU IaMATU WIK OT KOJIMYECTBA TaKUX S4€eK, IPeJHa3HaYeH-
HBIX JUISl €€ XpaHEHHUs1, HO HE OT €€ KOHKPETHOro cozepkanus. bonee Toro, mno-
3UIMM 3JIEMEHTOB CaMM MOTYT OBITh 3JIEMEHTaMU MH(OpMALUH, ¢ KOTOPBIMU
MOTYT NPOU3BOAMUTHCS HEKOTOPHIE OINEpallu, YTO IO3BOJSET HCIOJIb30BaTh
TaK Ha3blBa€MYI0 KOCBEHHYIO ajapecauuto. Hamuume kOocBeHHOW aapecanuu
NO3BOJISIET MOPYYUTh IPOrPAMMHOM CHCTEME WIIM pa3padaTbiBaeéMOM IpUKIal-
HOH IporpamMme MOMCK CBOOOIHBIX Y4acTKOB MaMsITH IS pa3MeIleHHs HOBBIX
3JIEMEHTOB MH(OpPMAIMK U 3alIOMUHAHHUE UX aJJPECcOB C MOCIEIYIOIUM UX HC-
HOJIb30BAHUEM JUISl JOCTYIA K MH(QOPMALHH.

WNudopmanus, pazMelieHHas B aipecyeMoi MmamsTH, IpHoOpeTacT HOBbIE
CBOMCTBa. DJIEMEHT MH(POPMAIUU XapPAKTEPU3YETCsl HE TOJIBKO CBOMM COJEp-
KaHHUEM, HO U aJpecoM, TO €CTb MECTOM paclloJIOKeHHs B mamsTu. J[Ba aie-
MEHTa JaHHBIX, COCEJHUX B HEKOTOPOM COJEp’KaTeIbHOM CMBICIE, HE 00s13a-
TEJIBHO OyAyT pacnojaraTbCs B COCEAHMX sueiikax maMatd. OHM MOTYT OKa-
3aThCsl B HENPEIBUICHHBIX MecTax. IIpoekTHpys mporpaMMHYyIO pean3anuio
QITOPUTMA, HEOOXOIUMO MPOEKTUPOBATh U CHOCOO PACIONIOKEHUS B MaMATH
oOpabateiBaeMOi HHGOpPMAIUH.

Cy1ecTBYIOT THIIBI JAHHBIX, KOTOPBIE €CTECTBEHHBIM 00pa30M BKJIAJbIBa-
IOTCSl B a[JpeCyeMyI0 CTPYKTYpY TEXHHUYECKOW MaMSATH, IPUYEM JIETKO BBINOJI-
HSIOTCSI BCE OIEpalluy, MPEeIyCMOTPEHHBIE Ul TaKOro THMa AaHHBIX. [Ipume-
POM MOJKET CIIy’)KUTh BEKTOp (PMKCUPOBAHHOM pa3MEpPHOCTH, 3aJJaBa€MbIi yIIO-
PsIOYEHHBIM HaOOpOM CBOMX KOMHOHEHT. Hanbosee ecTeCTBEHHBIM SIBISETCS
€ro XpaHeHUe B BHJIE MACCUBA, IIPU KOTOPOM COCEIHUE KOMIIOHEHTBI pacIioa-
rajorcs B siueikax ¢, MOAPSAA WAYIIMMH HOMEpaMH. DTOT CIOcOO MO3BOJISET
JIETKO BBINOJHATh OKOMIIOHEHTHBIE ONepaluu (CJI0KEHHE BEKTOPOB, BBIUMC-
JIEHHE CKAJIIPHOTO NMpou3BeAeHus U apyrue). OnHaKo eclny pa3MEepHOCTb BEK-
TOpa B IIpoliecce paboThl U3MEHAETCS, HAIPUMED, ITyTEM yAalIeHHs] KOMIIOHEHT
WIN BCTAaBKU HOBBIX, TO IPE/ICTaBIEHUE B BUJIE MAacCHBa OKa3bIBaeTCs HEY100-
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HBIM, TaK KaK ONEpalldy yNaJCHUS W BCTABKU NPH YCIOBUU COXPAaHEHHsS IO-
pSKa ClIeOBAHHS AJIEMEHTOB TPEOYIOT MEpe3arucH, BO3MOXKHO, JOCTaTOYHO
OOJIBIIOTO YUCJIa KOMIIOHEHT, YTO MOXKET HEOJIarompusiTHO CKazaThCs HA (-
(exkTuBHOCTH anroput™ma. YtoObl n30exaTh HEeAIPPEKTUBHOCTH TAKOrO poja,
OJTHOBPEMEHHO C aJITOPUTMOM MPOEKTUPYETCS CTPYKTYpa MPEICTaBICHUS JTaH-
HBIX, MTO3BOJISIONIAs PEATM30BaTh BBHIMOJHEHHE BCEX HEOOXOAMMBIX OINepanuit
B IIPUEMJIIEMOE BpEMS.

B nmpaktuke nporpaMMupoBaHMs HAKOIUIEH OOJIBIION OMBIT CTPYKTYpPUPO-
BaHMs nHPopmanuu. K cuacteio, crmocoObl CTPyKTYPHPOBaHUS, N300peTEHHBIE
IpU PELIeHUN OJHOW 3aJjaud, 4acTO HAXOJAT NMPHUMEHEHHE W BO MHOTHUX JIpy-
rux. Tak, Ijs mpencTaBiIeHns, KaKk KOPTEXKel, Tak 1 MHOKECTB B MaMSITH KOM-
NBIOTEPA MOTYT HCIOJIb30BAThCS TaKU€ CTPYKTYpPbI JaHHBIX, KaK JMHEUHbIE U
[UKJIAYECKHUE CTTHCKU.

Bo MHOrmx 3amauax MCXOJHBIC JaHHBIE MPEICTABIAIOT COOOI Tak Hasbl-
BaeMbI€ B3BEIICHHBIE MHOXECTBA. B3BelIeHHBIM Ha3bIBACTCS MHOMXECTBO, Ka-
KIAOMY DJIEMEHTY KOTOPOTO MOCTaBJICHO B COOTBETCTBUE B KauecTBE Beca He-
KOTOpOe YHci0. YacTo MCIONB3yEMBIMH ONIEPALUSIMH C TAKUMH MHOXECTBAMHU
SIBIISIFOTCS TIOMCK AJIEMEHTA ¢ MUHHUMAaJIBLHBIM BECOM, BCTABKa HOBOTO AJIEMEHTA
CO CBOMM BECOM, yJaJ€HHE 3JIeMEHTa M HEKOTOopble npyrue. s OblcTporo
BBIMIOJHEHHsI TaKUX OMNeEpaluid pa3pabdoTaHbl TaK Ha3blBaeMble KyueoOpa3HbIe
CTPYKTYPBI JaHHBIX.

Masa 1. CITIUCKA
1.1. O6wme cBegeHUs 0 cnuckax

OcTaHoBHUMCS Ha HauboJee YacTO MCIOIb3yEeMbIX CTPYKTYpax JaHHBIX, HA-
3bpIBaeMbIX crhuckamu. CHHCKH JIe)KaT B OCHOBE MHOTHX 00Jee CIIO0KHBIX
CTPYKTYp JaHHBIX. B mpocreiiiieM cily4ae CHOMCKH HCIOJIB3YIOTCA AJIS Mpea-
CTaBJIEHUSI KOPTEXKeil.

Koprex — 3T0 KOHEUYHAas MOCJIEN0BATENBbHOCTh, BO3MOXKHO C IIOBTOPEHUS-
MH, 3JIEMEHTOB HEKOTOPOTO0 MHOXKecTBa £. DileMeHTaMu KOpTexXa MOTYT OBITh
YKca, CUMBOJBI HEKOTOPOTo anaBUTa, TOYKM IUIOCKOCTH M T. 1. B Gonee
CIIOXKHBIX CITydasx >JIEMEHTaMH KOPTeKa B CBOIO OYepe/b MOTYT OBITh TaKXkKe
KOPTEXHU. DJEMEHTHI, HE SBIIIOLIUECS KOPTEKaMH, HA3bIBAIOTCS aTOMaMH.
Koprexx xapakrepusyercsi cBoel ATUHON. YJOOHO paccMaTpuBaTh KOPTEXKH,
HE COJIEeprKalle HU OJHOIO 3JI€EMEHTAa. Takne KOPTEKN HA3bIBAIOTCS ITyCTHIMH.
JlimHa mycToro Koprexxa cuurtaercsi paBHoi (.

DNEeMEHT KOpTeXka XapaKTepU3yeTCsl CBOUM HOMEPOM B ITOCIIEOBATEIBHO-
CTH (KOPTEKHBIM HOMEPOM) M CBOUM COJEPKAHHEM, TO €CTh HJIEMEHTOM MHO-
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xectBa E. Eciau nimuHa xopreka pasHa 1, n > 0, To KopTex S ynoO0HO paccMar-
puBaTh Kak oToOpaxkenue s MmHOkectBa N = {1, 2, ..., n} B muHoxectBo E. Ta-
KuM 00pazom, s(i) 310 i-if 37eMeHT KopTexa S.

TepMuH CHHICOK HCHONB3yeTCS Kak 00oOmaroriee Ha3BaHHWE PA3THYHBIX
CTPYKTYp NaHHBIX, UCIOJB3YEMBIX IUIS TIPEACTABICHUS KOPTEKEH B MaMSTH
KoMmmbioTepa. [Ipu mpencTaBiacHUM KOpTeXa B MaMSATH TMOSBJSCTCS €IIe OJHa
XapaKTepUCTHKA AJIEMEHTa KOPTE)Ka — €ro MO3UIUSA B MaMATH. B HEKOTOPBIX
CITyJasiX HOMEp JIEMEHTa B KOPTEKE U €ro MO3HINS B TTAMSITH CBS3aHBI APYT C
JIPYroM apu(QMEeTHYECKUMHU COOTHOIIEHUSIMH TaKUM 00pa3oM, 4TO TI0O HOMEpY
JIETKO BBIYUCIISAETCS TMO3HIMS ¥, HA000POT, 1O MO3UIIMH BRIYUCISETCS HOMED. B
JIPYTHX CIIyYasxX CBS3b MEXJIy HOMEpPaMH M MO3UIUSAMU 330aCTCS «Ta0JIMIHOY»
WIA OCYIIECTBIISIETCS C TIOMOIIBIO aJTOPUTMUYECKUX TpOIeayp. MHOKECTBO
no3unuii 0003HaunM uepe3 P. MHorna yno0HO cuuTaTh, 9TO BO MHOXKECTBE P
HUMEETCs CIEIMAaIbHbIN 3JIeMEHT Nil, yKa3pIBaloIIHii Ha HECYIIECTBYIOIIYIO 00-
JacTh mamsATH. TakuMm 00pa3oM, MPU PaCCMOTPEHHUU TOTO HIJIM HMHOTO CIIHCKA
UMeeM JIeII0 ¢ TpeMsi MHOkecTBaMu E, N, P u ¢ 0ToOpakeHUSMHU Ha 3THX MHO-
JKEeCTBax.

TunuaHBEIME TIPH pabOTE CO CIIMCKAMHU SIBJISTFOTCSI CIICAYIONINE ONIEPaIlny.

e HaxoxaeHue Mo3uiyu dJIeMeHTa B TaMsITH TI0 €r0 HOMEPY B KOPTEXKE.

e HaxoxaeHre MO3ULUH JIEMEHTA, CIEAYIONIETO B KOPTEXKE 32 JIIEMEHTOM
W3 3aJaHHOU TTO3UIINH.

e HaxokJeHue MO3UIMU DJIEMEHTA, MPEIIECTBYIONIET0 B KOPTEXKE dJle-

MEHTY U3 33/IaHHOW MO3UIINH.

VY nanenue 3ieMeHTa, HAXOAAIIErocs B 3aIaHHOM MO3UIIUH.

BcTaBka B KOpTeX HOBOTO 3JIEMEHTA TMEPE] AIEMEHTOM, PACIIONIOXKEH-

HBIM B 3aJIaHHOM ITO3UIUH.

e OnpenenexHue JUIMHBL KOPTEXaA.

[Ipu ommcanuu 3TUX U APYTUX ONEpaIHid CO CIIMCKaMH Oy/leM HCIONb30-

BaThb CJICAYIOIIUC OTO6pa)KCHI/I$[ W KOHCTAHThI 3aJJaHHBIC Ha MHOXKCCTBAX E, N, ,
P.

e Info: P — E, rae Info (pos) — smeMeHT criucka HaXOMASIIMIACSA, B MTO3H-
[[1H POS MaMSITH.

e Next: P — P, rie Next (pos) — Mo3umus 3JeMeHTa, CISAYIOIIEro 3a dJe-
MEHTOM M3 MO3HIIUH POS.

e Precede: P — P, rue Precede (pos) —mo3uiust 3jeMeHTa, HaXOASIIerocs
nepes1 3JIeMEHTOM U3 IO3UIIUHU POS.

e Number: P — N, rae Number (pos) — KOPTESKHBI# HOMEp JJIEMEHTA,
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HaXOJSIIIETOCs B O3UIMH POS.

e Position: N — P, rae Position (k) — mo3umus 31eMeHTa UMEIOIIEro KOp-

TEXHBIH HOMED K.

e Length — nnuna crimcka.

o First — mo3uius mepBoro JIeMeHTa CIKCKA.

e Last — mo3unus mociaegHero 3JeMeHTa CITUCKa.

WHorpna amst pacrio3HaBaHHs KOHIEBBIX 3JIEMEHTOB CITHCKA IMOJBb3YIOTCS
CIIC/TyFOIIIM COTJIAIICHHEM: €CIIH POS SBJISETCS IMO3UIHEH ITOCIEeTHETo diie-
MEHTa CIHUcKa, TO monaraioT Next (pos) = pos, a eciii HavyajioM, TO —
Preced (pos) = pos. B ciydasx, korga mosuien 3JeMeHTa, CICIYIOIIEro 3a
HOCJIC/IHUM HJIM TIPEIIICCTBYIONIET0 MEPBOMY, SIBISICTCS HECYNIECTBYIOIIAs
no3unus nil, Oynem cuurath, uro nil npuHawiexkur MaoxxecTBy P. [Ipu n3me-
HEHUH COJICP)KUMOTO CITUCKA BCE BBEICHHBIC MHOXKECTBA, OTOOPAKEHHS U KOH-
CTaHTBI MOTYT H3MEHSTHCSI.

Pa3nnunble npencTaBiieHUsT KOPTEXEW ¢ MOMOILBIO CIIUCKOBBIX CTPYKTYp
XapaKTEePU3YIOTCS CTENEeHbI0 3()()EKTUBHOCTH BBIMOIHCHHUS T€X WM UHBIX OIle-
paumii. Tak, Ipu OAHOM TPEACTABICHUH YPPEKTUBHO BBIYUCISACTCS TOPSIKO-
BBl HOMEp JJIEMEHTA TI0 ero MO3UIHH, HO MeHee d(PPEKTUBHO OCYIIECTBISET-
Csl BCTaBKa HOBOTO 3JjieMeHTa. [Ipu JpyroM mpeicTaBICHHH JIETKO OCYIIECTB-
JIsIeTCs BCTAaBKa, a OIpeJie/ieHHe MOPSAKOBOIO HOMEpa 3JIEMEHTa M0 ero MO3u-
oM TpeOyeT 3aMeTHOrO BPEMEHH, HalpHuMep, HPOMOPIMOHAIBHOTO JUTHHE
crircka. K coxxanenuro, He Bceria y1aeTcsi HalTH croco0 IpeIcTaBIeHUsT KOp-
TEIKEH, 1T KOTOPOTO BCE MCIOJIBb3YeMbIe B KOHKPETHOM AJITOPUTME OTePAIIUH
onrHakoBo 3(dextuBHbl. [1o3TOMY BBIOOP CTPYKTYPBI JJIsl MpEICTaBICHHS
KOpTEXa COMPSDKEH C aHaJIM30M AITOPUTMa, & UMEHHO, C BBISICHCHHEM TOTO,
KaK{e OIepaluy, B KOHEYHOM CYETEe, ONPEICISIOT €ro CyMMapHYIO TPYIIOeM-
KocTh. B 3aBucHMOCTH OT Habopa OTmepaldii, KOTOPbIC MPEIMOIaracTcsi BbI-
HOJIHATH CO CIUCKAMH, BBIICIISIOT HEKOTOPHIC UX PA3HOBUIHOCTH.

Cnucok, B KOTOPBIM MpennonaraeTcs M00aBISTh W YHAIATh ICMEHTHI
JHMIIb C OJJHOTO €T0 KOHIIA, Ha3hIBaeTcs cTeKoM. Eciu jmo0aBiieHre 1eMeHTOB
JIOJDKHO MTPOMCXOUTH C OJHOTO KOHIIA, a yIaJICHHE C IPyroro, TO TaKOW CITH-
COK Ha3bIBaeTCs o4epenpio. Eciu ynanste u A00aBISATH 3JIEMEHTHI MOXKHO C
Jr000T0 KOHIIA CIIUCKA, TO TAKOW CHHCOK Ha3blBaeTcs nekoM. Ecim 1o0aBisTh
MOKHO C JIFO0OTO KOHIIA, a YIalsATh TOJBKO C OJHOTO, TO CIIMCOK Ha3bIBaeTCs
JIEKOM C OTpaHHuYEHHBIM BbIXOAOM. Criucku Oojee 0o0Iero Buaa MO3BOJISIOT
BKJIFOYATh U YAAIATH 3JEMEHTHI U3 1000 nmo3uiuu. Crucku kiaccuuuupy-
IOTCS TaK)Ke [0 BO3MOXKHOCTSIM HX CKaHUPOBaHUs (IPOCMOTPA) B OJHOM Ha-
npaBiieHHN (OT Ha4Yaja K KOHIy WJIM OT KOHIIA K Ha4yaJly) WM B 000X HamlpaBs-
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JeHusAX. B mepBoM ciydyae CHHCOK Ha3bIBaeTCs OJHOCTOPOHHUM, BO BTOPOM
JIByCTOPOHHUM.

Crucku, Ui KOTOPBIX HE IUTAHUPYETCS BBIMOJIHATH ONEpAIlMd BCTaB-
KU/yaJeHus U3 MPOU3BOJIBHOM MO3UIIMH, YJOOHO NPEACTaBIATh MacCuBaMu. B
9TOM Cllydae KOPTESKHBIA HOMEp IJIEMEHTa MOKHO JTMOO OTOXIECTBUTH C HO-
MEpOM 3JIeMEHTa B MacCUBe, INOO C/ENATh €ro JIETKO BBIUYUCIIIEMBIM IO 3TOMY
HoMepy. Takue CHHMCKH Ha3bIBAIOT CIMCKAMHM C MPSIMBIM JOCTYIIOM K JIeMEH-
tam. J{pyruMu coBamMu, 1O IPSIMBIM JIOCTYTIOM MbI TIOHUMa€M BO3MOKHOCTh
10 HOMEpY d3JIeMEHTa B KOPTEKE 32 €JMHUILy BPEMEHHU ONpEIeNsATh KaK cam
9JIEMEHT, TaK U €T0 MO3UIIHIO B MAMSITH.

[Tpu mpencTaBieHUH KOPTEKEH, U KOTOPBHIX IUIAHHPYETCS BBHINOTHEHUE
orepanuii BCTaBKH/yIalICHHs AJIEMEHTA U3 MPOU3BOJIBHOM MMO3UIMH, UCTIONb3Y-
€TCS BO3MOXKHOCTh HAaXOXJICHHsI IPOTPAMMHBIM ITyTeM CBOOOJHOTO MPOCTPaH-
CTBa B MMaMSATH JUIA Pa3MELICHUs] BCTaBIsAEMOro 31eMenTa. [Ipu necnoiap3oBannu
S3bIKOB ITPOIPAaMMHPOBAHUS BBICOKOTO YPOBHS 3TU 00513aHHOCTH OepeT Ha ce0st
00OBIYHO cHCTeMa TporpaMmupoBanus (onepatop new — B si3pikax PASCAL u
C). Ilpu BcTaBIEHNH HOBOT'O 3JIEMEHTa B CIIMCOK MECTO, Ky/la OH BCTaBIISETCS,
YKa3bIBAETCS C MTOMOIIBI0 KOCBEHHOH aJipecaniui. ITO MOXKET OBITh ajipec dje-
MEHTa, Iepesl KOTOPhIM BCTaBJISETCS HOBBIM 3JIEMEHT, JHO0O0 MOCie KOTOpOro,
a60 u ToT U Apyroil. Takoil crmoco® maeT BO3MOXKHOCTh JIHMIIbL MOCITEIO0Ba-
TEJILHOTO JOCTYIa K dJeMeHTaM. J[pyruMu cioBamu, MpH MOCIEI0BaTEILHOM
JIOCTYTIE TapaHTHPYETCs ONpeAeICHNE 32 €MHUILY BPEMEHH MO3UIMH O4Yepe/i-
HOT'O JIEMEHTA JIMIIb M0 MO3MLUHU IPEAbLAYINEro WIN CIEAYIOUIEro 3a HUM
3JIEMEHTA, HO HE 10 €r0 HOMEPY B KOPTEXKE.

OTMeTuM ele, 4To MpU KOHCTPYHUPOBAHUU CHHCKOB MHOTAA YAOOHO die-
MEHTaMH CIIMCKa CYMTATh HE CAMH DJEMEHTHI MHOXKECTBa F, a MX MO3UINH B
namsTd. B mepBoM ciydae cnucku 1o trepMmuHonoruu P. TapbsiHa Ha3bIBalOTCS
HK30T€HHBIMHU (BHYTPEHHUMH), 2 BO BTOPOM 3HJIOTE€HHBIMU (BHEUIHUMH). DH-
JOTEHHBIN CIIOCO0 MCTIONB3YIOT B TE€X CIy4asX, KOTJa 3JIEMEHThl MHOXKeCTBa £
JUISL CBOETO MPEJCTaBICHUS TPeOyIOT OOJIBIIOrO MPOCTPAHCTBA U MEPETHCHIBA-
HHE 3JIEMEHTa U3 OJTHOI'0 y4yacTKa MaMsTHU B APYToW CONpPSDKEHO ¢ OOJIBIINMU
3arparaM# BPEMEHHU.

[IpeumymiecTBa UCMOIB30BAHUS YHIOTEHHBIX CITUCKOB BMECTO SK30T€HHBIX
MOXET SIPKO HPOSIBUTHCSA B TAaKOH 3a7adye, KaK COPTHPOBKA (yMOpPSIOUYCHHE)
9JIEMEHTOB CIHCKA B MOPSAJKE BO3pAcTaHUs WIM yObIBAaHUS HEKOTOPOH YHUCIIO-
BOW XapaKTePUCTUKU, HA3bIBAEMOH KIIIOYOM d3JieMeHTa. OCHOBHBIMHU OIlepa-
IUSIMHA TIPH COPTHPOBKE, ONPEACTSIOIMINMEI €€ TPYIOEMKOCTb, SIBIISIOTCS OIIe-
panMs cpaBHEHHUS KJIIOUEi M omeparusi mepeMerieHus aeMeHToB. O4eBHIHO,
YTO HPU SHIOTEHHOM CIOCOO€ MpE/CTaBIEHUs CIIMCKAa CyMMapHbIE 3aTpaThl
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BPEMEHHM Ha MEPEMEIEHUS JIEMEHTOB MOTYT OKa3aThCsl HAMHOT'O MEHbIIIE, YEM
MIPH SK30T€HHOM CTIoco0e.

Bo3MmokHOCTH Oo0siee OBICTPOI MEPEecTaHOBKU KOPOTKUX aJPECcOB IO CpaB-
HEHUIO C IMEPECTAaHOBKOM UIMHHBIX 3alMCEl HE HMCUYEPHBIBAET IMPEUMYILIECTB
SHJOT'€HHOI'0 MPEJCTABIEHUS CIHUCKOB. [Ipennonoxum, 4To HaM OJJHOBPEMEH-
HO TTOHaI00MIIOCH HE OJJHO, @ HECKOJBKO PA3HBIX YIOPSAJOYCHUN OJHOTO M TO-
r'0 K€ CITUCKA MO pa3HbIM KpUTepusiM. i 3TOro 10CTaTOUHO BBECTH HECKOJb-
KO aJIpECHBIX MAacCCHUBOB, IIPH YHOPSJOUYEHHH MO KaXKJIOMY KPUTEpPHUIO TEepe-
CTaBJISIFOTCS 3JIEMEHTHI COOTBETCTBYIOIIETO aJPECHOT0 MacCHBA.

[Ipu ommcanuy omepanuii Haj CIIUCKaMH OyJeM CYUTATh, YTO KaXKIbIH U3
HUX OMMCAH C MOMOIIBIO JJECKPUIITOPA, UMEIOIIEro (GopMy 3alncH, COCTOSIIEH
U3 HECKOJIbKUX ToJiell. JleckpunTop mpeaHa3HadyeH Ajsi TOro, 4ToObl SIBHO yKa-
3aTh COCTaBHBIC YaCTH, U3 KOTOPHIX (hopMupyeTcst crucok. Kak mpaBuio, B ae-
ckpunrop Oyner BXxomuth moute first, comeprxariee MO3UIUIO IEPBOTO AIIEMEH-
Ta. Eciiu B KOHCTPYKIMM CIIMCKA MCIIONb3YETCs HEKOTOPBIM MacCuB, TO B JIECK-
PHUITOPE YKa3bIBAECTCSA UMS 3TOT'O MACCHUBA.

[Tons, oTHOCAILIMECS K KOHKPETHOMY CHHUCKY L, OyzneM 3anuchiBath B (hop-
Me

L.<umsi_mions>.

B monsix meckpunropa OymeM ykas3pIBaTh TakkKe HMEHA MPOIeayp ¥ QyHK-
LU, KOTOpPbIE PEAM3yIOT IMPUMUTUBHBIE OIEpalUd HaJ CIMCKaMH IIPH pac-
CMaTpPUBAEMOM UX pPeaTH3allHH.

Tax, HanpuMep, AECKPUTITOP CIHCKa L MOXKET UMETh (hopMy

[first, length].

[Ipu TakoM geckpunrtope
e [ .first o3HaYaeT MO3UIMIO IEPBOTO JIEMEHTA cIucKa L,
e [.length — ero mnuny.

1.2. Cnucku ¢ npAMbIM JOCTYNOM

[psiMoii OCTyM, Kak MpaBHIIO, pealn3yeTcsi NP MPEJCTaBICHUH CIHCKa
MaccuBoM. B kuure [5] 3TOT cmoco® Ha3bIBAaeTCs MOCIEIOBATEIBHBIM pacIipe-
JeNeHueM. DIIEMEHTHI KOPTeXa Pa3MeIIaloTcsl B WAYLIINX MOAPSA sSueiKax He-
KOTOpOro MaccuBa. J{JIs JOKann3aluy CUCcKa B MaCCHBE BBEJEM IICJIOUNCIICH-
Hyl0 TiepeMeHHyto first [uis XpaHeHus: HoMepa TO3MLUH MacCHBa, B KOTOPOM
pAacIoNIOKEH €ro MEepBBIi 3JIEMEHT, U LENOYHCIICHHYI0 TepeMenHyro length,
O3HaYaloLIyIo JIMHY crnucka. PaBenctBo length = 0 sBnsiercs npuzHakom Toro,
YTO MAacCCHB COACPXKUT MyCTO#l crimcok. MHOraa [uisi MepeMEHHBIX, XPaHSIIIHX
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MO3HIIMIO DJIEMEHTa MAacCUBa, yI0OHO UMETh Kakoe-Ti00 yCIOBHOE 3HAYCHUE,
BBIXO/ISAIIIEE 32 PAMKHU HHAEKcAIlMU MaccuBa. byiem o6o3Havats ero beyond.

PaccmoTpum moapoOHee peann3anuio CHHCKa ¢ MPsIMBIM JIOCTYTIOM, JIaio-
IIyI0 BO3MOXKHOCTh JOOABIATH 3JIEMEHTHI K CIIHCKY € JII000Tr0 ero koHma. Boc-
MOJIB3yEMCSl IIUKINYECKON «HyMepaluei» 3JIeMEeHTOB MacCHuBa, MPU KOTOPOM
CJIEAYIOUIMM 3a IOCJIEJHUM 3JIEMEHTOM MacCHBa CUMTAETCsl €ro MepBbId 3ile-
MEHT, a TpPeIbIAYIIAM JJIsl TIEPBOTO — MOCIEAHUH (peyb UAeT 00 dIeMEeHTax
MaccuBa, a He 00 AJeMeHTax crucka). Ecim aineMeHTsl MaccuBa MpOHYMEpO-
BaTh yuciamMu oT 0 1m0 n — 1, TOo mepexox k ciemyromeMy (TpeabIIyIeMy)
3JIEMEHTY CIIHCKAa OCYLIECTBIIIETCS C IOMOIIBI0 NPHOABICHUS (BBIYUTAHUSA)
€MHHULIBI 10 MOJYJIO 71, TA€ 71 — JUIMHA MacCHBa.

JleckpUnTop Takoro cnucka oyaer UMeTb Gopmy

S = [n, info, first, length].

JloGaBneHue dlieMeHTa K Havaly CHHCKa OCYIIECTBISITCS €ro 3aliChio B
nozunuto newfirs = (first — 1) mod » (0 < newfirst < n) ¢ nocnenyoMmUM Ipu-
cBauBanueM first := newfirst, a jo6aBieHe B KOHEIl — 3aIUCh HJIEMEHTA B T10-
sutpio (first + length) mod 7 ¢ mocnenyromuM BBIMOTHEHHEM oOmeparopa
length := (length + 1). 3ameTum, 4To mpu TakoMm crmocobe Ha4yaIbHBIN (par-
MEHT KOPTEKa MOYKET OKa3aThCsl B KOHIIC MACCHBA, a KOHCUHBIH ()parMeHT — B
Havase. 3aMeTUM TaKke, YTO J0OaBJICHHE HOBOTO AJIEMEHTa BO3MOYKHO TOJIBKO
npu ycnosun length < n. Crnenyer 3aMeTUTh TakKe, YTO B CHCTEMax MPOrpam-
MHPOBAHUsI CO CTATHYCCKUM pacIpe/ie/ICHHeM MaMsTH 0/ MaCCHUBBI, KOTOPOE
HPOUCXOTUT BO BpeMsi KOMITWIISAINH, JJIMHY MaccuBa CIEIyeT BBIOMpATh JOC-
TATOYHOU JUISl pa3MEICHHUS CIIUCKOB, MOPOXKIAEMBIX pa3pabaTbiBacMbIM ajro-
purmom. CiielyeT UMETh BBHJLY, YTO MaKCHMalbHasl [UTHHA CITUCKA 3aBHCHUT HE
TOJIBKO OT JITOPUTMA, HO U OT BXOJHBIX JIAHHBIX.

OcHOBHbIE 0TOOpaXXEHHS IS CIIMCKA C IPSIMBIM JIOCTYIIOM, UMEIOILETO Jie-
ckpunrop S = [n, info first length], onpenensirorcs cnenyromum odpazom

Info (pos) = S.info [pos],

Next (pos) = if (pos = S.first+S.length—1) then pos
else if (S.length < S.n) then (pos + 1) mod S.n else beyond,

Preced (pos) = if (pos = S.first) then pos
else if (S.length < S.n) then (pos — 1) mod S.n else beyond,

Last = (S.first + S.length — 1) mod S'.n,
Number (pos) = if (S.first < pos) then (pos — S.first + 1)
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else (S.pos — S.first + S.n — 1).

HpI/IBCI[CM HECKOJIbKO IIpoucayp A pa6OTBI CO CIIMCKaMH C IPAMBIM J0C-
TYIIOM.
Co3nath mycToii cnnucok S

Procedure SetEmpty (S);
begin S.first:=0; S.length:=0 end;

J100aBHTH 3J1eMeHT € K KOHILy cIucKa S

Procedure AddToEnd (e, S);

begin
if S.length < S.n
then {S.info[(S.first + S.length) mod S.n] := e; S.length := S.length + 1}
else 'MaccuB nepenosHeH'

end;

Jl00aBUTB 3J1eMEHT € K Ha4YaJIy cinucka S

Procedure AddToBegin (e, S);

begin
If S.length < S.n
then {S.first := S.first—1; S.info[S.first] := e; S.length := S.length + 1}
else 'MaccuB nepernoHeH'

end;

3aMeHHTH 3JIEMEHT C KOPTEKHBIM HOMEPOM k Ha 31eMeHT ¢

Procedure Set (%, e, S);
Begin

S.info [S.first+k—1] :=e
end;

Ynaaurte mocjeaHuil 3JIeMEHT crucka S

Procedure DelLast (S);

begin
if S.length > 0 then S.length:= S.length — 1
else 'cnucok myct'

end;

YaajauTh nepBblii 3JIeMeHT cucKa S
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Procedure DelFirst (S);

begin
if S.length > 0
then {S.first := (S.first + 1) mod S.n; S.length := S.length — 1}
else 'cnucok myct'

end;

1.3. Cnucku ¢ nocnegoBaTesibHbIM AOCTYNOM

[TocnenoBarenbHbI JOCTYN K 3JEMEHTAM CIIMCKA, KaK MPaBUIIO, pean3y-
€TCsA C UCIIOJIb30BAHUEM JUHAMUYCCKOI'O BBIACJICHUS MMaMATH BO BPEMA UCIIOJI-
HEeHUs nporpaMMel. [lonck cBOOOIHBIX Y4acTKOB MaMsTH OOBIYHO BO3JIaraercs
Ha CHUCTEMy MporpamMMmupoBaHus. B xuure [5] 3T0oT croco® Ha3bIBaeTCs CBS-
3aHHBIM pacmpezeneHueM. Mpl OyneM Ha3bIBaTh TAaKHE CIIUCKH CBSI3HBIMU.
HpeI/IMyHleCTBa CBA3HBIX CIIHMCKOB IEPC] CIIMCKAMU C NPSAMBIM OOCTYIIOM IIPO-
SIBJSIIOTCA B T€X CIy4asx, KOI/Ia 4acTO HCIOJIb3YIOTCS BCTABKU U YIAJICHUS
3JIEMEHTOB U3 CIUCKOB. Ellle 0/1HO MpeuMyecTBO TMHAMUYECKOTO BbIIECICHUS
NaMATH MOXKET MPOSIBUTHCS, KOIZla B aJITOPUTME OJJHOBPEMEHHO HCHOJIb3YETCS
00JIBIIIOE KOJMYECTBO CHUCKOB, KX/l U3 KOTOPHIX B Tpolecce paboThl MO-
XKET moTpedoBaTh OOJIBLION 00bEM MaMsITH, OJHAKO B COBOKYIMHOCTH 3Ta Ma-
MSITh MOKET OBITh OTpaHHYEHA TPHEMIIEMOM BETHUYNHON.

DJIeMEeHTHI CBSI3HOTO CIHCKA, CIEAYIOUINEe APYT 32 APYroM, He 0053aTebHO
pa3sMEIaTCs B MOCIENOBATEIbHBIX SUEHKaX MMaMATH, JOCTYII K CIEAYIOIEMY
U TpeIplAyLIEMY 3JIEMEHTaM OCYIIECTBISETCS NPH IMOMOIIM CIEHHAIBHBIX
cchuloK  (ykaszateneit). UroObl oOecreynTh 3allOMHHAHWE YyKa3aTeled Ha
CIEAYIOIMA W TPEABIAYyIINNA  3JIEMEHTBHI, KAXKIBIA DIIEMEHT CIHUCKA
«TOTPY’KACTCSA» B y3€J, UIsl KOTOPOTO (OPMHUPYETCS B MaMSITH KOMITBIOTEpA
3aIUCh, COCTOALIAs U3 HECKOJBKUX IoJiei. B mpocTeiiiem ciydae 3Ta 3amnuch
MOXeT COCTOsITh W3 AByX mnojed. OmHo w3 Hux Info npennaszHayeno s
3alIOMUHAHUS CaMOTO 3JIEeMEHTa, a Apyroe — Next /i 3aroMUHaHUS TO3UITUN
ciemytomero. Jlns o0o3HaueHHss Takoro ysna OyAeM  HCIOJIb30BaTh

creaytomyto Gpopmy t: [Info, Next],

rae ¢t — no3unus (aapec) ysna B namsTu. IIoCKoIbKy y MOCIIEAHEro 3jIeMeHTa
HET cieayromiero, ero nojie Next 3amonssoT 3HaueHueM hil. MHorma BMecTo
nil UCTIONB3YIOT CCBHUTKY Ha caMoro cebsl, YTO TAKKE MOXKET SBISATHCS HPH3HA-
KOM KOHIIA crucka. Mbl 4acTo OylieM IOJb30BaThCd MMEHHO 3THUM CIIOCOOOM
pacro3sHaBaHus KOHIA cnucka. IIpeacrasnenne crucka ¢ MOMOIIBIO TAKUX Y3-
JOB o0OecleunBaeT CKaHMPOBAHUE CIHUCKAa OT Hadaja K ero KoHumy. Jlocrym k
CaMOMY CIIUCKY OCYILECTBIISETCS Yepe3 €ro rojoBy ¢ INOMOUIBIO IIEPEMEHHOU
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first, comeprkamieil MO3MIMIO MEPBOrO AieMeHTa. Takue CIHUCKU Ha3bIBAIOTCS
OJIHOCTOPOHHHMH.

[Ipu onmcaHUH ONeparyii co cruckamu yepes ¢ Oyaem o003HaYaTh y3ed,
PAacCIIONOKEHHBIN B MO3UIMY £. ) JoCTyIa K MOJIsIM y37a ¢ ucrosibzyeM ¢op-
my *.Info, #*Next u 1. 1.

OmnepaTop [UIs CO3/1aHUsI HOBOTO y3J1a Oy1eM 3alHChIBaTh B BUJIE

Create (z: [Info, Next]).

Jnst oGecriedeHns: CKaHMPOBAHUS KaK OT Hadaia K KOHILY, TaK M OT KOHIIa K
Hayajly, UCIOJIB3YIOT Y3JIbI CIEAYIOLIEr0 BUAA

t: [Info, Next, Preced].

[Tone t".Preced wucmonp3yercs Ui 3allOMUHAHUS ITO3WIMU DJIEMEHTA,
HPEIISCTBYIOIIETO dJIEMEHTY, HAXOAAMIEMYCsl B TIO3UIHH £. JIOCTyI K TakOMy
CIIHCKY MOXET OCYHIECTBIISTHCS KaK depe3 ero Hayajo ¢ MOMOIIBbI0 MepeMeH-
Hoi1 first, Tak 1 Yepe3 KOHEI ¢ MOMOIIBI0 TIepeMeHHoit last. Takue cnucku Ha-
3BIBAIOTCS IBYCTOPOHHUMH.

Ha puc. 1-6 n306pakeHO HECKOJIBKO Pa3HOBUIHOCTEH CITUCKOB. Y3JIbI CIIH-
CKOB H300pa)KeHbI NPSIMOYTOJIbHUKAMH, Pa3[eJICHHBIMH Ha YacTH MO YUCIY
nosedi. CTpeNky MpOBeIeHbI B COOTBETCTBUH CO 3Ha4YeHUsMH Tonedl Next u
Preced.

first

o—P ¢ o—P o, |OT—P» ----———-- —Pp en %-—p

Puc. 1. OmHOCTQPOHHMI CIIUCOK: BXOJ Y€PE3 NEPBIM DIIEMEHT;
CKaHMPOBAHKE OT Hayasa K KOHITy, IpHU3HaK KOoHIa — Next(pos) =

first q
¥ @

o—P e o—» € T —— —Pp e

Puc. 2. OqHOCTOPOHHMIA CIIFICOK: BXO Yepe3 NepBhIi JIEMEHT; CKAHUPOBa-

( HHE
first
o—P c O6—Po, G—P» —------—- — Pl |®
Puc. 3. OgHOCTOpOHHUM yuxkaUuecKuti CHUCOK: BXOJ uepe3 MEpBhI die-
MEHT;
e, | @T— P e, | OT— P - —---——-—- — e, |®
ligst

Puc. 4. OmHOCTOPOHHUI HUKITMYECKUI CITMCOK: BXOJ Yepe3 IMOCIECAHNAN 3JIEMEHT C IIOMO-
1ibto ccbuTky Last”.next; ckaHMpoBaHKE OT Havasla K KOHILy, IPU3HAK KOHIA — pos = ast



<4“—0 | ¢

e || — <o | |6

Puc. 5. IByCTOPOHHUI CIIMCOK: BXOJ Ye€pe3 NEPBbIM 3IEMEHT, CKAHUPOBAaHUE OT Haya-
na

K KOHILY ¥ OT KOHIIa K Haually; pu3Hak Hayana — Proced(pos) = nil;

first +
ol [P | | = I T Ple |« |

*

Puc. 6. /IBycTOpOHHUIT IUKIMYECKUA CIICOK: BXOJ Yepe3 MepPBhIi JIEMEHT; CKaHUPOBa-
HUE

PaccMOTpUM OCHOBHBIE OTOOPaXXCHHUSI W OINEpaldy Ha TIpUMepe JBYCTO-
poHHero crucka, copmupoBaHHoro u3 y3ioB Buna ¢: [Info, Next, Preced].
Cuutaem, 4to aeckpuntop crucka S umeet Buj: [first, last].

Hwke yciioBUMCs cuuTath, 4TO MpHU3HAK KoHIA — Next (pos) = nil, a npu-
3Hak Havana — Preced (pos) = nil.

OcHOBHBIE 0TOOpaKEHHUS OTPEACIISIOTCS CIETYIOIUM 00pa3oMm.
Info (pos) = pos”. info,
Next (pos) = pos”. next,
Preced (pos) = pos”. preced,

Co3naTtp mycToii cnucok S

SetEmpty ( S);

begin S. first := nil end;

YIlaJIP[TL 3 cnucka S 3JIEMEHT, HaXOHHMHﬁCﬂ B MMO3UIMH POS MaMATH
Procedure Del(S, pos);
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begin

t .= pos”.preced; u := pos”.next;

t".next = u; u™.preced =t
end;
3ameuanue. B tene npouenypst Del orcyrerByer mapamerp S. Ilpu ee uc-
HOJIb30BAaHUU MOTYT BO3HHKHYTH HPOOJIEMBI, CBSI3aHHBIC ¢ HEKOPPEKTHBIM 00-
palieHrueM, Tak Kak B MPOIEAype He MPOHM3BOAUTCS MPOBEPKA TOTO, SIBISETCS
JIM TIO3UIHS POS MO3HIUEN KaKoro-i0o snemMeHTa crircka S. OTBETCTBEHHOCTD
3a HEKOPPEKTHOE OOpallleHrne HeceT BbI3bIBAIOIIAs Mporpamma. [IpoBepka 3To-
IO yCJIOBUS C TIOMOIIBIO CKAHHPOBAHMS CIMCKa MOTJIAa ObI OKa3aThCs CIIUIIKOM
JIOpOTOi U CBeJia Obl Ha HET MPEUMYIIECTBA UCIIOIB30BAHUSI CBA3HBIX CITUCKOB.
Eme onna mpo6iiema, CBsI3aHHAsI ¢ UCTIOJIb30BAHUEM JTOM ONepainy, 3aKiIoya-
eTCsl B TOM, YTO y3eJ POS” MOXKET 0Ka3aThCsl HEJAOCTYIHBIM TIPH IOTEPEe 3HaUe-
HUSI TIEPEMEHHOM POS, HO MaMsATh OyAeT ocTaBaThCs 3aHsTOM. Eciu 310 Hexe-
JaTeJbHO, CJEAyeT, BOCIOJIb30BABIINCh CHCTEMHBIMU CPEICTBAMH, OCBOOO-
JIMTh 3aHUMACMYIO y3JIOM MaMsATh. 3aMEUYaHus 1O MOBOAY HEKOPPEKTHOTO 00-
paieHust OyIyT CpaBeNTUBBI M [Tl HEKOTOPBIX CICIYIOUIUX MPOLEYp, OJHA-
KO, MBI He Oy/IeM Ka)X/IbIii pa3 HalTOMHHATH 00 ATOM.

BceraBuTh B CHHCOK S 3JIEeMEHT e mocJje 3JeMeHTa, HaXOAsIerocsi B
MO3ULIHU POS

Procedure InsertAfter ( S, pos, e );

begin
create ( t: [e, pos”.next, pos] );
pos”.next™.preced := ¢;
pos”.next ==t

end;

Crenyrorye JBe OINMEpandd PacCMOTPUM HAa MPUMEPE OJHOCTOPOHHETO
[UKIIMYECKOT0 CIHcKa (puc. 4).
J06aBUTD JIEMEHT ¢ K KOHIY CIucKa S
Procedure AddToEnd (e, S);
begin

create (: [e, S.last™.next));

S.last:=t;
end;

Jl00aBUTB 3J1eMEHT € K HA4YaJIy cinucka S

‘ Procedure AddToBegin (e, S);
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begin
create(z: [e, S".last".next]);
S.last™.next ;= ¢

end;

Crenyronme TpH MPOIEIYyphl PACCMOTPUM Ha MPHUMEPE JABYCTOPOHHETO
[IUKIIMYECKOT0 CIHUCKa (CM. puc. 6).

