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 let X be set of social alternatives (e.g., which public
projects to undertake)

e soclety consists of nindividuals 1,...,n

 each individual 1 has utility functionu, : X - R
— U.(x) =1"s utility from x

 soclal welfare function (SWF) f - - aggregates
Individuals’ utilities to obtain social preferences
— function f maps profile (u,,...,u ) of individual utility functions

Into social utility function W : X - R

f(u,...,u )=W
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o f(u,...,u ) must be defined for all logically possible utility functions u,,...,u.
— Unrestricted Domain (U)

o if u,(x)>u,(y) forall i, then W(x) >W (y)
— Pareto Property (P)

o Af (U )= (U Uy)
W(x)2W(y) < W'(x) =W'(y)

oyl then

— Independence of Irrelevant Alternatives (11A)
e if (u,...,u) =(a(u),...,4.(u.)),
where for all i ¢ : R — R is increasing function,then

W'=W
— ordinality (O)
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Arrow Theorem: If f satisfies U, P, A, and O, then there
exists 1, such that, for all (u,,...,u ) and all x, y,
If u; (x)>u; (y) then W(x)>W(y)

— 1, 1S a dictator
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Many “escape routes” from Arrow’s theorem have been
proposed

one Is to relax ordinality
— rules out interpersonal comparisons

In reality we make interpersonal comparisons all the time
— Wwe say: person i is worse off than person j under alternative x

or
— person j gains more in going from x to y than person j loses

shouldn't we take account of such comparisons?
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Let’s replace Ordinality by:
o if, foralli,u' =au. + S,a>0
(a and S same for all 1)
. thenf (u,...,u,)=f(u,...,u’)

— Full Comparability (FC)

— allows us to compare both utility levels and utility differences across
individuals
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Th: if f satisfies U, P, I1A, FC, I11, continuity
W(x)=W(y) < > au(x)>> au(y), wherea >0

— f is utilitarianism

o If f also satisfies Anonymity (A)

f(Ul,...,Un) :f (u”(l)ao-wuﬂ-(n))!
where 7 is a permutation of {1,...,n}
then

W(x) ZW(y) < D u(x)= > u(y)
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— hence =0 for |
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° V:Zgi(ui)
. fromFC, forall (u,,...,u,),(v,,...,V,)

2.9 () = 2 g;(v)

N

Y gi(au;+ )= g;(av, + B) forall a >0,
- henceg, =au +b

¢« SOW(X)=W(Yy) & Zaiui(X)Zzaiui(Y)
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old paradox of utilitarianism with variable population

 divide a cake among population of size n

o each person gets 1/n

 if everyone has same utility function u (with u’> 0 and u(0) = 0),
total utility 1s nu(1/n)

o If legg u'(x) = oo (Inada condition),

thennu(l/n) >0 asn— w
« optimal population is unbounded
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« But this doesn’t seem right
— Implies each person gets infinitesimal amount

e what’s wrong with utilitarianism?

— asn — oo, eventually reach a point where life becomes
wretched

— a “misery” or “zero” line
— below this line, person’s welfare subtracts from social
welfare
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Ratio scale invariance (RS)

. forall (u,...,u,),(u;,...,u’) such that
u’ = au. for all i,where o >0
- we have f(u,,...,u,)= f(uj,...,u;)

— reference level means can’t transform utilities
by adding g anymore and still get invariance
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e given U, P, I, and continuity, obtain downward
sloping social indifference curves in individuals’
utility space

e 0ONe more requirement:

Decreasing Social Returns to Utility: social

Indifference curves are convex

 as we decrease person 2’ s utility and increase person 1’s utility
along an indifference curve,

* need to give increasingly more to 1 to compensate for 2’s loss
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e from RS
> g(u)=> g(v.) < > glau) =) g(av,) forall a>0

* hence, g Is homogeneous, I.e.,
g(u,) =u’, where r can depend on quadrant

— multiplying (u,,...,u ) by o preserves quadrant
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focus on n=2
« suppose r > 1in first quadrant, e.g., V (u,,u,) =u; +u;,when u, > 0,u, >0
— then indifference curve is u’ +u; =c

— violates DSR
» suppose r <1 in first quadrant, e.g., W (u,u,) = u;* + u;*, when u, > 0,u, >0

— indifference curve is u,” +u;° = ¢

. . du
— so slope of indifference curve is d—zzoo atu, =0
ul

— violates DSR in second quadrant
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e so from A, Indifference curves In first quadrant must
satisfy

u, + U, = c (utilitarian)

* In second quadrant, where u, <0,u, >0 must still have

linear indifference curves but can have higher weight on
ul

au, +U, =c, wherea>1

— DSR implies can't have a <1
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