Yaaaure nocjaeaHuii 3J1eMeHT cnucka S

Procedure DelLast (S);

begin
t := S first.preced”.preced;
.next ;= S.first;
S.first™.preced := ¢

end;

YaajauTh nepBblii 3JIeMeHT cucKa S

Procedure DelFirst (S);

begin
t .= S.first®.next;
S.first™.preced”™.next := t;
S.first :=¢

end;

Yaaauth U3 cnucka S 3JieMeHT, HaXOAAIIUCS B MO3UITHH POS

Procedure DelPosition (S, pos);

begin

if pos = S.first

then DelFirst (S)

else

if pos = S.last

then Dellast (S)

else {t".preced”.next := t".next; ".next .presed := " .presed}
end;

1.4. HekoTopble AONONMHUTENbHbIE onepauuu
CO CBfI3HbIMM CNMUCKaMU

I(onxamenauuﬂ. OTta oncpanysa mnpe€aHasHauceHa g COCAMHCHHA OBYX
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CIIMCKOB B OJIMH pe3yibTupyronuii. OHa BIMOIHSACTCS 3PPEKTUBHO B TE€X CIIy-
qasx, KOrJa o0ecredeH JOCTYII K IMOCIeTHEMY IEMEHTY CIHCKA C TPYAOEMKO-
cteto O(1). Ilpu coequnaenun AByx cnuckoB S1 u S2 mepBhIid 3JIEMEHT CIIUCKa
S2 cTaHOBHTCS MPEEMHUKOM TOCIIeHEro 3eMeHTa circka S1. [Ipu sTom BO3-
HHUKAIOT BOIPOCHI — JIOJDKCH JIM MOJYYUBIIHICS CIIUCOK UMETh KaKOe-TO HOBOE
UM ¥ IOJDKHBI JTH COXPAHUTHCS KaK TAKOBBIE MCXOMHbIC criucku S1 n $27?

B paccmotpennoii Hike mporenype Concat, peanusyromiei Oreparuro
«CoelMHUTh J1Ba CIIUCKa», MPUHATO cienyromee pemenne. K cnucky S1 npu-
COEIMHSIETCSI CITUCOK S2, CIUCOK S2 COXpaHseTCs, a pe3yIbTUPYIOIINM SIBIISET-
cs criucok S1. Crnemyer, ogHaKko, MOHUMATh, YTO €CIIM B CIIUCOK S2 OyIyT BHE-
CCHbI M3MCHEHUS, OHH aBTOMATUYECKH IPOU30MIYT B HOBOM crmcke. Tpymo-
eMKOoCTh 3Toi onepanuu — O(1).

begin S1. last™. next := S2.first end;

N3 cnucka S yaajauTh 3JIeMEHTBI, YIOBJIETBOPSIONIME HEKOTOPOMY YCIIO-
BHIO. [Ipearnonokum, 9ro TpebyeMoe yCIoBHE Ha DIIEMEHT € IPOBEPSETCS Ipe-
naukarom condition (e).

begin

t := S.first;

while t # nil do

{if condition (#".info) then DelPosition (S, pos); #:=t".next}
end;

Mocrpouts crmmcok S1, cocrosmmii U3 3JIEMEHTOB IaHHOTO cHHCKa S,
yIOBJIETBOPSIIOIIUX HEKOTOPOMY YCIOBHUIO. [Ipennonokum, uto Tpedyemoe
yCIIOBHE Ha 3JIEMEHT € IpoBepseTcs mpeaukarom condition (e).

begin

t := S first; SetEmpty(S1);

while ¢ # nil do

{if condition(#*.info) then AddToEnd (e, S1); ¢ := t".next}
end;

IMoayunTs cnucok S1 peBepcupoBanneM cnucka S

begin
SetEmpty(S1);
t .= S.first;
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while ¢+ nil do {AddToBegin (#*.inf, S1); ¢ := t".next}
end;

1.5. MonenMpOBane CNMUUCKOB C nocnegoBaTefibHbIM 4O0CTYyNOM
npu noMmoLin maccmBoB

Ecimu ucnonb3oBaHHe JUHAMUYECKHAX CCHUIOK HEBO3MOXKHO WIIM HEXKela-
TEJILHO (TOMY MOTYT OBITh CBOHM IPUYUHBI), CIIUCOK CO CBSI3IMHU MOXHO CMOJIE-
JHUPOBATh MpU oMol MaccuBoB. B MaccuBe Inf xpansiTes snemMeHTsI crincka,
T.€. 3HAUEHHsI COOTBETCTBYIOIIMX IOJICH y3JI0B CIIUCKA CO CBs3AMU. [lo3unmeit
JJIEMEHTA SIBJISIETCS 3HAUCHHE 1IeJI0UMCIICHHOTO HH IeKca MaccuBa. Kpome Toro,
BBOJIUTCS IIEJIOYMCIICHHBI MaccuB NexXt, B KOTOPOM JUTst KaXIOT0 y3Jia CIIICKa
yKa3aHa MO3HIHUs B KOTOPOH pacIioIokKEH ero MpeeMHUK. B kauecTBe WHJIEKC-
HOTO MPOCTPAHCTBA UCIOJIB3YEM OTPE30K [ 1..7] memounciienHoro Tura.

B omnux u Tex ke MaccuBax Inf m Next moryr pazmemarscst cpa3y He-
CKOJIBKO CIIMCKOB, COCTOSIIIUX M3 Y3JIOB OAHOTO THma. C y4eToM Takoro BO3-
MOKHOTO COCYIIECTBOBAHUSI PA3IMYHBIX CIHCKOB, HX JJIEMEHTHI MOTYT pa3Me-
MIAThCS B 3TUX MACCHBAX XaOTHYHO, TOJ00HO TOMY, KaK Y3JIbl CIIHCKOB, IPE.-
CTaBJICHHBIX C MMOMOLIBIO CCBUIOK, MOT'YT XaOTHYHO PACIIOJaraTtbCsa B IaMATU
KOMITBIOTEPA.

Ha puc. 7 nmoka3ano Bo3MoxHOe 3anoiHeHre MaccuBoB Inf u Next s on-
HOCTOPOHHETO CITHCKA, MPEACTABIISIONIETr0 KopTex (a, b, ¢, d, e) (mycThie Kiet-
KW HC UMCIOT OTHOLICHHUA K 3TOMY CHI/ICKY).

Agpec| 1 | 2 |3 1451671819 ]10]|11]12
Inf e b c d a
Next | 0 6 9 1 3

Puc. 7. MoaenupoBaHrue 0JHOCTOPOHHETO CIIKUCKA IIPU MOMOILIY MacCUBOB

HocTyn K CIUCKY MOKHO OCYIIECTBUThH UY€pe3 €ro NepBbIld JIEMEHT, TI03U-
115l KOTOPOTO B MAacCHBE 3aJaeTcsi 3HaueHueM nepemennoi first = 11. 3naue-
are Next[1] = 0 roBopur o Tom, 4To B MO3HUIMH | pacronokKeH dIEMEHT, y KO-
TOPOTO HET NPEEMHHKA, TO €CTh IIOCIEIHUH IIEMEHT KOPTexka.

Ha puc. 8 nmokasano Bozmoxnoe 3anoiaenne MaccuBoB Inf, Next u Preced
JUTS TIpeJiCTaBJIeHus KopTexa (a, b, ¢, d, €) TByCTOPOHHUM CITUCKOM.

Pos 1121314516789 ]|10|I11]12
Inf e b ¢ d a
Next [ 0 6 9 1 3
Preced| 9 11 3 6 0

Puc. 8. MoznenupoBaHue ABYCTOPOHHETO CIIMCKA IPU IIOMOIIHM MAacCUBOB
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OcuoBubie oTobpaxenust Info(pos), Next(pos), Preced(pos), First, Last,
Length 3anarorcs oueBuanHbiM oOpa3oM. Eciu kakue-nu00 M3 HUX HE 3aJaHbI
SIBHO, TO UX MOYKHO BBIYHMCIISATH Yepe3 APYrHe CKaHUPOBAHUEM CITHCKA.

Yrobwl oxun u Te ke MaccuBhl Info, Next, Preced ucmonrzoBars mist on-
HOBPEMEHHOTO XPaHCHHS HECKOJbKHX OJHOTHUITHBIX CITUCKOB, MO3HMIIMU ITHUX
MACCHBOB OOBEIUHSIOT B OJWH TaK Ha3bIBaeMbIi CBOOOAHBIN crmcok Avail.
3TO MOXHO CJIe/1aTh, HAIPUMED, C MOMOIIBIO OTIEPATOPOB

begin
Avail first:=1;
Next[n] :=0;
fori:=1ton—1do Next[i]] =1+ 1;
Preced[1] :=0;
fori:=2 ton do Preced[i] =i—1;
end;

MaccuB Info npu 3Trom He 3amonusiercs. [Ipu co31aHUKM HOBBIX CIIMCKOB
UCTIONB3YIOTCS 3neMeHThl MaccuBoB Info, Next, Preced, nmpensapurensHo yna-
JsieMble U3 crucka Avail. B MOMEHT co3aHust HOBOTO y3iia M3 crucka Avail
YAAISAETCS TOJIOBHOM 3JIEMEHT, KOTOPBIH U HMCIOJb3yeTCs Uil J100aBICHHUS B
HOBBIN cncOK. C JIpyroi CTOPOHBI, IPH yAAJCHUH JJIEMEHTa U3 KaKOTro-JI00
CIIMCKA, OCBOOOXKTaeMast TIO3HIINS T0OABISETCS K CBOOOTHOMY CITUCKY IS TTO-
CJICAYIONIETO UCTIONB30BaHus. Takasi TeXHUKa MCIIOJIb30BAJIACh, KOTIa CUCTEMBI
MPOrpaMMHUPOBAHUS HE MMEIH CTaHJIAPTHBIX CPEJICTB JMHAMHUYCCKOTO BBIJC-
neHust maMati. OHAKO B YCIIOBUSAX OTPAaHUYCHHOMN MaMSTH 3TOT IPUEM MOKHO
UCIIOJIb30BaTh M ceifuac. Jlemo B TOM, 4TO MPH TOCTATOYHO OOJIBIIIOM O00BbeMe
OIEPATUBHOMU MaMSTH CTaHAAPTHBIC CHCTEMbI BBIHYK/ICHBI UCIIOJIb30BaTh MHO-
TOpa3psAHYIO aJpecalyio, B TO BpeMs KaK JiJIs TO3UIIMOHUPOBAHUS B MacCHBax
Info, Next, Preced MoxHO MCIOIB30BaTh MaIOpa3psIHbIC MPEICTABICHHS Y-
cell.

1.6. flepeBbs u rpacbl

JlepeBbsl HaXOJIAT IMIMPOKOE NMPUMEHEHHE NPH NPOEKTUPOBAHHM aJITOPHT-
MOB U, B YaCTHOCTH, CTPYKTYp AaHHbIX. OTChbUIAs YUTATENS K JIUTEpAType MO
Teopuu rpados [11], 6yaem noiabp30BaThCs TAKUMU MOHATUSAMH Kak y3ell, ped-
PO, JMCT, HOTOMOK, CbIH, JIEBBIH NOTOMOK, IpPaBblii MMOTOMOK, MPENOK, OTel,
KOpEHb, BETBb U JAPYTMMH. PeryisapHbIM 1epeBOM Ha30BEM JIEPEBO, B KOTOPOM
(UKCHPOBAaHO MAaKCUMAIILHO BO3MOXKHOE (KaK IMPaBWIIO, HEOOIBINOE) YHCIIO
MOTOMKOB JIJIsl KQXKJIOTO U3 €ro y3J0B. B 4acTHOCTH, €ciin 4uCiI0 TOTOMKOB /IS
Ka)XJIOT0 y3J1a He MIPEBOCXOAUT ABYX, TO JAEPEBO HA3bIBAETCSI OMHAPHBIM, €CIIH
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He 0oJiee Tpex — TepHapHBIM. ECiM 3TO YHMCI0 MOXKET PaBHATHCA TOJIBKO JIBYM
WA TPEM, TO JIEpeBO Ha3biBaeTcs (2—3)-1epeBOM.

JIOCTaTOuYHO YHMBEPCAJIBHBIM SIBJIIETCS CIIOCOO MpPENCTABICHUS DPETYJLIp-
HBIX JIEPEBbEB, MPH KOTOPOM KaXKIbIH y3€l MpPEeACTaBIsAeTCS 3alUChIo, COIep-
Kalled Kpome NPHKIaJHONW MHPOpMAIMU TakKe MO3UIMHU CMEKHBIX C HUM
3JIEMEHTOB, HalpHMep, MO3ULUN MOTOMKOB MM Hapsily ¢ MOTOMKaMH TO3H-
U0 [IPEJKa WIM ellle KaKUX JHOO0 Y3JI0B, B 3aBUCUMOCTH OT IOTpEOHOCTEH.
PerynspHocTs nepeBa 03BoJsAeT GUKCHPOBATH YUCIIO TONEH, JOCTaTOYHOE IS
Hpe/ICTaBICHUS JII000To y3ia.

Tak, y31b1 OMHapHOTO KOPHEBOT'O JEPEBA MOXKHO MPEACTABIATH 3aIHUCAMU
BHUA

[Element, Left, Right],

rae Element npejcraBiser cBS3aHHYIO € y3JI0M MPHKIAAHYIO WH(POPMAIIHIO,
Left — mo3unuro ero snesoro moromka, a Right —mosunmio npaBoro moTomka.
CaMo gepeBo B TaKOM CiIydae MOXHO MPEACTaBUTH Mo3ulinel ero kopus. Eciu
B QJITOPUTME HEOOXOAUMO MPOIBMKEHUE OT y3JIa K MPEJKY, TO Y3JIbl OMHAPHO-
ro KOPHEBOI'O JIEpeBa MOKHO MPEACTABIIATh 3alIUCAIMU BUAA

[Element, Left, Right, Father],

rine Father — mosunms npenka paccmarpuBaeMoro y3na.

Jlig npeacTaBieHusl HEPETYJISPHBIX AEPEBLEB (TO €CTh AEPEBHEB, Y3IIbl KO-
TOPBIX MOTYT UMETh ITPOU3BOJIBHOE YUCIIO IOTOMKOB) IPUMEHSIOT CIEAYOIIUI
Croco0 MpeCTaBICHNS: TOTOMKH KaXI0TO y3Jia HyMEPYIOTCS U KaXKIIbIid y3e
MPEJICTABIISIETCS 3allMChI0, BKIIIOYArOIIel B ceOsl MO3HUIMIO €ro IepBOro (JIeBo-
ro) HOTOMKA M MO3ULIMIO €r0 «IIpaBoro oOparay.

Jlnst perynsipHBIX JepeBheB 001ee SKOHOMHBIM I10 TTAMSATH MOXKET OKa3aTh-
csl MpejcTaBieHue JepeBa C IMOMOLIbI0 MaccuBa. PaccMOTpUM 3TOT mpueM Ha
npuMepe OMHApPHOTO JepeBa. 3HAYEHUsS] UHJIEKCOB MacCHBa OTOKIECTBIIAIOTCS
C y3JaMH JIepeBa, MPOHYMEPOBAHHBIMHU TaK, YTO KOpEHb IMoJyyaeT HoMmep 1, a
NOTOMKH y3J1a C HOMEpOM I moirydatroT Homepa 2i u 2i + 1. Ilpu takom mpen-
CTaBJICHUH TPEIIOK y37a ¢ HOMepoM i OyaetT umeTh Homep i div 2 (yacTHOe OT
JiefieHust [ Ha 2). AHaJOTHYHO MOKHO TPEJICTABUTHh TEPHAPHOE U JPYTHE PEry-
JISIpHBIE IEPEBBSL.

OcTaHoBUMCS BKpaTIEe Ha MpeicTaBiIeHnH rpadoB oO11ero Buaa.

OObIKHOBEHHBIN Tpad ¢ 7 BEpIIMHAMHU YacTO MPEACTABISIOT MaTpUIEH
CMEXHOCTH, TO €CTh MaTpHUIIEH pa3Mepa 1 X 1, B KOTOPOHW 3JIEMEHT, Pacmloio-
JKCHHBIH B i-il CTPOKE U j-M CTOJOLE, paBeH |, ecnu BepiinHbI Tpada ¢ HOMe-
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pamu i, j coeTMHeHbI pedpom, 1 paser 0, eciu Takoro pedpa Het. Eciu rpad He
OPHEHTHPOBAH, TO €r0 MaTPHUIla CMEKHOCTH CUMMETPUYHA, ¥ MOYKHO OTPaHU-
YUTHCS XPAHEHUEM €€ TPEYTOJIbHOM YacTH.

MartpuuHslii Croco0 MpPeCTaBICHUST MOXET OKa3aThCs HEIKOHOMHBIM C
TOYKH 3PCHUS MCIOJIb30BAHUS MaMsITH, eclii rpad paspexeH. Tak, Hanpumep,
M3BECTHO, YTO YHCIIO pedep CBSI3HOTO TUIaHAPHOTO rpada ¢ n BepUIMHAMH HE
NPEBOCXOIUT BeUUUHBI (37 — 6) 1ipu 11 > 3, TO €CTh, OLICHUBACTCS BEJTMYMHOMN
O(n), a He xak B obmem ciaydae O(n2). [IpeacTaBnsaTh Takue rpadbl MaTpuen
CMEXHOCTH, KaK IPaBHJI0, HEIleIecoo0pasHo.

Jpyroii crioco0 mpeacraBieHus rpada — 3TO CHHCOK WIIM MacCUB Hap Bep-
IIMH, TpeAcTaBisonmx pedpa. Ilpu takom crocobe, ecinu rpad HE OPUEHTH-
pOBaH, TO U3 JABYX BO3MOXKHBIX nap (7, j) u (J, i) 1ernecoodpa3HO XpaHUTh TOJb-
KO OJTHY, HallpHMep, Ty, y KOTOPOi TiepBasi KOMIIOHEHTa MEHbBIIIE BTOPOI.

Eme omun cmoco0, yacTo MMEIOMINI MPEenMyIIecTBa Iepes] yKa3aHHBIMH
BBIIIIE — 3TO TPE/ICTaBICHUE Tpada MaCCUBOM HITH CITHCKOM CIHCKOB (CM. pHUC.
9). A UMEHHO, JJIsl KOK/IOW BEPIIMHBI OPraHU3YyeTCsl CIHCOK CMEXHBIX C Hel
BEpIIMH. B 3TOM ciTydae JIerko oCyIecTBISIeTCS JOCTYIT K OKPECTHOCTSIM Bep-
muH. [IpumepHO Takoro ke 3¢pQeKkra MOKHO JOCTHYB, MPEACTaBIsAs rpad c
noMoIeio 1ByX MaccuBoB: inf [1.m] u adr [1..(n + 1)], rme m — gucnao pedep
rpada. MaccuB adr HazoBeM azpecHbIM, a inf — nHpOpManmoHHbIM. B uH)OP-
MalMOHHOM MacCHBE BHAYale MEPEUYHCIIIOTCS HOMepa BEpIIMH, CMEXHBIX C
IIEPBOM BEPILMHOM, 3aTeM CO BTOPOH M Tak gaiee. B agpecHOM MaccuBe yka-
3BIBAIOTCS HOMEpA MO3UIKK WH(POPMAIIMOHHOTO MacCUBa TaK, YTOOBI JIJIS KaX-
JIOM BEpIIMHBI 1 TI0 HUM MOXKHO OBLIO HaXOIUTh (parMeHThl MaccuBa inf, B
KOTOPBIX 3alMCaHbl HOMEPa BEPUIMH CMEKHBIX € 3TOW BepmnHoi. Hampumep,
adr[i] MoxxeT XpaHHUTh MO3HUIHMIO, C KOTOPOM HauMHAKOTCs B MaccuBe inf Bep-
IIMHBI, CMEXHBIC ¢ I-i, ipu 3ToM adr[n + 1] — mepBast mo3uius 3a npeaenamMmu
maccuBa inf. B takom ciydae, ecim Ham TpeOyeTcsi ¢ KaXI0i BEpIINHOM j 13
OKPECTHOCTH BEPIIUHEI { BBIIIOTHATH orepatop S(j), To MOXKHO CeNaTh 3TO €
HOMOIIIBIO OTlepaTopa MUKIa

for k := adr[7] to adr [i + 1]-1 do S(inf[£]).

3amMeTHM, YTO eciii rpad) He OPHEHTUPOBAH, TO Kaxaoe pedpo (i, j) Oymet
HPEJICTABICHO IBAXIBI: OJMH pa3 B MOCIIEAOBATEILHOCTH BEPIIHH, CMEXKHBIX C
BEPILMHON I, a BTOPOH pa3 B IOCJIECIOBATEIILHOCTH BEPIINH, CMEKHBIX C BEp-
muHOH j. Ho 3Ta M30BITOYHOCTH ObIBa€T YacToO MOJIE3HA C TOYKH 3PEHHUS Bpe-
MEHH BBITTOJTHEHHUsI ONIepalfii HaJl OKPECTHOCTSIMU BepiinH rpada. Kak Hemoc-
TATOK TaKOTO MpeJCTaBIeHHs Tpad)a MOKHO OTMETHTh HEYJOOCTBO TIPH JIHHA-
Mu4eckor mMomudukanuu rpada, Hampumep, modasieHue kK rpady pedbpa Mo-
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KET MOTpeOOBaTh OOJIBIIOTO KOJINYECTBA MEPECchUIOK B MaccuBe inf. Dtoro He-
JI0CTaTKa JIMIIEH croco0 npeacTaBieHus rpada, mokasaHHbIN Ha puc. 9.

vie o> o—Pp *—r —————. —> o—>

vie o o—> o—» ————. —p o—»
|

v ’ o> o—P o—» —Pp o—>

Puc. 9. [IpencraBnenne rpada KOMOMHAINEH CIIFICKOB: MHOXKECTBO BEPILHH IIPEICTABICHO
CHHCKOM (V1, V2, ..., V) Y3JIOB, K K&K/IOMY U3 KOTOPBIX CIIpaBa MOALEIUIEH CIIUCOK
CMEXXHBIX C HUM BEpILUH :
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Mnasa 2. PASAEJNIEHHBIE MHOXXECTBA

Pa3zoenennvie mnoyxcecmea — 310 aOCTPAKTHBIA TUIM JAaHHBIX, IpeIHA3HA-
YEeHHBIH /TSI TIPEICTABICHHS KOJUICKIIMU, COCTOSAIIEeH U3 HEKOTOpOro 4yucia k

MOTIApHO HeTepeceKkatonmxcs noamuoxect Uy, Us, ..., Uy 3aJaHHOTO MHOXe-
ctBa U. Jlns mpocrotrel B kadectBe U Oymem paccMaTpuBaTh MHOMXECTBO
{1,2, ..., n}.

DTOT THUIl TaHHBIX MPUMEHSAETCS B TAKMX 3aj7a4ax, KaK OTHICKAHWE MHHH-
MaJbHOTO OCTOBHOTO JIEpeBa JUIsl 3a/IaHHOTO B3BEUIEHHOTO HEOPUEHTHUPOBAH-
HOTO rpada, moCTpOeHNE KOMIIOHEHT CBSI3HOCTU Tpada, MUHUMU3AIIHS KOHEY-
HOTO aBTOMaTa M MHOTHX JAPYTHUX, TPEOYIOMUX JUHAMUYECKOTO MOACPKaHUS
HEKOTOPOT'O OTHOIIEHUS SKBUBAJICHTHOCTH. [IpuMephl TakuX 3amad OyayT pac-
CMOTPEHBI HUXKE.

KaK HpaBI/IJIO, B TaKHUX 3aJa4axX BBIYUCJICHHUA HAYHUHAKOTCS C HyCTOﬁ KOJI-
Jekiun moaMHoxecTB (k= 0). 3aTeM Mo Mepe BBIYHMCICHUH HOPMHUPYIOTCS HO-
BbIC ITIOAMHOXXCCTBA, BKIIOYACMbIC B KOJIJICKIIHUIO. q)OpMI/II)OBaHI/Ie HOBBIX ITOI-
MHOXECTB OCYIIECTBJISICTCSI MO0 MyTEeM CO3JaHMS OJHORJIEMEHTHOTO IMOJ-
MHOJKECTBA, JIMOO MyTeM OOBEIMHEHHUS YK€ CYIICCTBYIONIMX B KOJUICKIIHH
MMOAMHOXECTB. J[JI1 OCYIIECTBIICHUS TAaKUX NEUCTBUHA HCHOJB3YIOTCS MMEHA
BKJIIFOUCHHBIX B KOJIJICKIIUIO ITOAMHOXKECTB. B Ka4e€CTBC MMCHU ITOAMHOXKECTBA
OyJeM WCIOJIb30BaTh OJMH M3 €r0 AJIEMEHTOB (TJIaBHBIA DJIEMEHT), BHIOMpac-
MBIH 110 OTpeAeieHHOMY MpaBuiy. [I0CKOIBbKY B KOJIEKIIMU Bcerja OyayT Ha-
XOJIUTHCS TOMAPHO HEMEepeceKaromuecs: MoAMHOXKeCTBa MHOXKecTBa U, Takoe
uMs OyZIeT OJTHO3HAYHO OMPEAEISATh TpeOyeMoe MOAMHOKECTBO.

2.1. Onepauun Hag pasgeneHHbIMU MHOXeCTBaMu

CO3JIATD (x). Ora omepanus npenHa3HaueHa JJisi BBEICHHS B KOJIJICK-
IIMF0O HOBOTO TIOJIMHOKECTBA, COCTOSIIIETO M3 OJHOTO JJIEMEHTA X, IPH 3TOM
HPENoaraeTcs, 4T0 X HE BXOIHWT HH B OJHO M3 MOJAMHOMXECTB KOJUICKIIUH,
CO3JJaHHOW K MOMEHTY BBITIOJIHCHHUS 3TOM OMepaluu. DIIEMEHT X YKa3bIBaeTCs B
KavecTBe mapamerpa. VIMeHeM CO31aHHOTO MOJAMHOKECTBA OYAET CUMTAThCS
caM dJIeMeHT X.

OBBE/IUHUTD (x, y). C noMomIsio 3TOi onepariu MOKHO O0bEIMHUTD
JIBa TIOJIMHOKECTBA KOJUICKIIMH, UMEIOIINE, COOTBETCTBEHHO, HUMEHA X U ), B
OJTHO HOBOE IOJMHOXECTBO, MPH 3TOM 00a OO0bEAUHSEMbIC MOJIMHOKECTBA
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YAQISIOTCS U3 KOJUIEKIIMH, @ BHOBH IOCTPOSHHOE MOIMHOKECTBO IOIYy4aeT
HeKoTopoe uMs. Bo Bcex paccMaTrpuBaeMbIX HAMHU CIIydasX MMEHEM HOBOTO
NOJIyYEHHOTO B PE3yJIbTaTe 3TOH ONepanuy MOJMHOXecTBa OyAeT OJHO U3
UMEH X WK ). FiIMeHa 00beIMHIEMbIX MOJIMHOXKECTB YKa3bIBAIOTCS B KA4ECTBE
napaMeTpoB.

HAHWUTH (x, ¥). DTa omnepanusi MO3BOJISIET ONPEACIUTh UMsI ) TOTO IMOJ-
MHOXECTBa KOJUIEKIIUU, KOTOPOMY NMPHHAIISKUT dNeMeHT X. Eciu anemeHT x
JI0 BBITIOJIHEHUSI ONIEPAIl HE BXOMII HU B OJJHO U3 MOJIMHOXECTB KOJIJICKIIHH,
TO B KauecTBe y Oepercs 0.

[MocnenoBarenbHOCTE G, cocraBinenHyto u3 onepamuii Tuna CO3J[ATD,
OBBEJVHUTh, HAUTH, nazoBeM koppekmHoii, €CIH TePe BHITOTHEHH-
€M KaXJOW OIepanuu M3 TOCIEIOBATEILHOCTH G BBINOJIHEHBI YCIOBHS €€
npuMeHeHus. Hampumep, mepen BBIOJHEHHEM OYEpPEAHON omepalu BHIa
OBBEJIUHUTD (x, y) momMHOXKeCTBa ¢ UMEHAMU X M ) JOJDKHBI OBITH yiKe
coznansl. [lepen Beimonnenuem omnepanuu CO3ATD (x), anement x He non-
KEH MPHUHAIICKATh HU OJHOMY M3 TOAMHOXXECTB KoJuleKuuu. Oneparus
HAWUTU (x, y) npumeHnma mipu 1r000M 3HadeHun aprymenra x € U. Cienyer
TOJILKO TIOMHHTb, YTO €CJIM X HE MPUHAJICKUT HU OJHOMY M3 TOJMHOXKECTB
KOJUIEKIIMH, TO mosrydnm ) = 0.

MpbI paccMOTPUM HECKOJIBKO CIIOCOOOB MpEACTAaBICHUS KOJUICKIIMU pa3jie-
JICHHBIX MHOXXECTB B TaMSATH KOMITBIOTEPA U aNTOPUTMHUYECKOW peann3aluu
NEePEYNCIICHHBIX OTepauii. A UMEHHO, OyyT pacCCMOTpPEHBI IPEACTABICHUS

® C IIOMOIIBIO MAacCHBA,

® C TIOMOIIBIO IPEBOBUIHOMN CTPYKTYPHI,

® C TOMOIIBIO IPEBOBUAHON CTPYKTYpPHI C HCIIOJIB30BAaHHEM PAHTOB BeEp-

IIVH,
® C TIOMOIIBIO IPEBOBUIHOM CTPYKTYpPHI C HCIIOJIB30BAaHHEM PAHTOB BeEp-
LIUH U CKATHSI Ty TeH.

[Mocnenuuii U3 MepeUnCIIEHHBIX CIIOCOO0B siBisieTcst Hanbomnee 3ddexTus-
HBIM 10 BPEMEHU BBITTOJIHEHHS ITPOU3BOJIEHBIX KOPPEKTHBIX MOCIIEA0BATEIHHO-
creit onepanmii Tuna CO3ATD, OB bEJMHUTD, HAWUTU. Ctporo rosops,
BO BCEX MEPEUYNCICHHBIX CIy4asx OyIyT MCIOJIb30BATHCS MACCHBBI, HO HHTEP-
NpeTaluy UX COJAEPKHUMOTO OyayT paznuyHbIMH. Kaxaplii pa3 mpu onmmucanuu
o4epenHON peanu3anuy Mbl OyaeM oOCYXIaTh OICHKH TPYJOEMKOCTH pac-
CMaTPUBAEMBIX OTEPAIIHIA.

2.2. NpumMepbl UICNONb30BaHUA pa3feneHHbIX MHOXeCTB
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[Ipumep 1. PaccMoTpuM 3anady BbLAEIECHUS KOMIIOHEHT CBSI3HOCTH HE-
OpHEHTUPOBaHHOTO rpada. HamoMHUM, 9YTO KOMIOHEHTOH CBA3HOCTH Ha3bIBa-
€TCsl MAaKCUMAJIBbHOE TI0 BKITIOYSHHIO TIOJIMHOKECTBO BEPIIUH Tpada Takoe, 4To
mo0ble JIBe €ro BEpIIMHBI CBs3aHbl Lenbio. [lojaraem, uTo BepmMHBI rpada
NPOHYMEpPOBaHbI yuciaamu 1, 2, ..., n U Kaxaoe pedpo MpeacTaBICHO Mapoit
(i, /) HomepoB BepiuH. [Ipeanonaraem Takke, 4T0 MHOXKECTBO pedep HemycTo.

AJITOPUTM BblJleJIEHUSI KOMIIOHEHT CBSI3HOCTH HEOPHMEHTHPOBAHHOIO
rpada.

1. Co3zparh KOJUIGKIHIO U3 71 OJHOZJIEMEHTHBIX MOIMHOMKECTB MHOKECTBA

{1,2,..,n};

[TpounTath ouepeanoe pedpo (i, j);

Haitti uMs @ moIMHOKECTBA KOJJIEKIUHU, COAEPIKAIIETO AIEMEHT I;

Haiiti umst b moIMHOKECTBa KOJUIEKIIMH, COJIEPIKAIIETo AIEMEHT J;

Ecmu a # b, TO 00beTMHNTH TIOAMHOXKECTBA KOJUICKIIMU C UMEHAMH @ U

b;

6. Ecmu ectp emie HenpouuTaHHble pedpa, nepeiT K I. 2, B MPOTUBHOM
ClIly4ae 3aKOHYUTb BBIYUCIICHUS.

wok WD

OueBUAHO, MOCTPOCHHBIE OJMHOXKECTBA KOJUICKIIMH OYyAyT MPEICTaBIATh
MCKOMbIE KOMIIOHEHTHI CBA3HOCTH. VCIoNb3ys Ha3BaHWS OCHOBHBIX OIEpaIlHid
HaJl KOJUICKIUEH pa3feleHHbIX MHOECTB, MPEICTaBICHHbIN BhIIIE aJTOPUTM
MO’KHO 3alMCaTh B CIEIYIOIIEM BHJIE

For i:=1 to n do CO3JIATD (i);

[Tpountats ouepeanoe pedpo (i, j);

HAWTHU (i, a);

HAWTH (j, b);

if a # b then OFBbEJIMHUTD (a, b);

Ecnu ectp emje HenpouyuTaHHble pedpa, nepeiTu K m. 2, B MPOTUBHOM
cllyyae 3aKOHYHUTH BHIYUCIICHUS.

AN e

I[Ipumep 2. PaccMoTpuM HEOPHEHTHUPOBAHHBIA CBsI3HBINA Tpad Oe3 mme-
TeJb, pedpaM KOTOPOTO IPUIHMCAHBI B KAUeCTBE BECOB BELIECTBEHHBIE YHCIIA.
TpebyeTtcst mOCTPOUTh OCTOBHOE JIEPEBO, HAKPBIBAIOIIEE BCE BEPIIMHEI rpada u
UMeEIOIIee MUHHMAIIbHBII CYMMapHBI Bec BXOIMIIUMX B Hero pedep. Utak,
IyCcTh 3aJaHHbI rpad G MMeeT MHOXKECTBO J' BepHIMH, MPOHYMEPOBAHHBIX
yucnamu 1, 2, ..., n, u MHOXecTBO E pebep. Kaxxnomy pebpy e U3 MHOXKecTBa
E mnocraBiena B cootBercTBue mapa (N(e), K(e)) ero KOHIEBBIX BEpPIIMH U
gucio C(e) — ero Bec. J{yis penieHus 3Toi 3a1a4u ObUTH TPEITIOKEHBI PA3IIHY-
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HbI€ aJITOPUTMBI. MBI PacCMOTPUM allTOPUTM, KOTOPbIN npennoxun Kpackan

(11, [6].

AuaropurMm Kpackaana.

1. Cozaarh KOJIEKIUIO U3 7 OJHOAJIEMEHTHBIX ITOJAMHOKECTB MHOXKECTBA
{1,2,...,n};
CosznaTh mycToe MHOXKECTBO 75

3.  Bo mHOXxecTBe E HaiiTu pedpo € ¢ MUHUMAIBHBIM BECOM M YAAIUTh €T0

A3 MHOYKeCTBa £

HaiitTi uMs @ ToIMHOKECTBa KOJUIEKIIHH, COJeprKaIero eMeHT N(e);

Haiitit umst b MOIMHOKECTBA KOJUICKIIMH, CoJeprkaIiero ueMenT K(e);

6. Ecim a # b, To 00beIMHUTH IOAMHOXKECTBA C UMEHAMU a 1 b, a pebpo e
J100aBUTh K MHOKECTBY 75

7. Ecnm mHOXecTBO E He mycto u | T'| < n — 1, nepeiiTu K 1. 3, B IPOTHB-
HOM CJTy4ae 3aKOHYHUThH BBIYHCIICHHUS.

vk

3ameTnM, 9TO B Iporiecce padoThl aNTOpUTMa BO MHOXecTBe 1 OyayT Ha-
XOIUTBCS pedpa, COCTaBIAIONINE ANUKINYSCKUI moarpad MCXOomHOTo Tpada,
SIBJISTIOLIUICS JIECOM, COCTOSIINM U3 HEKOTOPOTO YHcia JiepeBbeB. OTCyTCTBUE
IIWKJIOB TapaHTHpYyeTcs mpoBepkoil «Ecimu a # by B myHKTE 6 OMHMCaHHOTO ajl-
roputMa. QakTUYECKH NIPH @ # b IPOUCXOIUT 00BETUHEHUE JIBYX MOJJICPEBb-
€B B OJIHO JIEPEBO C IOMOIIBIO pedpa e, HaliIGHHOTO Ha 1mare 3.

Ecnu ucxonusiii rpag cBs3eH, KaKk 3TO CKa3aHO B MOCTAHOBKE 3ajadd, TO
MOCTPOCHHOE C IMOMOIIBIO TAKOTO AITOPUTMa MHOXECTBO ' OyAeT, O4eBUIIHO,
NpPEeACTaBIATh JAEPEBO, HAKPHIBAIOIIEE BCE BEPIIMHBI UCXOAHOTO rpada. Jloka-
3aTeNbCTBO TOTO (haKTa, YTO CyMMApHBIA BeC BXOISIIMX B HEro pedep Oyxaer
MUHUMAaJIBHBIM, MOKHO HaiiTH B pabote [1].

B anroputme ecrecTBeHHBIM 00pa30oM HCHOJIB3YETCsl CTPYKTypa paszesicH-
HBIX MHOkecTB. OOpaTHM BHHMaHHE Ha OINEPALUIO MMOMCKAa BO MHOXECTBE E
pebpa e ¢ MUHUMAIIBHBIM BecoM. D(H()EKTHBHOCTE ATOM ONEpaIuy CyIIeCTBEH-
HO 3aBHCUT OT BbIOOpa CTPYKTYpPbI JAHHBIX JJIs XpaHEHUs MHOXecTBa F.
[Tpuemsbl 3((HEeKTUBHOTO BBITIOJHEHUS ATOM ONEpaIui paCCMOTPEHBI B pa3jielie
«[IpuopureTHas ouepenby.
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2.3. NpeacraBneHune pasaeneHHbIX MHOXECTB
C NOMOLLbI MaccuBa

Mycts U = {1, 2, ..., n} — MHOXECTBO, U3 3JIEMEHTOB KOTOPOro OymeT
CTPOUTHCS KOJJIEKLHS pa3ieIEHHbBIX TOAMHOKECTB.

OnHUM W3 OYEBHIHBIX CIOCOOOB TPEACTABICHUS KOJJICKIIMU SIBISETCS
NpeCTaBICHNE ee C TMOMOIIbI0 MaccuBa. [Ipu TakoMm croco0e It KaXaoro
AJIEMEHTA i B COOTBETCTBYIOIIEH (i-i) sueiike MaccuBa moMmemaemM uMs (KaHo-
HUYECKHUH AJIEMEHT) TOTO MOAMHOXKECTBA, KOTOPOMY NMPUHAIICKUT SJIEMEHT 1.
Ecin a1neMeHT i He NPUHAUIEKNAT HA OJHOMY U3 MOAMHOXECTB KOJUIEKLIUH, TO
B i-10 sTYeHKy 3armmchiBaem 0.

Peanm3anus onepauuii ¢ mnoMouib0 MaccuBa. O603HauMM uepe3 f Mac-
CHB JUTMHEI 71, C TIOMOIIBIO KOTOPOTO OyIeM MPeACTaBIsATh KoJuteKuio. [Tycras
KOJUICKIHSI IPE/ICTABIISIETCSI MACCUBOM, 3aIIOJTHEHHBIM HYJISIMU.

Onepanusi CO3/IATD (x) ocymiecTBisieTcsi 3aIIMChIO 3JICMEHTA X B slUCii-
Ky ¢ HoMepoM X. Bpems Beimosinenus oneparuu — O(1).

Onepauuss OBBEJUHUTD (x, ) ocyuiecTBisieTcsi CIEAyOIM 00pa-
3oM. [IpocMaTpuBaroTCs AIEMEHTHI MacCUBa f U B TE SUCHKH, B KOTOPBIX OBLIO
3aIlMCaHO UMl X, 3aHOCUTCS HOBOe MMs — ). TakuMm 0Opa3oM, HMEHEM BHOBb
00pa30BaHHOTO MOJAMHOXECTBA OYJIET ), @ X IepeCTaHeT ObITh UMEHEM KaKOro-
160 nogMHoxecTBa. OUEBUIHO, BPeMsl BBIIIOJIHEHUS 3Toi onepauun — O(n).

Onepannss HAUTH (x, ) BELIaeT B KaUeCTBE ) COAEPKUMOE ITEMEHTA C
HOMEpOM X B MaccuBe f. Bpems Boinosaenus onepauuu — O(1).

[lpu Takoil peanm3alyy pa3ieieHHBIX MHOXXECTB OYECBHIHO BpPEMsS BBI-
NOJIHEHHsI 7 TIPOW3BOJBHBIX OINepanuid, cpean KoTopelix (O(n) omeparuii
OBBEJAMHUTD ectp Benuunna O(m-n).

2.4. NpeacraBneHue pasgeneHHbIX MHOXECTB
C NOMOLWbLIO APEeBOBUAHON CTPYKTYpPbI

JIpeBOBUIHYIO CTPYKTYPY JUISL IPE/ICTABICHUS pa3/IeIeHHbIX TTOJMHOXKECTB
BriepBbie npemioxuan [amiep u ®umep [8]. [lycts, no-npexuemy, U = {1, 2,
..., N} — MHOXECTBO, U3 DJIEMEHTOB KOTOPOTO OYAET CTPOUTHCS KOJUICKITHSL.

Kaxaoe moaMHOXKECTBO KOJUICKIUH MPEICTABISCTCS KOPHEBBIM JIEPEBOM,
y3JIbI KOTOPOTO SIBJISIFOTCS 3JIEMEHTAMH TOT'O TIOJIMHOXKECTBA, TO €CTh OTOXK]Ie-
CTBIIIIOTCS. ¢ HOMEpaMH U3 MHOKecTBa {1, 2, ..., n}. KopeHb aepeBa HCIob-
3yeTcsi B Ka4eCTBE UMEHU COOTBETCTBYOIIETO MOJAMHOXECTBA (KAHOHUYECKUM
aneMeHT). [y KaxIoro y3ia JiepeBa onperersiercst y3en p(x), SBISIONIHNACS
€ro pojuTEIIeM B JISPEeBe; €CIIU X — KOPEHb, TO MojaraeM p(x) = X.
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dakTHYECKH B MaMSTH KOMITBIOTEPA 3TO AepPeBO OyeM MPeCTaBIIsATh Mac-
cuBoM p[1..n] Tak, uro p(x) OymeT MpPEeaKOM y3i1a X, €CIM X HE SBISCTCS KOp-
HeM, U p(X) = X, eclii X — KopeHb. Eciu e X He BXOAWUT HHU B OJHO W3 IOJ-
MHOX€ECTB KOJUIeKIHH, T0 p(x) = 0.

Paccmotpum npumep. Ilycts U = {1, 2, ..., 7} ¥ KOJUIEKIIUS COCTOUT W3
nByx moamuoxkectB {1, 2, 3, 7} u {4, 6}. JlepeBbs, NpeACTaBIISIONINE 3TH
HOJMHOXECTBA, MOTYT OBITh TAKMMHU Kak Ha puc. 1. Kpyxkodku 060o3HayaroT
y3IIbI IepeBa; yKa3aTeld Ha POIUTENeH MPeICTaBICHBI IIPH TOMOIIN CTPEJIOK.
NMeHeM 0HOTO U3 ATUX MOAMHOXKECTB sIBJIsieTCs 3, Ipyroro — 6:

O
)

1

p |:3 1 3 6 0 6 3

Puc. 1

Peasmm3anms onepanuii ¢ noMOIIbIO APEeBOBUAHOM CTPYKTYpbI. Onepa-
uust CO3JATD (x) Ha3HauaeT B Ka4ecTBE POJAMTENS y3la X caM y3el X ¢
HOMOIIIBIO TipucBanBanus p[x]:= x. Takum 00pa3om, BpeMsl BHIITOJHEHUsI OIie-
pauuu ectb O(1). B pesynbrare Beimonnenus onepanuun CO3IATD (x) oOpa-
3yeTcsi HOBOE€ OJHOBEPIIMHHOE JIEPEBO C IETIeH B KOpHE, M300paKeHHOe Ha
puc. 2

Puc. 2

Ecimu Kk KOJJIEKIMM TIOJAMHOXECTB, U300paXKCHHBIX Ha pUC. | MPUMEHUTH
oneparuio CO3JIATD (5), To mony4um KoJUIEKIHIO, H300paKEHHYIO Ha pHC. 3.
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A

: 1 2 3 4 5 6 7

p 3 1 3 6 5 6\3

Puc. 3

Onepamnss OBBE/IMHUTD (x, y) Ha3sHauaeT y3én y poauTesieM y3ia X ¢
MOMOIIBIO TIPUCBaMBaHUs p[Xx]:= ). 3aMETUM, YTO X U ) IOJDKHBI OBITh 10 BbI-
NOJTHEHUSI pacCMaTpUBAEMON Omepalii KOPHSIMH COOTBETCTBYIOUINX JEPEBb-
eB. llMeHeM BHOBBH OOpPa30BaHHOTO MOJIMHOXECTBa OyAeT ), a X IepecTaHeT
OBITh MUMEHEM KaKOTo-JIMOO MHOXEeCTBa. Bpems BBINOIHEHUS 3TOH ornepaiuu

ectb O(1).
(6) @

Puc. 4

Ecmu npumenuts onepammto OBBEJIWHUTD (3,6) x koieknuu, Ha
puc. 3, TO MOJYYUM KOJUIEKIIHIO, COCTOSIIYIO U3 JBYX MOoAMHOXeCTB {1, 2, 3,
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4,6, 7} u {5}, uzo0paxennyt Ha puc. 4. IMeHeM 1epBOro u3 3TUX MOIMHO-
kecTB Oyer 6, BToporo — 5).

Onepamust HAMTH (x, y) oCyIIecTBISIETCS IPOIBIKSHHEM 110 YKa3aTe-
JISIM Ha POJUTENEH OT y37a X JI0 KOpHs JiepeBa. B kadecTBe y OepeTcs 3TOT Ko-
petb. OnrcaHHbIe ISHCTBUS MOKHO Peaii30BaTh C MOMOIIBIO OMIEPATOPOB

while p[x] #x do x := p[x]; y == x. ‘

OueBHUHO, BpEeMs BBIMIOJIHEHUS TaHHOU onepanuu ectb O(h), tiae h — nu-
Ha MyTH U3 y37a X B KOPEHb COOTBETCTBYIOMIETo nepeBa. Ho 3amerm, uTo npu

BeimoHernn onepammii CO3JATh u OB bEJIMHUTD, Bozmokno, 06pa3oBa-
HUE JIepeBa B BUJIC JTMHEHHO IETIOYKH U3 /1 y3JI0B, N300paKeHHOH Ha puC. 5.

Puc. 5
K Takoil nmenouke MOXKET MPUBECTH, HAIPUMEpP, MOCIEAOBATEILHOCTh Olepa-
Ui
CO3JIATbD (1);
CO3ATbD (2);

CO3ATD (n);
OBBEJAMHUTH (1, 2);
OBBEJAUHUTH (2, 3);
OBBEAVHUTD (n — 1, n);
Kak BuauMm, /1 MOXET AOCTHraTh BEJIMYHHBI 71, MOITOMY TPYJAOEMKOCTh
onepaunu HAUTH sensercs Benmuunnon O(n).

Xynmu#t cnydaii npumenenust onepanuu HAUTU B nanno# cutyanmm —
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sto HAWTH (1, y). B sToM ciiydae HeoOGX0QuMO caenath n — 1 mepexos 1o
CCBUIKaM Ha poAMTeNeid, 4ToObl TOWTH OT y31a | K KOpHIO JaepeBa N, U OJUH
nepexo/1, 9ToObI Y3HATh, YTO POJAUTEIIL Y3JIa N €CTh caM y3el N.

Ecmu xonmmdaectBo Bemonaenunii oneparun CO3JIATD pasHo 7, TO Bpems
BBIMOJIHCHHUST ~ TTOCIIEIOBATEIbHOCTH, COCTaBIEHHOM W3 m  onepauui
OBBEJUHUTD w/mmm HAWTH, npu paccMaTpiBaeMoil peannsamiy pasie-
JICHHBIX MHOXECTB ecTh BenuuuHa O(m-n). JIeHCTBUTEIBHO, BPeMsl BBIIOJIHE-
Hus m oneparmii OB bEJIMHUTD, oueBuano, ectb O(m), Tak Kak BpeMs BbI-
MOJIHEHHSI OJHOM TaKoW Omepaluu €CTh KOHCTaHTa. Bpemsi BbINOJHEHUS m
orepauniit HAMTU ects O(m-n), Tak Kak BpeMsi BBIIOJIHCHHS OIHOH TaKOM
omeparmu ectb O(n). Vtak, BpeMsl BBITIOJIHEHUS 711 TIPOU3BOJIBHBIX OIEpPAaIHid
ectb O(m-n).

2.5. NpeacraBneHve pasgerneHHbIX MHOXECTB
C UCNOJSIb3OBaHUEM paHroB BepLUUH

[Ipenpiaymyro peanu3anuio pas3ieleHHbIX MHOXECTB MOXKHO YCOBEpIIIEH-
ctBoBaTh crieayrommM odpasoM. Oneparmo OBbE/IMHUTD moxuO BBITOIN-
HUTb TaK, YTOObI BBICOTA JI€PEBA, COOTBETCTBYIOLIETO OOBEAMHEHUIO ABYX
MHOXECTB, OblIa KaK MOKHO MEHBIIE. A UIMEHHO, KOpEeHb OOJIBIIETO IO BHICO-
TE JiepeBa C/eNaTh poJUTeTIeM KOpHs Apyroro nepesa. HazoBeM Takyro peann-
3aruro oneparnu OBBE/IMHUTD o6benunennem no panry. B kauectse pan-
ra B JAHHOM CiTy4ae OepeTcsi BBICOTa COOTBETCTBYIOIIETO JEpeBa.

Peanusanms onepanuii ¢ MCNOJIb30BaHUEM PAHIOB BepmIuH. 11 Takoil
pea3aniy pa3aelIeHHBIX MHOXKECTB HEOOXOMMO XPAHUTH C KKIBIM Y3JIOM X
JOTIOJTHUTENBHO eIlle OJHY BEIMYUHY — BBICOTY IMOJIepeBa, KOPHEM KOTOPOTO
SIBIISIETCS y3€ll X. ByJem Ha3biBaTh €e BBICOTOM, WM paHroM, ysia x. Ocraib-
HBIE OTEPalliK HYKHO HACTPOUTH HAa KOPPEKTHYIO paboTy ¢ 3TuUM moiieM. by-
JIeM XpaHUTh BBICOTY KaXIOTO y3Jia X B siueiike A[x] maccusa /.

Omnepamus CO3/JATD (x) Ha3HayaeT B Ka4eCTBE POIMTENS y3Ja X TOT XKe
caMblii X, a BbICOTOH y3ma x cumtar 0. Takum oOpa3om, BpeMs BBIIOIHEHHS
naHHOM omnepanuu ectb (O(l). B pesynbraTe BBINOTHEHUS ONEpaLUH
CO3IATD (x) obpasyercss HOBOE JaepeBo, H300paxkeHHOe Ha puc. 6. Ywucio,
PACIOJIOKEHHOE PAAOM C y37I0M, 0003HaYaeT ero BbIcOTy. OmucaHHBIE JIEHCT-
BUSI PEATM3YIOTCS C IOMOIIIBIO OIIEPaTOPOB

| plx]=x; h[x]=0.
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Puc. 6

Onepaunss OBBEJIUHUTD (x, y) HasHagaeT KOpeHb OOIBIIETO IO BHI-
COTe JiepeBa POAUTENIEM KOPHs Ipyroro jaepeBa. Ecim nepeBbst MMEIOT OuHa-
KOBYIO BBICOTY, TO Y3€J } Ha3HAYaeTCsl POJIUTEIIEM y3JIa X, TIOCJIE Yero yBelu-
YHBAETCS 3HAYCHHUE BBICOTHI y3JIa ) HA €AMHUILY. 3aMETUM, YTO X U ) JIOJKHBI
OBITh JIO BBITIOJHEHUS OTNEPAIMU KOPHSAMH COOTBETCTBYIONIUX JepeBbeB. Mme-
HEM BHOBb O0Pa30BAHHOTO IMOJAMHOXKECTBA OYJET UMS TOTO U3 OOBEAMHICMBIX
MOJIMHOXKECTB, Y KOTOPOTO KOPEHb UMEJT OOJIBIIYIO BBICOTY, a UMS JAPYroro u3
00BbEIMHIEMBIX TOJMHOXECTB IEPECTaHEeT OBITh HMMEHEM KaKoro-audo u3
MOIMHOKeCTB. OYEeBHIHO, BpEMs BBITIOJTHCHHS 3TOW OTEpPAIliU €CTh KOHCTaH-
Ta. BBINOTHATH ONMHCAHHBIE NEUCTBUA MOXHO C MOMOIIBIO CIIEIYIONIEH
TPOIICTYPHI.

Procedure OB bEJIMHUTDH (x, y);
begin
if (h[x] < h[y]) then p[x] .=y
else if (A[x] > A[y]) then p[y] :=x
else {p[x] =y; hly] = h[y] + 1}

end;

Ha puc. 7 u 8 nokazano npumenenue onepaunun OB bEJIMHUTD (3, 6)
KOJUIEKIIMH, U300paKeHHOM Ha pHcC. 3, ¢ y4eTOM BBICOT OOBEUHIEMBIX O/11e-
peBbeB. PsitoM ¢ Kpy:KouKamMu, H300PaKAIOIIUMHU y3JTbl, TOKA3aHbI HX BBICOTHI.
Tak kak 4(3) =2 > h(6) = 1, To poauTeneM y3ia 6 CTAaHOBHUTCS y3e1 3.

Onepamust HAMTH (x, ) ocymecTBIsSeTcs: TaK ke KaK ¥ B IPEIbLIyIIeH
peanu3aryy, MPOABIKEHUEM T10 yKa3aTelsiM Ha POJUTENEH OT y3/1a X 10 KOPHS
nepeBa. B kauectBe y Oepercst HaiiieHHBIH KopeHb. Hampumep, pesynbraTrom
npumenenns onepammn HAVTH (4, y) K KOMIEKIHH, W300paKeHHOH Ha
puc. 8, Oynmet y = 3.
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5 6
5 6
0 1 0
0
6 7
L3 3
L1 0

Puc. 8

OueBuaHO, BpeMs BBIIIOJIHEHUS JAHHOM ONEpalyuM, KaKk U paHee MpOIop-
LUOHAJIBHO JUIMHE IYTH M3 Yy3Jla X B KOPEHb COOTBETCTBYIOWIETO JepeBa. On-
HAKo JUIMHA TaKOro MyTH B JIAHHOM Cllyyae MOXKeT ObITh OlleHeHa mHaue. [[ns
OLIEHKH JJIMHBI 3TOTO IIYTH JOKAKEM CIIETYIOIIUE JIEMMBI.

Jlemma 1. B pe3ynbTare BbINOJIHEHHS JIIO00H MOCIEI0BATEIBHOCTH OllEepa-
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mmii w3 Habopa {CO3JIATb, OBBbEJAVUHNUTH, HAUTH} max mycroii xoi-
JIEKIUeH pa3JeNICHHBIX MHOXKECTB JUIS JIFOOOTO y3Jia X BBIMOJHSACTCS HepaBeH-
ctBO n[x] > 2h(x), rae n[x] — KOIUYECTBO Y3II0B B MOAAEPEBE C KOPHEM X, /1[x]
— BBICOTA Y3714 X.

Joka3zareabcTBo. OueBHIHO, Mepell MEPBbIM MPHUMEHEHHUEM OIepaluu
OBBEJAMHUTD mns moboro y3na x umenu n[x] = 1, h[x] = 0 u, cienosa-
TenbHO, n[x] > 2A(x). Oneparmu CO3JATh 1 HAWITU He MoryT HapymuTh
JIOKa3bIBa€MOE HEPAaBEHCTBO, IIO3TOMY JIOKAa3aTeIbCTBO MOXKHO IPOBECTH WH-
nykie mo konnvecTBy npuMeHenuit onepanun OB bEJIMHUTD.

[Mpexmonoxum, dYTO Tepex OYEpeNHBIM TPHUMEHEHHEM  OIepaluu
OBBEJAMHUTD (x, y) noka3piBaeMoe HEpPaBEHCTBO BCE €IE OCTACTCS Bep-
HBIM, TOT/Ia €CIIH BBICOTA y3JIa X MEHBIIIE BBICOTHI y311a , TO A€PEBO, MOTy4EH-
Hoe ¢ nomomsio OBBEJIMHUTD (x,y), mmeeT KopeHs y, a BBICOTHI Y3JI0B X U
»y He m3MeHWIHCh. KolmuecTBo y3/I0B B JiepeBe ¢ KOPHEM X HE W3MEHMIIOCH, a
KOJIMYECTBO Y3JI0B B JIEpPEBE C KOPHEM ) YBEIUUYWIOCh. TakuMm 00pa3zoM, Kak
ISl Y37I0B X, V), TaK U JJIsl BCEX OCTAlIbHBIX HEPaBeHCTBO coxpausercs. Ciy4aid,
KOT/Ia BBICOTA y3J1a X OOJIbIIIE BHICOTHI y3JIa ), aHAJIOTUIEH PACCMOTPECHHOMY.

Ecnu ke BBICOTBI IEPEBHEB C KOPHSIMH X U ) JIO BBIIIOJHEHHS OTEPAIldH
Obun oxuHAKOBBI (A[x] = h[y] = h), To y3en y cTaHOBUTCS POAMTENIEM y37a X,
BBICOTA y3J1a V yBEIHMYHMBAeTCS Ha 1, a BBICOTA y3/1a X He W3MeHseTcs. [lycth
HOCJIe BBIMOJHEHUs ornepanuu BeawduHsl /[x], h[y], n[x], n[y] craHOoBsTCS
paBHBIMU cooTBeTCTBeHHO A’ [x], h'[y], n'[x], n'[y], Torma umeem h'[y] =
=h[y]+ 1, h'[x] = h[x], n'[x] = n[x], n'[y] = n[y] + n[x]. I1o npeamnonoxenuro
uHIyKOu, umeeM n[y] = 2h[y], u n[x] = 2h[x]. CnenoBarenbHo, mocie BbI-
HOJIHEHHSI pacCMATPUBAEMOM OTIepaIiy Ul Y3JIOB X U ) KIMEEM COOTHOILCHHS
n'[x]=n[x] > 2h[x] =2h'[x] un'[y] =nl[y] + n[x] = 2h[y] + 2h[x]=2h+ 1=
= 2h'[y]. Takum 0Opa3oM, yTBEpKACHHE JEMMBI OCTAETCSI BEPHBIM U B 3TOM
clryJae.

Jlemma 2. Ecnu 3a Bpemsi paboThI, HAa4aBIIEHCS € MTyCTON KOJUIEKIIUH, OTIe-
pauus CO3/IATH npumensiiace n pas, To i aroodoro 4 > 0 yucio k y3ioB
BBICOTHI /1 YIOBJICTBOPSIET HEPABEHCTBY k < n/2h.

Joka3zareiabcTBo. [lycth X, X2, ..., Xy — BCE Y3JbI BBICOTBHI /1, TOrga IO
aemme | ipu i =1, 2, ..., k cripaBe/uIMBBI HepaBeHCTBaA 7 [x;] = 2h. CiemoBa-
TEIBHO,

n2>nlx]+n[x]+ ..+ nlx] > 2kh,

OTKy/Ia U CclieyeT TpebyemMoe HepaBeHCTBO k < n/2h.
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CnencrBue 1. B pesynbTare BBINOTHEHUs JIF000M IMOCIEIOBATEIBHOCTH
orepaumii u3 Habopa {CO3JIAThb, OFBEJIMHUTDH, HAUTU} wax mycroii
KOJUICKIMEH pa3/IeIeHHbIX MHOXECTB, IS JTF000Tr0 y3i1a X HMeeT MeCTO Hepa-
BeHCTBO /[x] < logn.

Joka3zareabcTBO. J[epeBo MaKCHMaIBHON BBICOTHI 00pa3yeTcs, OYEBHIIHO,
JIMIIb TOTJA, KOT/Ia BCE /1 3JIEMEHTOB OOBEIUHSIOTCS B OJHO MHOXKECTBO. J[JIst
TAKOro JiepeBa KOJMYECTBO k y37I0B MaKCHMAJILHON BBICOTHI A paBHO 1, mo
aemme 2 umeeM | =k <n/2h, otkyna 2h < n u, cnenosareibHo, 1 < log n.

Caexcreue 2. Bpems oimonuenus oneparmn HAWUTU ects O(log n).

Cnencrue 3. [Ipu peanusanun pa3jieiieHHbIX MHOXKECTB C UCIOJIb30BAHHU-
eM paHroB Bpems BeimonHenus m oneparmit OB BEJJMHUTD n/umn HAUTH
ects Benmunna O(m-logn).

3ameuanue. [Ipu peanuzamuu omnepanuu OObEIUHEHHS MOJMHOXXECTB B
Ka4eCTBE paHra y3jia MOKHO HCIIOJIb30BaTh KOJMYECTBO Y3JIOB B MOJJICPEBE C
KOpHEM B JIAaHHOM y3lie. YTBEpKAeHHE JieMMbl 1 OylneT CrpaBe/UIMBBIM H B
9TOM CIly4ae, CIIe[IOBATENIbHO, COXPAHATCS W OIEHKH BPEMEHH BBITOJTHEHUS
oreparuii.

2.6. HpeACTaBneHMe pa3aerneHHbIX MHOXeCTB
C Uucnosfib3oBaHUeM paHroB BepLUUH U CXKaTuA nyTeﬁ

[Ipenpraymmii cioco0 peanu3anuy pa3AeeHHBIX MHOXKECTB MOXKHO eIlle
VIAYUYIIUTh 33 CYET YCOBEPIICHCTBOBAHUS pEAM3AI[UU OTCpPAIUN HAMN-
TU (x,y). Ona Teneps OyAeT BBHITONHATHCSA B JBa Ipoxoza. [Ipu mepBom mpo-
X0JIe HAXOJIUTCSI KOPEHb y TOTO JIepeBa, KOTOpoMy IpuHauIexkuT X. [Ipu BTO-
POM TPOXOJE U3 X B ) BCE BCTPEUCHHBIE Y3JIbI JAETAIOTCS HEMOCPEACTBEHHBIMU
NOTOMKaMHU y3Jia ). DTOT NpHeM, KaK yBUAMM HHUXKE, HAMHOI'O YMEHBIIAEeT
BpEMsI BBITTOTHEHHS TIOCIEYIOITUX ONeparuit HAWTU.

Peanu3anus onepanuii ¢ MCNMOJIb30BAHIHEM PAHTOB BEPUINH U CKATHA
nyTeil. PaccmarpuBaemasi peanuzanusi He TpeOyeT HOBBIX IMOJICH JaHHBIX I10
CPaBHEHHIO C MpeNbIayIM cirydaeM. Kak u mpexnae, Ui Kaxaoro ysna i 0y-
JIEM XpaHUTh yKa3areib p[i] Ha ero poIuTeNs U PaHrT 7 [i], KOTOPBINA Tereph HE
o0s3atenbHO OyleT paBeH BhICOTE NiepeBa ¢ KopHeM i. OH OyAeT paBeH 3To
BBICOTE, €CIIM U3 IOCIIEeI0BATEIbHOCTH MPUMEHSIEMBIX ONepaluid yIaluTh BCe
orepaiy HauTH.

Onepaunust CO3JATD (X) BbIOTHSICTCS C TOMOIIBIO OIIEPaTOPOB

‘ begin p[x]:= x; [x] := 0 end.
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B kadecTBe poauTesns y3iaa X Gepercst TOT ke CaMblil X, @ €r0 PAaHrOM CUHTAeM
0. Takum 0Opa3oM, BpeMsi BBITIOJIHEHHUSI OTIEPAIIiK €CTh KOHCTAHTA.

Onepauusi OBBEJAVMHUTD (x, ) BIOMHSICTCS KakK U TPExKIe, pa3sHUIA
JIMIIb B TOM, 9TO BMECTO MacCHBa /i HCIIOIB3yeTCsl MAacCHB 7. Bpemst BbIMOIHE-
HHS OTIEPAIMH — KOHCTAHTA.

Procedure OB bEJIMHUTH (x, y);
begin
if (r[x] <r[y]) thenp[x] =y
else if (r[x] > r[y]) thenp[y] =x
else {p[x] =y; r[y] :=rly]+1}

end;

Onepaumusi HAVITH (x, y), kaK yXe TOBOPHIOCH, BBIIONHAETCA B JBA
npoxoza. [Ipu nepBoM Mpoxoje MbI UJIEM OT y3J1a X K €ro POJUTEINI0, MOTOM K
POJIUTENIO €0 POAUTENS U TakK Jajee, MoKa He JOCTUTHEM KOpHS Y JepeBa, co-
JeprKaniero ysen x. [Ipu BTOpoM mpoxojie U3 X B ¥ BCe BCTPEUCHHBIC HA ITOM
IIyTH Y3JIbl JI€JAI0TCSI HEMOCPEICTBEHHBIMU IIOTOMKaMH y3ia y. bynem Ha3zbl-
BaTh 2TO «CXaAaTUEM HYTeﬁ)). OLICBI/II[HO, KaK M paHbIIC, BPEMs BBIIIOJIHCHHUA
onHoit takoi onepanuu ectb O(log n). Ho Hmke OyneT J0Ka3aHO, YTO BpeMs
BBITIOJIHEHHSI 71 TaKHX OMepainuii Ha camoM jene Meubiie, dem O(m-log n).
3amMeTHM, YTO TIPH BBIIOJIHCHUH 3TOM OTIEPAIMU PAHTH y3JI0B HE H3MEHSIOTCS.

Procedure HAWTH (x, y);
begin

z :=x; while (p [x] #x) do x :=p|[x];

y:=x;while (p[z] #z)do {z] :=z;z =p|z]; p[z]1]:=y}
end;

2.7. AHanu3 TpyaoeMKoCTHU

Jlns aHanu3a TpyA0E€MKOCTH BBIIIOJIHEHHUS Ollepaliiil HaM MOTpeOyIoTCs 1Be
dyukimu. OnHa u3 HuX, b(n), SABISETCS CYNEPIKCIIOHCHTOW M OMIpEIeNseTCs
CIIETYIOIIUM 00pa3oMm:

b(0)=0, b(n)=2""" npu n>0.

Bropast — cynepnorapudm log *n, mo ocHoBaHMIO 2, ompeaenseMasi COOTHO-
ILICHUEM:

log *n = max{k: b(k) < n}
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Cymnepnorapum sBIsSETCS B HEKOTOPOM CMBICIE 00paTHOH (yHKIMEH K
cynepakcnionente, log*(b(n))=n. 3nauenus ¢ynkmuii log*n u b (n) npu He-
CKOJIbKMX 3HAYCHUAX apTYMEHTOB IIPUBCACHLI B CIICAYIOIINUX Ta6HI/IHaX.

n 0 1 2 3 4 5 6
b(n) 0 1 2 4 16 65536 | 2093

n 0|1 (23 4|5]...[15]16]...165535|65536]...[2%°%%—1

logtn | O [ 1223 [3]..]3]4].] 4 5 |[...] 5

Pebpo (x, p(x)) mpu TeKyIIeM COCTOSIHUN KOJUICKIIMH Ha30BEM KOPHEBBIM, €CITU
p(x) — kopeHb U p(x)=x (TIeTs1); HA30BEM €ro MPUKOPHEBBIM, €CIIH p(X) — KO-
peHb U p(x) # X, B IPOTHBHOM CIIy4ae — BHYTPECHHHM.

OTMeTuM clleAyIoHe CBOMCTBA KOJJIEKIIMA HAa MHOXECTBE U3 M JJIEMEH-
ToB. IIpukopHeBOe pedpo MOXKET MPEBPATUTHCS BO BHYTPEHHEE, a KOPHEBOE B
IIPUKOPHEBOE TOJIbKO IpH BbinoiaHeHuu onepauuu OB bEJIVMHUTD.

BuyTtpennee pebpo (x,y) NpH NEpBOM K€ BBINOJHEHUH OIEPALUH
HAUTU, «mpoxopsimeii depes HEroy, HCUe3aeT, HO BMECTO HETO MOSBISETCS
HpUKOPHEBOE pedpo (x,y”), mpu 3tom 7 () ") >r(y), clienoBaTebHO, BHYTPEH-
Hee pedpo «ydyacTByeT B HOMCKe» He 0ojiee OTHOTO pasa.

Ecnu npu BeimonHenun oyepenHoit onepaun OB bEJIMHUTD (x, y) y3en
V CTAaHOBUTCS POAMTENEM y3JIa X, TO TIOCJIE €€ BBIIOJHEHUs CIIPABEIINBO HEpa-
BEHCTBO 7 (1) > 7 (X).

Ipu Bemonuennn onepamun HAWTH panrn y3mnoB He H3MEHSIOTCS, HO
Y3JIbI MOTYT MEHSTh CBOMX POJUTENICH, TO €CTh MEHSETCS CTPYKTypa Jieca.

Eciu nepex oimonserneM omepaun HAWTH yser x 6bU1 poguTeneM y3-
Ja y, a mocje BBIIOJTHEHUS 3TOHM ONepaliy poJuTeseM y3ia ) cTal y3emn x' # X,
TO BBINOJHSETCS HepaBeHCTBO 7 (x) < 7 (x'). CiemoBarenbHO, Jaxe MOCie U3-
MCHEHHS Jieca B pesylbrare BhimonHenus omepanun HAVITH panru Bois
J1r000T0 MyTH OT JINCTA K KOPHIO OYAYyT CTPOro BO3pacTarh.

[pu Bemonnennu onepaunu OB BEJIMHUTD panr moboro HekopHEBOTO
3JIEMEHTa He U3MEHSETCs, a PaHI KOpHA MO0 coxpaHsercs, MO0 yBeJInIUBa-
ercs Ha 1.

Teopema. Bpemst BBITOTHEHHS MOCIIEAOBATEILHOCTH OIEPAIUi, COCTOS-
meit u3 n onepaumit CO3AATD, u <n—1 onepaumit OBbEIMHUTD u f
omepaumii HAMTH, mpy MCIONB30BaHAN PAHIOB M CHKATHS MyTEH SIBISETCS
senmunHoit O((f + n) log *u).

Hoxka3zareabctBo. Ilycts 51, 52, ..., 5, — Bce onepanuu Buga CO3IATD,
OBBEJIMHUTD, HAWTH, 06bsBreHubIe B HOPMYIHPOBKE TEOPEMBI U BBIITH-
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CaHHbBIC B TOPSAKE UX cileqoBaHus, m =n + u + f. O4eBHIHO, CyMMapHas Tpy-
noemkocth Beex oneparmii CO3JATD ecte O(n), cymmapHasi Tpya0E€MKOCTh
Bcex omepaimii OBbEJIMHUTD ects O(u). Ocraercst oneHUTh CyMMapHYIO
TpynoemMkocTs orepauniit HAVITH.

UYepes r4(x) 0003HAYMM paHT y3Jia X, KOTOPBIHA IMOJyYUTCS TOCIIE BBITOTHE-
HUS OIIEpaLuy Sy, a PAX) — POJUTENH y3/Ia X, MOTyYaOIIUIiCs MOCTe BBIIOTHE-
HUSI 3TOU OTepalv.

Omnpenenum mMHOKecTBO Gi(f) = {x: log *r(x) =k} = {x: b(k) < r(x) <
<b(k+ 1)}. dns kparkoctu Oynem o603Ha4aTh log *r(x) = ifx).

[TockonbKY paHT y3j1a MOXET YBEIMIUBATHCS JIHIIb IPH BHIMOTHEHUH OTIe-
paumu OBBEJIMHUTD, npuyem He Gonee yem Ha 1, TO mocie u Takux orepa-
[ paHT HUKAKOTO y3J1a HE MOXET CTaTh OOJIbBIIE U, CIEAOBATEIbHO, MAKCH-
MaJbHBIH UHJEKC k TIpr KOTOpoM Gi(f) MOXKET OBITh HEIYyCThIM paBeH log *u.

OteHnM Terepb CyMMapHOE BpeMs, TpeOyeMoe JJisl BBIMOIHEHUs f orepa-
it HAWTH, oueBHaHO, OHO MPOMOPIHOHATBHO YHCIY pebep, BEAYIIHX OT
CBHIHOBEH K OTI[AM M BCTPEYAIOIINXCS [IPU BBIMOIHEHUH BCEX TAKUX OIEpaluil.
JInst OLIEHKW BpEeMEHH, 3aTPaYMBaEcMOro Ha PEeaM3allfio ATUX OIepalnii, Ipu-
MeHUM Oyxrantepckuii mpueM. OTHECEeM pacxoll BPEMEHH Ha MPOXOJKICHHE
ouepeaHoro pedpa (X,)) OT y37a X K €ro pOJUTEIIO Y MPH BBITIOJIHEHUH Olepa-
mnn s+ tina HAMTHY Ha oy M3 Tpex pasHBIX CTaTeil pacXoJIoB: «KOPHE-
BYIO», TPAH3UTHYIO» U «MECTHYIO» B 3aBUCHIMOCTH OT CJICAYIOIIUX YCIOBHH.

Ecnu i(x) # i(y) 1 y B paccMaTpuBaeMblii MOMEHT He SIBIISICTCSI KOPHEM, TO
Ha cTathio I TpaH3WUTHBIX pacxofoB. Ecmu iX) =ify) = k u y He sBiuseTcs
KOpPHEM, TO PacXojibl OTHOCUM Ha CTaThi0 M) MECTHBIX PacXo/0B B k-oM jaua-
na30He, €CJIH e ) — KOPeHb, TO Ha CTaThi0 K KOPHEBBIX PACXOJIOB.

CyMMy MECTHBIX pacXoJI0B BO BCEX JHAaNa3oHax 0003HAYMM Yepes3

Ig*u

M = ZM ke
k=0

Torna umeem K = O(f'), Tak Kak TpPU KaXKIOM BBIIIOJIHCHHU OIEPALUH
HAUTU MPOXOAUTCS OJTHO KOPHEBOE U BO3MOKHO OJIHO TIPUKOPHEBOE PeOpo.

Jlist Tpan3uTHBIX nepexonoB umeeM T = O(flog *u), Tak kak mpH KaxaoMm
oiroHennn onepanun HAVITU npoucxonut He Gonee log *u mepexonos u3
OJTHOTO JIMana3oHa B APYTOil.

Jlnis1 onieHKHU BeMIuHbI M BBeieM noteHuan cx) = r{px)) y3na x mocie
BBITIOJTHEHHS Oomepanuy S, Eciom K y3my X emle He NMPUMEHSUIach OIeparius
CO3IATD, 10 c(x) = 0.

[Morenumanom rpymmsl Gi(f) IpH TEKYIIEM COCTOSHUH KOJUICKI[MH Ha30BEM
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BCIIMYNHY

Ci()= Y c(x).

xeGy (1)

OueBuaHO, B 11000 MOMEHT BpEMEHH CIPaBEIIUBBI HEPAaBEHCTBA
Cu(0) < |G(D)| b(k + 1). (1)

[Tokaxkem, 4to i J0OOTO y3i1a X mpH Jrodom ¢ = 1,2, 3,..., m BBINOJI-
HSETCSI HEPAaBEHCTBO CAX) = ¢, 1(X).

HetvictButensro, eciu s; — onepauust CO3ATD (x) o ¢ 1(x)=cix)=0,
TO €CTh MOTEHIMAN y3Jla X TAKXKe KaK, OYCBHUIHO, U BCEX OCTABHBIX HE M3Me-
HSICTCSL.

[ycts 5, — oneparmss OB bEAVUHUTD (x, y). B cinyqae r,1(x) <r.1()) ume-
eM ¢fx) =rdp(x)) =rdy)=re1(y) >ra(x)=repx)) =co1(x) 1 cdy) = cray).
Cayyaii r,1(x)>r.1(y) ananoruuen. B ciyuae 7, 1(x)=r.1(y) umeem c(y) =
=rdp(y) = rdy) = rea(p) + 1> rea(n) = ra(p(y)) = ca(y), cdx) = rdp(x)) =
= 1) = PO > 1() = £ () = e (p(0) = (%),

[Tycts Teneps s; sBisiercs oneparueid HAWTHU, npoxoasimeit uepes y3en x
U TIpU 3TOM p, 1(X) HEe KOpeHb (X moiyyaeT HOBOTO poautelns pAx)). Torma
umeeM c(x) = r{pAx)) = r1(pdx)) > re1(pe1(x)) = ¢1(x). B atom ciyyae co-
BEpIIICH MePeX0/l 10 BHyTPEHHEMY peOpy (MECTHBIH WU TPAH3UTHBIN).

Wrak, as mo0oro y3ia X BeTMYUHA ¢(X) IPU BHITIOJHEHHU ONIepaIiy BHIA
CO3JIATh, OFbEJIMHUTDH, HAUTH, e moxer YMCHBIIUTHCS |, CJICI0BA-
TEJIBHO,

Ci(t) = Ci(t—1).

Ipu stom, ecimu s; — omeparuss HAUTH, to y My(f) Bepmmu npu ee BbI-
NOJTHEHUH TIOTEHIMANl YBEIWYHUTCS, 10 KpailHel mepe, Ha |, ciemoBaTenbHO,
yncino M;(t) MecTHBIX nepexo1oB B rpymie Gi(t) mpu ee BHIMOIHEHUN YIOBIIe-
TBOPSIET HEPABEHCTBY

M) < Clt) — Cul(t = 1).

CyMMupyst 3TO HEpaBEHCTBO IO BCEM ! U, YUUThIBas HepaBeHcTBa (1), mo-
Jy4aeM, 4To 4Hucio My MecTHBIX mepexoqoB mpu Bcex omepaunusix HAUTU
YOBJIETBOPSIET HEPABEHCTBY

M < C(m) — C0) < Cy(m) < |G| b(k + 1).

3amMeTHM Aajiec, 4YTO YTBCPKIACHHUEC JICMMBI 2, KOTOpas rapaHTupyeT, 4To
KOJIMYCCTBO Y3JIOB paHra » HE Ooitee n/2r OCTacCTCs BEPHBIM U IIPpHU UCIIOJIB30Ba-
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HUY C)KaTHS IyTeH, Tak kKak npu BbinmoiaHerun oneparun HAWTU panru sme-
MEHTOB He MeHstoTcs. Cle10BaTeNbHO, CIIPABEIIMBBI COOTHOILIEHUS

b(k+1)—1
1Gi|= > —<— (1+l+l+l+...j= n___2n
r=b(k) 2r 2b(k) 2 4 8 2b(k) b(k + 1)
OTtcrona
2n
M, < b(k+1)<2n,
b(k+1)

log*u

M =Y M,=0(n-log*u).

k=0

WTaK, CyMMapHas TpyI0eMKOCTh BhinosiHenus f oneparuit HAUTU pasna
K+ T+ M= O(f+ flog *u + n log *u) = O((f + n) log *u),

VYuuteBass Temeph oneHkH Tpymoemkoctu omeparuii CO3ATH un
OBBEJIMHUTD nonyvaem yTBep:KaACHUE TEOPEMBI.

3ameuanue. P.E. Tapbsn [8] nokasan, 4ro Bpemsl BHIIOJIHEHUS MTOCIEI0BA-
TenbHOCTH, cocTosAuei u3 u onepauuiit OB bEJIMHUTD ¢ nepememanusiMu ¢
mumu f onepamuamu HAWUTH, rne u < n — 1, u + f'= m, saBnsercs BeTUUHHOI
O(m a(m, n)). Taxxke OH MOKA3aJI, YTO ITA OLIEHKA HE MOXKET OBITh YIIydIlleHa,
a, 3HAUUT, AQJIrOPUTM MOXKET TMOTpedOBaTh [UIsI CBOErO BBIMOJIHEHUS
Q (m o (m,n)) BpeMeHU.

3necs o (f,n)=min{i > 1: A(i, f/nl)>log n}, rae 4@, j) — dpynxuns
AKkepMmaHna, 3a/1aBaeMasi paBeHCTBAMHU:

A(1,j)=2npuj > 1,
AG ) =AG—1,2)npui>2,
A (l:]) =4 (l_ lsA(ivj_ 1)) 1pu l:j 22.

CBojHbIE TaHHBbIE O CJO0KHOCTH ONepanuii
¢ pa3ejieHHBIMUA MHOKEeCTBAMM

Peanu3zanus ¢ mOMOIIBIO MacCHBa

CO3JATD (x) o)
OBBEJIUHUTD (x, y) O(n)
HAUTHU (x, y) o(1)
m orepanui O(mn)
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Peanuzanus ¢ HoMoIIbIO APEBOBUIHON CTPYKTYPHI

CO3JATD (x) o)
OBFBEJIMHUTD (x, ) o)
HAWUTH (x, y) O(n)
m orepanui O(mn)

Peanusanus ¢ moMoIb0 JPEBOBUAHOMN CTPYKTYpPBI
C HCTIOJIb30BAaHUEM PAHTOB BEPLINH

CO3JIATH (x) o)
OBBEJJUHUTH (x, y) o)
HAMTH (x, y) O(log n)
m OTepanui O(m log n)

Peanusanus ¢ HOMOIIBIO APEBOBUAHOM CTPYKTYPBI
C HCTIOJIb30BAaHUEM PAHTOB M CXKAaTHUA MTyTel

CO3JATD (x) o)

OBBEJIUHUTD (x, y) 0(1)

HAWTHU (x, y) O(log n)

m orepanui O(n lg*(u+ 1))
O(m a. (m, n))
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Mnasa 3. MIPUOPUTETHBIE OMEPEOU

3.1. OcHOBHbIe onpeaeneHusi

IIpuopureTHasi oyepeab — 3TO aOCTPAKTHBIA THI JAaHHBIX, MPEIHA3HA-
YEHHBIH ISl TIPEJICTABIICHUS B3BEHICHHBIX MHOXECTB. MHOKECTBO HA3bIBACTCA
B3BELIEHHBIM, €CJIM KaKJOMY €r0 3JEMEHTY OJHO3HAYHO COOTBETCTBYET YHC-
70, Ha3pIBaeMoe KIIYOM wWin BecoM. (OCHOBHBIMU OIEpalusMi  Haj
MPUOPUTETHOMN OUEPEIbIO SBISIOTCS CIICTYIONTUE OTIEPaIlUU.
e BCTABMUTD B0 MHOXECTBO HOBBIH 3JIEMEHT CO CBOUM KJIFOUOM.
e HAWTH Bo MHOXECTBE JIEMEHT ¢ MHHUMAIBHBIM KIIF04oM. Eciu aite-
MEHTOB ¢ MHHHMAaJIbHBIM KJIFOYOM HECKOJIBKO, TO HaXOIUTCS OJHWH W3
HuX. HaliieHHBII 27IEMEHT He yJaseTcs U3 MHOXKECTBA.

o VJAJIUTD n3 MHOXECTBa dJIEMEHT ¢ MUHUMAJILHBEIM KirtouoM. Eciu
3JIEMEHTOB C MUHHUMAJIbHBIM KIIFOYOM HECKOJBKO, TO YAQISIETCA OJUH
13 HUX.

JononHuTenpHBIE ONEpaii Ha/l IPUOPUTETHBIMU OYEPESIMHU.

e OBBEJIMHMUTD nBa MHOXECTBA B OJTHO.

e YMEHBIIUTD k1104 yKa3aHHOTO 3JIEMEHTAa MHOKECTBA HA 3aJJaHHOE

TTOJIOKUTEIHLHOE YHUCIIO.

[IpuoputeTHast odepeb €CTECTBEHHBIM 00pa3OM HCIIONB3YETCS B TaKUX
3a/1auax, Kak COPTUPOBKA DBJIEMEHTOB MAacCHBA, OTHICKAHHE BO B3BEIICHHOM
HEOPUEHTHPOBAHHOM Tpade MHUHUMAIBHOTO OCTOBHOTO JI€pPEBa, OTHICKAHHE
KpaTyalImx myTeil OT 3aJaHHON BEpUIMHBI B3BEIIEHHOIo rpada 10 ero oc-
TaJIbHBIX BEPILUH U MHOTHUX JIPYTHUX.

[IpuopureTHyto odepenb MOXHO MPEJACTaBUTH C MOMOIIBID MacCHUBa WU
CIIMCKa 3JIEMEHTOB, HO TakWe peaju3anuu He 3((GEeKTUBHBI 10 BPEMEHU BHI-
MOJIHEHUSI OCHOBHBIX omnepauuil. Tak, Hampumep, MOUCK 3JEMEHTa C MHHH-
MaJbHBIM KJTIOUOM B HEYTOPSJOUYCHHOM MAaCCHUBE WJIM CIIMCKE TpedyeT mocie-
JIOBATEIHLHOTOTO MPOCMOTPa BCeX ero 31eMeHToB. Ecnu noanepxuBath ymopsi-
JIOYEHHOCTh MacCHBa WJIM CIIHCKA IO KJII0YY, TO «HEYTO0OHO» OKaKeTCs Orle-
panusi BCTaBKM HOBOTO 3JIEMEHTA.

Yarre BCero NpUOpPUTETHAS OYEPEAh MPEICTABISETCS C TOMOIIBI0 KOpPHE-
BOTO JIepeBa WK HaOOpa KOPHEBBIX JCPEBHEB C ONPEICIICHHBIMH CBOMCTBAMH.
[Ipu sTom y3mam jJepeBa CTaBsITCS BO B3aMMHO OJIHO3HAYHOE COOTBETCTBHE
3JIEMEHThI pACCMaTPUBAEMOI'0 MHOXECTBA.
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CooTBeTCTBHE MEXIY y3JlaMH JIepeBa U 3JI€MEHTaMH MHOXKECTBa Ha3blBa-
eTcs Ky4eoOpa3HbIM, €CJIU IS KaKI0ro y3J1a I coOOII01aeTcs yCIoBHe:

Kunrou snemenTa, NpUNUCAaHHOTO Y31y i, HE MPEBOCXOAUT KIIOYEH 3Iie-
MEHTOB, IPUMHCAHHBIX €r0 TOTOMKaM.

Takue npencTaBiieHUs] B3BELICHHBIX MHOXKECTB Ha3bIBAIOTCA Kyuamu. Bupg
JiepeBa U Ccroco0 ero MpejicTaBlIeHHs] B NMaMATH KOMIIBIOTEpa MOAOUpacTcsa B
3aBHUCUMOCTH OT T€X ONEpaluil, KOTOPbIE IPEINOIaracTcs BBINOJIHATh HAJ
MHOKECTBOM M OT TOTO, HACKOJBKO 3TH ONEPalMHM CKa3bIBAIOTCS HA CymMMap-
HOU TPYJOEMKOCTH QJIFOPUTMA.

3.2. NMpeancraBneHne NPUOPUTETHON ouvepeaun
c nomoubio d-kyum

[peacraBneHus: MPUOPUTETHON OUYEPEIH C TIOMOIIBIO d-Ky4d, OCHOBAHO Ha
UCIIONIb30BAaHHMH TaK Ha3bIBAEMBIX 3aBEPIICHHBIX d-apHBIX JepeBbeB (d = 2).

3aBeplIeHHOE d-apHOE JIePeBO — 3TO KOPHEBOE JIEPEBO CO CICAYIOMINMHU
CBOICTBAMM:

1. Kaxnaplit BHyTpeHHUHN y3ed (TO €CTh y3€J, HE SBIISIFOIIUICS JIHUCTOM Jie-
peBa), 3a UCKIFOUCHHUEM, ObITh MOXKET, TOJILKO OJJHOTO, UMEET POBHO d MOTOM-
koB. OJIUH y3eI-UCKITIOYCHUE MOXKET UMEeTh OT | 710 d — 1 moTOMKOB.

2. Ecnu k — riiyOuna nepesa, To s aroboro i = 1, ..., k— 1 Takoe nepeBo
MMeeT POBHO d' y3II0B TITyOHHBI i.

3. KonnuecTBO y3710B INIyOUHBI kK B JiepeBe MIyOUHBI K MOXET BapbUpO-
Bathest oT 1 110 d¥. D10 cBOlicTBO sIBISICTCS CIEACTBHEM IIEPBBIX IBYX.

V351l 3aBEpIIEHHOTO d-apHOTO JepeBa MPHHATO HyMEpOBaTh CIEAYIOIIUM
o0pa3oM: KopeHb mosrydaeT HoMep 0, TTOTOMKH y371a ¢ HOMEPOM I TOJTy4YaroT
Homepa: i-d + 1, i-d+ 2, ..., i-d + d. Takas Hymepanus y100Ha TeM, YTO TO3BO-
JSIET Pa3MECTUTh Y3JIbl ePEBa B MACCUBE B TIOPSIIKE BO3PACTAHUS UX HOMEPOB,
HPHU 3TOM MO3HIUH MOTOMKOB JIFOOOTO y3/1a B MACCUBE JIETKO BBIYUCIISIOTCS MO
HO3UIIMH CaMoro y3ina. Tak ke JIETKO MO MO3WIMH y3JIa BEIYUCIHUTE TTO3UIIHIO
ero pomaurens. Tak Juis y3ia, pacrloJIOKEHHOTO B TO3UIUH I, POAUTEILCKUI
y3ein pacnonaraercs B nmosuiuu (i — 1) div d, rae div — omepanus neneHus Ha-
1eJI0.

B u300paXkeHUH 3aBEpIICHHOTO d-apHOTO JiepeBa Y3Ibl OJUHAKOBOM TIIy-
OMHBI YIOOHO pacrojarath Ha OJTHOM YPOBHE, IIPH 3TOM IIOTOMKH OJTHOTO y3J1a
pacrosararoTcs clieBa HalpaBo B MOPsIIKE 0OBSBICHHBIX HOMEpOB. [Tpn Takom
PHCOBaHHMHU HIDKHUE YPOBEHB 3aIIOJHICTCS, BO3MOXKHO, HE MOJIHOCTBIO.

OTMETHM HEKOTOpBIE MIPOCThIC YTBEPXKICHUS O 3aBEPIICHHBIX d-apHBIX JIe-
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PEBBSIX, KOTOpBIE OYIYyT MOJIE3HBI IPU aHAIN3€E TPYIOEMKOCTH OCHOBHBIX OIIE-
pauuii.

Ymeepotcoenue 1. [[nuna h nymu uz kopns 3aeepuieno2o d-aprozo depesa
¢ n>1 ysnamu 6 nobou aucm yooeremeopsiem Hepasencmeam: log 4n—1 <
<h<log4n+1.

Joxazamenscmeo. MUHUMATbHOE KOJIUYECTBO Y3JIOB B d-Kyde BBICOTHI /1
(h > 0), 1o coiictBaM 2 U 3 d-apHOTo JepeBa, OYeBHAHO, paBHO 1 +d + d* +
+ . +d T+ (TmocnemHui YpPOBEHD COICPIKHT JIMIIb OJIUH Y3€ll).

MaKCHManbHOE KONHYECTBO Y3II0B B TaKoil d-kyue paBuo | +d + d* + ...
++d" (moceqHUi YPOBEHD CONEPKUT d g y3710B). OTCI0/]a UMeeM HEepaBEHCT-
Ba!

A+d+d*+-+d" "+ 1)<n<(Q+d+d*+ - +d".

CyMMupys JIEBYIO U NPaBYI YaCTH KaK F€OMETPUUYECKHUE IPOTPECCHH, TI0-
JTy4YUM

d"- D)/ d-1D)+1<n<@ ' =1)/d-1),

U TI0CJIE HEKOTOPBIX OYEBHIHBIX OIIEHOK C TIOMOIIBIO JIorapu(MUPOBAHHUS TIO-
JTydaeM TpeOyeMble HEpaBEeHCTBA:

loggn—1<h<logsn+1.

Ymeepacoenue 2. Konuvecmso y3noe evicomvr h ne npesocxooum nld".
(ITox BBICOTOM y311a MOHUMAETCSl PACCTOSIHUE OT HEro 0 Hauboliee NaleKoro
MOTOMKA).

Kyuy, comepkaliyto # 3J1eMeHTOB, OyieM TPEACTaBIATh ABYMsI MaCCUBaMHU
al0..n—1] u key[0 .. n— 1], nonarast a[i] — uMs dJIeMEHTa, PUITUCAHHOTO
y3ny i; key[i] — ero kmtou. Muorna nox afi] yaoOHO MOHUMATH CaM AIIEMEHT
MCXOJTHOTO MHOKECTBA WJIM CCBUIKY Ha HEro. B HEKOTOPBIX MPUKIATHBIX 3a/1a-
4ax HeT HeOOXOAMMOCTH MOMEUIaTh B MPUOPHTETHYIO OYepeb HU CaMHU dJie-
MEHTBI, HI UX UMEHA, B TAKHX CIy4asXx [PH OPTaHU3AIMH KyYd UCHOIb3YeTCs
nunib Maccus key[0 .. n — 1].

Ha puc. 1 mpusenen npumep kyuu it d =3, n = 18. Kpyxoukamu u3o-
Opa’keHBbI y3JIbl IepeBa, B HUX 3allUCAHbI AJICMEHTHI MaCCUBA, MPEICTABIISIOIINE
UMEHA DIIEMEHTOB KYYH.

[Mpumep kyuu npu d = 3, n =7 Ui IPUOPUTETHON OYEPEH, COJCPIKAILCH
3JIEMEHTHI ¢ Kitouamu 1, 2, 2, 2, 3, 4, 5, uzo0pakeH Ha puc. 2, TJe mapa 4ucen
B K2X/IOM KpY)KO4Ke 0003Ha4aeT HOMEDP y3J1a U KIF0Y COOTBETCTBYIOIIETO dJIe-
MEHTA.
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Puc. 2

[Ipu peann3anuu OCHOBHBIX OIl€palMi HaJ Ky4aMH HCHOJB3YHOTCS JBE
BcriomorarenbsHble onepaun — BCIIJIBITUE u IIOT'PYXXEHUE. Ilpu peanu-
3alUU ATUX ONeparuii Oy/1eM UCII0JIb30BaTh €Ille OJJHY BCIIOMOTATEeNIbHYIO OIIe-
pamuio — TPaHCIOHUPOBAHHE, C TMOMOIILI0 KOTOPO OyJaeM MEHSTh MeCTaMHu
3JIEMEHTHI, PacIIOJIOKEHHBIE B ABYX pa3HbIX y3Jlax aepesa. Ee peanuzauus mo-
KeT OBITh MPEICTaBIICHA CIEAYIOUIMM 00pa3oM:

Procedure (i, j);
begin
temp( = a[i]; a[i] = a[j]; a[j] = tempO;
templ = key[i]; key[i] := key[j]; key[j] := templ;

end;

3ameuanue. Ecnin B Kydy HOMEUIAIOTCS TOJNBKO KIIIOYM 3JIEMEHTOB, TO
nporeaypa TPAaHCIIOHHUPOBAHUS MOJIUGHUIMPYETCS] COOTBETCTBYIONIIUM 0OO0pa-
30M.
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Onepauusi BCIIVIBITHUE. Dta onepanus MOXeT ObITh IPUMEHEHA B TE€X
cllydasix, KOT/la B HEKOTOPOM y3J1€ Ky4H, HallpuMep, B i-OM, PacIoIo’KeH 3Jie-
MEHT X, HapyLIAIOLHI Ky4eoOpa3HbIi MOPAJOK, TO €CTh KIIF0Y JIEMEHTA B y3iIe
[ MEHBIIIEe KJII0Ya 3JIEMEHTa ), MPUITMCAHHOTO Y3IIy, SBISIOMEMYCSl POTUTEIEM
y3Ia i.

JlaHHas omepanus MeHseT MecTamMu x M y. Eciu mocie 3Toro sinemMeHt x
CHOBA HE y/IOBJIETBOPSIET YCIOBHSM Ky4H, TO €Ille pa3 IPOBOJUM aHAJIOTHYHYIO
nepecTaHoBKy. 1 Tak 10 Tex nop, noka X He BCTAaHET Ha CBOE MECTO.

Paccmotpum 3-nepeBo, npelcTaBlIeHHOE Ha puc. 3. B aToM nepese Kyde-
00pa3HbIi NOPSIOK HapyllaeT JIEMEHT C KI4oM 14, MpUIUCaHHBIM Y31y C
HOMepoM 17, Tak KaK ero poAUTENLCKOMY Y31y MPHUIHCAH JIEMEHT C KIH0YOM
31> 14.

Puc. 3

[Tpumenum k y3my 17 onepamuio BCIIJIBITUE. Onements! ¢ kimrouamu 31
u 14 mensitorcs Mectamu. B pesynbpTaTe noisiydaeTcsi AepeBO NMpeAcTaBIeHHOE
Ha puc. 4.




Puc. 4.

Teneps HapyIIeH KydyeoOpa3HbIi MOPSAIOK B y3ie 5 (21 > 14), meHsiem mMec-
TaMU JIeMEeHTHI ¢ kimouamu 21 u 14. B pesynbrare monmydaeM Kydy, u3oopa-
KeHHy0 Ha puc.5. KyueoOpasHblii TOpSAOK BOCCTAaHOBJIECH, OIEpaIus
BCIUJIBITHUE 3aBepuieHa.

Puc. 5

BeruucnautenbHas CI0KHOCTH 3TOH OMNEpAIMM MPOMOPIIMOHAIBHA YHCITY
CpPaBHEHMI DJIEMEHTOB U MX OOMEHOB. DTO YHMCIO, OYEBHIHO, HE Ooyiee yem
YABOCHHOE YHCIIO Y3JI0B B ITyTH OT y3JIa X JI0 KOpHS jAepeBa. [[muHa Takoro my-
TH B d-KydYe C 1 y3J1aMU He TPEBOCXOJIUT €€ BBICOTHI, a UMeHHO logg n + 1, mo
JIOKa3aHHOMY BBIIIE YTBEPXKACHUIO 1. 3HAYUT, BpeMs BBIMOJHEHUS JAaHHOU
omneparuu — O(log, n).

Peanuzanus onepanun BCIIJIBITHE. Bxogasiv napameTpoMm 3TOH ore-
panuu sBJISIETCSI HOMEp y37a, B KOTOPOM HapYIIIeH MOPSIOK.

procedure BCIUJIBITHUEC(D);

begin

p=(@{-1)divd,

while (i # 0) and (key[p] > key[i]) do {tr(i, p); i :=p; p = (i— 1) div d};
end;

3ameuanusn

1. Oneparuro BCIIJIBITUE M0XHO TPUMEHSTh HE TOJIBKO K d-Ky4e, HO ¥ K
JIPYTHM BUJIaM K.

2. JIns 6onee apdextuBHoro Boimonnenus oneparuu BCIIJIBITUE moxHO
HOCTYIHTh CIACAYIOUIUM 00pa3oM. 3alOMHUTD 3JIEMEHT, HAXOSIIHICST B y3i1e
i, IEPEMECTUTD IEMEHT U3 €ro poauTenbekoro y3ma p = (i — 1) div d B y3en i,
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3atem u3 y3na (p — 1) div d B y3en p u Tak 10 Tex Nop, Moka He OCBOOOAUTCS
y3en Ui 3allOMHEHHOTrO 3JieMeHTa. [locie 3TOro MOMECTUTh 3allOMHEHHBIH
9IIEMEHT Ha OCBOOOIMBIIIEECS MECTO. bosiee TOYHO 3TO MOKHO BBIPA3UTh C TO-
MOIIIBIO OMIEPATOPOB:

begin

key0:= key[i]; a0:=a[i]; p = (i— 1) div d;

while (i # 0) and (key[p] > key0 do

{alil:=alp]; key[i]:= key[p]; i:= p; p:= (i — 1) div d};
ali]:= a0; key[i]:= key0

end;

Onepauus INOI'PYXEHHUE. Dta onepauus Takxke NpUMEHsSETCS IS
BOCCTAHOBJICHHSI CBOWCTBa KydeoOpasHocTu. [lycTh, Hampumep, B i-oM y3i1e
pacIooXKeH JIEMEHT X, HapyIIAIIUNA Ky4yeoOpa3HbIi MOPSIOK TaKuM oOpa-
30M, YTO KJIIOY 3JIEMEHTA X OOJIbIIe KJII0Ya 3J€MEHTa Y, IPUIMHUCAHHOTO MOTOM-
Ky y37a i. B 3TOM cityuae cpeiy HEemoCpeACTBEHHBIX IIOTOMKOB y3J1a [ BEIOUpa-
€TCs TOT, KOTOPOMY NPHUIIMCAH 3JEMEHT } ¢ HAUMEHBIINM KIIFOUOM U JIEMEHTHI
X ¥ y MEHSIIOTCSL MecTaMu. Eciu mocie 3Toro ajieMeHT X CHOBa HE YIOBJIETBO-
pSET YCIOBUSIM Ky4H, TO €IIe pa3 MPOBOJMM aHAJIOTMYHYIO MepecTaHoBKY. U
TakK JI0 TEX MOp, MOKA X HE BCTAHET HA CBOE MECTO.

Paccmotpum 3-gepeBo npexacraBieHHoe Ha puc. 6. B y3ne 1 pacnonoxen
3JIEMEHT X € KJIIO4YOM 31, M 3TOT y3e1 UMeeT JABYX MOTOMKOB C MEHbBIIUMHU
kmouamu, a uWMeHHo 30 u 14. IlpumMeHUM K DdIEMEHTYy X OIepaluio
[NOI'PYXEHMUE.

Cpenn HENOCPENCTBEHHBIX IOTOMKOB y37a | HaxoauM y3el, KOTOPOMY
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IPUIIACAH JIEMEHT y ¢ HAMMEHBIIUM KJIIOYOM, B HaIIeM CiIydae 3TO y3el 5, ¢
kiouoM 14. MeHsieM MecTaMu 3JIEMEHTHI X U ). B pe3ynbrare nonydaercs jae-
peBo, U300pakeHHOe Ha puc. 7.

Puc. 7

Tenepb 37€MEHT X CHOBA UMEET MOTOMKA C MEHBIIIUM, YeM Y HEro KIFUOM
(a Tounee, 00a ero MOTOMKa UMEIOT MeHbIKE Kito4yn). CHOBa HAXOJIUM HETO-
CPE/ICTBEHHOTO IOTOMKA y3J1a, COAEPIKAIIETO SJIEMEHT X, B KOTOPOM HaXOJUTCS
3JIEMCHT C HAMMCHBIIHMM KJIKYOM, U MCHACM €TI0 U X MECTaMU. HOHy‘IaCTCH
JepeBo, n300pakeHHOe Ha pHc. 8.

Teneps x HaxoauTcs B y37ie 17 U HE UMEET OTOMKOB C MEHBIIUM, YeM
y HEro, KIwouoM (TOYHEE, y HEro BOOOIIe HET MOoTOMKOB). Omeparus
[NOI'PYKEHMUE 3aBepiueHa.

BreruncnuTenbHas CI0KHOCTD 3TOM OIEpary MPOTIOPIIHOHATBHA YUCITY
CpPaBHEHMI HJIIEMEHTOB M WX OOMEHOB. {11 Ka)XI0To y3/ia B IMyTH CIICIOBAHUS
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JAHHOU OTepaIiy MPOU3BOANTCS d cpaBHEHMH (TIPH IMOMCKE TOTOMKA C MHHU-
MaJIbHBIM KITFOYOM) M OJMH 0OMeH. J[JIMHa 3TOro MyTH B d-Ky4e C 71 y3J1aMu He
IPEBOCXOIUT €€ BBICOTHI, @ UMEHHO 10g 4 11, 10 TOKa3aHHOMY BBIIIIE YTBEPXKIe-
HHO 1. 3HaYUT BpeMs BhINONIHEHUS naHHOoU oneparmu — O(d - log 4n).

Jlns peanu3anuy  OHEpaldd  TOTPYKEHHST BOCIONb3yeMcst  (pyHKIuei
minchild (7), mo3Bosstromeit s M000T0 y371a i HaXOIUTh €r0 HEMOCPEICTBEH-
HOTO MOTOMKa C MUHHMAJIBHBIM KIIFOYOM. Ecim y y3ia i HEeT MOTOMKOB, TO

minchild (i) = 0.
Peammmzanms onepauuu [IOI'PYKEHUE

procedure I[IOI'PYXXEHUE(i);

begin

¢ := minchild(7);

while (c # 0) and (key(c] < key[i]) do {tr(i, c); iz= c;
¢ := minchild (c¢)}

end;

function minchild (i),

begin

if i-d + 1 > n then minchild .= 0
else

begin first child :=i-d+ 1;

last _child :=min ((i + 1)-d -1, n);
min_key := key[first_child];

for 1 := first_child to last _child do
if key[i] < min_key then {min_key := key[i]; minchild := 1}
end

end;

Onepaunuss BCTABKA. Eciu nepen BbIIIOJHEHUEM 3TOH olepaluy Kyda
coJepkaja n y3J0B (HallOMHUM, YTO OHHM NPOHyMepoBaHbl yuciamu ot 0 mo
n—1), To nobasnsiem k nepeBy (n + 1)-it y3en (ero Homep OyneT 7) U MPHITHU-
CBIBaEM €My JJIEMEHT C MMeHeM nameX u Kiro4doM keyX. BcraBka HOBOTO aiie-
MEHTa MPOU3BOJIUTCS IMOCPEACTBOM OTBEACHUS JJIsl HETO MECTa B M-BIX TO3HU-
IUSIX MAacCHBOB @ W key COOTBETCTBEHHO, ITOCIIE Yero K J0OaBICHHOMY Y31y
npumensiercss onepanus BCIIJIBITUE ans BoccranoBimeHus: KydeoOpa3HOTO
HOpsIZIKA.

BcraBum B d-Kkydy, n300pakeHHYIO Ha pUC. 9, HOBBIH AIIEMEHT C KIIOYOM
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14.

Puc. 9

Chauana noGaBiisieM K JiepeBy HOBBIN y3el ¢ HoMepoM 17 u mpunuchiBaeM
eMy 3JieMeHT ¢ kiitouoM 14. TTonyuum aepeBo, npencrapiieHHoe Ha puc. 10.

3arem npumenseM K y3iy 17 onepamuto BCIUIBITHUE. Ipu onucanun
9TOU OlepaIyu UCIOJIb30BAICS UMEHHO 3TOT npumep (cM. puc. 3, 4, 5).

BerancnurensHas CI0XHOCTh JaHHOW OMEpalii paBHa KOHCTAHTE ILTIOC
BBIYHCIIUTENbHAS ClI0kHOCTE onepaiuu BCITJIBITUE, to ects O(log, n).
Peasmsanus onepauun BCTABKA
procedure BCTABKA (nameX, keyX);

begin a[n]:= nameX; key[n] := keyX; BCIUIBITUE (n); n :=n + 1 end;

Onepanus YJIAJIEHHUE. Drta onepauus ucnojb3yercss A yAaIeHUS
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9JIEMEHTa, TPHUIMCAHHOTO Y3y C 3aJaHHBIM HOMepoM iI. CHadaja SJIEMEHT,
MIPUITACAHHBINA TTOCIETHEMY Y3Iy JIepeBa, MEPEHOCUTCS Ha MECTO yIaIsieMOoro
9JIEMEHTA, MOCIIETHUI Y3l IPHU 3TOM CTAaHOBHUTCS HEHY)KHBIM M MOITOMY y/ia-
nseTcst u3 aepeBa. Jlanee, ecim y3en i, B KOTOPBIM IMOMEIICH HOBBIA AJIEMEHT,
UMEET POJUTENSI, ¢ OOJBIIMM KIIFOUOM, TO K Y3JIy [ TIPUMEHSETCS OIeparus
BCIUIBITHE, B mpotuaoM cinyyae — [IOI'PYXXEHUE.

Takum oOpa3oM, OPHEHTHPYSACh Ha XYIIIUH Ciydald, BBIYUCIUTEIBHYIO
cnoxuocth onepanuu Y JIAJIEHUE onennBaem BenuuuHoit O(d-log 4 n).

Peanuzauus onepaunu YJAJIEHUE:

procedure YJIAJIEHUEC(D);

begin

alil:==a[n—1]; key[il:=key[n — 1]; n==n—1;

if i # 0 and key[i] < key[(i — 1) div d] then BCTIJIBITHUE (i)
else [IOI'PYXXEHUE (i)

end;

Onepanus YAAJIEHUE MUHHUMYMA. DOta onepaiivs mpeaHa3zHave-
Ha JJIS1 B3SITUSA U3 Ky4Yd DJIEMEHTa ¢ MUHUMAJIbHBIM KIIIOYOM (OH HAaXOAHUTCS B
KOpHE JIepeBa) U yAalieHueM ero u3 Kyuu ¢ momoinpo onepanuu Y JJAJIEHUE.

Peanuzauus onepauuu YJAJIEHUE MUHUMYMA:

procedure YJIAJIEHUE MUHUMVYMA (nameX, keyX);
begin nameX:= a[0]; keyX:= key[0]; YIAJIEHUE (0) end;

®ynkuua MINKEY. Drta ¢yHkimus npenHazHadeHa ISl ONpeaeneHHs
MUHHMAJIBHOT'O KJTFO4a 0€3 yJalIeHHS COOTBETCTBYIOIIETO 3JIEMEHTA.

Peasmmzanusa pynxkunun MINKEY:

function MINKEY;
begin MINKEY: = key|[0]; end;

Tpynoemxocts onepannu MINKEY, oueBuano, pasaa O(1)

Onepanus YMEHBIIEHUE KJUIFOYA. Ilpennaznauena ais yMeHblIlIe-
HUS KIIIOYa y DJIEMEHTA, IPUIMCAHHOIO Y3Ily C 3aJaHHBIM HOMEPOM i, Ha 3a-
JTAHHYI0 BeIMUYMHY A. OTO NEHCTBHE MOXKET HapyIIUTh KydeoOpas3HbIM Mops-
JIOK JIMILIb TAKUM 00pa3oM, YTO YMEHBIIEHHBIN KIIIOU 3JIEMEHTA B y3II€ | CTAHET
MEHBIIIE KJIK0Ya 3JIEMEHTAa B POAUTEIBCKOM y3II€e. [l BOCCTAHOBICHUS NOPS-
Ka B Kyde ucnonb3yercs onepauust BCIIJIBITUE.

BeraucnnTenpHas CI0KHOCTh JaHHOH ONEpalii COCTOUT U3 BPEMEHH, 3a-
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TPaYyMBAaEMOT0 Ha YMEHBIICHHE KIro4Ya (TO €CTh KOHCTAHTHI), © BPEMCHHU BBI-
nonrenus onepanuu BCIUIBITHUE (to ects O(log ;n)). B utore Bbiumc-
nutenpHas cinoxHocts onepanud YMEHBIINTD KJIFOY pasua O(log ;).

Peanuzanus onepauuu YMEHBIIEHUE KJIFQOYA:

procedure YMEHBIIINWUTE KIJIIOY (i, delta);
begin key[i] := key[i] — delta; BCIUIBITUE (i); end;

Onepamnss OKYUUBAHUE. 3ametum, uTO eciid d-Kyda CO37aeTcs IMy-
TeM n-kpaTHoro npumenenus onepanun BCTABKA, To cymmapHas Tpyoem-
KOCTh ee co3nanus Oynet pasHa O(n-logn). Eciu e Bce 7 31eMeHTOB cHava-
Ja 3aHUMAIOT B TIPOM3BOJIBHOM Topsiike maccuB a[0 .. n — 1] u, COOTBETCTBEH-
HO, MaccuB key[0 .. (n — 1)], To MOXHO TpeBPaTUTh UX B d-Kydy, MPUMECHSS
onepanuio IIOT'PYXEHUE no ouepeau k y3mam (n — 1), (n —2), ..., 0.

Taxoii mporiecc OyieM Ha3bIBaTh OKyYMBaHHEM MaccuBa. J{Js mokazaTelib-
CTBa TOTO, YTO B pe3yJibTaTe JEHCTBUTENLHO YCTaHABIMNBAETCS KyueoOpa3HbIii
HNOPSAZOK JOCTaTOYHO 3aMETUTh, YTO €CIHM HOJJEPEBbs C KOPHSAMHU B Yy3Jax
n—1,n—-2, ..., i+ 1 ynopsmoueHsl 1o nmpaBuiIy Ky4u, TO MOCJe MTPUMEHEHUS
npoueaypst [IOI'PYKEHUE k y3ny i noaaepeBo ¢ KOpHEM B 3TOM y3JI€ TaKxKe
CTaHeT yHOPSA0YEHHBIM 110 IPAaBUITy Ky4H.

Hrak, ocTaHOBUMCS HA CIIEYIONIIEH pealn3alivy.

Peammzanusa onepannu OKYUNBAHUE:

procedure OKYUNBAHUE;
begin for i := n — 1 downto 0 do [IOI'PYXKEHUE (i) end,;

Ymeepowcoenue 3. Boiuucrumenvuas croscnocms onepayuu OKYYUBAHUE
pasna O(n).

Jokazamenscmeo. 3amMeTuM, 4TO TPYIOEMKOCTD TTOTPY>KEHHS C BBICOTHI /1
paBaa O(h), a KOJNMYECTBO y37I0B BBICOTHI /I He mpeBocxomut n/d ". Octanock
OLIEHUTbh CyMMY

H

n
Z h h’
m o d
rae H= rlog anlu yOeIUThCS, UTO MOJIy4eHHass cymma ecth O(n).
Jly1si CyMMHPOBaHHUsI MOXHO BOCIIOJIB30BATHCS (POPMYJIIOH

L xM —(k+Dx+k
3

= x xF(x—1)2
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HpCHOCTaBHHCM YUTATCIIIO BO3SMOXHOCTD 3aBCPIINTDL JOKA3aTCIbCTBO.

Onepanus CO3JIATh_CIIMCOK_MHUHUMAJIBHBIX. Dta onepamus
NPUMEHSETCS AJsl TOJMYYEHUS CIUCKAa 3JIEMEHTOB, KOTOpPbIE HMEIOT KIIOYH
MEHBIIINE 33/IaHHOTO 3Ha4deHus key(, W peanu3yercst CIeAYIONIMM O00pa3oM.
Ecnu ximod sieMenTa, HaxoIsmierocst B Kopue 6osblie, 4eM key(, To 31o nepe-
BO HE HMMEET HCKOMBIX 3JEMEHTOB. B NMPOTHBHOM ciydae BKJIIOYaeM €ro B
BBIXO/IHOM CIIUCOK S, a 3aTeM IPUMEHSEM Ty K€ MPOLELYPY KO BCEM IIOTOMKAM
y3J1a, BKIIFOUEHHOTO B CITUCOK.

[TycTh Ky4a colepKUT k DIEMEHTOB C KiI0o4aMu MeHbIMH, 4yeM key0. I1o
CBOMCTBY Ky4HM, OHH BCE€ PacIlOJIOKEHBI Ha €€ «BepXyIlKe». JlaHHas nponenypa
O0XOAUT 3Ty BEPXYIIKY 3a BpeMs, HPONOPLHOHANBHOE Kk, M JUIS KOKIOTO W3
9TUX Kk SJIEMEHTOB IPOCMATpUBAeT BCe ero d (MM MEHBIIE) HEIOCPEACTBEH-
HBIX TOTOMKOB. [losy4yaem, 4To BpeMs BBIIIOJIHEHUs JaHHOW MPOLEIY bl SIBIS-
ercs Benmmunnoi O (d-k).

Peammmzanms onepannu CO3JJATh_CIIMCOK_MHWHUMAJIBHBIX:

procedure CO3JJIATH CIIMCOK MUWHUMAIJIBHBIX(S, key0);
begin

WNHunmanu3nupyem CMcoK S MyCThIM CIIUCKOM;
NHnnmanusupyeM Crek;

0 = crexk;

while cTex He mycT do

begin

CTEK = I;

if (key[i] < key0) then [lo6GaBuTh a[i] k ciucky S;

for j:=d*i+ 1tod*(i+1)doifj<(n—1)then;j = crek;
end

end;

CBojHbIEe JaHHBIE 0 TPYI0EeMKOCTH ONepanuii ¢ d-KyyaMu

BCIUIBITHE (7) O(log,n)
IMMOT'PYXXEHUE (i) O(d log,n)
BCTABKA (nameX, keyX) O(log,n)
YJIAJIEHUE (i) O(d log,n)
YIAAJIEHUE MWH (nameX, keyX) O(d log, n)
MINKEY o(1)
YMEHBIIIEHUE KITIFOYA (i, A) O(log,n)
OBPA3OBATH_OYEPE/Ib O(n)
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| CIIMCOK_MVH (x, 1) | oWk

3ameuanue. [Ins d-xy4 «HEYJOOHOW SBIISETCS ONEpPAIIHs CIMSHUS KY.

3.3. NpumeHeHMe NpMOpPUTETHLIX oYepeaen
B 3aJa4e COPTUPOBKMU

ITox 3amayeil COpTUPOBKM B MPOCTEHIIEM CIy4Yae MOHUMAIOT CIIEAYIOLIEE:
naHa nocnenoBatenbHocTh (key[1], key[2], ... , key[n]) u3 n snemMeHTOB HEKoO-
TOPOT0 JIMHEHHO YMOPSIOYCHHOTO MHOXKECTBA, HAMPHUMEp, IebIX WU Bellle-
CTBEHHBIX YHCEJI, 3a[IHCAHHBIX B MacCHB key. Tpebyercs mepecTaBuTh IeMEH-
ThI MACCHBA TaK, YTOOBI ITOCIIE MEPECTAHOBKHU BBIMOIHSIINCH HEPABECHCTBA:

Key [1]<key[2] < ... < key [n].

YTouHEHHS 3TOU 3aJa4u CBA3aHbI C TEMHU CPEACTBAMU, C IOMOIIBIO KOTO-
pBIX Ipeanojaraercs ee peumieHue. Hac uHTEpecyroT aaropuTMel ¢ TOUKH 3pe-
HUSl UX KOMIBIOTEpHOM peann3anuu. OLEHuBas KadyeCTBO PA3IMYHBIX airo-
PUTMOB, OOBIYHO MHTEPECYIOTCS TE€M, KaK 3aBUCHUT BpPEeMs CueTa OT JUIMHBI N
COPTUPYEMOI MOCIIEIOBATEILHOCTH U TPEOyeTCs JU ISl ATOTO JOTIOJHUTEb-
Has MaMsATh, pa3Mep KOTOpOoH 3aBUCUT OT 7. CyIIECTBEHHYIO pOJIb MPU 3TOM
UTpaeT METOJ JAOCTYMa K jIeMeHTaM namsaTH. [lpu copTupoBke BO BHYTpEHHEH
(orrepaTHBHOI) TTaMSATH OOBIYHO HCITOJIB3YETCS MPSMOU JAOCTYII, @ BO BHEITHEH
— MOCJIEIOBATEbHBIMN.

BecxuTpocTHasi COPTHPOBKA B MAMATH ¢ MPSAMBIM J0CTYNOM. becxur-
POCTHBII aIrOPUTM COPTHPOBKU MOYKET 3aKJII0YATHCS B BBIIIOJIHEHUU CIIEAYIO-
IIMX ONEPaToOpOB

fork-=1ton—1dofori:=k+1tondo
if key[i] < key[k] then tr(i, k);

3nech tr(i, k) — mpouemypa, TpaHCIIOHUpYIOIas IeMeHThl key|[i], key[k].
3amMeTHM, YTO YHCIIO CPABHCHUIA

"key[i] < key[k]"

IpHU pean3alii TaKoro anroputMa pasHo 7 (n — 1)/ 2. B wactHOCTH, 3TO 03-
HAYAET, YTO BPeMsi paGoThI 3TOTO anroput™a papHo O(n°).

CopTupoBka MeTOI0M «pa3iessiii U BaacTBY». [Ipenmnonoxum, 4To B
HAIIEM PacropsuKeHHH uMeercst nporenypa PASIEJIAN (i, j, k), xotopast 1o
3a/IaHHBIM 3HAYEHUSIM UHACKCOB I, j HAXOJAUT HEKOTOPOE MPOMEKYTOUHOE 3HA-
YeHUe k W MepecTaBisIeT JJIEMEHThI cerMeHTa key[i..j| Tak, 9ToObl st s = i,
i+1,..,k—1 Bemonusnocs HepaBeHCTBO key[s|<keylk], a mia s=k+1,
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k+2, ...,j —uepaBenctBo key[k] < key[s].
Torma s copTUpoBKH cerMenTa key|i .. j] MoxkeT OBITh HCTIONIB30BaHA pe-
KypeusHast npouexypa COPTHUPYIL
procedure COPTHUPYH (i, /);
begin if i = then exit
else {PA3JIEJIAMN (i, j, k); COPTUPYH (i, k — 1);
COPTUPYU (k+ 1, )}

end;

Jlnst COPTUPOBKU BCETO MCXOIHOTO MAaCCHBA JIOCTATOYHO BBIIIOJIHHUTH OTIe-
patop COPTHUPY (1, n).

3ameruM, 4TO ecmu 6b mporeaypa PA3JEJISN paborana nuneiiHoe OT
JUTMHBI CETMEHTa BpeMsI ¥ JIaBajla 3HAUeHHe K, OJIN3KOE K CepeluHe MEXIY I
J, TO 4ncIiio oOpalieHuii K Hell MPUOIN3UTENBbHO PaBHsIOCH Obl log 1 1 copTu-
pOBKa Bcero maccuBa mpoxojawnia Obl 3a Bpems mopsinka O(n-log n). Onnako
MOYKHO J0Ka3aTh, YTO IIPU €CTECTBEHHOM peann3aliy 3Ta OLIEHKa CIpaBeAInBa
JIMIIB B CPEITHEM.

YnpaxHeHus

1. Pa3paGoraiiTe BapHaHT MpOIELypbI COPTUPYU 6Ge3 ncrnons30Banus pe-
Kypcun. CKOJIBKO JOMOJHUTEIIBHONW MaMATH TpeOyeTcs Ul 3allOMHUHAHUS
TPaHUI] ellle HE OTCOPTUPOBAHHBIX CETMEHTOB?

2. OxapakrepusyiiTe paboTy Hpoueaypbl COPTUPYU na 3apaHee OTCOPTH-
POBAHHOM MacCHBE.

3. Hammmwurte Ha W3BECTHOM BaM ITOPHUTMHUYECKOM S3BIKE MPOrpaMMy COp-
THPOBKH YHCIIOBOrO MaccuBa ¢ momorpsio nponexypst COPTUPYH u uc-
IBITalTe ee Ha MAacCHBAX, CTeHEPHUPOBAHHBIX C IIOMOUIBIO IaTYNKA CITyqaid-
HBIX yucen. CocTaBbTe TAaOIMILy, OTPAXKAIOUIYIO BpeMst paboThI Balei mpo-
rpaMMBbI Ha MaccuBax pasHOW JuMHbL. KakoB MakcHMasbHBINA pa3mep mac-
CUBA, KOTOPbIII MOXHO OTCOPTUPOBATH COCTABJIEHHOW MPOrpaMMOil Ha Ba-
IeM KomIbrorepe?

CopTupoBKa «COUSITHMEM». DTOT METOJ SIBISETCS Pa3HOBUIHOCTHIO Me-
TOJA «pa3/ieisiii W BIACTBYH», BIPOYEM, yMeCTHee ero ObLIo Obl Ha3BaTh
«BIIACTBYH U OOBEAMHSIN.

Ipexmomnoxum, 4to y Hac ects mpoueaypa CJIMBAM (i, j, k), kotopas iBa
YK€ OTCOPTHPOBaHHBIX cermeHTa key[i..(j — 1)] u key|j..k] npeoOpasyer (cim-
BAacT) B OJIMH CEerMeHT key[i..k], nenas ero moJHOCTHIO OTCOPTHPOBAHHBIM. To-
I/1a peKypCcuBHas poueaypa
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procedure COPTHUPYH (i, /);
begin if i = then exit
else {m:= (i +j) div 2; COPTUPVY (i, m);
COPTUPYH (m + 1, ); CJIMBAH (i, m, j)};

end;

OYEBHIIHO, COPTUPYET CErMEHT key[i .. j|, a Uil COPTUPOBKU BCETrO MCXOIHOTO
MaccHBa 10CTaTo4HO Bhmomuuts omeparop COPTUPYM (1, n). Kak Buamm,
BONpOC OaJlaHCHMPOBKH pa3Mepa CErMEHTOB pelaercs 3Aech MnpocTto. Yucio
oOpallieHuit K mpouexype CJIMBAH (i, m, j) paBHoO log n, a Bpems ee BBIMOJI-
HEHHS JIETKO CJIeNIaTh JIMHEHHBIM OT CYMMAapHOMW JUIMHBI CIMBACMbIX CErMCH-
TOB.

Yupaxxnenust

PaspaGoraiite nporenypy CJIMBAM u Bapuant nporeaypst COPTUPY
0e3 ucnoab30BaHus peKypcuu. CKOJIBKO JOMOJHUTEIBHON MaMsATH Tpedy-
eTcs IS ee pear3aun’?

OrneHnTe TeOpeTUYeCKH BpeMst padOThI AITOPUTMA 110 METOJLY CIHSHUS.
Hanumure Ha M3BECTHOM BaM aJTOPUTMHUYECKOM SI3BIKE MPOTPAMMY COP-
TUPOBKM YHCJIOBOTO MacCHBAa METOJIOM CJIHMSIHUSI U UCIIBITAlTE €€ Ha Mac-
CHBaX, CTCHEPUPOBAaHHBIX C MMOMOIIBIO JaT4YMKa ciydaiiHbix umncen. Co-
CTaBbTE TAONHIly, OTPaKAIOIIyI0 BpeMs pabOTHl Balleil MporpaMMbl Ha
MaccuBax pa3Hoil nnuHbl. KakoB mMakcuMallbHBIM pa3sMep MaccHuBa, KOTO-
PBIIi MOXKHO OTCOPTHUPOBATH COCTABJICHHOW MPOTpaMMOW Ha BalleM KOM-
neroTepe?

CopTupoBKa ¢ noMombio d-ky4u. JJis IpecTaBiIeHUs COPTUPYEMOH TI0-

CIIE/IOBATENILHOCTU UCIONIBb3yeM CTPYKTYpy d-kKy4u. COPTUPOBKY MOXHO IMPO-
BECTH B JIBa dTara.

1.

OKy4uTh COPTUPYEMBIII MAaCCHUB, TPUMEHSS IOCIEIOBATEIBHO OIEPAIUI0
MOT'PYXEHHUE no ouepenu k y3nam (n — 1), (n —2), ..., 0 B npeamomno-
KEHHH, YTO CHayajia BCE /1 KIIOYECH 3aHMMAIOT B MPOU3BOJILHOM ITOPSIKE
maccus key[0 .. n—1].

OcymecTBUTh OKOHYATENIBHYIO COPTHPOBKY ciexyrommMm obpaszom. [lep-
Bblii (MHUHMMAJIBHBIA) AJIEMEHT Ky4YH MEHSEM MeCTaMH C IIOCIEIHUM,
yYMEHbIIaeM pa3Mep Kydd Ha | (MUHUMAaJIbHBIN 3JEMEHT OCTaeTCs B IO-
creqHel no3unun MaccuBa key, He SIBISISACH YK€ JIEMEHTOM Ky4H) U TpH-
mensem omnepanuio [IOI'PYXXEHUE k kopHio, 3aTeM MOBTOpSEM aHao-
TUYHBIE IEHCTBUS, II0KA Pa3MEpP Ky4H HE CTAaHET PaBHBIM 1.

OTH ABa 3Tara peaausyroTcs ¢ noMolnbo npouenypbl SORT, kotopas cop-
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TUPYET MacCUB MO yOBIBAHUIO KITIOUEH.

procedure SORT(n);

begin

for i :=n—1 downto 0 do [IOI'PYXXEHMUE (i);

while n > 1 do {#r (1, n); n:=n— 1; IIOI'PYXXEHUE (1)}
end;

3ametuM, uyto mporenypa SORT He TpeOyeT MOMONHHUTEIHHOW MaMSTH,
pa3mep KOTopoii 3aBHcel ObI OT JUIMHBI MaccuBa key.

YnpaxneHus
Hokaxwure, 4To onepaTop

| for i :==n— 1 downto 0 do [IOI'PYXKEHUE (i); |
B miporieaype SORT mMoxHO 3aMeHUTH Ha oTiepaTop
| for i:= n div 2 downto 1 do [IOTPYKEHMUE (i). |

Hanummre Ha M3BECTHOM BaM aJITOPUTMHUYECKOM SI3BIKE MPOTPaAMMy COp-
TUPOBKHM YUCIOBOTO MaccuBa ¢ nmomoinbto npoueaypsl SORT(xn) u ucnbitaiite
e€ Ha MaccHuBax, CreHEPUPOBAHHBIX C TIOMOIIBIO JATUYMKA CIyYaWHBIX YHCEI.
CocTtaBbTe TaOaMILy, OTPAXKAIOIIYIO BpeMsi pabOThI Balllel MporpaMMbl Ha Mac-
cuBax pa3Hoi JUIMHbI. KakoB MakcuManbHbBIN pa3Mep MaccuBa, KOTOPBIA MOX-
HO OTCOPTHPOBATh COCTABJIEHHOW MTPOrpaMMOil Ha BallleM KOMITbIOTEpe?

3.4. HaxoxpeHua kpaTyarMwmx nyten B rpace

Bxoonvie oannvie:
e ['pad G c B3BemeHHBIMU pedpamu (1O BECAMU MOXKHO IOHUMATD JUTU-
HBI pebep, eciau peyb UIEeT O FTeOMETPUUECKOM rpade, uim 1oobie Apy-
T'H€ YUCIIOBbIE XapaKTEPUCTUKH pedep).
e CraproBas BepIIMHA S (BEpUIMHA OT KOTOPOM BBIYMCISIOTCS PacCTOA-
HUS 10 BCEX OCTAJbHBIX BEPILIUH).
Buvixoonwie oannvie:
e Maccus dist[1.. n], (dist[i] — kpaTuaiiliee pacCTOSHHE OT BEPIIUHBI S
710 BEPLINHBI ).
e MaccuB up[l..n], (up[i] — mpenmocneaHss BepIIMHA B KpaTIAUIIIEM TTy-
TH U3 S B I).
3ameuanue. 11puBoAUMBII HUXKE AITOPUTM J[eHKCTPBI KOPPEKTHO pEIIaeT
3agady Uit rpad)oB ¢ HEOTPULATEIHHBIMU BecaMu BepIinH. Ecnm xe B rpade
ecThb pebpa ¢ OTpHIATEIbHBIMH BECAMH, HO HET IMKJIOB C OTPHUIATEIbHBIM
CYMMapHBIM BECOM, TO I PEIIEHUs 3aJjaud MOKHO HCIOJb30BaTh aJTOPUTM
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®opaa, benamana.

I

Aneopumm Jletixkcmpul

3amomHUTh MaccuB up [ 1..n] HynsaMu.

Kaxno#i BepiiHe i npumnucaTh B KayecTBe Kiroua dist [i] — MakcuManbHO
BO3MOKHOE YHMCIIO (OHO JTOJKHO OBITH OOJIbIIIE YeM JUTHHA HAauOOJIbIIETro 13
KpaTyalmmx myTeid B rpade; B MpPOIECCe BBIYUCICHUI ATO YUCIO OyneT
YMEHBIIATHCS M B UTOT€ 3aMEHUTCS Ha JUIMHY KpaTyailliero ImyTH U3 Bep-
IIMHBI § B BEPLIUHY ).

OpraHu3oBaTh MPUOPUTETHYIO OUEPE/Ib M3 BEPIIMH rpada, B3sIB B KAYSCTBE
KIroueii Benuunnsl dist [i], i= 1,2, ..., n.

3aMeHUTD K04 BepIIHHbI S Ha ().

[Toka ouepenp HE TycTa BBIMOIHATE onepanuu 6 — 7.

BeiOpate (¢ ynaneHuem) U3 IPUOPUTETHON OYepeIy JIEMEHT 7y C MMHU-
MaJIbHBIM KJTFOUOM;

J1nist KaK101 BEPIIMHBI 7 CMEXKHOM € ¥ BBIITOIHUTH orepanuu 8, 9.
Beruncnuts Benuunny delta = dist[r] — (dist[ro] + L(ro, 1));

Ecmu delta > 0, To ymeHbIIUTh KJItO4U dist [r] 3MeMEHTa ¥ Ha BEJIUYHHY
delta v 3aMeHUTH CTapOE 3HAUCHUE BETUUUHBI Up [r] Ha Fy;
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nasa 4. OB bEAUHAEMbIE MPUOPUTETHLIE OMEPEOU

4.1. JleBOCTOPOHHME KyuMn

Jlesocmoponnss kyua [3], [10] — 370 mpencTaBieHne MPUOPUTETHON Ode-
pelu ¢ MOMOUIbIO TaK HAa3bIBAEMOT'O J1€80CHOPOHHE20 OuHapHozo oepesa. Ilpn
pealin3alyyd TPUOPUTETHBIX OYepesieil JIEBOCTOPOHHUMH KydyaMu MpeaycMar-
pHUBaeTcss BO3SMOXKHOCTD UX 00BETMHEHHSI.

Bunapuwvim O0epeeom Ha3bIBAaeTCS KOPHEBOE JIEPEBO, Y KOTOPOTO KaKIbIH
y3eJ] UMeeT He 0oJiee JBYX HEMOCPECTBEHHBIX TOTOMKOB. OJMH U3 TTOTOMKOB
Ha3bIBACTCS JIEBBIM, APYTOM, €CIIM OH €CTh — MPaBbIM. Y3€J Ha3bIBaeM HEMoJ-
HBIM, €CJIM OH UMEEeT MEHee JIByX HEeIOCPEICTBEHHBIX TOTOMKOB. B wacTHoCTH,
JIMCTBS IEPEBa SBJISIFOTCS HETIOJIHBIMU Y3JIaMH.

Paneom yzna nazpiBaeM yBenndeHHOe Ha 1 paccrostHue (4uciio pedep) oT
HEro 710 OJMpKafIIero HermoJIHOTO MOTOMKA.

Panr y3nma MOXHO OINpeneiauTh Takke cleayloumm odpazom. Pacumputs
JTAHHOE JIepeBO 10 TOJHOTO OMHAPHOTO JIepeBa, M00aBIAd K KaXIOMY Y3Iy,
UMEIOIIEMY MEHEe JABYX ITOTOMKOB, B TOM YHCII€ M K JIUCTBSAM HCXOJHOTO Jie-
peBa, HEJOCTAolIee KOJIMYECTBO IMOTOMKOB. 3aTe€M HNPUIHUCATh KaKAOMY M3
JUCTHEB MOJYYECHHOI'O pacIIMpPeHHOro JepeBa paHr 0, a paHr Kakaoro u3 oc-
TAJIBHBIX Y3JI0B OINPEICIUTh KaK MUHUMYM M3 PaHTOB €r0 HEMOCPEICTBEHHBIX
NOTOMKOB TuTIOC 1. OYeBHIHO, PAaHTH BEPIIUH MCXOIHOTO JIEPEBa COBMAIYT C
paHraMu COOTBETCTBYIOIIMX BEPIIMH PACIIUPEHHOTO JIepeBa.

Jlesocmoponnee oepego — 3T0 OUHAPHOE EPEBO, AJIS KaXKAOT0 y3i1a KOTO-
pPOTO paHr ero JIEBOro HEMOCPEICTBEHHOTO MOTOMKA B PACIIMPEHHOM JIepeBe
HE MEHbIIIE paHTa ero MPaBoOTo MOTOMKA.

Bemevio bunapnozo oepesa Ha3bIBaeM I10CIEI0BATEIBHOCTD €TI0 y3JI0B, Ha-
YHHAIOIIYIOCS C KOPHS, 3aKaHYMBAIOUIYIOCS JINCTOM, M TaKylO, YTO KaXKJIbIi
CJICAYIOUIMIA y3€ell SIBJISETCSI HENOCPEICTBEHHBIM TOTOMKOM TPEIBITYIIETO.

IIpasoii semeblo Oepesa Ha3bIBa€M BETBb TAKYI0, YTO KaXKIBIH CIIEAYIOIINN
y3€J1 ABJIACTCA HCIOCPCACTBECHHBIM IIPABBIM IIOTOMKOM IMPEABLAYIICTO.

[Ipumep neBOCTOPOHHETO JIepeBa (U €ro pacliupeHus) NpuBeieH Ha puc. 1.
Pebpa ucxonmnoro nepeBa M300pakeHbl KUPHBIMU JTMHUAMH, a pedpa, 100aB-
JICHHBIE TIPU PACIINPEHUH — ITYHKTHPOM. HHca psAaoM ¢ y3/IaMu — UX pPaHTH.
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Puc. 1

Ceoilicmea n1eeocmoponHezo depesa

1. IlpaBas BeTBb U3 J1I000T0 y371a AepeBa B JIUCT UIMEET MUHUMAIIbHYIO JUIH-
HY CpPEJIH BCEX TaKUX BETBEH.

2. JInHa mpaBoii BETBH JIEBOCTOPOHHETO JIEPEBA, HMEIOIIETO # y3JIOB, OT-
paHUYCHA BEIIMYMHON C Llogsz, ¢ = const.

[lepBoe CBOWCTBO HEMOCPEICTBEHHO CIIEAYEeT W3 OIpPEAETCHUs JIEBOCTO-
poHHero aepeBa. [ moka3aTenbCcTBa BTOPOTO CBOMCTBAa pacCMOTPUM JIEBO-
CTOpoHHee JepeBo 7, y KOTOpOro JJIMHA MpaBoi BETBU paBHa A. MHIykuuei
10 YUCIY /1 TOKaXXeM, YTO YHCIIO 7 y3JIOB B TAaKOM JIepeBE yJOBJIETBOPSIET He-
PaBEHCTBY # > 2"_ 1. JleficrBuTensHo, npu 4 =1 yTBepXJeHUE OYCBHIHO.
IIpu 4 > 1 nesoe u mpaBoe moauepeBbst aepeBa 1 OyayT JIGBOCTOPOHHUMH, a
paHTH UX KopHe# Ooiplie uin paBHHI /1 — 1. CreoBaTenbHO, 10 TPeIoIoKe-
HUIO HHIYKITUN YHCIIO Y3JIOB B KaXJIOM U3 HUX OOJIBIIE WIIH paBHO 2" 1,a
B JiepeBe 1 — OOJIbIIIe UM PABHO

Qo+ D +1=2" 1.

Jlig peanu3anuu NPUOPUTETHON OYepen C MOMOLIBIO JIEBOCTOPOHHEH Ky-
i OyJieM UCIIOIb30BaTh Y3JIbI BU/IA

Node = (element, key, rank, left, right, parent),

coJiepKallye CIeAYIoUIy0 HHPOPMALHUIO:
® element — dNEMEHT MPHOPUTETHON OUEPEIN WMJIM CChUIKA HAa HEro (uc-
MOJIE3YETCS TIPUKIIQIHON TIPOTPaMMOii),
key — ero ko4 (Bec),
rank — paHr ysna, KOTOPOMY IIPUITUCAH PACCMATPUBAEMBIH JIEMEHT,
left, right — yka3aTenu Ha JIEBOE H MTPaBOE MOIJICPEBbS,
parent — yKa3zaTelb Ha POAUTEIS.
Kyua npencrasisiercst ykazaTeaeM Ha ee KopeHb. Eciu A — ykazatenb Ha

235



KOpEHb Ky4H, TO uepe3 /1 OyaeM 0003Ha4YaTh U caMy Kydy.
3amMeTuM, YTO yKa3aTelb Ha POJHTEIS HCIOJB3YeTCs JIUIIb B ONEpPaIHsX
VIAJIUTh v YMEHBIIIUTH KJIKOY (cM. HIKE).

Onepamus CJIMSAHUE. Dta onepanusi MO3BOJISET CIUTh JBE JIEBOCTO-
poHHHUE Kyuu /1y u hy B oiHY Kydy h. Peanmsyercs oHa MOCPEICTBOM CIIHSIHUS
NpaBbIX MyTeH IBYX MCXOAHBIX Ky4 B OJMH IMPABBIi MyTh, YIIOPAJOYCHHBIN 110
NpaBUiIaM Kyd4H, a JIEBbIE MOJACPEBhs Y3JI0B CIMBAEMBIX MPABBIX MyTeH ocTa-
IOTCSI JIEBBIMU TIOJIICPEBBSIMH COOTBETCTBYIOIIUX Y3JIOB B PE3yJIbTHPYIOIIEM
nyTd. B mony4eHHol Kyde He0OX0AUMO BOCCTAHOBUTH CBOWMCTBO JICBU3HBI Ka-
XKJIOTO y371a. DTO CBOWCTBO MOXKET OBITh HAPYIICHO TOJIKO y Y3JIOB IIPABOTO
YT TOJyYEHHON Ky4H, TaK Kak JIEBbIE MOJIEPEBhs C KOPHIAMHU B y3JIaxX Ipa-
BBIX IyTEeH MCXOJHBIX Ky4 HE U3MCHHJIMCh. BoccTaHaBIMBaeTcsi CBOWCTBO Jie-
BU3HBI TIPU MTOMOIIU MPOXOa MPaBOro MyTH CHU3Y BBEPX (OT JHCTa K KOPHIO)
C MIOIYTHBIM TPAaHCTIOHMPOBAHUEM B CITydae HEOOXOJIUMOCTH JIEBBIX M MPABBIX
MOJI/IEPEBHEB U BHIYHMCICHUEM HOBBIX PAHTOB IMMPOXOAMMBIX Y3JIOB.

PaccmoTpuM mporiece CIusHUS ABYX JISBOCTOPOHHUX Kyd /11 U Ky, n3o0pa-
’KEHHBIX Ha puc. 2.

Yucna BHYTPU KPYKOUKOB SIBIISIOTCS KIIIOYaMH 3JIEMEHTOB, IPUITUCAHHBIX
K COOTBETCTBYIOIIMM Yy3JiaM. [IpaBbie BETBU Kyd MOKa3aHbI >KUPHBIMU JTUHHSI-
Mu. Uucna paaoMm ¢ y3i1aMu — UX PaHTH.

[Mocne oObenuHEHUsT MPaBBIX MyTEH MOMYYHM JAEPEBO, M300pakeHHOE Ha
puc. 3. OHO He SBISETCA JEBOCTOPOHHUM. B CKOOKax yka3zaHBI PaHTH Y3JIOB,
KaKMMH OHU ObUTM B MCXO/HBIX Kydax J0 CIUSHUS.

BoccranoBnenue cBoHCTBa JIEBU3HBI Ky4d HAUMHAEM C MOCJIEIHEro ys3ia
paBoi BeTBU. DTO y3en ¢ KiatodoM 18. OueBHIHO, OH JOKEH UMETh paHr 1,
COBIIAAONINH C €ro CTapblM 3HAUYEHHEM M IOITOMY He TpeOyromuii oOHOBIIe-
HUSL.
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Puc. 3

Crenyromuii o HaIpaBJICHUIO K KOPHIO y3€Jl IPaBOi BETBU MMEET KIIIOY 8,
paHT ero JIEBOTO ChIHA HE MEHbIIIE PaHTa MIPABOTO ChbIHA, CJIEOBATENIBHO, YCIIO-
BHE JICBU3HBI BBIMOIHIETCA U MOTOMY TPAHCIIOHUPOBAHUS €r0 JIEBOTO M Ipa-
BOTO Mo/iJiepeBheB He Tpedyercs. OHaKo, paHT ATOTO y3Jia HE0OXOJMMO 0OHO-
BUTH, TAK KaK €ro cTapoe 3HaueHHe | He COBMAJaeT C yBeTUYEHHBIM Ha 1 Mu-
HUMAJIbHBIM U3 PAaHTOB €ro MOTOMKOB, TO €CTh ¢ YuciioM 2. OOHOBUB paHT, MO-
JYy4YUM Ky4dy, U300pa’keHHYI0 Ha pucC. 4.

Puc. 4

Tenepb paccMoTpuM y3ed ¢ Kio4oM 7. OH UMEET JIEBOT'O ChIHA C KIFOYOM
37 v pa"TroM 1, ¥ IpaBOTO ChIHA C KITIOUYOM 8 U paHroM 2. {15 BOCCTaHOBIEHUS
CBOMCTBA JICBU3HBI B 3TOM y3JI¢ HCOOXOJUMO TMOMEHSATh MECTAMHU €TO0 JIEBOE H
MpaBoOe MOIJIEPEBhsl © OOHOBHUTH paHTr. ET0 HOBBIM 3HAaYCHHEM Oy/IeT MUHUMYM
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U3 PAHIOB €ro MOTOMKOB (3TO paHr HOBOT'O MPaBOro ChIHA) IJIOC 1, TO ecTh 2.
B pesynbpraTe momydaem nepeBo, n300pakeHHOE Ha pHC. S:

Jlanee paccmarpuBaeM y3el ¢ kito4oM 6. O0a ero cblHa UMEIOT OJJUHAKO-
BB paHT 2, CIeloBaTelIbHO, MEHITh UX MecTaMH He TpeOyercs. Beraucium
JIMIIH HOBOE 3HAYEHHE paHra: OHO PaBHO MUHHUMAJILHOMY M3 PAHTOB €ro JeTei
(panry mpaBoro cbiHa) mitoc 1, To ecth 3. [lomydaem gepeBo, m3o00paskeHHOE
Ha puc. 6.

Hakomner, paccMaTpuBaeM y3el ¢ KIIOYOM 3, KOTOPBIH SIBISETCS MOCIE-
HUM B MPaBOM BETBH, IMOJTYYCHHOU CIIMSHUEM IPABBIX BETBEH MCXOMHBIX Kyd.
Ero moromkoB (y3:bl ¢ kimouamu 10 u 6) HEOOXOAUMO TOMEHATh MECTaMH ISt
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BOCCTAHOBJICHUS CBOMCTBA JIEBU3HBI U OOHOBUTH PAHT, KOTOPBIN OyAeT Tenepb
paseH 3. [lociie BBIMOIHEHHS 3THX ONEpaluii MOIyYUM JIEBOCTOPOHHIOK Ky4y,
n300pakeHHyto Ha puc. 7. Ha stom Bemmonnenue omneparun CJIMSAHUE 3a-
KaH4YMBaETCS.

Puc. 7

OueBunno, BpeMs BoinonaHeHus onepauuu CJIIMAHUE nponopunonaisHo
CyMMe€ JIJIMH IPaBbIX MyTel ciuBaeMbIX Kyd. [1o CBOMCTBY 1€BOCTOPOHHEH KYy-
YK OHO HE MPEBOCXOMUT BeauuuHbl log n; + log ny <log n + log n, rne ny, ny —
KOJIMYECTBA y3JI0B B UCXOAHBIX Kyuax, a # = 1| + 1y — KOJIMYECTBO y3JIOB B pe-
3yJabTHpYomiel kyde. CieoBaTeNbHO, BHIYMCIUTENbHAS CJI0XKHOCTh ONepalui
CJIUSHUE pasna O(log n).

Peanmmzanms onepaunu CJIMAHUE

procedure CJIMSAHUE(hI, h2, h);
begin
if h1 = nil then {h := h2; exit};
if h2 = nil then {h := h1l; exit};
if h1* key > h2* key then {h3 :=hl; hl :=h2; h2 :=h3;}
h :=hl; CJIMAHUE(hI. right, h2, h3); h*. right := h3;
if h”*.left*.rank < h”.right".rank then
{h3:= h".left; h*.left ;= h™.right; h*.right := h3};
h”.rank := min(h”.right*.rank, h*.left".rank) + 1;
end;

Onepanuss BCTABKA. DOta onepanus no3BoJsieT OCYIIECTBUTh BCTABKY B
Kydy /4 HOBOTO 3JIEMEHTa X C KI04oM k. OHa MPOU3BOIAMTCS TOCPEICTBOM 00-
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pa3oBaHMs JIEBOCTOPOHHEW Ky4dM, COAEpPKAIIEH €IMHCTBEHHBIM SJIEMEHT X C
KJTIOYOM Kk, ¥ CIIUSIHUS ee ¢ Ky4yel /. BBluMCIUTeNnbHYI0 CIOXKHOCTH JTaHHOW
oIlepanuy MOYKHO OLEHUTh TaK K€, KaK BBIYUCIUTEIBHYIO CII0XKHOCTb Ollepa-
unu C/IMAHHUE, To ects Benuunnoii O (log n).

Peanmuzanus onepannu BCTABKA

procedure BCTABKA(x, k, h);

begin
CREATE node hl: [element, key, rank, left, right, parent] = [x, k, 1,
nil, nil, nil];
CJIIMAHUE(h, hl, h2); h:=h2

end;

Onepauus YAAJJEHUE MHUHUMYMA. DOTa onepanusi H03BOJISET U3
Ky4H /I yAanuTh JIeMeHT XMin ¢ MUHIMaIbHBIM KITto4oM. OHa IPOU3BOIUTCS
MOCPEICTBOM yalieHus KopHs Kyuu & (Tpymoemkocts O (1)), a 3atem ciausiHus
ero JieBoii u mpasoii noaky4 (Tpynoemkocts O (log n)). Takum oOpazom, BbI-
YUCIIUTENbHAS CJIOKHOCTh JaHHOU onepanuu seisiercst Benuuunoi O (log n).

Peanmzanus onepaunu Y IAJIJEHUE MUHUHUMYMA

procedure Y IAJIEHUE MUHUMYMA (h, xMin);
begin

xMin := h".element; CJIMAHUE (h*.left, h*.right, h3); h:=h3
end;

Onepauuss MUHUMYM. DTa onepanus MO3BOJISIET B3ATh U3 Ky4H /1 31e-
MEHT C MUHUMAJIbHBIM KJIKOYOM, HE YA ero u3 Kydu. IlockonabKy 3memMeHT ¢
MUHHUMAJIbHBIM KJIFOYOM HAXOAUTCA B KOPHE Ky4H, TO Tpe6yeTc;1 JINIIb CKOITHU-
pOBAaTh €ro B HY>KHOE MeCTO. BbruncnuTenbHas ClI0KHOCTh IaHHOM onepauun
o).

Peamuzauus onepaunu MUHUMYM

function MUHUMVYM (h);
begin

MUHHUMVYM = h”.element;
end;

Onepaunust YIAJIEHHUE. Dta onepaius mo3BoJseT YAAIUTh U3 KydH /
3JIEMEHT X, PACHOJIOKEHHBIN B y3Jie, 3alaHHOM IO3ULIMEN pos. Y naneHue Mo-
KET OBITh MTPOBEJICHO B HECKOJIBKO HTAIOB.

1. Ecnm y3en x siBisieTCss KOPHEM Ky4yH /i, TO TPUMEHSCTCS OmNepanus
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YIAAJIEHUE MUHUMVYMA wu3 kyuu h. MlHaue BBIMOJHSAIOTCS CICIYIOIINE
JEUCTBHS.

2. OT uCXOIHOHM Ky4H /i OTpbIBaeTCs MOJKYyYa /iy C KOPHEM B yAaIsIeMOM
y3ne x. OcraBmasicst Ky4a, JJIsl KOTOPOi coXpaHseM o0o3HaueHue /1, He 00s3a-
TEJILHO SIBJISIETCS JIEBOCTOPOHHEH.

3. 3aTeM y3el X ymauseTcs u3 Ky4u /o, a ero JieBasi ¥ mpaBast MOIKyYH CIIH-
BaloTCs B OfIHY Kyuy /, (Bpems Boimonsenus — O (log 1), kak JOKa3aHO BbI-
mie).

4. Kyua h, nemaercst TakuM ke CHIHOM y3Iia p (p — poauTens y3ia X), Ka-
KHUM SIBJISUICS JUTSl Hee y3ell X (JIEBBIM HJTU TIPaBbIM).

5. Hakowerr, B Ky4e /1 BOCCTaHABIMBACTCS CBOMCTBO JIeBH3HbBI. DaKTHUECKH
CBOICTBY JIEBU3HBI MOTYT HE YJIOBJIETBOPSTH TOJBKO Y3Jbl, HAXOJAIIMECS Ha
IYTH OT p K KOPHIO Ky4H A. J[;TMHA TOTO MyTH B XYy/IIEM CIIydae MOXET JIu-
HelHOo 3aBHceTh OT #. Ho Ha caMoM jiesie HaM HY>KHO HPOBEPUTH TOJBKO MeEp-
BbIe HE OoJjice, uem |_10g (n+ I)J y3JI0B Ha 3TOM IMyTH (TIOTOMY YTO MaKCH-
MaJIbHBIN MO JJIMHE MPaBbIil yTh UMEET MAKCUMYM Llog (n+ l)J y3J10B).
Takum 06pa3om, BpeMst BeiosiHeHUs qanHoi oneparuu — O (log n).

PaccmoTpum mpuMep nmpuMeHeHHs JaHHOW omnepanuu. [lycTh u3 Kyuu /4,
n300pakeHHOH Ha pucC. §, HEOOXOIUMO YAATUTH JIEMEHT X € KIH0YOM 9.

CHauarna oTpbIBaeTcs mojky4a A ¢ kopaem x. OT & ocratorcs ky4a h; (He
JIEBOCTOPOHHSIS, TAK KaK CBOMCTBY JICBH3HBI HE YIOBICTBOPSET y3€I ) U JICBO-
CTOPOHHSISI Ky4a /5, cM. puc. 9.
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3arem ypajsieTcsi y3eq X, a €ro JieBas W mpaBasi MOJIKy4du /iy, U hpp clivBa-
IOTCSL B OJIHY Ky4y /, TIPH IIOMOIIH MPHUMEHEHHS BBINICONUCAHHON OMepainm
CJIIMAHHUE, cM. puc. 10.

har hag:

1
(19
l —|_ 1

Puc. 10

[MockonbKy y3em X He SIBIISUICS KOPHEM Kyd4H /1, OTiepaliusi elie He 3aBepiiie-
Ha. Kyda /4, CTaHOBHTCS JIEBBIM MONEPEBOM y37Ia p, Tak Kak y3en X ObUI ero
JIEBBIM CBIHOM, CM. puc. 11.

CJ'ICI[yeM OT y3Ji1a p K KOPHIO MEPC! pPyc. 11 KAOIO y3Jia 3TOro IIyTH BOC-
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CTaHABJIMBAaEM CBOMCTBO JIEBU3HBI U paHr. CHavana mpoBepsieM y3el p: ero Jie-
Tel HAJ0 MOMEHITh MECTaMHM, TaK Kak paHr y3ia ¢ kimodoM 10 (oH paBeH 1)
MEHBIIIE paHTa y3Ja ¢ KiitoyoM 5 (oH paBeH 2). [Tocne 3Toro o6HOBIsETCS paHT
y3J1a p: OH paBeH paHry MpaBoro chiHa miroc 1, To ectsb 2. [Tomyuwnnock aepeso,
n300pakeHHoe Ha puc. 12.

Puc. 12

Crnenyrouuit y3eia Ha MyTH K KOPHIO — 3TO POJAUTENb y3J1a p C KIOUOM PaB-
HbIM 2. PaHru ero chlHOBEW paBHBI, 3HAYUT MEHSITh UX MECTaMH HE HYXKHO.
OpnHako ero coOCTBEHHBIH paHr TpeOyeT 0OHOBJIEHUS, HOBOE 3HAYCHHE PaBHO
paHry ero mpaBoro chlHa mitoc 1, T.e. crapoMy: 3. B pesynbrare nmomyuyaercs
JepeBo, n300pakeHHoe Ha puc. 13.

[lockonbky y3enm € KiIo4oM 2 Puc. 13 # KOPHEM JepeBa, onepauus
VIIAJIEHUE 3aBepiueHa. '
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Peanuzanus onepanuu YJAJIEHHUE

procedure Y/IAJIEHUE (h, pos);
begin
if pos = h then {YIAJIEHUE MHUHUMVYMA (h, xMin); exit};
p := pos”.parent; h2 := pos; YIAJIEHUE MUHUMVYMA (h2, xMin);
if p~.left = pos then p”.left ;= h2 else p”.right := h2;
while p # nil do
begin
if p”.left # nil then r1:= p”.left".rank else r1:= 0;
if p”.right # nil then r2:= p”.right".rank else r2:= 0;
newrank := min (rl, r2) + 1;
if r1 <12 then tr (p”.left, p”.right);
if newrank # p”.parent™.rank then p”.parent™.rank:= newrank
else exit;
p:=p”.parent;
end
end

Onepamus YMEHBIIUTD_ KJIKOU. Kitou y3na x, Haxoaserocs B ae-
peBe B MO3UIMH pOS, YMEHBIIAETCS Ha MOJOXKHUTENBHOE Yiciao A. D10 aeicT-
BHE MOXXET HapyIIUTh Ky4eoOpas3HBIH IMOPSIOK JHIIb TaKUM 00pa3oM, 4YTO
YMEHBIIICHHBIN KIII0Y y3j1a X OyJeT MEHbIIIE KII04Ya ero poAuTeNs. Y MeHbIIe-
HHE KJIF0Ya MOXET ObITh MMPOBEICHO B HECKOJIBKO ITAIIOB:

1. Ot ucxoaHoO# Kyuu s oTpbIBaeTcs MojKy4a A, ¢ KopHeM B y3ie x. Oc-
TaBIIasiCs Ky4a /1 He 00s13aTeNIbHO Oy/IeT JICBOCTOPOHHEH.

2. 3ateM KJIIOY y37ia X yMEHbIIaeTcsl Ha 3aaaHHoe uucio A. Kyua /i, npu
9TOM BCE €IIIe OCTACTCsI JIEBOCTOPOHHEHA.

3. B kyde / cneayromum 00pa3oM BOCCTAHABIUBACTCS] CBOHCTBO JICBH3HBI.
@dakTUUECKH CBOMCTBY JICBH3HBI MOTYT HE YIOBJIECTBOPATH TOJNBKO Y3JIbI, HAXO-
JISIIIUECS] Ha TIYTH OT p (p — POAMTEINb y3i1a X) 10 KOpHs A. JITuHa 3TOTO MyTH B
XyALIeM cllydae JTHHEHHO 3aBHCHT OT 7. Ho Ha camMoM Jiere HaM HY»KHO TIpOBe-
PHTH TOJIBKO HIEpBBIE He OoJIee ueM |_log (n + 1), y3nos ua stom nmyn.

Hakowner, ky4a 4 ciuBaercst ¢ /; 3a Bpems O (log n).

Takum 06pa3om, Bpems BeinosiHeHUs qanHoi onepanud — O (log n).

PaccmoTpuM mpuMmep npUMEHEHHs paccMarpuBaeMor omneparuu. [lycts

B Kyue, U300pakeHHOW Ha puc. 14, HECOOXOIMMO YMEHBIIUThL KITIOY y3ja X OT
9 o 0.
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Puc. 14

Henaetrcs 310 crnemyrommM obOpazoMm. OT HCXOIHOW KydH /i OTpBIBaeTCS
HOAKY4Ya /1, ¢ KOpHEM B ynaisieMoM y3iie x. Teneps Kyda /1 He SIBIISieTCS JICBO-
CTOPOHHEH, TaK KaK B y3JI€ p HapyIIEHO CBOMCTBO JIEBU3HBI, CM. pucC. 15.

Kimtou y3ma x ymenbpmaetcst 1o 0, Kyda /s, mpu 5TOM BCe €IIIe OCTaeTCs Jie-
BOCTOpPOHHEH cM. puc. 16.

CJ'ICI[yeM OT y3Jia p 10 KOpPHA A€ Ppc. 16 KaXOOTO y3Jja 3TOro IIyTH BOC-
CTaHaBIIMBaeM CBOMCTBO JIEBHU3HBI U PpaHr. Cuagaima IIPOBEPSACM y3€JI p: €ro Jc-
Ten Haao IMOMCHATH MCCTaMH (a (baKTI/I‘-IGCKI/I — TOJIBKO OJHOI'O-CANHCTBCHHOI'O
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HPaBOTO ChIHA C/IENAaTh JIeBbIM). [locie ATOro BBIYUCISCTCS HOBBIN paHr y3ia
p: OH paBEH paHry MpaBoOro ChiHA IUTOC 1, TO ecTh | (Tak Kak MpaBOro ChIHA
Het). [lomyunsock gepeBo, n3o0pakeHHoe Ha puc. 17

Puc. 17

Crnenyrouuii y3en — 3To poAUTeNb y3ia p ¢ KiitouoM 2. Ero moToMkoB Toxe
HCO6XOI[I/IMO IIOMEHSTH MECTaMUu (TaK KaK paHr JICBOro CblHa MCHbIIC paHIa
npasoro). [locne 3Toro panr y3ia ¢ KJI04oM 2 BBIUUCISIETCS KaK paHr MpaBoro
cwiHa troc 1, To ecthb 2. [Tomywaercs cnenyromas Kyya:

Puc. 18

Hakownern, ciuBaeM kKyuu h u hy, monydasi B pe3ysibTaTe JEBOCTOPOHHIOKO
Kydy, (cM. puc. 19).
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Puc. 19
Peammzanus onepanmmn YMEHBIIIUTD_KJIHOY

procedure YMEHBIIWTL KJIKOY (h, pos, delta);
begin
pos™.key := pos”.key — delta; if pos = h then exit;
p = pos”.parent; h2 := pos;
if p”.left = pos then p”.left := nil else
if p~.right = pos then p”.right := nil;
while p # nil do
begin
if p~.left # nil then r1 = p”.left".rank else r1 := 0;
if p~.right # nil then r2 := p”.right*.rank else 12 := 0;
newrank :=min (rl,12) + 1;
if r1 <r2 then tr ( p”.left, p”.right );
if newrank # p”.parent™.rank then p”.parent™.rank := newrank
else exit;
p :=p”.parent
end;
CJIMAHME (h, h2, h);
end;
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Onepaunusi OBPA3OBATb_OYEPE/Ib. 13 snementoB coucka S (| S| =
= n) oOpa3syercst JIeBOCTOPOHHsIS Ky4a 4. Crocod (hopMHUpOBaHUS TaKOW Ky4H
nocpeactsoM n npumenenuit onepaun BCTABUTD ne s dextuBen. Yurate-
JFO TIPEOCTABISETCS BO3MOXKHOCTh JI0Ka3aTh, YTO B XY/IIEM ciiydae (pOpMH-
pOBaHHE Ky4Hl TaKUM CHOCOOOM MOXKET MmoTpeboBath c-n-logn onepanuii, riue
¢ = const.

Bonee s dexkTuBHBIM sABIsETCA ClEeNyIOMMA crocod oOpazoBaHUs n-3Jie-
MEHTHOM JIEBOCTOPOHHEH Ky4H. 3aBOJIUTCS CIHUCOK (J, B KOTOPBI MOMEIIA0T-
csl n OJHOAJIEMEHTHBIX Kyd. [loka anmunHa cnucka () Gomnbine 1, U3 ero Havana
U3BIIEKAIOTCA [JIB€ Ky4M, INPOM3BOJAUTCS HUX CIUSHHUE, a IOJIy4eHHas Kyda
BCTaBIISICTCS B KOHEIl criucka Q.

Uurarento MperocTaBiseTcs BO3MOKHOCTh JJOKa3aTh, YTO BPEMsI BBITIOJIHE-
Hus onepaimu OBPA3SOBATH OUYEPE]Ib takum crioco6om O (n).

Peanuzanus onepauuu ObPA3OBATH _OYEPE/Ib

procedure ObPA3OBATb OYEPE/Ib (S, h);
begin
Coznath ciucok Q U3 OJTHOIEMEHTHBIX KYU, COJCPKAIIUX DIIEMEHTBI
CIIHCKa S;
while |Q>1 do
begin
W3 Havana cnucka Q u3bsaTh n1Be Kyuu hl, h2;
Cosznath ky4ay h, o0beuass kyuu hl, h2;
[Tomectuth Kyuy h B KoHel cicka Q
end
end;

CBoaHbIC JaHHBIE 0 TPYA0EMKOCTH ONlepaluii ¢ 1eBOCTOPOHHUMH KYy4YaMH

1. CJTUTb (hy, h, h) O (log n)
2. BCTABUTE (x, h) O (log n)
3. VIJAJIUTb MUH (h, x) O (log n)
4. MUAH (x, h) 0 (1)

5. VIJAJIUTD (x, h) O (log n)
6. VMEHBILINTB KJIIOY (x, A, h) O (log n)
7. OBPA30BATH OYEPE[ (q, h) O (n)

4.2. BuHoOMManbHble U hMboHaY4YneBbI KyUuun
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Bunomuanbubie Kyuu. s kaxaoro k= 0,1,2,... ounomuanvnoe oepeso
By onpenensercst cnemyroummM odpazom: By — IepeBO, COCTOAIICE M3 OJHOTO
y3ia BeicoThl 0; manee mipu k= 1,2,... nepeBo By BBICOTHI k GopmupyeTcs U3
JIBYX JIepeBbeB Bj_|, PU 3TOM KOPEHb OJHOTO U3 HUX CTAHOBHUTCS MOTOMKOM
kopHs apyroro. Ha puc. 20 u3oOpaskensl OMHOMUAIbHBIE AepeBbs By, By, Ba,

B3, Bs.

Bunomuansuwtii 1ec 1o Habop OMHOMHUAIBHBIX JIEPEBHEB, B KOTOPOM JIIO-
Oble 1Ba IepeBa UMEIOT PAa3HbIE BBHICOTHI.

B, B B, B
" %%m
By

Puc. 20

CroiicTBa OMHOMHAJILHBIX /IEPEBbEB

1.

ok wN

HepeBo Bj coOCTOUT M3 KOPHS C MPUCOCAWHEHHBIMU K HEMY KOPHSIMH
MoJIepeBbEB By_1, ... , Bi, By B yKa3aHHOM MOPSIKE.

HepeBo Brumeer BBICOTY K.

Hepeso Bj umeeT poBHO 2k Y3JI0B. ,

B nepese By Ha riryoune i umeetcst popHo C ;\i Y3JIOB.

B nepeBe B KOopeHb MMEET CTENEHb k, OCTAIbHBIC Y3IIbI HMEIOT MCHb-
IIYIO CTETICHb.

Jlisl KaXk10T0 HATypaIbHOTO YMCIIA 71 CYIECTBYeT OMHOMUAIIBHBIN JIec,
B KOTOPOM KOJIMYECTBO Y3JIOB PaBHO A.

MakcuMaibHasl CTETeHb BEPIIWHBI B OWHOMHAIILHOM JIECE C 11 y3JIaMu
paBHa log, n.

bunomMmManbHEIHN J1ec conepKUT He Oolee Llogz nJ OMHOMHAJILHBIX IIOJ-
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JICPEBBEB.

YroObl yOequThcs B CYIIECTBOBAHMM OMHOMMAJIBHOIO Jieca U3 71 y3JIOB,
MPEICTAaBUM N B IBOMYHOM cHCTEMe CUMCICHHS (Pa3I0kKUM 10 CTETICHSIM JIBOM-
ki) n=ag*2’ + a,*2' + .. +a*2°, rne a; € {0,1}. Jlns kaxmoro k=1, 2, ...,
S, TAKOTO, UTO d; = |, B HICKOMBIi JIeC BKJIFOYaeM JepeBoO By.

Bunomuansnaa kyua 510 Habop OMHOMHUANBHBIX JIEPEBHEB, y3JIaM KOTO-
PBIX TIPUITUCAHBI YJIEMEHTHI B3BEIICHHOTO MHOXECTBA B COOTBETCTBUH C Kyde-
00pa3HbIM MOPSAAKOM, NMPH KOTOPOM BEC AJIEMEHTA MPHUIHCAHHOTO Y31y HE
IMPEBOCXOJUT BECOB JJICMCHTOB MPUITMCAHHBIX €TI0 IIOTOMKAaM.

[TockonbKy KOJIMYECTBO JIETEeH Y y3710B BapbUPYETCs B IIMPOKUX Mpeesax,
CCBUIKAa Ha JeTel OCYIIECTBIISETCS Yepe3 JIEBOro peOeHKa, a OCTalbHbIE JETH
00pa3yroT OJHOCBSI3HBINA CITUCOK. Kaknplii y3enm B OMHOMHAIBHOU Kyde TIpe-
CTaBJsIeTCss HAOOPOM ToJIEeH

[key, parent, child, sibling, degree],

rie key — ki1ro4 (Bec) 2JIeMeHTa, MPUMHCAHHOTO Y31y, parent — POJUTEIb y3Iia,
child — neBwiii pebeHoOK y3na, sibling — npaBblil Opat y3na, degree — cTeneHb
y3Ia.

JlocTyn K Kyde OCYNIECTBISICTCS CCBHUIKOM Ha caMoe JIeBOE MOIEPEBO.
KopHu nepeBbeB, M3 KOTOPBHIX COCTAaBJIEHA Ky4a, OKa3bIBAIOTCS OpraHM30BaH-
HBIMH C ITOMOIIBIO T0JIs1 Sibling B, Tak Ha3bIBa€MbIil, KOPHEBOW OJJHOCBSI3HBIN
CIIHCOK.

Ilouck Inemenma ¢ MuHuUMAaILHBIM K1104OM. T10CKOIIBKY HMCKOMBIN 3JIe-
MEHT HaXOIHUTCS B KOPHE OJJHOTO U3 JIEPEBbEB KYUH, TO JIEMEHT C MUHUMAJIb-
HBIM KJTFOUOM HaXOMUTCS IPOCMOTPOM KOpHEBoOTo crrcka 3a Bpems O (log n).

Cnusanue 0gyx ouepeoeit. JIse ouepenun H, n H, oObenUHAIOTCS B OIHY
ouepens H crnemyromum obpaszom. [lociemoBarenbHO BEIOUPAIOTCS IEPEBHs U3
UCXOJIHBIX OYepesiell B MOpPsIKEe BO3pPACTAHHS MX BBICOT W BCTABIIAIOTCS B pe-
3yJIBTUPYIONLYIO ouepenb /1, BHavase mycTyro.

Ecmm nepeBo B; ouepenHoil BBICOTHI | MPUCYTCTBYET JUIIL B OJHOU U3 UC-
XOIHBIX OYepe/ied, TO MepeMenIaeM €ro B pe3ysbTUpYIolyo odepens. Ecmu
OHO TPUCYTCTBYET B OJHOW M3 MCXOIHBIX OYepenei M yXKe eCThb B Pe3yibTH-
pymoiei odepenn, To 00beINHAEM 3TH AEPEBbS B OJHO Bjt1, KOTOpOE BCTaBIIs-
em B H. Eciiu B; mpucyTCTBYET BO BCEX TPEX OUEpelsix, TO CIIMBAEM JBE U3 HUX
B B;+1, KOTOpYIO BCTaBiisieM B f1, a TpeThe epeBo B; MpocTo nepemeniaeM B H.
Tpynoemkocts — O (log n).

Bcmagka nogozo snemenma. Cosgaercs OAHORIEMEHTHas ouepenb U3
BCTaBIIIEMOTO JIEMEHTa, KOTOpasi 00ObeANHACTCS C UCXOAHOW ovepenbto. Tpy-
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noemkoctb — O (log n).

Yoanenue munumanwvnozo snemenma. Cravana B ucxonnou kyue H mpo-
U3BOJIUTCS TIOMCK JiepeBa Bj, UMEIONIET0 KOPEHb ¢ MHHHUMAJIBHBIM KIIOYOM.
Haiinennoe nepeBo ynansercs u3 /, ero npuKOpHEBBIE MOANCPEBBS Bj_i,
..., B1, By BKiIIOYaroTcs B HOBYIO odepeab [{j, KoTopas oObEIUHSAETCS C HC-
xoaHoi ouepensio H. Tpynoemkocts — O (log n).

Ymenvuenue knroua. OcynecTBisercsi ¢ MOMOIIBIO BCIUIBITUS. Tpyaoem-
koctb — O (log n).

Yoanenue snemenma. YmMenbiiaercsa K04 yAalIsieMOro 3J€MEHTa 0 —o0,
NPUMEHSIETCS] BCIUIBITUE, BCIUIBIBIIUI AJIEMEHT yIAIIeTCs] KAK MUHUMAIIbHBIH.
Tpynoemkocts — O (log n).

dudonayuneBsbl Ky4d. Ha3zBanue paccMaTrpuBaeMbIX Kyd CBSI3aHO C HC-
nojp3oBaHneM uncen PUOOHAYYM NpPU aHAIU3E TPYIOEMKOCTH BBITIOTHEHUS
onepauuii. B oramune or GMHOMMATIBHBIX Kyd, B KOTOPBIX OINEPallii BCTaBKa,
MIOUCK DJIEMEHTA C MUHUMAJIBHBIM KJIFOUOM, YaJICHHE, YMEHBIICHHE KITF04Ya U
cnusiaue BoinonHstorest 3a Bpemst O (logn), B GpuboHaUIHEBbIX KydaX, BBINOJ-
HstoTcst 6onee apdextuBHO. Oneparuu, He TpeOyIOIIHE yIaTeHUs JIEMEHTOB,
B 3TUX KyuyaxX UMerT yuétHyro ctoumocts O (1). Teopernuecku pudoHauume-
BBl Ky4l OCOOCHHO TIOJIE3HBI, €CJIM YHCIIO OTNepanuil yIaleH:us: Majlo 1o CpaB-
HEHHIO C OCTAJIbHBIMU OmepanusiMu. Takas CUTyalusi BOSHUKAET BO MHOTUX
NPUITOKECHUSAX.

Hampumep, anroputm, oOpabaTteiBaromuii rpad), MOXKET BBI3BIBAThH MPOIIC-
ypYy YMEHbLIEHHE KJIoda Ui Kaxaoro pedpa rpada. s mioTHeIX rpados,
umeroIux MHoro péoep, nepexoq ot O (logn) k O (1) B oueHke BpeMeHH pa-
OOTBI ITOH Omepali MOXKET MPHUBECTH K 3aMETHOMY YMEHBIICHUIO OOIIEro
BpeMeHU paboTel. Hanbonee ObICTpbie M3BECTHBIC alTOPUTMBI Ul 3a/1a4 TO-
CTPOCHHUSI MUHHMAaJIbHOTO OCTOBHOTO JIepEeBa MJIM TOMCKA KpaTYaWIINX MyTeil
U3 OJTHOM BEpIIMHBI UCTIONB3YIOT (PMOOHAYYNEBHI KyYH.

K coxaneHuto, CKppIThIe KOHCTAHTBHI B aCHMIITOTHYECKUX OIEHKAX TPYIO-
€MKOCTH BEJIMKH M HUCIOJIb30BaHHE (PHUOOHAYUMEBBIX Kyd PEIKO OKa3bIBACTCS
1enecoo0pa3HbIM: OOBIYHBIC ABOMYHBIC (d-WYHBIE) KYy4H Ha MpakTuke dhek-
tuBHee. C MPaKTUYECKOH TOYKHM 3PEHUS JKENATENbHO MPHIYyMaTh CTPYKTYpPY
JAHHBIX C TEMH K€ aCHMIITOTUYECKUMH OIICHKAMHU, HO ¢ MEHBIIMMHU KOHCTaH-
tamu. Takue Kydn OyayT pacCMOTPEHBI B CIEIYIONNX pa3/ieiax.

IIpu orcyrcTBUUM Ollepalvii yMEHBIIECHUS KIO4Ya U yAAJICHUS JJIEMEHTA,
(nboHAYYHMEBBI KYYH UMEIH OBl Ty XKe CTPYKTYpY, 4TO U OMHOMHanbHbIE. HO B
obmieM ciydae puOOHAYUMEBBI EpeBbsi 001a7at0T OOJbIEH THOKOCTBIO, YeM
O6uHOMHabHbIE. 3 HUX MOYHO yZalsTh HEKOTOPBIE Y3JIbl, OTKIIAJbIBAs Mepe-
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CTpOWKY JiepeBa A0 YI0OHOTO ciyyas.

Cmpoenue uoonauuuesoir Kyyu. Kaxxnas puboHaudneBa Kyya COCTOHUT
U3 HECKOJIBKUX JIepeBhEeB. B oTim4re oT OMHOMHANBHBIX AEPEBBHEB 371€Ch JETH
11000r0 y37a MOTYT 3allUCBIBAThCS B JH0OOM mopsake. OHU CBS3BIBAIOTCS B
JBYCTOPOHHUH IHMKINYECKUN CHHCOK. KaXKIplii y3enm ) 3TOro CIucKa MMeeT
nouns left [v] u right[y], ykaseiBatoue Ha ee coceneil B crimcke. Ha puc. 21
MOKa3aHO CXeMAaTUYECKOe CTpoeHue (PUOOHAUYNEBOM KyUH.

Puc. 21

JIByCTOpOHHHE LUKIMYECKHE CIUCKUM YIOOHBI MO JBYM IpHYMHaM. Bo-
NEPBBIX, U3 TAKOTO CIHMCKAa MOXHO YJIauTh JII000H y3en 3a Bpems O(1). Bo-
BTOPBIX, JIBa TAKHX CIHCKa MOKHO COeIMHUTH B ojuH 3a Bpemst O (1).

[MomMumo yka3aHHOW WH(OpPMAIUKU, KaXKIbIA y3en uMeer moie degree [x],
I'JIe XPaHUTCS €ro CTENeHb (YUCIIOo JeTel), a Takke mosie mark [x]. B atom mosne
XpaHuTCs OyseBckoe 3HaueHue. CMBICT ero TakoB: mark|[x] MCTHHHO, eciiu
y3€J1 X ToTepsul peOeHKa MOoCiIe TOro, KaK OH B MOCIEAHUIN pa3 caenancs YbiM-
1100 motomMkoM. [Tozxe Oyaer sSICHO, KaK M KOTJa 3TO MOJIe UCTIOIb3YeTCsl.

Kopuu nepeBbeB, coctaBisomux (pruOoHaYIMEBY Kydy, TaK K€ CBSI3aHBI C
HOMOIIIBIO YKa3aTenel left v right B IBYCTOPOHHMIA IIMKIMYESCKUIN CITHCOK, Ha-
3bIBAEMBIl KOPHEBBIM CIIUCKOM. TakuM 00pa3zoM, Kaxaslid y3en (uboHnauyme-
BOI Ky4M IPEJCTABIIAETCS 3allUChIO0 BUJA

Node = [key, left, right, parent, child, degree, mark].

Hoctyn k kydye H npou3BOAUTCSA CCBUIKOW minH Ha y3€ll ¢ MUHUMAaJlb-
HbIM KItouoM. Kpome Toro, ob1iee uncio y3mnoB 3aaaercs atpudytom n [H].

Ilomenyuan. Ilpu ananu3e yd4€THOW CTOMMOCTU ONEPALUNA HCIIOJIB3YIOT
Mmerton noTeHnuana. Ilycts ¢ (H)— uncio nepeBseB B KOPHEBOM CIIUCKe Kydu [,
a m (H) — xonmnuecTBO moMeueHHBIX y310B. [loreHnunan onpenensercs popmy-
J0H
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¢ (H) =t(H) +2m(H).

B kaxxaplii MOMEHT BpeMEHH B MaMITH MOXKET XPaHHUTCS HECKOJIBKO KyY,
OOImMi MOTEHIMAT 1O OIpPENEJIEHUI0 PaBeH CyMME MOTEHIIMAIOB BCEX ITHX
Kyd. B nmanpHeiimemM Mbl BbIOEpEM €TUHHILY U3MEPEHUs MOTCHIMAIa TaK, YTO-
OBl eIMHUYHOTO M3MEHEHHs TOTeHIuana xBatano ais omwnarel O(1) onepanuit
(popmanbHO TOBOPS, MBI YMHOKMM IOTEHIMAT HA MOIXOMASALIYI0 KOHCTAHTY).
B HavanbHOM COCTOSHMM HET HU OJHOW KyuH, u moTeHuuan paseH 0. Kak u
HIOJIOKEHO, TOTEHIIMAJ BCET1a HEOTPHUIIATEIIEH.

Maxcumanvnas cmenens. Yepes D(n) 0003HaAYMM BEPXHIOI TPAHHMILY IS
CTETICHEH Y3JIOB B Ky4ax, KOTOPbIE MOTYT TIOSIBUTHCSI TIPU BBITIOJIHEHUH OIlepa-
if. AprymentoM ¢yakmun D sBisercs oOriee 4HMciao BCEX y3JIOB B Kyue,
o0o3HayaeMoe yepes A.

Mpsr He Oyaem yriayOnsThCS B aHAIU3 TPYAOEMKOCTH omeparuii ¢ ¢hudo-
HAYYMEBBIMH Ky4daMH, OTChUIasg YHTATeNsl K COOTBETCTBYIONIICH JHTEpaType,
CKakeM ToJbko, uto D(n) = O(logn) u Bce oneparuu KpoMe Omnepaiin yae-
HUS DJIEMEHTa MMEIOT aMOpTH3alMOHHYI Tpyaoemkoctd O(1), a omeparus
ynanenus O(logn).

3ameuanus. @ubonauunensl Kyuu BBenu @penaman u TapbsH. B ux cratsbe
OTMCaHBI TaK)Ke MPUIOKEHHUS (PUOOHAUYMEBBIX Ky K 33aJadyaM O KpaT4alIImx
MyTAX U3 OJHOM BEPIIMHBI, O KpaTYaHIINX MyTSIX Ui BCEX Map BEPILIUH, O Ia-
POCOYETAaHUSIX C BECAMU U O MUHIMAaJIbHOM ITOKPHIBAIOIIIEM JIEPEBE.

Bnocnencteun  Jlpuckomnn, Capuak, Cneatop u TapbsH paspaboTanu
CTPYKTYpPY JaHHBIX, Ha3biBaeMyto relaxed heaps, kak 3ameHy s (puOoHay-
yueBbIX Kyd. ECTh JBe pa3HOBHUJIHOCTH TakoOW CTPYKTYphl JaHHbIX. OgHA U3
HUX AT T€ e OLUEHKH YYETHOW CTOMMOCTH, YTO M (PMOOHAUYHMEBHI KyuH.
Jlpyrasi — mo3BoJIsieT BBINONHATE omneparmto DecreaseKey 3a Bpems O(1) B
XyAuieM ciydae, a onepauuu ExtractMin u Delete — 3a spemst O(logn) B xyn-
IeM ciaydae. DTa CTPYKTypa JaHHBIX MMEeT TaKkKe HEKOTOpbIe MPeHMYIlecTBa
MO CpPaBHEHHIO C (PUOOHAYYMEBBHIMH Ky4YaMHU IPH HWCIOIB30BAaHUHM B Tapall-
JETBHBIX AITOPUTMAX.

4.3. ToHKMe Kyuun

PaccmaTpuBaeMsble 371€Cb TOHKHE M B CIEIYIOIIEM pa3ele TOJICThIE Kydu
npemioxensl @punamanom u Karuranom kak anmpTepHaTtnBa (hPrOOHAYMEBBIM
kydam. [lonroe Bpemst puOOHauMeBble KyUyd CUMTAINCh PEKOPIHBIMH IO MPO-
n3BoauTenbHOCTH. OueHkn omepauuii Hax (UOOHAYMEBBIMH Ky4aMU HUMEIOT
aMOPTHU3ALMOHHBII XapakTep, a CKPbIThIE B HUX KOHCTAHTBI BEJTMKU HACTOJIBKO,
YTO peasbHBI BBIUTPHINI BO BPEMEHH PaOOThl ¢ HUMHU JOCTUTAJICS TOJIBKO Ha
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JTAHHBIX «aCTPOHOMHUYECKHX» pa3MepoB. PaccmarpuBaeMble 3/1€Ch TOHKHE KY-

Y UMEIOT T€ )K€ aCUMITOTHYECKHE OIEHKH, YTO U (pruOOHAYIHEBHI HO TOpas3io

npakTuuHee UX. OLUEHKU IS TOJICTBIX Kyd “XyKe” IO OIepaluy CIUSHUS BbI-

nonusiemoit 3a O(logn) Bpemenu. JJOCTOMHCTBOM 3TOM CTPYKTYpBI SIBISIETCS

TO, 4TO €€ OLEHKN PacCYMTaHbl HA XyALIUI Cily4ail. 3aMEeTUM, YTO Ha JAHHBII

MOMEHT HM (pUOOHAUMEBbl, HU TOJCTbIE, HU TOHKUE Ky4ud HE SIBIISIOTCS pe-

KOPJHBIMH, TaK Kak bpogan mpeiokun HOBYIO CTPYKTYpPY, KOTOpYIO Oynem

Ha3biBaTh Kyued bpomana. Kyun bpogana xapaktepusyercs: TaKUMU K€, KaK U

¢uboHayeeBbl Ky4l OIIEHKaMHU OIEpaIfii, HO BCE OLIEHKU CIPaBEIMBBI JUIS

xyauero ciydas. K coxanenuto, cTpykrypa, npeanoxeHsas bpoganom, cinox-

Ha Ui peanu3aluu. PaccMOTpUM peanu3aliio NPUOPUTETHOW oOdYepenu, C

MTOMOIIBIO TOHKOW KY4H.

OcHoBHbIe onpeneneHus. TOHKHME Ky4M, KaK U MHOTHE Jpyrue KydeoO-
pas3HbIe CTPYKTYpPBl, aHAJTOTMYHbI OMHOMUAJIBHBIM Ky4daM.

Toukoe oepeso Ty panra k — 310 1epeBO, KOTOPOE MOXKET OBITH TOIyYSHO
13 OMHOMHAJILHOTO JiepeBa By, yJalleHHeM y HECKOJIBKUX BHYTPEHHUX, TO €CTh
HE SIBJIAIOLINXCS KOPHEM WJIM JIUCTOM, Y3JIOB CaMOrO JIEBOI'O ChIHA. 3aMeTuM,
YTO y JIUCTHEB JIETEH HET, a €CIIM Y KOpHS Bj yAaIuTh caMoro JIEBOTO ChIHA, TO
By peBpatutcs B By_1. PaHr TOHKOTO JiepeBa paBeH KOJIUYECTBY JIeTel KOPHSI.

Jns moboro y3mna x B aepese 1) o6o3HaunM: Degree (x) — KOIUYIECTBO Je-
Tel y y3na x; Rank (x) — paHT COOTBETCTBYIOIIETO y3Jia B ONHOMHAIBHOM Jie-
pese By.

Tonkoe nepeBo 7} yAOBIETBOPSET CIETYIOLUM YCIOBHSIM:

1. Jns mo6oro y3na x nubo Degree (x) = Rank (x), B 3ToM ciiydae TOBOpUM,
YTO y3el X He moMedeH (moJHbIi); muoo Degree (x) = Rank (x) — 1, B a3TOM
CIlydae TOBOPHM, YTO y3€JI X TTOMEUeH (HETIOJIHBIH ).

2. Kopens He momeueH (TIOTHBIN).

3. Jlast mo060ro y3ia X paHTd ero AeTeil 0T caMoro NnpaBoro K caMmoMy J€BOMY
paBHbI cootBeTcTBeHHO 0, 1, 2, ..., Degree(x) — 1.

4. VY3en x moMeYeH TOrJia M TOJIBKO KOTJIa €ro PaHr Ha 2 OO0JIbIIEe YeM PaHT ero
€aMoro JIEBOI'O ChIHA, WM €r0 PAHT PaBEH |, U OH HE UMEET JETEN.

Ha puc. 22 npuBeneHsl IpUMepbl TOHKUX JAE€PEBbEB; UKCIIA PAAOM C y3J1aMU
0003HaYarT UX paHru. BBepxy m300pakeHo OMHOMHUAIBEHOE IepeBo B3. BHuzy
JIBa TOJIyYEHHBIX U3 B3 TOHKUX jAepeBa paHra Tpu. CTpeiKkd yKas3bIBarOT Ha
IIOMEYEHHBIE Y3IIbI.

3aMeTuM, 4TO0 OMHOMHUAJIBHOE JEPEBO SIBISIETCS TOHKUM JIEPEBOM, y KOTO-
pOTo BCE Y3716 HETIOMEYEHBI.

Tonkuii nec 510 HaOOp TOHKUX JIEPEBHEB, PAHTH KOTOPHIX HE 0053aTEIBHO
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IIOMIAPHO Pa3IMYHBI.
Haczpyscennwtit 1ec 310 nec, y3iaamM KOTOPOrO B3aMMHO OJHO3HAYHO IO-
CTaBJICHBI B COOTBETCTBUE AJIEME [ B3BEIIEHHOTO MHOXECTBA.

Bs 3

Tonkas Kyua 570 Ky4eoOpa3HO HArpy>KeHHBIA TOHKUHN JIEC.

3amMeTuM, 4TO B TOHKOH Kyd4e MOTYT BCTPEUYaThCA TOHKUE JIEPEBbs OJMHA-
KOBOTO paHra, B TO BpeMsl Kak B OMHOMHAIbHON Kyd4e BCE JEPEBbS JTOJDKHBI
WMETh MONapHO Pa3IuYHbIC PAHTH.

Ymeepotcoenue. JIns mro60r0 HATYpaATLHOTO YUCHIA 7 CYIIECTBYET TOHKHMA
JIeC, KOTOPBIN COJEP>KUT POBHO 7 DIIEMEHTOB M COCTOHMT M3 TOHKHX JIEPEBHEB
MIOTIAPHO Pa3IMYHBIX PAHTOB.

JlelicTBUTEIBHO, 11000 OMHOMHUAIBHBIN JIeC, SABIIICTCS TOHKHM, a JIJIi Ou-
HOMHUAJIBHOTO JIeca pacCMaTPUBAEMOE YTBEPKIACHUE CIIPABEIINBO.

ITycts D(n) — MaKCUMaIbHO BO3MOJKHBIN PaHT y3Jia B TOHKOH Kyde cozep-
JKaIiei n 2JeMEeHTOB.

Teopema. B Tonkoil kyue u3 n 3nemeHtoB D(n) < loge(n), tne @ =
= (1+V5)/2 — 30omoT0€ CeueHue.

Jokazamenvcmeo. CHaualia MOKakeM, 4TO y3ell paHra kK B TOHKOM JIepeBe
nMeeT He MeHee F> ! IMOTOMKOB, BKJIFOUasi caMoro cebs, rae Fy — k-e 4nc-
no dubonauum, ompenensemoe cooTHomeHusmMu Fo=1, F1=1, F=Fjt+
Fi na k> 2.

Je#icTBUTENBHO, TYCTh 1) — MUHUMAJILHO BO3MOXKHOE YUCIIO Y3JIOB, BKITIO-
Yasi caMoro ce0si, B TOHKOM jepeBe panra k. 1o cBoiictBam 1 u 3 TOHKOTO fe-
peBa moiay4aeM, CeIyoe COOTHOIIEHUS:

k=2
To=1,T1=1,T,21+>.T, nak=>2.

i=0
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Yucna OuboHAU4N yIOBIETBOPSIOT 3TOMY )K€ PEKYPPEHTHOMY COOTHOLIE-
HHIO, IPUYEM HEPaBEHCTBO MOXKHO 3aMEHUTH paBeHCTBOM. OTCIo/1a MO WHAYK-
K creayert, uto 1> Fj st mo0bix k. HepaBeHCTBO FkZ(Dk*l XOpOILIo U3-
BECTHO.

Teneps yOequmMcs B TOM, 4YTO MaKCHMAJIHO BO3MOKHBIHN paHr D(71) TOHKO-
ro JlepeBa B TOHKON Kyde, COJep Kalllell n 3J1eMEHTOB, HE MPEBOCXOJUT YUCIIa
log, (n) +1. [lefictBuTenbHO, BHIOEPEM B TOHKO#H KyYe JIEPEBO MAKCHMAILHOTO

* * D(n)-1
panra. IIycTb 7 KOJIMYECTBO BEPIUMH B 5TOM Aepese, Torma n > n. > P

Orcrona cnenyer, uro D(n)< log,(n)+1.
Ha puc. 23 uzobpaxkeno OMHOMHaIBHOE JIepeBO B3. BHU3Yy aBa momyueH-

HBIX U3 B3 TOHKuX jAepeBa panra Tpu. CTpeiKku yKa3blBalOT HAa MOMEYEHHbIE
Y3IBL.

Puc. 23

IIpeacraBiieHHe TOHKOM Ky4H B IAMATH KOMIIbIOTepa. ToHKUE Kyuu
(GOpMHPYIOT U3 Y3TI0B, IPEACTABICHHBIX 3aIUCAMH CIIETYIONIETO BH/IA!

Node = (Key, Left, Right, LChild, Rank),

I'ne Key — wiro4 aneMeHTa MPUIHCAHHOTO y3iy; Left — yka3arens Ha Onmkai-
IIEr0 JIEBOT0 Opara, €Ci TAKOBOTO HET, TO HA POAMUTEIISA, a €CIIM HET M POJIUTE-
JIs TO yKas3arelnb 3a3emiieH; Right — yka3arens Ha Onvkaifiero mpaBoro opara,
€CIIM TaKOBOT'O HET, TO ykaszarenb 3azemiieH; LChild — ykazarenp Ha camoro
JIEBOTO CHIHA, €CJTM TAKOBOTO HET, TO yKa3aTesb 3a3eMiieH; Rank — paur y3ia.
Takum 00pa3om, y3iIbI-OpaThsi CBSI3aHBI B JBYCBSI3HBINA CIIMCOK MPH TIOMO-
mu ykaszateneir Left u Right. Y camoro jeBoro OpaTta B 3TOM CIHCKE, yKa3a-
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Tenb Lefi yka3piBaeT Ha OOLIEro POXHUTENS BCEX Y3JIOB B CHHCKE. Y CaMOTo
npaBoro Opara u3 cIucka, ykasarenb Right 3a3emiuen. KopHu nepeBbeB B TOH-
KOM Kyue CBS3aHbl B OJIHOCBSI3HBIN ITUKIMYECKUH CIIUCOK. DTOT CHUCOK OyJieM
Ha3bIBaTh KOPHEBBIM CIUCKOM. KOpHEBOH CIUCOK peain3yercs NMpH HOMOIIU
nosst Right. Tlone Left y kaXa0ro y37a KOPHEBOTO CITHUCKA 3a3EMJICHO.

B ciaydyae HEOOXOAMMOCTH B ONMCAaHUU y3Jla MOXET NPHCYTCTBOBATh U
npyras npukiagHas nHpopmanus. Ha puc. 24 npuBeieH npuMep TOHKOM Kydu

ToHkas kyya:
° C{O o%@
(o]
[IpeacraBnenne co ccbulKaMy, B y3J1aX YKa3aHbl paHTH

First Mi

||| 0

Puc. 24

3aMeTHM, YTO MPUHAAIEKHOCTh 3alaHHOrO y3J1a KOPHEBOMY CIIMCKY Ky4H,
OCYIIECTBIISCTCS IPOBEPKOIA yKaszarens Left Ha 3a3eMIICHHOCTb.

BBenewm emie onny 3anuch Heap, KoTopas OyJeT COOTBETCTBOBATH OT/IENb-
HOM Ky4e U UMETh BUJ:

Heap = (First, Min),

rae First — ykazaTenb Ha Ha4aJdbHBIN AJIEMEHT KOPHEBOTO cnucka; Min — yka-
3areNb Ha AJIEMEHT KOPHEBOTO CITUCKA ¢ MUHUMAJIBHBIM KITFOYOM.

OueBHIHO, y3€J ¢ MUHHUMAJILHBIM KITFOYOM 00sI3aTeIbHO HAXOUTCS B KOP-
HEBOM CITHCKE.

Peanm3anusi OCHOBHBIX omepaunuii U oueHkH TpyaoemkocTu. Cocpeno-
TOYUM BHUMaHHE HAa aMOPTU3AIMOHHBIX OIIEHKaX TPYJOEMKOCTH. Bynem mo-
Jy4aTh UX METOJOM MOTCHIUAIOB. [loTeHIIMaIOM TOHKOW Ky4YH OyZeM CUMTaTh
BenmunHy @ =n + 2-m, rie n — KOIMYECTBO JICPEBBEB B KyUe, a /11 — YUCJIIO T10-
MEUEHHBIX BEPIIMH. 3aMETHM, YTO TMOTCHIMAI Ky4d HEOTPHIATENICH U B Ha-
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YaJIbHBIA MOMEHT paBeH 0.

Onepayus MakeHeap.Ota onepauusi co3naer ykasarenb MakeHeap na
HOBYIO TycTyl0 Kydy. OueBuaHo, (pakThdeckas CTOMMOCTH OIEpalliH €CTh
O(1), a noreHnuan co3nanHoi Kyuu pase 0.

Onepayus FindMin(H). Yxazatens FindMin na y3eiq ¢ MUHEMAJIbHBIM
KJIFOYOM B Kyue H ompenensercs ¢ nmoMomibio ykaszatens Min. Eciu kyda myc-
Ta, TO PE3yJIbTUPYIOLINI yKa3aTellb HYJIeBOi. AMOPTU3AIMOHHAS OIICHKA, COB-
nanaet ¢ paktrueckor u paBHa O (1), MOTCHIIMAT HE H3MEHSACTCS.

Onepayusa Insert(i, H). C moMoupi0 3TOM omepanuu OCYIIECTBISETCS
BCTaBKa B Ky4y /{ HOBOTO arieMeHTa ¢ KiIro4uoM i. [Ipu ee peanm3anuu cosaaer-
csl HOBOE TOHKOe JiepeBo paHra (), KOTopoe BCTAaBISETCS B KOPHEBOM CITMCOK
Kyud H, pa3pbIBasi ero B IIpOU3BOIBHOM MecTe. [Ipr HeoOX0IMMOCTH TIepeBbI-
YHCIISETCS CChUTKA HA MUHUMAIIBHBIH JJIEMEHT.

Omnepanus yBeln4yMBaeT NOTEHIMAN Ha |, Tak Kak 100aBiIsieTcst OJIHO Jiepe-
BO B KOPHEBOH CITMCOK Ky4H, HO 3TO HE BIIUSET HA aMOPTHU3AIOHHYIO OICHKY,
KoTopast paBHa akrrueckoit O (1).

Onepayus Meld(H1, H2). Pe3ynbTaToM 3TOii Oomepanuu sBISETCS yKa3a-
tenb Meld na xydy, monydeHHyto ciusaueM aByxX kyd H1 u H2. Ona ocyie-
CTBIISIETCS] COSIMHEHUEM KOPHEBBIX CIIMCKOB CIIMBaeMbIX Kyd. [Ipu Takom cro-
co0e BBITIOIHEHHS ONIepaliy, KaK ! MPH peau3aliy BCTABKH MIIEMEHTa B KY-
4y, MOXXEM MOJYYHTh B KOPHEBOM CITHCKE PE3YJIbTUPYIONICH Ky4d HECKOJIBKO
JICPEBLEB OJTMHAKOBOTO paHra. [Ipu y1o0HOM citydae, a MMEHHO MPH yAaJICHUU
MHHHMAJIBHOTO 3JIEMEHTa, Mbl OCBOOOJMM KOPHEBOM CIHCOK OT 3TOW HEOJHO-
3HayHOCTH. OIICHKa COBITA/IACT C OIIEHKAMH JUIS BCEX MPEABLIYIINX Oleparyii.
CyMMapHbIil IOTEHIMAT HE U3MEHSIETCS.

Onepauus DeleteMin(H). Dta onepanus npeaHa3HAYCHA IS YIAJICHHS
y3Jla ¢ MUHUMaJIBHBIM KJIFOUOM U3 Heryctod Kyuu H. [liis ee peanuzanuu ya-
JsieM MUHHAMAIBHBIA y3elI U3 KOPHEBOTO CIMcKa Ky4u [, mobaBisieM CHHCOK
JleTell yJaJeHHOr0 y3ja B KOPHEBOW CHHMCOK W MOBTOPSIEM CIEAYIOUIHMA "CBSI-
3BIBAIOIIMI mmar".

Haxonum mo0blie 1Ba AepeBa, KOPHH KOTOPHIX UMEIOT OJIMHAKOBBIC PAaHTH,
U CBSI3BIBACM WX, JieJasi KOPEHb C OOJBIIUM KIIFOYOM HOBBIM JIEBBIM OTOMKOM
KOpHSI ¢ MEHBIIIUM KIIFOYOM, YBEIHYHBAas PaHT HOBOTO MOJYYEHHOTO TOHKOTO
nepeBa Ha equHUILy. [Ipu 3TOM clieyeT yaaauTh U3 KOPHEBOTO CriucKa Kyuu H
KOpEeHb C OONBIIMM KITFOYOM. Kak TONBKO HE OCTaHETCS IEPEBbEB C KOPHSIMU
OJIMHAKOBOTO paHra, B MOJYYECHHOM KOPHEBOM CITHCKE, HEOOXOIMMO HaWTH
3JIEMEHT ¢ MUHUMAJIBHBIM KIIFOYOM.

PaccMoTpuM Temneph, ¢ MOMOIIBIO KaKUX CPEICTB PEaTU3yeTCsl CBSI3bIBAIO-
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it mwar. J{Jst XpaHeHUs CChIIOK Ha KOPHU JICPEBbEB HCIIOJIb3yeM BPEMEHHBIN
maccuB RankT, pasmepa D(n). Benuunna RankT[i] Oynet yka3areiaeM Ha TOH-
KO€ JiepeBo paHra i. Ecnm HalAETcs emnie 0JJHO IEPEeBO paHra I, TO CBSYKEM JIBA
JiepeBa paHra i B OJJHO JepeBo panra [ + 1, B i sueiike maccuBa RankT ycraHo-
BUM HYJICBOM yKa3aTelb M IPOJOJDKAM CBSI3BIBAIOIIYIO HPOLEAYPY C BHOBBb
HIOJTyYeHHBIM JIepeBoM paHra i + 1.

[Ipu BKJIFOUCHHH CIHCKA JIeTel HEOOXOAMMO y4YecTh BO3MOXKHOCTH IOMeE-
YEHHOCTH JeTe MUHHMAIFHOTO y371a. TO ecTh YMEHBIIUTh WX PAaHT TaM, TIe
3TO HE0OX0AUMO. DTO TpeOOBaHHE BBITEKAET U3 CBOMCTBA 2 ONPEICICHHS TOH-
Koro jaepea. O4eBHIHO, ISl IPOBEPKH TMOMeueHHOCTH y3na Tpedyercs O(1)
oreparuii.

B pe3synbraTe BHINOTHEHUS CBS3BIBAIOIIMX IIATOB MOJyYaeM 3arOTHEHHBIN
MaccuB RankT. Terepb ocTaércsi TOIBKO CBS3aTh BCE JIEPEBBsI, HAXOISAIIUECS B
3TOM MAaCCHBE, B KOPHEBOM CIIMCOK M HAWTH B 3TOM CIIMCKE HOBBIM MUHUMAaJb-
HBIA 237eMeHT. O4YeBHIHO, BCE 3TO MOXKHO BBIIOJHHUTH C TPYJAOEMKOCTHIO
O(D(n)).

YroObl OLIEHUTH AMOPTH3ALMOHHYIO CTOMMOCTH onepatuu DeleteMin noa-
cuntaeM (aKTHUECKYI0 CTOUMOCTH ONEpaliy U M3MEHeHUe noTeHnuana. dak-
THYECKas CTOMMOCTh ckiajbiBaeTcs u3 O(1) onepanuii Ha MPOBEpKy Ky4H Ha
nycroty, O(D(n)) neiictBuii mpu 100aBIEHUU JETEH MHHHUMAILHOIO y3lia B
kopHeBoil crimcok U O(KonuuectBa cBsizbiBatonux maroB) + O(D(n)) mpu
BBITIOJTHEHHUH CBSI3BIBAFOIIHX IIATOB.

B utore dakrudeckas CTOMMOCTh ONEpaIiK yIAJICHUSI MUHUMAJILHOTO dJIe-
menTa ecth O(KonuuecTBo cBA3BIBAIOIIMX 11aroB + D(n)).

OueBUIHO, TIOTCHIIMAT YMEHBIIIICS, KAK MUHHUMYM Ha YHUCIIO CBSI3BIBAIO-
IIMX [IAr0B, TaK KaK MMPH KaKJIOM CBS3BIBAIOIIEM IIare KOJIUYECTBO ACPEBHEB B
KOPHEBOM CITMCKE YMEHBINACTCS Ha equHUILy. [I0CKOIbKY aMOpTH3alMOHHAS
CTOMMOCTh paBHa (PaKTUIECKOW CTOMMOCTH IUTIOC M3MEHEHHE MMOTEHIIHAla, TO
aMOPTU3aLMOHHAs CTOMMOCTb paBHa paBHa O(D(n).

Onepayusn DecriseKey (A, i, H). [Ipu yMeHbIICHUH KJIF0Ya Y HEKOPHEBOTO
aneMeHTa i B kKyde H Ha BenmuunHy A MOXXeT ObITh HapyIIEHO CBOWMCTBO Kyde-
oOpa3HocTh. [[si BOCCTaHOBIICHHS ATOTO CBOMCTBA MEpeMeIaeM MOIICPEBO C
KOPHEM B U3MCHSEMOM JJIEMEHTE B KOPHEBOM CIUCOK, HO TIPH 3TOM, BO3MOXK-
HO, OCTaBIIIeecs TIOCIIe EPEHOCa IePEBO MOXKET HE OKa3aThCs TOHKHM.

[Tokaxxem kak, 3aTpatuB O (1) aMOPTH3MPOBAaHHOTO BPEMEHH, UCIIPABIISATH
ero cTpykrypy. B mpouenype DecriseKey mnociie yMEHBIIICHUS KITFO4Ya KOPPEK-
TUPYETCsl, €CJIM ATO HEOOXOAMMO, YKa3aTelb Ha MUHUMAJIbHBIA 3JICMEHT KYYH.
[Moce aTOrO TIPOBEpPSIETCS, HE SBJISCTCS JTM M3MEHEHHBIN y3€l X KOpPHEM Jiepe-
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Ba 7. Ecim 3TO 1eiicTBUTENBHO TakK, TO MPOIEIypa 3aBepIIaeTcs, B IPOTHBHOM
cllydae MepeHOCHM IMOJIEPEBO C KOPHEM B y3J1€ X B KOPHEBOM CIMCOK Ky4H U
3aIryckaeM Iporeaypy KOppeKIuu ocTaBiierocs nepesa 7.
Bynewm paznuuaTe nBa BUa HapyIIEHUHA CBOMCTB TOHKOTO JEPEBA:
1. bparckue HapyleHHs 3TO HapyLIEHHs TPEThEro NpaBUIa U3 ONpezeiie-
HUS TOHKOT'O JIEpEBa.
2. Poautenbckue HapylI€HUs 3TO HApyLIEHHs NEPBOrO WM BTOPOIO Mpa-
BUJIA.
PaccMmoTpum nosppo6Hee Kax10e U3 AByX BUIOB HapyIICHUH.
HazoBeMm y3en y y3moM jokanu3anuu OpaTcKOro HapylLIeHHs Cpeiu JeTel
y3J1a z, €CIIU paHT y3Ja ) OTINYAeTCs OT PaHra ero Ommxkaifiero mpasoro Opara
Ha 2, muO0 OH HEe WMeeT mpaBoro Opata u ero panr paBeH 1. [Ipumep Ha

puc. 24.

B, Vienz A
V3eny N

Puc. 24

HazoBeM y3enm y y310M JIOKanM3alMM POAUTEIBCKOTO HApYLIEHMs, €CIIU
BBITIOJIHEHO OJTHO U3 TPEX YCIOBUI:

1. Panr y3na y Ha Tpu OOJIbIIE YEM PAHT €r0 CaMOTo JIEBOTO ChIHA.

2. Panr y3nay paBeH IByM M OH HE UMEET JIeTeH.

3. V3en y ecTb NIOMEUEHHBIN KOPEHB JIepeBa.

[Tpumep Ha puc. 25.

VY3en y

Puc. 25
Paccmotpum Temeph, Kak MOKHO TIEPECTPOUTH JIEPEBO, YTOOBI N30aBUTHCS
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0T OpaTcKOro HapylIeHus: 00 CBECTH €ro K poauteiabckomy. Ilycth yzen y
9TO y3eJ JIOKau3aluu OpaTcKoro HapylleHus. PaccMOTpUM /1Ba BO3MOKHBIX
BapHaHTa.

V3en y HemomedeH, TO €CThb paHr €ro CaMmoro JIEBOIO ChlHA Ha €IUHUILY
MEHbIIIe paHra camoro ys3na y. [Ipumep Ha puc. 26.

Vieny | Ba: 4

Puc. 26

B nanHOM cimydae, 94ToObI HCTIpaBUTH OpaTCKOe HApYILICHHE, IOMEIIAeM Ha
MECTO MPOIYLIEHHOT0 B OPaTCKOM CIHCKE HOJIEPEBa, MOAIEPEBO C KOPHEM B
CaMOM JIEBOM CBIHE y3J1a V. Y3€el y IpH TaKOM orepany CTAHOBUTCS IOMEUYEH-
HBIM, HO 3aTO JIEPEBO TEMEPh yIOBIETBOPSIET BCEM TPEM CBOMCTBAM OIIpeiesie-
HUSI TOHKOTO siepeBa. O4EeBHIHO, YTO ATO ONEpalys 3aKaHYMBAET MPOLERypPY
UCIIpaBJIEHUS JIepeBa.

¥Y3ea y nomedeH, TOrjza yMeHbIIAaeM paHr y3Jia ) Ha €MHHULY. DTO HE UC-
NpPaBUT AEPEBO, HO 3aTO TENeph Y3JIOM JIOKATU3AIMH HApYIICHUs OyAeT JeBbIi
Opatysna y, 1ubo ero poaurtens. B mocnenHed cuTyanuu HapylieHHE CTaHO-
BUTCSI poauTenbekuM. [Ipumep Ha puc. 27.

By: VY3eny

Puc. 27

Taxum 06pa3oM, MbI TH0O0 UCIIPABUM CTPYKTYPY JA€peBa, JTMOO PEKYPCHBHO
IPUJIEM K Y3IIy JIOKATU3ALUN POJAUTENBCKOTO HAPYLIEHHMS.

BoisicHum, 4yTO ke AenaTh ¢ pOAUTEIbCKUMU HapyueHusmMu. [lycts y3en y
3TO y3€eJl JIOKAIU3alMHU POAUTEIBCKOTO HApyLIEHUs, a Y3€ll Z 3TO POAUTENb y3-
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na y. Toraa mpeayaraeTcst NepeMeCcTUTh MOAJEPEBO C KOPHEM B y3J€ J B KOP-
HEBOU CITMCOK KYyYH, JIeJiasi TIPU 3TOM y3eJl Y HeroMeueHHbIM. CuuTaeM, uTo z —
3TO HE KOpeHb JepeBa. Ecnu y3en z He ObLT MOMEYeH, TO, OYEBUAHO, MPOLIEAY-
pa HcIpaBiieHHs JiepeBa 3aKOoHYCeHA. Ecii OH ObLI MOMEYEH, TO CYMTAeM €ro
Y3JIOM JIOKQJIM3alUH HOBOTO POJIUTENHCKOro HapymieHus. [Ipu sTom, oueBua-
HO, KOJIMYECTBO TOMEUYEHHBIX Y3JIOB YMEHBIIUTCA Ha eauHuIry. [Ipomormkas
TAaKOTo0 BUJA PEKypCHUBHBIE IIArd, Mbl JHOO JOHAEM 10 KOpHS JAepeBa, JTuO0
UCTIPaBUM €T0 CTPYKTYpYy pasbiie. Eciu y3en z ctan KopHeM, TO IS TOTO YTO-
OBl UCTIPaBUTh CTPYKTYPY JepeBa HEOOXOIMMO JIUIIb CAeNaTh paHT KOPHS Ha
€IMHUITY OOJBIIUM paHTa €ro camoro JieBoro ceiHa. Ha saTom mpouemypa wuc-
npaBJIeHHs jJepeBa OyeT 3aKOHYEHa.

3aMeTHM, YTO KaX/IbIii IIPOMEKYTOYHBIH IIar PpeKypCUH YMEHBIIAET YHCIIO
MOMEYEHHBIX Y3JI0B Ha equHuIly. M no0aBiseT B KOPHEBOW CHHCOK He Ooiee
onHOrO sepeBa. Toraa moTeHIMAaN MPHU KaXXIOM Iare peKypcud yMEHbIIAeTCs
Kak MUHHUMYM Ha equHuily. OTcrona u cieayet obemranHas onenka O(1) Bpe-
MEHHU BBITIOJIHEHUs oneparu DecriseKey.

Onepayusa Delete(i, H) ynansietr 3nmeMenT i u3 Kyun H cieayromuMm oopa-
30M. YMeEHbBIIaeTCsl KoY YAAIIEeMOro 3JIeMeHTa [ A0 HEKOTOPOTro 3HA4YeHUS
MEHBIIIETO MUHHMAJIBHOTO, M DJIEMEHT YAAISETCd KaK MUHUMalIbHbIN. Oue-
BUJIHO, TPYA0EMKOCTh 3TOM ornepaiuu ectb O(D(n)).

Wrak, amopTu3anMoHHas  TPYJOEMKOCTb  BBITIOJHECHHUS  ONEpanui
DeleteMin u Delete Ha ToHKO# Kyde u3 n snementoB pasHa O(log n), a ams
OCTaJIbHBIX omepanuii kak Buaenu panee — O(1).

4.3. ToncTble Kyum

PaccmatpuBaemoe B 3TOM pazjielnie npecTaBIeHUE MPUOPUTETHON ouepen
OCHOBAaHO Ha HCIOJIb30BAHMH TaK HA3bIBAEMbBIX M30BITOYHELIX CUETUHMKOB, IIO-
3posistromux 3a BpeMsi O(1) MHKpeMeHTHpOBaTh JH000H pa3psa. 3aMeTuM, 4To
MCTIOJIb30BaHHBIC 3/1€Ch CUETYHMKH JIMIIb OJMH M3 CIOCOOOB peau3aliy TOJ-
CThIX Ky4d. Ha camom jese, uig MX pealu3alud MOJOUAET MPOU3BOJIBHBIN d-
apHBIN CUYCTYHK, IPHU YCIIOBUH, YTO TPYJOEMKOCTh HHKPEMEHTHPOBAHHMSI JIF000-
IO €ro pa3psjia SBIACTCI KOHCTAHTHOM.

N30bITOuHOE mpencTaBiieHue yuces. OcHoBHbIe ompeaenenus. M30b1-
TOYHBIM b-apHBIM TPEICTABICHUEM HEOTPHUIATEIBHOTO IIEJI0r0 YKMCa X CUnTa-
€M IOCIIeI0BaTeabHOCTD d = d, d,—1, ..., dy, TaKy10, 4TO

x=>db,
i=0
rned; €{0,1,..,b},i €{0, 1, ..., n}. bynem Ha3biBath d; udpoi crosuiei B
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i-M paspsize. B mpumepax 3amsteie MeXIy UGpaMu OITyCKaeM.

3aMeTHM, YTO M30BITOYHOE IMPEICTABICHHE OTIUYACTCS OT OOBIYHOTO b-
apHOTO MPECTABJICHHS MCIIOIB30BAHUEM (JIHIIHEI» HUPHI b, YTO MTPUBOIUT
K HEOIHO3HAYHOCTH TpeJacTaBieHus uucen. Hanpumep, npu b =3, yucno 3,
MOXeT OBITh MpeJIcTaBIeHo Kak 3 u kak 10.

B npumepax, B kotopsix b = 10, uudpy “10” 6yaem 0603Ha4aTh CUMBOJIOM
b.

Ha3zoBeM b-apHOE M30BITOYHOE MPEICTABICHUE YUCIIA PecyAPHbIM, CCITH B
HEM MEXJy JIOOBIMU JBYMs U(pamMu, paBHBIME b, Haiijercs uudpa, OTand-
Hast oT b — 1.

IIpumep. Tlycts b = 10, a uncio x, NpeaCTaBASCTCA B OOBIYHON IeCATHY-
HOU cucteMe nocienoBarenbHocThio 1100, Torma, npencrasienus b9b u bb0
HE SIBJISIIOTCS PErYJIIPHBIMU b-apHBIMU U30BITOYHBIMH IPEACTABICHUSMH YHC-
na x, a npeacrasienus 1100 u 1050 perynspHsL.

[Myctb L(i) — HOMEp pa3psaa oTiaudHoro ot b — 1 u Gnmkaiimero ciesa ot
[-TO pa3psja B perysipHOM b-apHOM U30BITOYHOM TIPEIICTABICHUH d.

Omnpenenum L'(i) caenyromum obpazom: L'(i) = L(i), ecmu d; €{b — 1,
b -2} u d(L(i)) = b; L'(i) — npousBonbHOE uucio > i, ecnu d; €{b — 1, b — 2}
u d(L(i)) <b — 1; L'(i) — ue onpeneneno, ecnu d; ¢ {b—1,b —2}.

Benuuuny L'(7) Oyaem Ha3bIBaTh MPSMBIM yKa3aTeIeM.

Iycte d=d,, ..., dy — b-apHOe perynspHOe MpeacTaBIeHHE HEKOTOPOIO
quca.

Qukcauuei yugpvr b, cmosawen 6 i-om paspsde npeocmaenenus d
(Fix (i)) na3zoBeM ornepaIyio, 3aKI0YaloNIyocs B 00HyIeHHH 1udpbI d; 1 UH-
KPEMEHTUPOBAHUH UPPHI d;+1, IPH ITOM €CITH I =1, TO Tonaraem d,+1= 1. [Ipn
Ka)XJIOM BBITIOJTHCHUY OTepaliu GpuKcauu OyneM oOHOBIATH 3HadeHue L'(i).
OueBunHo, nipu b>2 onepauuto Fix (i) MOXKHO BBINOJHUTE C TIOMOIIBIO Clie-
JYIOIINX OMEPaTOPOB.

if dj="b then {d;;=0; di+;:= djs;+1}; if djx; = b-1 then L'(i):= L'(i+1) else
L'():=i+1

Huxkpemenmuposanue i-oii yugpol uzovimounozo npeocmasnenusn d
(Inc (i)) MO’XHO BBITIOJIHUTB C TIOMOIIBIO ONIEPATOPOB

Fix (i); if (d = b -1) or (d; = b -2) then Fix (L'(i)); di=di + I; Fix (i) |

OueBUIHO, THKPEMEHTUPOBAHUE [-TO pa3psijia PEryJIIPHOTO b-apHOTO W3-
OBITOYHOTO MPECTABICHUS YUCIA X, MPOU3BOAUT IMPEJCTABICHNUE YHCIA X =
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=x+b.

Herpyano mokaszath, 4TO omnepainud (GUKCAMH U WHKPEMEHTHPOBAHUS,
HNPUMEHEHHBIE K PETYJSIPHOMY H30BITOYHOMY IMPEJCTABICHHIO, HE HAPYIIAOT
PETYJIAPHOCTH ¥ KOPPEKTHO BBIYMCIISIOT yKa3zaTenau L ¢ TpymoeMkocThio O(1).

Ota cxemMa MOXeT OBITh pacHIMpeHa Uil BBIMOJHEHUS 32 KOHCTaHTHOE
BpeMs JIEKPEMEHTHPOBAHHS IPOM3BOIGHON IH(MPBI N0OABICHUEM JOIOJHH-
TeJbHOTO H(POBOTO 3HAUeHUs b+1. OcTaBisieM JeTalld B KQUECTBE YIIPaXKHE-
HUSL.

IIpencraBnenne Toscroii kKyun. OcHOBHBbIE onpeneaeHus. OnpeaenseMm
moacmoe oepeeo Fypanra k (k= 0, 1, 2,...) cnenyroupm o0Opazom:

e Toucroe nepeBo FpaHra HOJb, COCTOUT U3 €IUHCTBEHHOTO y3IIa.

e Toucroe nepeBo Fy panra k, aist k> 1, coctout u3 Tpex nepeBbeB Fj_j,

panra k — 1, CBsI3aHHBIX TaK, YTO KOPHU JBYX M3 HHUX SIBJISIOTCS CAMBI-
MU JICBBIMH ITOTOMKaMHU KOPHA TPCTHETO.

Panez y3na x, B TOJICTOM JIepeBe, ONMPECISeTCs] KaK paHr TOJICTOTO TOJIe-
peBa ¢ KOpHEM B Y3JI€ X.

Ha puc. 28 npuBeaeHs MpuMepsl TOJICTHIX JIEPEBHEB

F

F F,

O ~

ol ‘

”M
C ¢ ¢ F;

Puc. 28

Ceoiicmea moacmauix oepesves.

1. B rtoncrom mepee panra k poBHO 3k y3JI0B.

2. Jns 1:000T0 HATYypaJbHOTO YHUCIA /1 CYIIECTBYET JIEC W3 TOJICTHIX Jie-
pEBbEB, B KOTOPOM POBHO # Y3JIOB. Takod JiIeC MOXKHO IOCTPOUTb,
BKJIIOUMB B HETrO CTOJIBKO JIEPEBHEB paHra i, KAKOBO 3HAYEHHE i-T0 pa3-
psna mpeAcTaBlIeHUs YKcia # B TPOMYHOM cHCTEME CUHMCIEHUs. 3aMme-
THM, YTO JUIsl IOCTPOEHHSI TAaKOTO Jieca MOXHO HCIIOJIb30BaTh U M30bI-
TOYHBIE TPOUYHBIE MTPECTABICHHUS.
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3. Toncrsrii nec u3 n y3noB conepxut O(logn) nepesbes.

Jloka3aTenbCTBa ITUX CBOMCTB OCTABJISIOTCS YUTATEIIO B KAYECTBE YIIPaK-
HEHHSL.

PaccMoTpuM Jiec M3 HECKOJIBKHMX TOJICTBIX CPEBBEB, PAaHTH KOTOPBIX HE
00s13aTeNIbHO TIOMAPHO PAa3JIMYHBI M y3JIaM KOTOPBIX B3aUMHO OJHO3HAYHO T10-
CTaBJICHBI B COOTBETCTBUE 3JIEMEHTHI B3BEIICHHOTO MHOXKeCTBa. Takoii jec Oy-
JIeM Ha3bIBaTh HArpy>KCHHBIM. Y3ell B HArpy>KCHHOM Jiece Ha30BeM Hempa-
BIJIBHBIM, €CJIM €r0 KIIF0Y MEHBINE KIIFoua ero poaurtens. HarpysxkeHHbli nec
HA30BEM IMOYTH Ky4eOoOpa3HbIM, €CIIH JUIS KaXI0T0 3HAUYCHHS K B HEM UMEETCs
He OoJiee IBYX HEMPABHIBHBIX Y3JIOB paHra k.

Toncmas Kyua — 310 TIOYTH Ky4eoOpa3HbIil, HATPYKESHHBIN JIeC.

Ilpeocmaenenue moncmon kyuu. Kaxnplili y3en TOJCTOW Kyuu Oyaem
IPEICTABIISTh 3AMUCHIO CIIEAYOIEr0 BU/IA:

FatNode = (Key, Parent, Left, Right, LChild, Rank),

rae Key — KiTio4 3j1eMeHTa MPUITMCAHHOTO Y311y AepeBa; Parent — yka3arenb Ha
ponutensi; Left — yka3arens Ha Onmkaiiiero JieBoro opara; Right — ykaszarenb
Ha Ommxaiiiiero npasoro opara; LChild — yxa3arenb Ha caMOro JICBOTO ChIHA;
Rank — panr y3na. Takum o0pa3oM, “BpaTbs’” CBsi3aHBI B IBYCBSI3HBIN CITUCOK
npu nomoru ykaszareneit Left u Right. Y camoro neBoro (mpaBoro) Opara B
ITOM CIHCKe, yka3zarens Left (Right) 3a3emieH.
Ha puc. 29 npencrasieno Toscroe nepesa [ (BHyTpHU Y3JI0B yKa3aHbl UX

paHTH).

. Puc. 29 o
IlIpeocmaenenue moacmoii ..y vo. ;. TPEACTABICHUS TOJICTON Ky4H BBE-

JIEM HOBYIO CTPYKTYPY, KOTOPYIO Ha30BEM “KopHEBBIM cHeTUUKOM”, a JIJIsl TO-
ro 9T00bI OBICTPO HAXOIUTH HEMPABHIBHBIEC Y3JIbI BBEJIEM €IIE OJMH H30BITOY-
HBI CYETUMK, KOTOPBIA Ha30BEM “CueTdunkoM HapyuieHuit”. Takum oOpazom,

TOJICTYIO KY1Y MOXXHO NPEACTABUTD 3alIMChIO CIICAYIOUICTO BUA
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FatHeap = (RootCount, CountViolation, MinPointer, MaxRank),

I'ne RootCount — maccuB cootBercTBytoumii “KopueBomy cuetumnky’’; Count-
Violation — maccuB cooTBeTcTBYyrOImUI “CueTunky Hapyiuenuit”’; MinPointer
— yKaszareslb Ha JJIEMEHT Ky4d WML MUHHMANbHBIN Kirou; MaxRank —
HauOOJIBIINI PaHT CPEAM PAHTOB JAEPEBHEB NIPUCYTCTBYIOIINX B Kyde

Kopnueeoii cuemuuk. KopHeBOi CUETUYMK COCTOUT U3 M30BITOYHOTO TPOUY-
HOTO IPEACTaBJICHUS YUCIIAa 3JIEMEHTOB B Ky4e U Ha0Opa CIHCOYHBIX 3JIEMEH-
TOB.

3HavyeHue i-ro paspsaa U30BITOYHOIO KOPHEBOTO IPEJICTABICHHUS PABHO
KOJINYECTBY JIEPEBbEB PaHra i MpUCYTCTBYIOIUX B Kyde. [Ipu Takom ompene-
JIEHUU U30BITOYHOTO KOPHEBOI'O INPE/ACTAaBJIEHUs, YUCIO, KOTOPOE OHO Ipe-
CTaBISIET PABHO YKCIY Y3JI0B, B Ky4e, TaK KaK TOJICTOE [IEPEBO paHra i cojep-
KUT POBHO 3' y31I0B. 3aMETHM, YTO COCTOSHUE U3OBITOYHOTO KOPHEBOTO TIPEJI-
CTaBJICHUS OIpeNessieTcsl He 0JHO3HayHO. OTCI0/1a CIelyeT, 4TO TOJICTast Kyda
C OJTHUM H TeM k€ HaOOPOM 3JIEMEHTOB MOXET OBITh Npe/CTaBlIeHa pa3iIHy-
HBIMU HaOOpaMH TOJICTBIX AepeBbeB. OUeBUIHO, I JIF0O0H TOJICTOM Ky4H CO-
CTOsIIIEN U3 N 3JEMEHTOB, CYLIECTBYET PEryJIIpHOE M30BITOYHOE Mpe/cTaBIIe-
HUE KOPHEBOT'O CYETUHKA.

CIuCcOYHBIN 37€MEHT, MPUIHUCAHHBIM I-OMYy pa3psily H30bITOYHOIO KOpHe-
BOI'0 NPEJCTAaBJIEHHs], 3TO yKa3aTellb Ha CIMCOK JEPEBbEB PaHra I, MPUCYTCT-
BYIOIIHMX B Kyde 00pa30BaHHBIN MOCPECTBOM yKa3areneill Right KOPHEBBIX y3-
JIOB CBSI3bIBAEMBIX JIEPEBHEB.

OmnpeneneHre KOPHEBOIO CYETUMKA MO3BOJISIET CAEJIATh HECKOJIBKO yTBEP-
JKIEHUH.

1. KopHeBoli cueTuuk 1Mo3BOJsET UMETh JOCTYIN K KOPHIO JII000ro epeBa

panra i 3a Bpemst O(1).

2. BcraBka TosicTOrO JepeBa paHra i, COOTBETCTBYET OIEepaluu
MHKPEMEHTHPOBAHMSI I-r0 pa3psiia KOPHEBOIO CUETUYHKA.

3. VYpaneHue TOJCTOTO JepeBa paHra I, COOTBETCTBYET ONepalluu JeKpe-
MEHTHPOBAHUS i-I'0 Pa3psia KOPHEBOTO CUETUHKA.

4. Onepanuy MHKPEMEHTUPOBAHMS M JEKPEMEHTUPOBAHHUA I-T0 pa3psala
KOPHEBOI'O CYETUMKA OCYILIECTBIIAIOTCS 32 KOHCTAHTHOE OT 4YMcia dJje-
MEHTOB B Kyue BpeMsl.

Ilpeocmagnenue kopneeo2o cuemuuxa. KOpHEBON CUETUUK MTPEICTABIISIEM

pacumpsirorumcst maccuBoM RootCount, kKakKIplii 371€MEHT KOTOPOro 3TO 3a-
MUCH C TPEMsI TOJISIMHU:

(Value, ForwardPointer, ListPointer),
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KOTOpBIE HHTEPIIPETUPYEM CIEITYIOIINM 00pazoM:
e RootCount[i].Value — i-ii pa3psij, paBHBII KOJHYECTBY JCPEBHECB paHra
I
e RootCount[i].ForwardPointer — npsMoii yka3aTelb i-ro pa3psia;
e RootCount [i].ListPointer — yxa3arenb Ha CIIMCOK JEpPEBbEB paHra i,
NPUCYTCTBYIONIUX B TOJCTOH Kyde. JlepeBbsi B 3TOM CITHCKE CBSI3aHbI IPU
MIOMOIIN yKa3atens Right KOPHEBBIX Y3JIOB CBSI3bIBAEMBIX JepeBbeB. Ec-
U B Kyde HET JepeBbEB paHra i, TO ykazatenb ListPointer 3a3eMIcH.
3ametum, uto eciu 3HadeHue RootCount [i].Value paBHO HYJIO, TO HAM
HE Ba)KHO, KaKOBO 3HaueHue ykazarens RootCount [i].ListPointer.
Huuyuanuzayua xopueeozo cuemuuka (InitRootCount). Ilockoibky
KOPHEBOW CUETYMK pean30BaH, KaAK MAaCCHB 3aIlMCEH, TO BO3HUKAET BOIIPOC O
BEJIMYMHE TAHHOTO MacCcHBa M O TOM, 4TO JeJaTh, KOTr/la BeCh STOT MAacCHB 3a-
nojHeH. YToOb! Obls1a BO3MOXKHOCTH OLIEHUTH BPeMsI HHUIMAIM3AIUN CUETIH-
koB BenuuuHo O(1) ucronp3yem nopaspsIHyIo UX HHUNHanu3anuo. To ecth
OyzneM 00aBIATH HOBBIC Pa3psi/ibl TOJBKO TOT/A, KOTAAa BO3HUKACT Takas He-
00X0MMOCTh. W MpH 3TOM WHHIIMAIU3UPOBATH HOBBIKA pa3psi cpa3dy B 000X
cuérumkax. [y 3TOr0 MBI BBOAUM nepeMennywo MaxRank, kotopasi mokasbl-
BaeT HaM, KaKas 4YaCTh MAaCCUBOB CYETYMKOB UCIIOIB3YETCS B JAHHBI MOMEHT.

[Tpn HavaTbHON MHUIIMATH3AINHA HEOOXOAMMO YCTAHOBUThH CUYETIYUKU B CO-
CTOSIHHE, KOTOPOE COOTBETCTBYET ITycTON Kyde. OUeBUIHO, UTO B ITyCTOHN Kyde
HE MOXET ObITh HUKAKuX HapylieHud. Oneparysi MHHIUAIA3AIUN BBITIISTAT
CIIEAYIOLIMM 00pa3oM.

Oo6nognenue npamozo ykazamensn i-20 paspaoa KOpHEEO20 CHUEMUUKA
(UpdateForwardPointer(i)) 3axiodaercs B BHIIOJHEHUH OIIEPATOPOB

If (RootCount[i+1].Value = 3-1)
then RootCount[i].ForwardPointer:= RootCount[i+1].ForwardPointer
else RootCount[i].ForwardPointer:= i+1;

Koppexmuposka cnucounoit uacmu i-2o papaoa KopHegozo cuémuuxa
npu écmaegke 6 Kyuy Ho6020 oepesa panca i (InsertTree(i, p)). Ita nporeny-
pa BCTaBIISIET HOBOE JIEpPeBO paHra i (Ha HEro yKa3bIBaeT yKa3aTellb p), B CITH-
COYHYIO 4YacTb i-ro pa3psiia KopHeBoro cuétunka RootCount v 3aKiIrodaeTcs B
BBITIOJIHEHHH OTIEPATOPOB

pl := RootCount[i].ListPointer;
if (RootCount[i].Value # 0) then p”.Right := p1 else p*.Right := nil;
p”.Left:= nil; RootCount[i].ListPointer:= p;
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Koppexmuposka cnucounou uacmu i-20 paspsaoa KopHegozo cuémuuxa
npu yoanenuu u3 Kyuu oepeea panza i (DeleteTree(i; p)). Dta npouenypa,
yIassieT JIepeBo paHra i (Ha HEro yka3blBaeT yKasarellb p), U3 CIIUCOYHOM Yac-
TH [-r0 paspsaa KopHeBoro cuérunka RootCount. CuutaeMm, 4TO yKazaHHOE
JIEpEBO TPUCYTCTBYET B Kyude. [Iporeaypa 3akirodaercst B BBIIOJIHEHHH Olepa-
TOPOB

pl:= RootCount[i].ListPointer;

If (p1 = p) then RootCount[i].ListPointer:= p*.Right;

=1

While (j < RootCount[i].Value) and (p1”.Right # p) do Begin j :=j+1; pl :=
p1~.Right End;

p1~.Right := p”.Right;

Cesazvieanue (Fastening(pl, p2, p3)) mpex moacmoix oepesves panea i,
6 00H0 moscmoe doepeeo panza i +1. Jta QpyHKIUS IPUHUMACT TPH yKa3aTels
(p1, p2, p3) Ha TpU pPa3HBIX TOJCTHIX JIEPEBA OJTHOTO U TOTO K€ paHTa i, ¥ BO3-
BpalllaeT yKa3arellb Ha BHOBb c(popMUpoBaHHOE nepeBo panra i + 1. TIpore-
Jypa 3aKJIF09YaeTCs B BHIIIOJIHEHUU ONIEPaTOPOB

If (pl*key < p2~.Key) and (pltkey < p3~.Key) then {MinP:=pl;
pl:=p2; p2:=p3};

If (p2~.key < pl”.Key) and (p2”.key < p3”.Key) then {MinP:=p2; pl:=
pl; p2:=p3};

If (p3~.key < p1*.Key) and (p3*.key < p2”.Key) then {MinP:= p3; pl:=
pl; p2:=p2};

pl1~.Right := p2; pl1~.Left := nil; p1”.Parent := MinP;

p2”.Right := MinP”.LChaild; p2”.Left := p1; p2*.Parent := MipP;

if (PMin”.LChild # NiL) then PMin”.LChild".Left :=p2;

MinP#.LChaild := p1; MinP*.Rank := MinP*.Rank +1;

PMin”.Right := NiL; PMin”.Left :=NiL; Fastening:= MinP;

@yuxyus GetKey (p) no ykazamenio p na snemeHnm onpeoenaem 3naue-
Hue e20 K1104a 1 peannsyeTcs onepaTopoM

‘ If (p = nil) then Min := ®© else Min = p *.Key; GetKey := Min;

@yukyusa MinKeyNodeRoot(p), koTopas 1o ykazaTento P Ha CIMCOYHYIO
YacTh paspsia KOPHEBOTO CYETYMKA BO3BpAIACT yKa3aTelb Ha KOPHEBOH y3el
C MUHUMAJIbHBIM KITFOUOM, PEali3yeTCsl OrepaTropamMmu

pl:=p; MinP:=pl;
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While ﬂgl # nil
Begin If (p1”. ey < MinP”.Key) then MinP :=pl; pl:= p1~.Right End

MinKeyNodeRoot := MinP;

O4eBUIHO, YTO TPYAOEMKOCTb BCEX NPHUBEIACHHBIX BBIIIE ONEpalMid ole-
HuBaercs Benuunnoi O(1).

Onepayus uxcayuu (FixRootCount(i)). Onepaiys Gpukcanuu i-ro pas-
psia KOPHEBOIrO CU€TYMKa MOJpa3yMeBaeT, YTO €ro 3HAU€HHWE PAaBHO TPEM, a
CIHMCOYHAs YacTh COJEPXKHT YyKa3aTellb Ha CIUCOK JIEPEeBbEB paHra i, COCTOs-
UK pOBHO U3 TPEX AepeBbeB. lIpu nmpoBeneHnn 3TON onepanuy 3Ha4eHUe B i-
OM paspsje IOJDKHO CTaTh PaBHBIM HYJIIO, a 3HaueHue B I + l-om paspsne
YBEJIMUUTHCS HAa €IMHHLY. TO eCThb B Kyde HE JOJDKHO OCTaThCsl JEPEBHEB
paHra i, a KOJIMYEeCTBO JepeBbeB paHra i + 1 TOKHO yBETHMUYUTCS Ha €HHUILY.
g 3TOoro cienyer ynanuTh M3 Kydd TPH IPUCYTCTBYIOIIMX B HEH JepeBa
paHra i, cBsi3aThb MX B JIepeBO paHra i + | M BCTaBUTh BHOBB IOJIyUYECHHOE
JIEPEBO B Ky4y.

CrnemyeTr ydecTb, YTO paHT HOBOTO JIepeBa MOXKET CTaTh OOJbIIEC YeM
MaxRank, uto nmotpebyer MHUIIMAIM3ALMIO HOBBIM paspsiaa. s 3Toro HeoO-
XOIMMO YBEIHUYUTH 3HaueHne MaxRank Ha eMHUITY ¥ 3alIOJHUTH HOBOE TIOJIE,
a Tak e Heo0X0AMMO MPOBECTH MHUIINAIN3ALIMNIO HOBOTO pa3psaa

Omnepanus (puKkcay OCyIIECTBIISETCS € TIOMOIIbIO OIIEPaTOPOB

if (MaxRank = 1)
then {MaxRank:= i+1; RootCount[i+1]*.Value:= 0; CountViola-
tion[i+1].Value:= 0}
else { UpdateForwardPointer(i+1)};
RootCount[i].Value:= 0;
pl:= RootCount[i].ListPointer; p2:= p1”.Right; p3:= p2”*.Right;
p:= Fastening(p1, p2, p3); RootCount[i]*.ListPointer:= nil;
InsertTree(i+1, p);
RootCount[i+1].Value:= RootCount [i+1].Value + 1

OueBUIHO, €CIIM CIUCOYHAsl YaCTh KOPHEBOI'O CUETYMKA JI0 ONepaluu co-
OTBETCTBOBaa M30BITOYHOMY KOPHEBOMY IPEACTABICHHIO, TO U MOCIE OIepa-
UK (UKCAIIMU 3TO COOTBETCTBHE coXpaHHTCs. CoXpaHsSeTcs TaK e M pery-
JSIPHOCTH TpecTaBiieHus. TpynoéMkocTs qanHoi onepammu O(1).

Hnkpemenmuposanue i-co pazpada kopuesozo cuémuuka (IncRoot-
Count (i, p)). [1o cpaBHEHUIO C ONTUCAHHBIM AITOPUTMOM HMHKPEMEHTHPOBAHUS
i-T0 pa3psga U30BITOYHOTO MPEICTABICHUS 37IeCh MBI JOJDKHBI yUecTh padoTy
CO CIIMICOYHOM 4acThi0 U OOHOBUTH MpsiMbIe yKa3zarenu. [Iponenypa peanusyer-
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Cs oIiepaTopamMu

If (RootCount[i].Value = 1) or (RootCount[i].Value = 2)

Then If (RootCount [ RootCount[i].ForwardPointer ].Value = 3)
then FixRootCount(RootCount[i].ForwardPointer);

If (RootCount[i].Value = 3) then FixRootCount(i);

InsertTree(i, p);

RootCount[i].Value:= RootCount[i]. Value + 1;
UpdateForwardPointer(1);

If (RootCount[i].Value = 3) then FixRootCount(I)

OueBHIHO, €CIM KOPHEBOM CUETUMK HAXOAMTCS B KOPPEKTHOM COCTOSIHUH
u i < MaxRank, To onepanusi HHKpEMEHTUPOBAHUS [-TO pa3psijia KOPHEBOTO
CUY€TUYMKA, MEPEBOJUT KOPHEBOH CUETYMK B HOBOE KOPPEKTHOE COCTOSIHHE.
Tpynoémkocts 31oii oneparuu pasua O(1).

IIpouedypa yoanenus odepeea u3 Kyuu TNOApPa3yMEBaeT HaJMYUE B Kyde
atoro nepera. Ilycth ynmansemoe aepeBo mmeer panr i. Toraa 3HadeHue i-ro
pa3psiza M30BITOYHOTO KOPHEBOI'O NPEICTABICHUS HE PaBHO Hym0. To ecTh
YMEHBIIIEHUE 3TOT0 3HAUYEHHUS Ha €IUHUILY HE UCIOPTUT PETYJSPHOCTH Hpe.-
CTaBIICHHS W HE MOTpeOyeT OOHOBJICHUS, KaKHX-TH00 ykazarteneil. Heooxonu-
MO JIMIIIb COOTBETCTBYIOIIUM 00pa3oM o0paboTaTh CIHCOYHYIO YacThb. [Ipore-
Jypa peajausyercs onepaTropaMu

DeleteTree(i, p); RootCount[i].Value:= RootCount[i].Value —1;

Tpynoémxkocts oneparmu O(1).
Haxoxcoenun depesa ¢ munumanvuolm Kaouom ¢ kopue (MinKey) pea-
JU3yeTcs ornepaTopamMu

MinP:= nil;
For 1:= 0 to MaxRank do
Begin

pl := MinKeyNodeRoot (RootCount[i].ListPointer);
If (GetKey(p1) < GetKey(MinP)) then MinP:= p1;
End;

MinKey:= MinP;

TpynoéMmkocTh nanHo# onepanuu Tak xe O(1).

Cuémuux napywenui. K coxaieHuio, 37ecb He yHa€rcs pas3aeiuThb
CTPYKTYpPY Ha H30BITOYHOE MPEACTABICHUE U CIIMCOYHYIO YacTh, KaK B KOpHe-
BoM cuérunke. [lo aTomMy paccMoTpuM paboTy CO CHETYMKOM HapymieHUi 00-
nee noapoOoHO. CuéTurK HAPYIIEHUH COCTOUT U3 PACHIMPEHHOTO U30BITOYHOTO
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JIBOMYHOTO MPECTaBIeHNs, U HA0Opa CIUCOYHBIX 3JIEMEHTOB.
Otnnune 3aKi04aeTcs B TOM, YTO:
1. Hac Teneppr He UHTEpECyeT caMO YHUCIIO, @ HHTEPECYIOT TOJIbKO 3Haue-
HUS pa3psilioB.
2. Omnepanus pUKCAUH TECHO CBsI3aHA C TOJICTON Ky4dei.
3HaueHue [-ro paspsja Al C4ETUYMKA HApPYLICHUH MHTEPIPETUPYETCS Kak
KOJINYECTBO HE MPABWIBHBIX y3JI0B PaHra i, a €ro CIMCOYHas 4acTh 3TO yKa3a-
TEN Ha HE NMPAaBUIIbHBIC Y3JIbI PaHTa i.

Takoe onpeneneHne cy€TUMKa HapyIIEHUH MO3BOJSAET CHENaTh HECKOJIBKO
YTBEPKICHUM:

® HaJIU4YME CUCTUYMKA HApYLIEHUI MO3BOJSIET UMETh IOCTYII K JTI000MY He
IpaBHILHOMY Y311y panra i 3a Bpems O(1);

e omepalyy HMHKPEMEHTUPOBAHUS i-TO pa3psga CUéTyMKa HapylICHHUH
(ecTecTBEHHO, JIMILL B CIydae, KOrJja HOBOE 3HaUeHHE KiIIo4ya y H3Me-
HSIEMOTO y3J1a CTAHOBUTBCSI MEHBIIIE 3HAUCHNUS KJIF0Ya €T0 POJUTENS);

e omepaluy WHKPEMEHTHPOBaHMS M JEKPEMEHTUPOBAHUS I-T0 paspsja
KOPHEBOT'0 CYETYMKA OCYIIECTBISIOTCS 32 KOHCTAaHTHOE OT 4YMclia dJIe-
MEHTOB B Ky4€ BpeMs.

IlIpeocmaenenue cuémuurka napywenuii. C4€TUMK HapyUIeHUN 3TO pac-

HMIMPSIIOIIUIICS MACCUB, 3JIEMEHTBI KOTOPOTO SIBIISIOTCS 3alMCAMU U3 YETBIPEX
nonei

(Value, ForwardPointer, FirstViolation, SecondViolation),

co crenytomeit untepnperanueii: CountViolation [i].Value — xonmuuectBo He
OpaBWIbHBIX y370B panra i B kyue, CountViolation [i].ForwardPointer —
npsiMoii ykazarenb i-ro paspsiaa, CountViolation [i].FirstViolation n Count-
Violation [i].SecondViolation — yka3atenu Ha He TIPaBUIIbHBIC Y3JIbI PaHTa i.

3amerum, uto eciu 3HaueHue CountViolation [i].Value paBHo enunmIe, TO
Ba)KHO JIMIIb 3HAYCHUE MepBoro ykaszarens FirstViolation, n He BaxkHO, 3Haue-
Hue Broporo SecondViolation. A ecim CountViolation [i].Value paBHo nyit0,
TO HE MHTEPECHBI 00a yKa3aTeJsl.

Jlaniee orpaHUYMUMCSI PACCMOTPEHUEM TOJIBKO HanOoJee BaXKHBIX OIEPAIIHIA.
Tak kak CUETUMK HAPYIICHHUI MTOX0K HA ONUCAHHBIN BHIIIE KOPHEBON CUETUHK.
[To sToMy aklieHTHpYEeM BHUMAaHHE JIMIIb HA pa3inyusx. Peann3amus Bcex He-
00XOMMBIX TPOLIEAYP OCTABISIETCS YATATEIIO B KAYECTBE YIIPAKHEHHUS.

Huuyuanuzayua cuémuuxa napywienun. {1 MHULMAIN3aUAA HOBOIO
3BeHa CUETYMKA HAPYIICHUH HEOOXOMMO JIIIb 3aHYJIUTh €r0 3HAUYCHHE B HO-
BOM paspsiie. JlemaeTcs 3TO TOJNBKO TOTAA, KOTJa MBI BBOJUM B Kydy HOBOE
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nepeBo panra MaxRank + 1. DTo mepBblii MOMEHT TOSIBICHHS B Kyd4e y3la
paura MaxRank + 1. Jlns Tex HapylleHUH, KOTOPbIE MOTYT BO3HHKHYTh B y3-
Jax paHra mMeHsine nubo paBHoro MaxRank + 1, cooTBeTCTBYIOIINE pa3psibl
cu€TUrKa HapyIIEHHH YK€ MHHIHMAIW3UPOBAHBI, a Y3JI0B OOJBIIETO paHra B
Kyde MOKa HeT.

Bcnomozamenwnule npouedypot.

1. Tlpomemypa oOHOBIIEHHSI MPSMOTO yKazarens i-ro paspsaa “Cuérumka
HapymeHuit” ananornuna npouenype UpdateForwardPointer(i) nns
KOpHeBoro cuétymka. HeoOXonuMo JHIIb y4ecTb, YTO CYETYHK Hapy-
IIECHUI JTBOUYHBIM.

2. Ilpouenypa KOPpEKTUPOBKU CIHUCOYHOM YACTH I-TO pa3psiga CUETUMKA
HapylUIeHU NpU MOSABIEHUH B Ky4€ HOBOI'O i-pAaHTOBOTO HapyLICHMS,
HazoBéM e€ InsertViolation (i; pNode) BcTaBnsier HOBBII HapyIIeH-
HBIA y3el, OOHOBisIsA, B 3aBucuMmoctd oT 3Hauenuss CountViolation
[7].Value nubo nepssiii (FirstViolation), mu6o BTopoit (SecondViola-
tion) ykasarenb. [Ipudém, nepea TeM Kak BCTaBISATh B CUETUYUK Hapy-
IICHUH HOBOE, HEOOXOMMO IMPOBEPHUTH, HE IPUCYTCTBYET JIM OHO TaM.

3. Ilpouenypa B3aMMHOH 3aMEHBI MOAJEPEBLEB KyUH ¢ KOPHAMHU B y3Jax
pl u p2, nazosém e¢ InterChange (p1, p2) nogpasymeBaer, 4TO paHTU
00OMEHUBAEMBIX JIEPEBHEB OJINHAKOBBI.

4. Tak e Ham HeoOxomuma GyHKIUs SearchBrather(p), xotopas
BO3BpAlIlAeT yKa3aTeslb Ha OpaTa TOrO )K€ paHra, 4yTo M NepeaaBaeMbli
eil y3en. OHa mpoBepsieT paHry CBOEro MPaBOro U JieBoro Opara (eciu
TaKWe CYIIECTBYIOT) M BO3BpaIllaeT yKa3aTelb Ha OpaTa TOTO K€ paHra
(Takol CymecTByeT 00s3aTeNbHO).

5. ®yHkuusa, KOTOpasi CBS3bIBACT TPHU TOJICTHIX JIepeBa paHra i, B OJHO
TOJICTOE JIepEeBO paHra [ + 1, aHalOrM4YHa COOTBETCTBYIOMIEH (DYyHKIHH
JUI KOPHEBOTO CUETYHMKA.

6. DyHKIUA, KOTOpas BO3BpallaeT yKa3aTellb Ha MUHUMAJbHBIN, Hapy-
IICHHBIA y3€J paHra i, Cpeli SJIEMEHTOB I-TO pa3psA/ia CYETYMKA Hapy-
menuid. Ecnn i-i pa3psa cuérurka HapylIeHUH IIyCT, TO BO3BpAIAeTCs
nil.

Kak u B ciryqae KOpHEBOro CUETUYMKA, BCE ONEPALMH BBITIOJHAIOTCS 34 KOH-

CTaHTHOE BPEMs.

Ceoiicmeo pezynapruocmu. OnipeieliiM CBOMCTBO PETYJISIPHOCTH ISl CUET-
yrka HapymeHud. HazoBeM cocTosiHME CUETUMKA HAPYIIEHUH pEryJsipHbIM,
€CIIM MEXIY JIOOBIMH IBYMS I(pamMH, paBHBIMH JIBYM, CYIIECTBYeT IUdpa,
OTIMYHasE OT enuHHIBI. HenpaBuibHBIN y3en paHra i, B janbHeiiieM Oynem
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Ha3bIBATh [ -PAHTOBBIM HAPYIICHHEM.

Onepauyus ¢uxcayuu. Ouxcanus, i-ii tudpsl d; = 2, COOTBETCTBYET JHOO
npeoOpa3oBaHMIO JABYX i-paHTOBBIX HapylieHu#, B oqHo (i + 1)-paHroBoe Ha-
pylieHue, b0 yCTpaHEHHI0 00OUX I-paHrOBBIX HapymeHuid. [IpoBoauTh 3Ty
OTIEePALIMIO TIPEAJIAraeTcs CIEAYIOUM 00pa3oM.

YnopsiaounBaeM JBa i-paHTOBBIX HAPYIICHUS TaK, YTOObI OHM MMENHU OJI-
HOTO poauTeNst (OYEBHJIHO, YTO B OOIIEM Cllydae i-paHroBble HapyIICHUS MO-
TyT UMETh pa3HbIX poauteneit). Caenats 3To mpejyiaraeTcs 3aMeHO mojaepe-
Ba C KOPHEM B HApYLICHHOM Y3Ji€, Y€l POAMTENb MMEET MEHBIIMHA K04, Ha
MOJIZIEPEBO C KOPHEM B i-paHTOBOM OpaTe HapylIaeMoro ysja, 4eid poIuTeNb
uMmeeT OonbIui Kitod. JIerko mpoBepuTh, UTO Takas 3aME€Ha HE MPHUBOAMT K
CO3JIaHHMIO HOBBIX HapymeHui. [lycTb y3en y 3To oOmuid poauTens IByX Ha-
pYILIaeMbIX Y3JI0B Iociie 3aMeHbl. [1ycTh y3en y npuHaaiexxuT nepesy F.

Pazo0bem nmanpHElee pacCMOTPEHHE Ha JIBa CTydasl.

1. Panrypaseni+ 1. Ilycts F "1 F? 510 TONCTHIE JIEPEBbsl paHra i, ¢
KOPHSMH B JIBYX HapylIaeMbIX y3iax. A nepeBo F~ — 310 ToJICTOE JI€-
PEBO paHra i, oJIy4eHHOE U3 TMOAJIEpeBa C KOPHEM B y3JI€ ) ylaleHUuEeM
noJiiepeBbeB [ "u F2,

a) Ecnm y3en y He siBiIsleTCsl KOpHEM JiepeBa I, To yJansieM U3 JepeBa

F, nognepeso F”. U3 tpéx tonctsix aepesbes (F, F', F?) panra i, 06pasy-

€M OJIHO JIepeBO paHra i + 1, ueil KOpeHb Z SIBIISETCS Y3I0M C HAUMEHBIINM

KJIFOUOM CpeJii KOpHel aepeBbeB F, F' 1, F?. BerasmsieM B nepeBo F BHOBB

MOJIyY€HHOE TOJICTOE JIEPEBO C KOPHEM B Y3JI€ Z, BMECTO MOJAJIEPEBa C KOP-

HeM B y3ne ). Eciu y3en z oka3eiBaeTCsl HAPYIICHHBIM, HHKPEMEHTHPYEM

d;+1. 3HaUeHHE i-TO pa3psa JAejaeM HyJICBBIM.

0) Ecnu y3en y kopeHb nepeBa F, To ynansem aepeBo [ u3 kyuu, U3

TpEX TOJICTHIX JiepeBbeB (F, F LF 2) paHra i, o0pa3zyeM OJHO JIEpPEeBO paHTa

i, 9Yeli KOPEHb Z SBJSIETCS y3JIOM C HAMMEHBIIUM KIIIOYOM CPEAH KITI0YeH

KopHeil nepeBbeB I, F ! F*. BcraBisieM BHOBb MOJTyYEHHOE TOJICTOE JIepe-

BO C KOPHEM B y3JI€ z, B Ky4dy. 3HaU€HHUE I-T'0 pa3psja jejaaeM HyJICBbIM.

2. Ecnu panr y Gombiue ueMm [ + 1, To, O yCIOBHIO PETYJISIPHOCTH CUET-
YHKa HAPYUICHUH, y3el y JOJDKEH UMETh XOTs Obl OJJHOTO ChIHA W paH-
ra i+ 1, xoropslii He siBisieTcs i + 1-paHroBBEIM HapyIIeHHUEM, U JIBa
[-paHTOBBIX ChIHA W JOJDKHBI OBITH TaKXKe HEHapyIIeHHbIMU. Torna 3a-
MEHsIEM JIBa HapYIICHHBIX i-PaHTOBBIX CBhIHA y3Jla y Ha JBa XOPOIIUX
I-paHTOBBIX ChIHA y371a W. TeM caMbIM MBI CBEJIM 3aj1a4y K ciiydaro 1.

MosHO 10Ka3aTh, YTO paccMaTpuBaeMasi onepanusi He UCTIOPTUT PeryJisip-
HOCTHU CUETYMKA.
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Hukpemenmuposanue  i-20  paspada  cuemuuKa  HAPYWIEHUIl
(IncCountViolation (i, p)). Vicions3ysi onrcaHHYIO BBIIIE ONepanuo (huKca-
IIMH, MOKHO OCYIIIECTBUTh HHKPEMEHTHPOBAHHUE i-TO pas3psijia CYETUNKA HAPY-
IICHHH CJICTYIOIIMMH OTIEPaTOPAMHU.

FixCountViolation (i); FixCountViolation (CountViolation
[i]*.ForwardPointer);
InsertViolation(i, pNode);
CountViolation[i].Value:= CountViolation[i].Value + 1;
FixCountViolation (i); FixCountViolation (CountViolation
[i]*.ForwardPointer);

Tpynoémkocts O(1).

Yoanenua napywenusa uz Kyuu. 3ameTuM, 4TO yJaJCHHE HAPYIIEHUS U3
Ky4d TOJpa3yMeBaeT HAJIMYKME B Ky4e TOr0 HapyILICHHUs, IyCTh 3TO Hapylie-
HHe panra i. Toraa, 3HadeHHe [-ro pa3psaa Jisd CUETUNKA HApYIIEHUH HE paBHO
Hyo. Clle1oBaTebHO YMEHBIICHNE 3TOTO 3HAYCHUS Ha SIUHHILY HE HCTIOPTHUT
PETYJISIPHOCTH U He NOTpedyeT 0OHOBIIEHHS, KaKUX-TH00 yka3arenei. Heobxo-
JMMO JIMIIb YMEHBIIUTh HA eAWHHIY 3HaueHue nepemenHoit CountViolation
[{].Value u obGpaborare ykazarenu FirstViolation n SecondViolation. Oue-
BUJTHO, YTO TPYI0EMKOCTD 3ToM oneparuu O(1).

Haxoorcoenusn y3na ¢ MUHUMATbHBIM 3HAYEHUEM KI04A CPeOu 6cex Ha-
pyuwienuii. JIns peanuzanuu 3Tod QYyHKIMH Tpeaiaraercs rnepedpaTh Bce Ha-
PYIICHHS 10 MAaKCUMAaJIBHOTO PAHTa U HAWTHU CPEIU HUX Y3€J ¢ MUHHUMAIbHBIM
BecoM. Tpynoémkocts nanHoi onepaiuu O(log n).

OcHoBHBIE OnIepanum:

Onepayusn make-heap 3axiroyaercsi B MHUIHAIH3ALUHA CUYETUYNKOB, TPY-
noémkocts O(1).

Onepayusa FindMin Bo3Bpamaer ykazareiqb Ha MUHUMAJIbHBIA JJIEMEHT.
Tpynoémxocts O(1).

Onepayus Insert(key). UToOb!I BHIIIOIHUTH 3Ty ONEPALUIO, EIaéM HOBBIH
AJIEMEHT OTIEIHHBIM JIEPEBOM H BBIIOJHSEM MPOLEAYpY BCTaBKA HOBOTO dIe-
MmeHTa panra 0 B kopHeBo# cuéruuk. [locne 3Toro, ecinu He0OX0AUMO, KOpPPEK-
TUPyEeM 3HaYCHUE YKa3aTelss Ha MUHUMAJbHBIN 3JICMEHT.

Onepauus ymenvuienusn kawua DecreaseKey(A, p). UToObl BBIOIHUTH
3Ty OMNEPAIHIO TOCTYIHM CIeAyomuM obpazomM. [lycThs x — y3emn, Ha KOTOPBIH
yKa3bIBaeT yKaszarenb p. Berantaem A u3 xiroua ysna x. Ecnu HOBBIU KiTrOU X
MEHbIIIE MUHAMAIBLHOTO KIII04Ya Kyud F, oOMEHHBaeM KIIOY DJIEMEHTa p, C
KJIFOYOM MHUHHMAIILHOTO AJieMeHTa. HOBBIX HapylleHHi omepanysi He CO31acT.
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[Tycte r — panr x. Eciim x — Hapymaemblii y3eln, mo0aBiisieM X Kak HOBOE
7-paHroBOe HapylIeHNEe MHKPEMEHTHPOBaHMEM 7-0i IHpPHI d, cyeTdynKa Ha-
pymenuii. Tpynoémkocts O(1).

Onepayusa DeleteMin BrimonnseTcs cieaytomuM o0pasom. Y ansem noj-
JIepeBO ¢ KOPHEM B MHHHMMAJIBHOM Yy3J€ U3 jieca. MUHHUMAaIbHOCTD 3TOTO 3Je-
MEHTa TrapaHTUpPyeT HaM, YTO CPEIH €ro JeTeil HapyIleHHH MopsaKa Kydd He
6bU10. TO ecThb, HET HEOOXOAUMOCTH, pabOTaTh CO CUETUYMKOM HapylIeHU. 3a-
TEM BCTaBJIsIEeM B Kydy BCE JIEPEBbSI C KOPHSMH, PACIIOJIIOKEHHBIMH B JETAX
ynanseMoro y3ia. O4eBUIHO, YTO HOBBIM MUHUMAJIBHBIN KIIIOY — JIHO0 B KOpHE
JepeBa Jieca, JIn00 B HapyIIEHHOM y3i1e. [lenaeM moucK HOBOrO MHHUMAIBHOTO
3IIEMEHTAa Cpei KOPHEH JepeBbeB M HApyLIEHHBIX Y3II0B.

Ecnm MUHUMAaNBHBIN DJIEMEHT OKa3aJicsl B HAPYLICHHOM Y3Je, TO OOMEHH-
BaeM €ro C 3JEeMEHTOM, XPaHUMBIM B KOpHE 3TOTO JepeBa, KOPPEKTUPYS KOp-
HEeBOW CU€TYHK, eciu 3T0 Heobxoaumo. Ilocie 3aMeHbl, HOBBIH MUHUMYM — B
KOpHE JiepeBa Jieca. DTOT KOPEHb OyJIeT HOBBIM MUHUMAIIBHBIM y3110M. Tpyzo-
émkoctb onepanuu pasaa O(Log n).

Onepayus yoanenus rnemenma. Beimonusiercs ¢ nomoinsto DecreaseKey
u 3atem DeleteMin. Tpynoémkocts onepanun O(Log n).

Onepayusn Meld(hl, h2). Bemonusercs cnenyromum obGpazom. [lepsbrii
miar — GUKCHPYIOTCS BCE HAPYIIECHHs B Ky4e ¢ MEHBIIIUM MaKCUMAaJIbHBIM PaH-
roM (paspbiBasi CBSI3b MPOM3BOJBHO). He ymeHbIas oOUIHOCTH, CUUTAEM, YTO
9Ta Kyda — h2. TIpoWTH 1O CUETUUKY HapymieHWd A2 OT muaamei mudpsl K
crapiieit, npomyckas uudpsi co 3Hauenuem 0. s i-oit mudpst d; # 0 nenaem
ornepanuo GUKCHPOBAaHMS Ha KaxIod IHdpe, IMoKa3pIBaeMOH MPSMBIM yKa3a-
TeqeM d;, ecnu 3Ta nudpa umeet 3HadeHue 2. 3arem, eciu d; = 2, pukcupyem
d;. Ecnu d; = 1, npeobpa3yem 370 i-paHroBoe Hapymienue B (i + 1)-panroBoe
HapyllIeHHe Kak Mpu (pUKCUPOBAHWH, UCIIONIB3YsSl i-paHTOBOrO OpaTta HapyIlIeH-
HOTO y3J1a BMECTO (HECYILECTBYIOIIETO) APYTOro i-paHrOBOTO HAPYIICHHUS.

Kak Tonbko 42 He Oyaer comepxarh KaKMX-THOO HApYIICHHH, BCTABHUTH
KOPHH U3 KOPHEBOT'O CUETYHMKA A2 B KOPHEBOW cueT4ywk /11 MHKpEeMEeHTHpOBa-
HHEM COOTBeTcTBYommX 1u¢pp. Ecnm MuHMManeHBIA y3en /42 comepKut
MEHBIINHN KITF0Y, Y4eM MHHUMAJbHBINA y3el 41, ycTaHOBUTh HOBBIM MHUHHUMAITb-
HBIM y370M /1 MUHUMANBHBIA y3en h2. BepHyTh MOAM(UIMPOBAHHYIO Ky4y
h1 B xauectBe pesynbrata Meld. Tpynoémkocts onepanuu pasHa O(Log n).

Onepayus DeleteViolation. 111 0cBOOOXIEHHUS Ky4H OT HApYIIECHUN JOC-
TAaTOYHO BBITIOJHUTH ONEPATOPHI

For i:= 0 to h2*.MaxRank do If (CountViolation[i].Value = 2) then Fix-
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CountViolation( 1);
For i:= 0 to h2*".MaxRank do If (CountViolation[i].Value = 1) then
{IncCountViolation(i, SearchBrather (CountViolation[i].FirstViolation));
FixCountViolation(i)}

OcHOBbIBasiCh Ha ONMMCAHHON BBIIIE PeaU3al[iH, TOJICTOM Ky4d MOJIydaem
CIICAYIONMIA pe3yabTaT. B ToJCTBIX Kyuax omepaumu FindMin, Insert wn
DecraseKey omonnsitores 3a Bpemss O(1), a Delete, DeleteMin n Meld — 3a
Bpems O(log n).

3ameuanua. CymecTByeT albTEpPHATUBHOE IPEACTaBICHHE W30BITOYHBIX
CUYETYMKOB. BMmecTo onHOM 3amucu Ha 1UQPY, MOKHO MCIOIB30BaTh OJIHY 3a-
nHCh Ha OJIOK OAMHAKOBBIX U (Dp. MHKpeMeHTHpoBaHue 10001 UPPBI MOKHO
BBITIOJTHUTH 32 Bpems O(1), ucronp3yst 9TO alnbTepHATUBHOE NPE/ICTABICHUE.
[IpenmyniecTBO 3TOro NpeACTaBIE€HUs — BO3MOKHOCTh PACIIUPUTH CUETUHK Ha
MPOM3BOJILHOE YUCIIO OIMHAKOBBIX ITU(P 32 TOCTOSHHOE BpEMSI.

Bponan onuceiBaeT Ky4yeBUIHYIO CTPYKTYPY, KOTOpasi TEOPETUUECKH JIyd-
1Ie, YeM TOJICThIC Ky4H, TaK Kak WX BpeMeHHas ouenka s Meld O(1) B xyn-
uiem ciyvae. Ctpykrypa bpoaana, olHako, HAMHOTO CJIOKHEE TOJICTBIX KYU.
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CBojaHbIe CBeleHHS 0 TPYAOEMKOCTH ONlepanuii

C NIPUOPUTETHBIMHU OYepeasiMHU

TpynoeMKocTh onepauuii HaJl pa3iTUYHbIMU peau3alisIMU TPUOPUTETHON Odepean B

XYJULIEM CIIydae:

neHuBas camo- eHUBAs cnaco-
OMHOMHU- (bnGo- |pacty-
IeBOCTO-  [EBOCTO- |opraHu- OUHOMHU- kyua Bpo-
d-Kyua QUIBHAST Hauqre-[as Ky4da
[POHHSIS Ky4a [pOHHSISI  [BYIOILasi- AITbHAS nasa
ouepesnb Ba Kyua |(run-
Kyda cs1 Kyua odepensp relaxed)
BCTABUTH |O(loggn) |O(log n) O(1) O(n) O(log n) [O(1) O(1) 10(1) O(1)
MIH O(1) O(1) O(F)* 10(1) O(1) O(1) o) 0 O(1)
KAZI[/I?{HHTB 0(d logg n) [O(log n) O(F)*  |O(n) O(log n) [O(n) O(log n) [O(log n)
YIAJIUTH  |O(d logg n) [O(log n) 0(1) O(logn) |... O(log n) [O(log n)
VYMEHBIIUT
b KITIOU O(loggn) [O(log n) 0(1) O(logn) |... 0O(1) O(1)
CJIUTH - O(log n) 0(1) O(n) O(log n) [O(1) O(log n) [O(1)
OBPA30OBAT
b outpEny O 0M) o) () o) |o()
*roe F'=k max{l,log L} .
k+1
2. AMOpTH3allMOHHAS TPYIOEMKOCTb BBIIIOJHEHMSI ONIEPALIUI:
1eHu-
6ast
camo- JIeHUBAs MOHKAs
1e60CMO-|1e60- ounomu- Qubdo- JICUPHA
opeaHu- OUHOMU- Kyua
d-kyua | pounss |cmo- anvHas Hauyue- . Kyua (fe
3yrouas- anvbHas (thin
Kyua | poH- ouepedsb 6a Kyua heap)
g | €A KVUa ouepeos heap)
Kyua
BCTABUTDH O(loggn) | O(logn) [O(1)[O(ogn) | O(1) o) o) o) o)
MUWH o) o) o) o) o) o) o) o)
YIAJINTH MUH O(d loggn)[O(logn) | ... [O(logn)|O(logn) | O(log n) [ O(log n) | O(log n) | O(log 1
YJIAJINTH O(d logg n)| O(log n) [O(1) O(log n) O(log n) | O(log n) | O(log 1
YMEHBIINTDH
ITIOY O(loggn) [ O(logn) [O(1) O(log n) o(1) o(1) o(1)
CJINTh — O(logn) |O(1)]| O(logn) | O(logn) | O(1) o(1) O() [O(logr
OBPA30OBATb
ONEPEID om | om |om) o) o | om | ot

277



Mnasa 5. MTOUNCKOBbIE JEPEBbA

5.1. [IBonyHble aepeBbA NOUCKa

OO0mme cBenenusi. /lepeBbsi IOKUCKA MpeaHA3HAYEHBI JJIs MPEACTABICHUS
cioBapeil Kak aOCTpaKTHOTO THIMA JaHHBIX. Takke Kak ¥ MPHOPUTETHHIE Ode-
pelu OHHU MPEJICTAaBISAIOT B3BEIIEHHbIE MHOXECTBA, HO C APYTUM HaboOpoMm
orepaiuii, a UMEHHO:

e Search — nouck >reMeHTa C 33JJaHHBIM KITFOYOM,

Minimum — noucK 3JIeMEHTa C MUHUMAJIbHBIM KJIFOUOM,
Maximum — TOUCK DIIEMEHTa C MAKCUMAJIbHBIM KITFOUOM,
Predecessor — IOUCK 3JIEMEHTA C IPEABLIYIIUM KIIIOUOM,
Successor — IONCK dIIEMEHTa CO CIETYIOUINM KIII0YOM,
Insert — BcTaBKa 3J1€MEHTa CO CBOMM KIIIOUOM,

Delete — ynanenue yka3aHHOTO JIEMEHTA.

Cunrtaercs, 4TO KaXKIbIi 2JIEMEHT CJIOBapsi UMEET KII0Y (BeC), IPUHUMAO-
WA 3HAYCHUE U3 KaKOTO-THMO0 JTMHEHHO YHOPSA0YCHHOTO MHOKECTBA. TakuM
MHOXECTBOM MOXXET OBbITh, HallpUMeEp, YUCIOBOE MHOXKECTBO MJIM MHOXECTBO
CJIOB B HEKOTOpOM ajdaBuTe. B mocneaneM ciyyae B KauecTBE JUHEHHOTO IO-
pSAKa MOXHO paccMaTpuBaTh JIEKCUKOrpaduyeckuid mopsaok. Takum oOpa-
30M, JIEpPEBO MOMCKA MOXKET OBITh NCTIIOIB30BAHO U KaK CIOBAph, M KaK MPHUOPH-
TETHasl ouepenb.

Bpems BbINoNHEHUST OCHOBHBIX ONEpaldii MPOMOPLMOHAIBHO BBICOTE JIE-
peBa. Eciin kaxxaplii BHYTPEHHUHN y3€l1 IBOMYHOIO JIEpEBa UMEET POBHO JABYX
IIOTOMKOB, TO €0 BBICOTa M BPEMsI BBIIIOJIHEHHS OCHOBHBIX OIE€palyii mpomnop-
[IMOHAJIBHBI Jlorapu¢My uucia y3noB. Hanpotus, eciu nepeBo mpejacTaBiiseT
co0Oll JTMHEHHYIO LIEMOYKy M3 7 y3JI0B, 3TO BpeMs BbIpactaeT a0 O(n). Us3-
BECTHO, YTO BBICOTA CIIy4aifHOrO JBOMYHOTO JiepeBa nmoucka ectb O(logn), Tak
9TO B ITOM CIIy4ae BpeMsl BBIIOJIHEHUS] OCHOBHBIX ornepaiuii ectb O(log ).

Koneuno, Bo3HMKaroIIMe Ha MPaKTUKE JBOUYHBIC JI€PEBbSI MOUCKA MOTYT
OBITh JaNeKu OT ciaydaiHbIX. OHaKO, IPHUHSB ClELHAIbHBIE MEPHI 110 OaaH-
CHPOBKE JIEPEBbEB, MBI MOXKEM TI'apaHTHUPOBATh, YTO BBICOTA JIEPEBLEB C N y3-
aamu Oyaer O (log n). Hmwke paccMOTpUM OIMH U3 MOJIXOJOB TaKOrO poja
(kpacHO-uepHBIC JepeBbs U Kak 4yacTHbIA ciydail ABJI-nepeBns). ByayT pac-
CMOTpEHBI Takke b-nepeBbsi, KOTopble 0COOCHHO yTOOHBI JUIS TaHHBIX, XPaHs-
IIMXCSI BO BTOPHYHOM MaMATH C MPOU3BOJILHBIM JIOCTYIIOM (Ha JIUCKE).
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IIpencrasiieHne ABOMYHBIX JepeBbeB MOUCKA. [[BOMYHBIM JEpEBOM IIO-
HCKa Ha3bIBacTCAd KOPHEBOE ABOMYHOE JEPEBO, KAXKJIOMY Y3y KOTOPOro IIO-
CTaBJICH B COOTBETCTBUE B3BEIICHHBIN 35eMeHT. [Ipu 3ToM ams Kaxaoro ysia x
BBITNOJIHSETCS CIeIyIOIIee YCIOBUE.

Beca Bcex y3110B J1eBOro nojjiepeBa ¢ KOPHEM X MEHBIIIE MM paBHBI BeCy
y37a X, a Beca y3JI0B €ro MpaBoro rnojjepena 0oJiblie UM paBHbI BECY y3I1a X.

IMpencraBnsieTcst TAKOE JACPEBO Y3JIaMHU CICIYIOIIETO BHIA
Node = (element, key, left, right, parent)

Hoctyn k nepeBy 1’ OCYLIECTBIISETCS C IOMOILBIO CCBUTKU 7'00t.
Ipouexypa Walk (x) oO6xoaut Bce y3ibl mojaepeBa ¢ KOPHEM B y3Iie X U
neyaTaeT X KIIOYU B HEYyOBIBAIOIIEM MOPSIKE.

Procedure Walk (x);
begin

if (x # nil) then {WALK (lef#[x]); write (key[x]); WALK (right[x])}
end.

CBOICTBO yNOpPSOUYEHHOCTH TapaHTUPYET NPAaBUIIBHOCTb aQJITCOpPUTMA.
Bpewmst paboTsl Ha nepeBe ¢ n BepIIMHAMHU ecTh O(n), Kaxaas BepiinHa oOpa-
OatbiBaeTcst oguH pa3. Onepatop Walk(root) Haneuataer KIIOYM BCEX AJIEMEH-
TOB B HEYOBIBAIOIIEM HOPSIJIKE.

3aMeTHM, YTO MOPAAOK, IPU KOTOPOM KOPEHb MPEIIECTBYET y3J1aM 000UX
HOJJICPEBbEB, HAa3bIBACTCS preorder; OPAI0K, B KOTOPOM KOPEHb CIEIyeT 3a
HHMMHU, Ha3bIBaeTCs postorder.

Yupa:xxnenust

1. HapucyiiTe nBOMYHBIE AepEBhs TOUCKA BBICOTHI 2, 3, 4, 5 1 6 I OAHOTO
M TOTO K€ MHOJKeCTBa Kirroueit 1, 4, 5, 10, 16, 17, 21.

2. Hanummure HepeKypCHBHBIN alrOPUTM, NEYATAIOUIMM KIIOYU B JIBOMY-
HOM JIepPEBE MOKUCKA B HEYOBIBAIOILIEM MOPSI/IKE.

3. HamumuTe pekypcuBHBIE aITOPUTMBI Uil 00X0Ja JAEPEBHEB B pa3iiny-
HBIX Topsjakax (preorder, postorder). Kak u panblie, BpeMsi pabOThI TOJKHO
ObITh O(n) (T1Ie 77 — YUCIIO BEPILUH).

4. Tlokaxwure, 4TO JIFOOOH aNTOPUTM MOCTPOCHHUSI TBOMYHOTO JIEpEeBa MOUC-
Ka, COJIePIKAILero 3a/IaHHbIe 1 dJIeMEHTOB, TpeOyet Bpemenu ((n-log n). Boc-
MOJIB3YWTECh TEM, YTO COPTUPOBKA /1 yrcen TpeoyeT Q(n-log n) neiicTBuii.

Or[epamm C IBOMYHBIM IIOUCKOBBIM JICPCBOM. HOKa)KeM, 4YTO ABOUYHBIC
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HIOMCKOBBIC JIepEeBbs TIO3BOJISIOT BBINIONHATH omnepanuu Search, Minimum,

Maximum, Successor u Predecessor 3a Bpemst O(h) , rie h — BbICOTa iepeBa.
1. Iouck (Search). [Ipouenypa noucka noay4yaeT Ha BXOJ UCKOMBIM K04

k w ykazatenb X Ha KOpPEHb IOJ/IepeBa, B KOTOPOM HPOU3BOAUTCS mMoucK. OHa

BO3BpAIIlaeT yKa3aTesb Ha BEPIIMHY C KIIOYOM K (eciiu Takas ecTh) wi nil (ec-
JIM TAKOW BEPIIUHBI HET).

Procedure Search (x, k);
begin
if (x = nil) or (k = key [x]) then Return x;
if (k <key [x]) then Return Search (left[x], k) else
Return Search (right[x], k)
end.

B mporiecce moucka Mbl IBHraeMcsi OT KOPHS, CPaBHHUBAs K04 k ¢ KO-
YOM, XPaHAIIUMCS B TeKyIlei BepiimHe X. Eciu OHM paBHBI, MOKWCK 3aBepIiia-
ercs. Ecim k < key[x], To mouck mpojoinkaercs B JieBoM nojanepese x. Eciu
k > key[x], To mouCK mpoaoImKaeTCs B MpaBOM mojiepese. JJTiHHa My TH MoucKa
HE MPEBOCXOJUT BBICOTHI JepeBa, MO3TOMy Bpems noucka ectb O(h) (rme h —
BBICOTA JIEpPEBa).

HrepatuBHas Bepcus npouenypsl [onck

Procedure IterativeSearch (x, k);
begin
While (x # nil) and (k # key [x]) do
If k <key [x] then x:= left[x] else x:= right[x];
Return (x)
end.

Munumym 1 MakcuMyM. DIIeMEHT ¢ MHHUMAJIBHBIM KIIIOUYOM B JIepeBe
HIOMCKA MOYKHO HAWTH, IPOWIS OT KOPHSI 110 yKa3aressM left oka He yrnpemcs
B nil. [Ipouexypa Minimum(x) Bo3BpaiiaeT ykazaTeib Ha HailICHHBII JIEMEHT
IIOJIepeBa C KOPHEM X.

Procedure Minimum(x);
begin While left [x] # nil do x:= left[x]; Return (x) end.

Anroputv Maximum cuMMeTpHYEH:

Procedure Maximum(x);
begin While (right [x] # nil) do x:= right[x]; Return (x) end.
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O6a anroputMma TpebyroT Bpemenu O(/), e h — BbicoTa epeBa (IIOCKOIb-
Ky JIBUTAFOTCS 10 JICPEBY TOJIBKO BHH3).

Crnenywommii ¥ nmpeIbIymumii 3jeMeHTbl. Eciii X — yka3arelib Ha HEKO-
TOPBIA y3eN JiepeBa, TO mpoleaypa Successor(x) Bo3BpalllaeT yKaszarelb Ha
y3eJ CO CICIYIONIMM 3a X 3JIEMEHTOM WM Nil, eciii yKa3aHHbIH JJIEMEHT T0-
CIIETHUW B IEPEBE.

Procedure Successor(x);
begin
If (right[x] # nil) then Return Minimum (right[x]);
y:=plx];
while (y # nil) and (x=right [y]) do {x:=y; y:= parent[y]};
Return y
end.

[MpuBeneHHas mpoleaypa OTIENBHO paccMaTpuBaeT JBa ciydas. Ecmu
IpaBoe MOJICPEBO BEPILIMHBI X HE MYCTO, TO CIESIYIOIIUA 3a X HJIEMEHT — MH-
HUMAaJIBHBIN DJIEMEHT B 3TOM mojzepeBe u paBeH Minimum(right[x]). Eciu
IpaBoe MOAJIEPEBO BEPILIMHBI X MYCTO, TO HUJIEM OT X BBEpX, MOKa HE Haiimem
BEPILHHY, SBIISIOIIYIOCS JIEBBIM CHIHOM CBOETO POAUTENS. DTOT POJAUTEND (ec-
JM OH €CTh) M OyJeT WCKOMBIM 3JIEMEHTOM. Bpemsi paboThl TpoLeayphI
Successor na nepese BbIcOTHI 4 ecTb O(h), Tak Kak MbI JBHUTaeMcsi JIMOO TOJb-
KO BBEpX, MO0 TonbKo BHU3. [Ipouenypa Predecessor cuaMMeTpUYHa.

YnpaxneHus

1. Ilyctp mouck kiro4a B ABOMYHOM JIepeBe 3aBepluaercss B jucte. Pac-
CMOTPHM TPU MHOXECTBA: A — 3JIEMEHTHI CJIeBa OT MYTH MTOUCKA, B — 3JIeMEHTBI
Ha iyt 1 C — copasa oT myTd. BepHo 11, 4TO [UIs TFOOBIX TpeX KIOYeH a €
A, b € Buc e C BeimonustoTcs HepaBeHCTBa a < b < .

2. Jlokaxxurte, 4TO Kk TOCIEIOBATEILHBIX BBI30BOB MPOLELYPbI Successor
BBINIOTHAIOTCS 32 (Ak + /1) maroB (4 — BeICOTa JiepeBa) HE3aBUCHMO OT TOTO, C
KaKOW BEpIINHBI MBI HAUMHAEM.

3. [lycte T — nBOMYHOE NEPEBO MOMCKA, BCE KIIOYM B KOTOPOM Pa3JINYHBbI,
X — ero JIHCT, a y — poautens y3na x. [lokaxkure, uto key[y] siBusiercs coces-
HUM C key [x] KII0UOM (CISIYIOIINM WU TPEIBITYIIIM).

JlobaBienue yiementa. Ilpouenypa Insert (T,z) noGaBnseT 3agaHHBINA
3JIEMEHT B MOAXOjsiee Mecto nepesa /. [lapamerpoM mpouemypbl sIBISETCS
yKa3arellb Z Ha HOBYIO BEpIIHHY, B KOTOPYIO MOMEIICHBI 3Ha4YeHus key|[z],
left|z] = nil, u right[z] = nil. B xoxe paboThI npoleaypa u3MeHser aepeo 1 u
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(BO3MO)KHO) HEKOTOPLIC ITOJIA BEPUIMHBI Z, ITOCJIC YC€r0 HOBad BEPLIIMHA C JIaH-
HBIM 3HAYCHHEM KJIF0Ua OKa3bIBAETCS BCTABICHHON B MOAXOAIIEE MECTO Aacpe-
Ba.

Procedure Insert(T, z);
begin
y = nil; x :=root;
while (x # nil) do {y :=x; if key[z] < key[x] then x := left[x] else
x := right[x]};

plzl=y;
if y = nil then root := z else if key[z] < key[y] then left[y] := z else
right [y]:=1z
end.

[Mono6uo mporenypam Search w IterativeSearch, npouenypa Insert npu-
raeTcs BHH3 10 JIepeBY, HaUaB ¢ €ro KopHs. [Ipy 3TOM B BepIIMHE y COXPaHS-
eTcs yKaszaresb Ha poauTens BepuuHbl X. CpaBHuBas key [z] ¢ key[x], mpore-
Jypa peliaer, KyJa HATH — HaJIeBO WK Hampaso. [Iporiece 3aBepiiaercs, Koraa
X CTaHOBHUTCS PaBHBIM nil. DTOT nil CTOUT Kak pa3 Tam, Ky/Ja HaJI0 MOMECTHTh
z, uto u Aenaercsa. OueBuaHO, nobaBIeHue Tpedyet Bpemenu O(h) s nepesa
BBICOTHI /1.

Ynanenue dnemenrta. [lapamerpom mpoueaypsl yAajdeHUs sBISETCS yKa-
3aTelnb z Ha ynanseMmyro BepiuHy. [Ipu ynaneHun BO3MOXKHBI Tpu cirydasi. Ec-
JHU Yy Z HeT JeTeH, Al yOaleHUs Z AOCTATOYHO MOMECTHTh nil B COOTBETCT-
BYIOIIEE TIOJIe ero POAMTeNsi BMeCTO z. Eciu y z ecTh oiuH peOeHOK, MOXKHO
BBIPE3aTh Z, COCAMHUB €ro POJHUTEIIS HAPSMYIO ¢ ero pedeHkom. Ecnu xe ne-
TeH JBOE, HAXOAWM CIIEIYIONINHI 3a Z AJIEMEHT ); Y HEerO HEeT JICBOro peOeHKa.
TeHepL MOXHO CKOIIMPOBATDH KJIHOY U JOIOJHUTCIIbHBIC JAHHBIC U3 BCPLIUHBI )
B BEPILUHY Z, & CaMy BEPIINHY Y YAAJIUTh OMHCAHHBIM BBIIIE CIIOCOOOM.

Yupaxxnenust

1. Hamummre peKypCcUBHBINA BapHaHT MPOIeAypHl [nsert.

2. Hammumre nponentypy Delete ynansioniyro 3IeMeHT z U3 aepesa 7.

3. HaGop u3 n 4ncen MOXKHO OTCOPTHPOBATh, CHa4yajIa J0OABUB UX OJHH 3a
JPyTUM B JIBOUYHOE JIEPEBO MOMCKA C MOMOIIBIO MPOUEAypHl [nsert, a moToMm
000WTH JIepeBO ¢ MOMOIIIbIO Tipoueaypbl Walk. Ouenute Bpemst pabOThI TAKOTO
ITOpUTMA.

4. Ilokaxkure, 4TO, €CJIM BEPIIMHA ABOMYHOIO JIEpEBa MOKMCKA UMEET JIBOUX
JeTeH, TO cleaylomas 3a Hell BepIIMHA HEe UMEET JICBOro peOeHKa, a Mpeie-
CTBYIOLIAst — IPABOTO.
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CayyaiiHble TBOMYHBIE JepeBbsl MOUCKA. [I0CKOIBKY OCHOBHBIE Ollepa-
IIMH C TBOUYHBIMH JIEPEBbSIMU MOKCKa TpeOytoT Bpemenu O(h), e i — BeIcOTa
JiepeBa, BXKHO 3HATh, KAKOBA BHICOTA «TUIIMYHOTO» jepesa. J[is 3toro mpu-
HUMAOT KaKHe-TO CTATUCTUYECKHE TPEMOI0KEHUS O PACTIPEICIICHUH KITFOUei
¥ TIOCJIe/IOBATEIbHOCTH BBIMOMHAEMbIX omnepanuii. K coxaneHuto, B o0IeM
cllydae CHUTyauusl TpyaHa Ui aHanu3a. Eciu onpenenuts ciydaitHoe ABOHY-
HOE JICPEBO M3 N Pa3IMYHBIX KIOUCH KakK JepeBo, MOIYYaroleecs: U3 MyCcToro
JepeBa J00aBICHUEM 3THX KJIIOYel B CIy4allHOM TOPsJIKE, CuuTasi Bce n! re-
PECTaHOBOK PAaBHOBEPOSITHBIMH, TO MOXHO J0Ka3aTh, YTO CPEIHSS BBICOTA
CIy9aifHOTO JBOMYHOTO JepPeBa MOUCKA, IIOCTPOSHHOTO MO N Pa3InYHbIM KITFO-
gam, paBaa O(log n).

5.2. KpacHo-4yepHble gepeBbs

MpI BUETH, YTO OCHOBHBIE OIEPAIUN C JBOMYHBIM TIOMCKOBBIM JIEPEBOM
BBICOTBI /1 MOTYT OBITh BbImoNHEHbI 32 (O(h) neiictBuii. JlepeBbst 3 PEeKTUBHBI,
€CIIM MX BBICOTA Majla, HO €CIM He NMPHHUMATh CIICIHaJIbHbIE MEpPhI NPH BbI-
MIOJTHEHUU OTIEpalnii, Maasi BRICOTa HE TApaHTUPYETCS, U B ITOM Cllydae Jiepe-
Bbs He Ooiee 3((EeKTUBHBI, YEM CITHCKH.

Jins noBeieHust 3G (EeKTHBHOCTH Olepalyii, WCIOIB3YIOT pPa3IMIHbIC
HpUEMBI NIEPECTPOMKH JIePEeBbEB, TaK YTOOBI BHICOTA JiepeBa Oblila BETHYHMHON
O(logn). Takue mpuembl Ha3bIBAIOTCS OAJTAHCUPOBKOW JepeBbeB. [Ipu 3TOM
UCIIONIB3YIOTCSI pa3Hble KPUTEPUU KadecTBa OanaHCHpOBKH. OTHHM H3 BHIIOB
cOalaHCHPOBAHHBIX JIEPEBHEB MOWCKA SBISIOTCA TaK Ha3bIBaeMble KPacHO-
YepHBIC JICPEBBS, U1 KOTOPBIX MPEIYyCMOTPEHBI ONepanuu OallaHCHPOBKH, Ta-
paHTUpYIOIIKE OLEHKY BbICOTHI Bennuunoit O(logn).

YacTHbIM ciaydaeM Takod OanmaHcupoBku siBisiercsi ABJI-GanancupoBka,
IpU KOTOPOH y KaKAOTO y37a BBICOTA €ro JIEBOTO IMOJIepeBa OTINYACTCSA OT
BBICOTHI IIPABOTO HE OoJiee YeM Ha eIMHUILY. 3aMEeTHM, YTO HauXyAIIUMH B He-
koTopoM cmbiciie  ABJI-mepeBbsiMu  sBnsitorcss  nepeBbst  DubGonauum
Ty (h=0,1, 2,...), onpenensempie clieAyommM odpazom: 7y — mycroe aepe-
Bo. 11 — AepeBo, cocrosiniee U3 oaHoro y3ina. [Ipu & >1 nepeso 7j coctout u3
KOpHSI C JIEBBIM HOAJIepeBOM 1j | U mpaBbiM — 1. He TpynHO BHAETh, 4TO
IpH 33/IaHHOM BeTMuuHE /1, iepeBo 1 UMeeT HauMeHbIIee YHCIIO Y3JI0B CPean
Bcex ABJI-nepeBbeB BBICOTHI /.

JIns ynoOcTBa MOHMCKOBBIE JIepeBbsl OylIeM pacUIMpsiTh, BBOJIS JIOIIOJHH-
TEeJbHBIA (QUKTHBHBIN y3en (nil-y3em) U cuuTas ero MOTOMKOM KaKAOTO y3ia
MCXOHOTO JepPeBa, Y KOTOPOTO HET MPABOTO HJIH JIEBOTO MIIM 000X ITOTOMKOB,
€ro e CUUTaeM POAUTETIEM KOPHS.
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KpacHo-4yepHoe 1epeBo — 3TO pacIIMpEeHHOE JBOMYHOE AEPEBO IMOUCKA,
BEPIIMHBI KOTOPOTO paseneHsl Ha kpacHbIe (red) n yepubie (black) Tak, uro

1. Kaxzipiit y3en nmubo KpacHblil, 1100 4epHBIH.

2. Kaxapriii muct (nil-y3en) — dyepHblid.

3. Ecnu y3esn kpacHBIi, TO 00a ero pebeHka 4epHbIe.

4. Bce myTu, uaynye BHU3 OT KOPHS K JHMCTBSIM, COACP)KAT OJHMHAKOBOE
KOJINYECTBO YEPHBIX y3JIOB.

CgoiictBa 1-4 HazwpiBatoT RB-cBolicTBamMu. Y371bI KpacCHO-4E€pPHOTO JepeBa
Oy/1eM MpeCTaBIIsATh 3aITUCSIMHU BHIA

Node = (color, key, left, right, parent).

KomOnHaTopHble CBOICTBA KpPacHO-4epHbIX AepeBbeB. s mpowus-
BOJIBHOTO y3JIa X OMPEJEIIUM YePHYIO BBICOTY b/ (X) Kak KOJMYECTBO YSPHBIX
y3JI0B Ha MyTH U3 X B HEKOTOPBIN JIUCT, HE cuuTas cam y3el x. [lo cBoiicTBy 4
3Ta CyMMa He 3aBHCUT OT BbIOpaHHOTO JincTa. YepHOH BBICOTOH JepeBa Oyaem
CUMTATh YEPHYIO BBICOTY €TI0 KOPHSI.

[Tycth size[x] — KOMMUECTBO BHYTPEHHUX Y3JI0B B MOJJIEPEBE C KOPHEM X
(nil-y3mnbl HE CUUTAIOTCS).

Jemma 1. /[na npouzeonvroeo y3ia X KpacHo-4epHoco 0epeda 8binoaHsem-
Csl HepageHcmeo

size[x] = 27" _ 1.

Joxazamenvcmeo. Eciiu x — nuct, o bh(x) = 0 u size[x] = 0, ciaemoBa-
TENIbHO, YTBEPIKICHUE JIEMMbI BbIMONIHEHO. [lanee, mycTh s y3ioB lefi[x] u
right[x] yTBep>KIeHHE JIEMMBI CIIPABEIIUBO, TO €CTh

size[left[x]] > bh(leftlx]) _ 1, u size[right[x]] = bh(rightlx]) _ 1,
Tormaa
size[x] = size[left[x]] + size[right[x]] + 1 >
> (2bh(left[x]) ~1)+ (2bh(right[x]) )+ 1=
_ zbh(leﬁ [x])+2bh(right[x]) 1> 2bh(x)71 + zbh(x)fl 1> 2bh(x) 1

[IpenmoceHee HEPABEHCTBO CIIPABEIIMBO B CHITY COOTHOIIICHHUS
bh(left[x]) = (bh(x) — 1) u bh(right[x]) = (bh(x) —1).
Jdemma 2. Kpacno-uepnoe depeso ¢ n snympennumu yziamu (nil-mucmos ne
cuumaromces) umeem gvicomy e oonviue 2log(n + 1).
Joxazamenvcmeo. O603HaYMM BBICOTY jepeBa uepes s. COrilacHO CBOA-
CTBY 3, TI0O MEHBIIIEH Mepe, TIOJIOBIHY BCEX BEPIITUH HA IyTH OT KOPHS K JIUCTY,
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HE CYHTas KOPEHb, COCTABIISIOT uYepHbIC BepIIUHBI. CleloBaTeNbHO, YepHast
BBICOTA JiepeBa He MeHblie //2. Toraa n > 2" _ 1, nepexo/is K jJorapudmam,
nonyuaem log(n + 1) > A/2, win h < 2log(n + 1). Jlemma nokasana.

[MoxydeHHast oleHKa BBICOTHI KPACHO-YEPHBIX EPEBHEB rapaHTHUPYET BBI-
nojHenue onepauuii Search, Minimum, Maximum, Successor u Predecessor
C KpacHO-4epHbIMHU jaepeBbsimu 3a BpeMs: O(logn). CroxxHee 00CTOUT Jieno ¢
npouenypamu Insert u Delete: mpobiiema B TOM, 4TO OHU MOTYT UCIIOPTUTh
CTPYKTYpy KpacHO-4epHOro zepesa, HapymusB RB-csoiictea. [loaTomy 3TH
IpOIEIYPHl MPUAETCS MOAUPHUINPOBaTh. Hike yBHINM, KaK MOXKHO peain3o0-
BaTh ux 3a Bpemsi O(logn) ¢ coxpanennem RB-cBOMCTB.

YnpaxneHus

1. IIpeanonoxum, 4To KOPEHb KPaCHO-YEPHOTI'0 AepeBa KpacHsli. Ecin Mbl
IIOKPacHUM €ro B YEpHBIH 1IBET, OCTAHETCS JIM J€PEBO KPACHO-UYEPHBIM?

2. TlokaxuTe, 4TO caMblid JUIMHHBIA MyTh BHU3 OT BEPIIUHBI X K JIUCTY HE
OoJiee 4eM B/IBOE AJIMHHEE CAMOI0 KOPOTKOTO TAKOI'O My TH.

3. Kakxoe Hanbosnbliiee 1 HaMEHbIIIee KOJIMYECTBO BHYTPEHHHUX Y3JI0B MO-
XKeT OBITh B KPACHO-YEPHOM JIepeBE YEPHOU BBICOTHI k?

BpameHusi 3T0 MaHUIYJISAIMA C KPAaCHO-YEPHBIMH JEPEBBSIMH C IEIBIO
BoccTaHOBJIeHHs RB-cBOMCTB B ciiydyae ux HapymeHus. X ucnonb3yoT npu
peanmsanuu oneparuii Insert u Delete. Bpamienue npencrasiser coboi Jo-
KaJbHYIO ONepaluio, Mpu KOTOPOH MEHSETCs HECKOJIBKO yKa3aTesel, HO CBOM-
CTBO YHOPSAOYEHHOCTH COXPAHSIETCS.

Ha puc. 1 moka3ansl 1Ba B3aUMHO OOpaTHBIX BPALICHHUS: JIEBOE U TPABOE.

IIpaBoe BpaieHue

N —

o EIN©
[«] [ *—— [ [

JIeBoe Bpaienue

Puc. 1
JleBoe BpaleHHe BO3MOKHO B JTFOOOM y3J€ X, IIPaBblii peOCHOK KOTOPOii
(HazoBeM ero y) He sBisercs auctoM (nil). TTocme BpamieHus y OKa3bIBaeTCs
KOpHEM IIOJ|JIepEeBa, X — JIEBBIM PEOCHKOM y3I1a ), a ObIBIIMM JIeBbIH peOCHOK )
— IPaBbIM PEOCHKOM Y371 X.
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YnpaxneHus

1. TTokaxkuTe, 4TO JIEBOE U MPABOE BPALICHHSI MOKHO OCYILIECTBUTH 3a Bpe-
mst O(1).

2. Hamummre npouenypsi, LeftRotate(T,x) u RightRotate(T,x) peanu-
3yIOIHUE JIEBOE U MPaBOE€ BpallleHue B iepeBe 7 OTHOCUTEIBHO y3J7a X.

3. Ilyctb a, b ¥ ¢ — mpou3BOJIbHBIC Y3JIbI B MOAJICPEBBIX O, B U Y Ha puc. |
(cripaBa). Kak u3menutcst riryOuHa @, b U ¢ MpU BBIMOJIHEHUH JIEBOTO Bpallle-
Hus?

4. TlokaxxuTe, YTO MPOU3BOJIBHOE JBOMYHOE JEPEBO MOUCKA C 1 y3JIaMHU
MOJKET OBITh TIPE0Opa30BaHO B JIF0OOOE APYTOE IEPEBO C TEM KE YHCIOM y3JI0B
(v Temu ke KIrOUaMu) ¢ nomornbio O(n) BpaieHuid. (Yka3aHue: cHavaia 1o-
Ka)XHTe, 4TO # — | TpaBbIX BpalleHUH TOCTATOYHO, YTOOBI MPEOOpPa30BaTh JIIO-
00€e J1epeBo B UAYLIYIO BIPABO LIEIOYKY.

5. Hamumute mporexypsl Insert(7,x) u Delete(7,x), nodapistomyo u
YISO O dJieMeHT X u3 nepesa 1 3a Bpems O (log n).

6. PazpaboraiiTe anroput™M oObeAMHEHHS IByX KPACHO-YEPHBIX JIEPEBHEB B
OJIHO KpacHo-4epHoe JepeBo 3a Bpems O (log n).

Komo0unartopusle cBoiictBa ABJI-nepeBseB. ABJI-0anancupoBka 1o or-
penenenuto Tpedyer, 9ToOBI A1l KaKI0T0 y3J1a BBICOTA €0 MPaBOTro MoJIepeBa
OTJIIMYAJIaCh OT BBICOTHI JIEBOTO HE OoJiee YeM Ha eIMHHUILY.

Ilycts n; — MuHEManabHOE Yncio y3imoB B ABJI-nepese BoicoThl k. Torma
n=1m=2,m=4 n=m_1+tmo+ 1, npuk>2.

Iycts 0 = (1+\/§) / 2 (IOJOKUTEIBHBIA KOPEHb YPAaBHEHHS X- — X — 1).

Teopema. []ns 1106020 k = 3 gvinonnsemcs HepageHcmeo Ny = ket

Hoxazamenvcmeo. HenocpencTBeHHO mpoepsieTcss 0a3uc  HMHIYKIHUU
nz > OL4, ng > o,

[Mpeamnonoxum, 9T0 TPH k =/ BBHINOTHIETCS M) > o' u mokaxem npu
k=1+1. Je#ctButensuo, n =ntn 1+ 1> oM+ o+ 1> o Jlokaxem
NOCJIeTHEE B [ETIOYKEe HEPAaBEHCTBO oM +a'+1 <o rorma o — o - of
—-120mm /(o> —a—1)—1>0wu—1 >0, nmporuBOpeuHe.

Cneocmeue. JIns nrodoro ABJI-nepeBa BBICOTHI k ¢ 1 y371aMH BBITIOTHSETCS
HepaBeHcTBO Kk + 1 <logyn=1log,2 logon =~ 1,44... logon, obecneunBaeT
«JIOTapUPMHUECKYIO TPYJAOEMKOCTB» BBIIIOJHEHHUST OCHOBHBIX OMNEpaIii ¢
ABJI-nepeBom.

3ameuanusa. Vines 6anaHCUPOBKU JBOMYHBIX JEPEBHEB MOKCKA MPUHAJIC-
xuT .M. Anenscony-Benbckomy u E.M. Jlannucy, npemioxusmuM B 1962 r.
KJacc cOaJlaHCHPOBAHHBIX JIEPEBBEB, Ha3biBaeMbIX Temeph ABJI-nmepeBbsmu.
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bananc nonnepuBaeTcs ¢ MOMOIIBIO MPOLEyphl BpameHus. s ero Boccra-
HOBJICHHS B JIEpEBE C N y3JIaMH Mocie 100aBICHUS WM YJAJICHHS y371a MOXKET
norpeboBathcs O(log 7) BpareHuii.

Eme oauH kimacc JepeBbEeB NOUCKA, HA3BIBAEMBIX 2-3-I€peBbSIMH, ObLI
npemioxed Xonkpodgrom B 1970 1. 3meck OamaHC TOIEp)KUBACTCS 32 CUET
U3MEHEHHUs cTeneHer y3ioB. O6o06menue 2-3-1epeBbeB npeioxuian baiep u
Mak Kpeiit. Ux nepeBbs Ha3biBatoTCA b-AepeBbsiMU, KOTOPBIE MBIl PACCMOTPUM
B CJIEYIOIEM pa3jede.

KpacHo-uepHbie nepeBps npeanoxxun baiiep, Ha3BaB UX CUMMETPUYHBIMU
nBonuHbIME b-nepeBbsimu. ['n6ac u CepkBHUK MOAPOOHO U3YUMIIM X CBOMCTBA
U TPEUI0KUITN UCTIOIb30BaTh JUIsl HAIIATHOCTU KPacHBIN U YEpHBIH IIBETA.

W3 MHOTHX Opyrux BapHanuili Ha TeMy cOalaHCHPOBAHHBIX JIEPEBHEB HAU-
6ostee MOOOIBITHBI, BUIUMO, PAaCIIUPSIONINECS 1€PEBbs, KOTOPBIE MPUIyMaln
Cnearop u TapbsiH. OTU AepeBbs SBISIOTCS CAMOPETYJIUPYIOIHUMHUCS. XOpo-
Iee OMHMCAHHUE PACIIUPSIOMHUXCS nepeBbeB Aan TapesH. Pacmumpstommuecs ae-
PEBBSl MOANECPKHUBAIOT OajaHC 0e3 WCIONBb30BAaHUS JOMOJHUTEIBHBIX MOJNeH
(Tuma nBera). Bmecto 3TOro pacmmpsoniye onepanuy, BKIFOYAOIUE Bpalie-
HUSI, BBITIOJHSIOTCS TPU KaXKJIOM OOpaIlleHnH K JIepeBy. YUeTHass CTOUMOCTH B
pacueTre Ha OJHY OIEpalUI0 C JAEPEBOM JIS PACIIUPSIOLIUXCS IE€PEBBEB CO-
crapiser O (log n).

Ynpaxuaenune

1. Hanumure npouenypy Insert(T, z) mis BcraBku snementa z B ABJI-
nepeso 7.

2. Hamummre nponenypy Delete(T, z) nast ynanenus snemenra z uz ABJI-
nepesa T.

5.3. b-pepeBbA

B-nepeBbsi 3TO OIMH U3 BHUJOB COATAHCUPOBAHHBIX JIEPEBLEB, IPU KOTO-
pom oOecreunBaetcss 3(G(EKTHBHOE XpaHCHHWE WH(POPMAIMUA HAa MArHUTHBIX
IMCKaX M JAPYTHX YCTPOWCTBAaX C MPSIMBIM JOCTYIOM. B-IepeBbsi IOXOXKH Ha
KpacHO-4YepHbIe JiepeBbs. Pa3sHuIla B TOM, 4T0 B b-IepeBe y3en MOKET MMETh
MHOTO JIETeH, Ha MPAKTUKE JI0 THICSYH, B 3aBUCHMOCTU OT XapaKTEPUCTHK HC-
nosb3yemoro aucka. brnaronapst atomy koncranta B onenke O (log n) mist BbI-
COTBHI JIepeBa CYIECTBEHHO MeHblle, YeM JUTS YePHO-KPACHBIX JepeBbeB. Kak u
YEepPHO-KpaCHBIE JepPeBbs, b-lepeBbsi MO3BONISIOT Peain30BaTh MHOTHE OIlepa-
UK ¢ MHOXKeCcTBaMu pa3mepa n 3a Bpems O (log n).

V3en x, xpansamuid n[x| xmouei, umeer n[x] + 1 ngereit. Xpansmmecs B X
KJIFOYM CITy’KaT TpaHUIAMH, pa3AeisiolMMU BCEX €€ MOTOMKOB Ha n[x]| + 1
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TPYMIT; 33 KAXIYI0 TPyNITy OTBeUaeT oAuH u3 Aetei x. [Ipu nmoncke B b-nepese
MBI CPAaBHMBAEM MCKOMBIN KIIIOY C #[X]| KIIFOYaMH, XpaHIIIUMUCS B X, U 10 pe-
3yJlbTaTaM CpaBHEHUS BBIOMpaeM oHOro U3 71[x] + 1 moToMKOB.

Oco0eHHocTH padoOThI CO CTPYKTYPAMH, JAHHBIX pa3MellaeMbIX Ha
AUcKe. AIropuT™bl, paboTaromue ¢ b-nepeBpsiMu, XpaHar B onepaTuBHON Ma-
MSITH JIMIIb HEOOJIBLIYIO YacTh Bcel nHpopManuu (PUKCUPOBAHHOE YUCIIO CEK-
TOPOB).

Jluck paccMarpuBaeTcst Kak OOJBIION y4acTOK mamsTH, paboTa ¢ KOTOPBIM
HNPOMCXOJUT CIEAYIOLUIMM 00pa3oM: epes TeM Kak paboTaTh ¢ 0OBEKTOM X, MbI
JIOJKHBI BBIIIOJIHUTH CIICIHAIbHYIO onepanuio Disk-Read(x) (uteHue ¢ qucka).
[Mocre BHECEHUST MI3MEHEHUH B HAIl OOBEKT X, MbI BBITIOJIHSIEM orepaiuio Disk-
Write (x) (3amKCh Ha TUCK).

Bpewmst paboTsl mporpaMmMbl B OCHOBHOM ONPEAEISIETCS KOJTMYECTBOM ITHX
orepaluii, Tak YTO UMEET CMbIC YUTATh/3aMUChIBaTh, BOZMOXKHO, OOJIbIIIE MH-
¢dopmanuu 3a OIMH pa3 U cAeaTh Tak, 4ToObI y3en b-nepeBa 3anoMHsI MOTHO-
CTBIO OJIMH CEKTOp JHcKa. TakuMm oOpa3oM, CTENeHb BETBJICHUS (YHCIIO AeTei
y3J1a) OIpeeNseTcs pa3MepoM CEKTopa.

TunuyHas creneHb BeTBIEHUS b-aepeBbeB HaxoauTcs mexay S0 u 2000 B
3aBUCHUMOCTH OT pa3Mepa JJIEMEHTAa. YBEJIIMYEHHE CTENEHH BETBJIEHUS PE3KO
COKpAIllaeT BBICOTY JIEPEBa, M TEM CaMbIM YHCIIO OOpaIleHui K AUCKY, TIPH TO-
ucke. Hanpumep, b-nepeBo crenenn 1001 1 BBICOTHI 2, MOXKET XpaHUTh OoJiee
MUWUTHApa KIoued. YUHUThIBas, YTO KOPEHb MOXXHO IOCTOSHHO XPaHUTh B
ONEepaTUBHONW MaMsTH, JAOCTAaTOYHO JBYX OOpallleHud K TUCKY, IPH IOUCKE
HY’KHOTO KJIIOYa.

Cunraem, 4TO JONOJHMUTENbHAS NpPHKIAAHAs MH(OpMAIMs, CBsI3aHHAs C
KIIIOYOM, XpaHUTCS B TOM K€ y3ie aepeBa. Ha mpakTuke 3To He Bceraa y1o0HO,
U B PEAJIbHOM aJITOPUTME y3€J1 MOXKET CO/AEPKATh JIUILb CChUIKY Ha CEKTOP, I1e
XpaHHUTCA 3Ta JOMONHHUTENbHAs uH(opMarms. Cuuraem, 4To MpU IepeMerie-
HUSIX KJII0Ya JOMOJHUTENbHAs MHpOpManus (UM CChIJIKA Ha Hee) IepeMelna-
eTcs BMecTe ¢ HUM. Tem caMbIM 311eMeHTOM b-znepeBa Oyzaer kirou BMecTe co
CBSI3aHHOHM ¢ HUM WH(pOpMAITUCH.

3ameuanue. Yacto ucnonp3zyeTcs Apyras opraHusanus b-nepeBbeB, mpu
KOTOpPO# COIMyTCTByIOmas WHPOPMALUS MTOMENIAETCs B JIUCTHSIX, I1e Oosblie
MeCTa, TaK Kak HE HaJ0 XPaHUTh KJIIOYH, a BO BHYTPEHHUX y3J1aX XpaHITCA
TOJIBKO KJIFOYM U yKa3aTelH Ha JeTeH.

Onpenenenue b-nepeBa. b-nepeBom Ha3bIBalOT KOPHEBOE JIEPEBO, YCTPO-
€HHOE cJeIyromuM oopa3zom: Kaxblii y3en X COIep KUT MOJIS:

e 7[x] — KOMMYECTBO KITIOUEH, XPAHAIIUXCS B HEH;

288



o keyi[x], keys[x], ..., keynx[X] — camu kiIr04M B HEYOBIBarOIEM HOPSIIIKE;
e Jeaf [x] — OyneBckoe 3HaUCHHE, UCTHHHOE, KOTJA Y3€Jl X SIBISACTCS JIHC-

TOM.
Ecnu x — BHyTpeHHUH y3€J, TO OH TaKXKe COJAEPKUT
o ci[x], c2fx], ..., Capg+1[X] — yKazaTenu Ha ee neTeit B KoauuecTse n[x]| +

1.V nuctbeB aereil HET, U 3TU MO U1l HUX HE ONPEJICIICHBI.

e Bce nmMcTha HAXOIATCS HAa OAHOW U TOH ke TIyOuHe, paBHOW BBICOTE Jie-
peBa.

e Bo3MOXHOE YHCIIO KITIOYEH, XPaHSIIIUXCS B OAHOM Y3IIe, ONpeAemseTcs
napamMeTpoM f > 2, KOTOPOE Ha3bIBaeTCs MHHUMAIIbHOW cTeneHbio b-me-
peBa.

e JIst KaKAO0TO HEKOPHEBOTO Y371a X, BBIIOJIHSIOTCS HepaBeHeTBa (1 — 1) <
< n[x] £ (2t — 1). Takum oOpa3oM, YKCIIO AeTeil y JH000 BHYTPEHHETO
y31a (KpoMe KOpHsI) HaXOHUTCS B Peenax oT ¢ 1o 2t.

e Ecmu nepeBo He MyCTO, TO B KOPHE JOJDKEH XPAaHUTHCSA XOTS OBl OAMH
KJTFOY. Y3el1, XpaHsIuid poBHO 2¢ — | Kitoueld, Ha30BETCS MOJTHBIM.

Kiroun key;[x] ciayxart rpanunamu, pazaensSiolMMA 3HAYCHUs KITIOYeH B

nojiepeBbsx. TouHee,

e (j[x] cchutaeTcs Ha MOAIEPEBO, KIFOYM B KOTOPOM MEHBIIIE ueM key:[x],

o cjx]mpul=2,3, ..., nccbuiaeTcs Ha MOAJEPEBO, KIOYH B KOTOPOM Ha-
XOJSTCS B Tipesienax ot key; 1[x] no key;[x],

® Cy+1[X] cchlmaeTcs Ha MOANEPEBO, KIOYM B KOTOPOM OOIbIIE 4eM
keynalx].

B mpocreifmem ciyuae, kofa ¢ = 2, y KaX10r0o BHYTPEHHETO y37a 2, 3 uiu
4 peOeHKka, ¥ MBI TIOJy4aeM Tak Ha3biBaeMmoe 2-3-4 nepeBo. st addexTuBHOM
paboThI ¢ JUCKOM Ha MpaKTUKe ¢ HaJo0 OpaTh 10cTaTouHOo OonbmuM. Yucio oo-
paleHuit K AUCKy Ul OOJIBIIMHCTBA OIepalyii IpornopLuoHaIbHO BbicoTe b-
nepeBa. OLEHUM CBEPXY 3Ty BBICOTY.

Teopema. /[ns ecsikoeo bB-oepesa T evicomvl h u munumanvhou cmenenu f,
xpanaujeeo n = 1 kniouetl, evinonneno nepaserncmeo h <log, (n+1/2).

Jokaszamenbcmeo. Hanmenbliiee 4icio y37I0B B IepeBe BBICOTHI /1 OyeT B

cllydae, eCiM CTETNeHb KaX/I0T0 y3Jla MUHUMaIIbHA, TO €CTh Y KOpHs 2 peOeHKa,
a y BHYTPEHHHX Y3JIOB 10 ¢ fieTeil. B aTom cnyuae Ha rimyOune 1 mMbl nmeeM 2
y3I1a, HA TyOHHE 2 UMeeM 27 Y31IOB, Ha IyOuHe 3 uMeeM 21 y3IIOB... Ha TIIy-
6une h umeem 21" y3710B. IIpu 3TOM B KOpHE XpaHUTCSI OAMH KITIOY, & BO BCEX
OCTJIBHBIX y37ax 1o ¢ — 1 ximoyeit. Takum 00pa3om, rmosryyaem HEPaBEHCTBO
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h
n>1+(@-1)Y 247 =1+2@-1) (- Die-1)) =2/ 1,
i=1
OTKyJla CIIEAYeT YTBEPKICHUE TEOPEMBI.

Kak u amst kpacHO-uepHBIX JepeBbEB, BhICOTa b-nepeBa ¢ n y3inamu ecth
O(logn), Ho ocHoBanue norapudma s b-mepeBbeB ropasao OoJiblie, YTO
IpUMepHO B log t pa3 coKpalaeT KoJIM4ecTBO 0OpaIieH i K UCKY.

OcHoBHbIe onepanuu ¢ b-gepeBbsimu. MoxxeMm cuuTaTh, YTO KOPEHb
b-nepeBa Bcera HaXOAUTCS B ONEPATUBHOMN MAMSTH, TO €CTh OTEPALIUS YTCHUSI
C JMCKa JUT KOPHS HUKOT/Ia He TPeOyeTcs; OHAKO BCSKHU pa3, KOT/ia MBI U3-
MEHsIEM KOpPEHb, MbI JIOJDKHBI €r0 COXPaHATh Ha TUCKe. Bee y3ibl, nepenaBae-
MBbI€ KaK MapaMeTphl, YK€ CUMUTAHbI C JUCKa. Bce mponemypsl 00pabaThIBalOT
JICPEBO 32 OJIMH MPOXOJ OT KOPHS K JIUCTBSIM.

ITouck B b-aepese. Ilouck B b-nepeBe moxox Ha MOUCK B ABOUYHOM Je-
peBe. PazHuma B TOM, 4TO B KaX/IOM Y3JI€ X MBI BBIOMpaeM OJMH BapHaHT W3
(n[x] + 1), a e u3 aByx. [Ipu momcke MPOCMATPUBAIOTCS Y3IIbIbI IepeBa OT
KOpH# K jucty. [ToaToMy umnciio obpaienuii k qucky ecthb 0(4) = 0(log, n), roe
h — BBICOTA JAepeBa, a n — KommuyecTBO Kimoden. Tak kak n[x] < 2¢, To UK
while O(¢) pas, u Bpemst Beruucienuit pasao O(th) = O(t-log, n).

Co3nanue nycroro Bb-mepema. Ilyctoe nepeBo co3maercsi ¢ MOMOIIBIO
HpOLETypHl, KOTOpasi HAXOAUT MECTO Ha JIUCKE JUIS HOBOTO y3Jla U pa3MeInaeT
ero. CunraeM, 4TO 3TO MOXHO peann3oBaTh 3a Bpems O(1) u He ucnonb3oBaTh
OTIEpAIIHIO YTSHHUS C JHCKA.

VY3en y no npeoOpa3oBaHus uMeln 2¢ IeTeid; mociie npeodpa3oBaHus B HEM
OCTacTCd { HAMMEHBIINUX M3 HHUX, a OCTaJIbHBbIC ! CTAHOBSATCSA JETHbMH HOBOI'O
y371a z, KOTOPBI B CBOIO Ouepelb CTAHOBHUTCS peOeHkoMm y3na x. Kimrou-
MeJaHa y3ia ) N00aBiseTcss K Y31y X U CTAHOBHTCS Pa3[CIUTEIEM MEXIY
Y3JIOM y H CIISYFOIIIM 32 HUM Y3JIOM Z.

Jo6aBienue 3iementa B b-nepeBo. [Ipu BbIONHEHUN 3TOW oOlepanuu
UCTIONIB3YETCs MpoIeypa pa3oreHus noinHoro (¢ 2¢ — 1 kimrovaMu) y3ia y Ha
JIBa y3JIa, UMeroIue mo ¢ — 1 anemeHToB B kKaxxaoM. [Ipu sToM Kito4y-mMeanana
key,[y] oTnpaBiiseTCsl K pOJUTEIIO X y3Jia ) U CTAHOBUTCS Pa3JICIUTEIIEM JIBYX
HOJIyYEHHBIX Y3JI0B. DTO BO3MOXKHO, €CIIM y3€l X HemojoH. Ecim y — KopeHs,
nporeaypa paboTaeT aHAJIOTHYHO. B 9TOM cirydae BeIcOTa JiepeBa yBEJINYHBa-
€TCs Ha CJIMHUILY.

IMponienypa Insert nobasnsier 3nemeHT k B b-nepeBo 7, mpoiias oauH pa3
oT kKopHs k jucty. Ha 310 Tpedyercs Bpems O(th) = O(tlog,n) u O(h) obpa-
IIEHUH K TUCKY, €CIIU BBICOTA AepeBa /. [1o X0y /ena ¢ moMOIIBI0 IPOLeTyphI
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pa3OueHus pa3fessIoTCs BCTPEYAIONIMECs MOJIHBIE Y3IIbl. 3aMETUM, YTO €CIIU
MIOJIHBIN y3€J1 UMEET HEIMOJIHOTO POJUTENS, TO €T0 MOXKHO Pa3eiInTh, TAK KaK B
poauTene ecTb MECTO JJisi JIOMOJHUTEIBHOTO KIIoYa, MO3TOMY, MOJHUMAsCh
BBEPX, JOXOJUM JI0 HETIOJIHOT'O JIUCTA, Ky/1a ¥ 100aBIsieM HOBBIN 3JIEMEHT.

Ynanenue 3sementa u3 b-nepesa. Y nanenue snementa u3 b-nepesa npo-
UCXOJIUT AaHAJIOTHYHO J00aBICHHUIO, XOTS HEMHOTO ClOXXKHee. YuTaremo mpe-
JIOCTaBIISIETCSI BO3MOXKHOCTh pa3padoTaTh MpOIeAypy yAajeHHs, KoTopasi Tpe-
oyer O(h) oOparenuii k TUCKy s b-iepeBa BHICOTHI /1, IPU 3TOM BCs TIPOIIe-
nypa tpedyet O(t-h) = O(t-log, n).

B 3axitouenne 3ameTnM, 9TO cOaNaHCHpPOBAaHHBIE JIepeBbs U b-nepeBbs 00-
cyxnatorcs B kaurax Kuayra, Axo, Xonkpodra n Yinemana u Cempxsuka. [lon-
poOHBIi 0630p b-nepeBbeB nan B kuure Kopmena u ap. ['mbac u CemxxBuk pac-
CMOTpEJH B3aUMOCBSI3H MEXKIY pa3HbIMU BHIAaMH COATaHCUPOBAHHBIX JI€PEBb-
€B, BKJIFOYasi KpacHO-YepHbIE U 2-3-4 nepeBbsl.

B 1970 r. XonkpodT npeasiokui noHsaTue 2-3 1epeBbeB, KOTOPhIE SBIIINCH
npeamecTBeHHUKaMu b-nepeBbeB u 2-3-4 nepeBbeB. B 3TUX AepeBbsax Kaxaas
BHYTPEHHSIS BepIIMHA MMeeT 2 Wi 3 aereill. b-nmepeBbs ObLIM OmpeaeneHbI
Bbaitepom u Maxk Kpeiitom B 1972 .
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