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Abstract. We obtain upper functions that serve as almost sure asymptotic upper bounds for
a displacement process given by an integrated time-varying Ornstein—Uhlenbeck process. The form
of upper functions depends on the characteristics (the stability rate and the diffusion coefficient)
of a stochastic linear differential equation. We introduce the notion of anomalous diffusion related
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1. Introduction. An important field of application of the theory of random pro-
cesses is concerned with modeling of diffusions (see, for example, [1]). In the present
paper, we consider a time-varying Ornstein—Uhlenbeck velocity process. Assume that
on a complete probability space {Q,.%#, P} a scalar random process X;, t > 0, is
defined and governed by the nonautonomous linear stochastic differential equation

(1) dXt = _6tXt dt + o dwt, X() = 0,

where 0, t > 0, is a function characterizing the stability rate of the corresponding
linear deterministic equation (that is, &; > 0, ¢ > 0, and fg 0y dv — 00, t — 00),
o¢, t =0, is a piecewise continuous time function (the diffusion coefficient), and wy,
t >0, is the standard Wiener process. In (1) no additional constraints on the co-
efficients are imposed, and so we can consider settings involving decaying (¢ — 0,
t — 00), growing (o; — 00, t — 00), or constant (o, = o) perturbations, and also deal
with stabilities of various types: exponential (§; = ¢ > 0), subexponential (6; — 0,
t — 00), and superexponential (6; — 0o, t — 00).

For the motion time 7" > 0, define the displacement process Yr, T >0, by the
well-known formula (see, for example, [2, section 5.8])

T
(2) Yr = / X, dt
0

and the mean square displacement

(3) DT:E(/OTXtdt>2.
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210 E. S. PALAMARCHUK

Since model (1), (2) has proved useful in describing the diffusion behavior as an
alternative to Brownian motion where displacement ngw) is wr, a question naturally

arises regarding the comparison of Dp and E[Yq(«w)]2 = Ew? =T as T — oo. This
analysis outlines normal diffusions (with Dy ~ T') and anomalous diffusions (with
Dy ~ T). Here and below, the symbol ~ is used to denote the asymptotic equivalence
of two scalar functions; thus f; ~ g¢ if 0 < limy— 00 (ft/g:) < 00.

DEFINITION 1 (see [3]). Let

D D
dy = liminf T and ds = limsup iy
T—o0 T— o0

If 0 < dy < do < o0, then the diffusion is called normal; otherwise it is anomalous.
We refer to it as a subdiffusion for do = 0 or a superdiffusion for d; = co.

It should be noted that a standard Ornstein-Uhlenbeck process (0; = 6 > 0,
or = 0 # 0 in (1)) generates a normal diffusion with Dy ~ T. It is clear that
the mean square displacement D7 can be looked upon as an important statistical
characteristic of the process Y = fOT X dt, but still this quantity does not allow us
to capture possible pathwise variations of Y7 as T" — oo depending on the parameters
6+ and o¢. The notion of an upper function enables us to establish such a deterministic
bound with probability 1.

DEFINITION 2 (see [4]). A deterministic function hp > 0, T > 0, is called an
upper function for a scalar process Zp, T > 0, if there exists a nonrandom constant ¢
such that, with probability 1,

(4) lim sup Zr <€ < oo.
T—oo NPT

This definition is a modification of the definition of an upper function used, for
example, in [5, section 6.6], where ¢ = 1, and a function hr is assumed to be non-
decreasing and such that hy — oo as T — oo. Following [4], [6], we are concerned
with the variation of hy in view of the above relation ~, and hence we impose no
constraints on the values of ¢ or on the character of the hy dynamics in (4).

The upper function can be used to estimate the order of variation of a random
process in time. Indeed, condition (4) means that there exist a constant ¢y > 0 and
an a.s. finite time ¢y such that the inequality Z; < ¢ohr holds with probability 1 for
any T > tg. If (1) defines a standard Ornstein—Uhlenbeck process, then

T T
Yr = / X, dt = 5—1/ odw; — 5 ' Xp = 0" oWr — X7),
0 0

and the upper function of the process Zr = |Yp| can be derived from the known
results: in view of the law of the iterated logarithm, for the Wiener process wr we
have hg} )~ VTInInT (see, for example, [7]), and the upper function hg,? ) of the
process |Xr| is defined as hg,? )~ VInT (see [6]). So, in the case of constant coeffi-
cients, we have hpr ~ /T InInT, and so the probabilistic behavior of the displacement
process Y turns out to be close to that of the Wiener process wr, rather than in
mean square (Dr = EYZ ~ Ew% = T), in the stronger sense of bounding curves also,
that is, in terms of upper functions. The study of the integrated Ornstein—Uhlenbeck
process (2) is also motivated by various applications thereof, for example, in modeling

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



UPPER FUNCTIONS FOR ANOMALOUS DIFFUSIONS 211

population size [8] and integrated volatility [9], and also in statistics [10] (see the sur-
vey [3]). Tt is worth pointing out that previous studies in this direction were focused
on statistical estimation [11] or on distributions of functionals (see, for example, [12])
under fairly restrictive assumptions on stationarity of processes or boundedness of
their parameters. The purpose of the present paper is to find upper functions for the
integrated process (2), as defined by (1) with time-varying coefficients, and examine
the behavior of anomalous diffusions in terms of upper functions.

The paper is organized as follows. In section 2 we present various results on the
form of upper functions for displacement processes depending on parameters of the
stability rate and the diffusion coefficient of the linear stochastic differential equation.
In section 3 we introduce the notion of anomalous diffusion from the viewpoint of
upper functions and compare the results of diffusion classification by type on the basis
of upper functions and using the mean square displacement; illustrative examples are
also given in section 2.

2. The main results. The main results of the present paper are obtained under
the basic assumption on variation of the stability rate in (1).

ASSUMPTION . The stability rate o; is a monotone differentiable function, t > 0,
and the function ¢y = §;/5? (the dot is used to denote the time derivative) satisfies at
least one of the two conditions

1 = 1 _— = N N <
(5) tlggo Dt = K, tlgglo % K (k,k <0 are constants),

and, if k = K = —1, then Uooo(l/t—ét) dt| < 0.

Note that the cases x,k > 0 are not considered, because in these cases we have
d¢ < 0, t > 0; that is, in this setting it is clear that the above assumptions about d;
(see (1)) are violated because of the unstable coefficient in the process dynamics
equation.

One of the conditions in (5) was previously used in [13] in the study of stochastic
linear regulator problems as it was necessary to preserve stability properties of the
coefficient d; = (1 + ¢;)d; in the equation of the transformed process (1/6:)X;. As-
sumption Z in the above form is introduced for the first time in the present paper.
Below, this assumption is used in the derivation of upper functions of the displace-
ment process with adjusted velocity. Under Assumption & this process of adjusted
displacement turns out to be equivalent in mean square to the initial process Yr; we
discuss this in detail below (see also Examples 3 and 4 in section 3). For cases where
Assumption Z is not satisfied, we suggest some possible methods of finding upper
functions in Remark 1 at the end of the present section and provide Examples 1 and 2
for illustration.

In [3] it was shown that the mean square displacement can be written as the
integrated variance of the process X, t > 0, as follows:

T t
(6) Dy = 2/ / exp{—/ Oy dv}Est dsdt;
0 0 s
t ¢
(7) EXf:/ exp{—2/ 5vdv}of ds.
0 s
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212 E. S. PALAMARCHUK

We now proceed similarly to the derivation of the upper function of the displace-
ment in the case of a standard Ornstein—Uhlenbeck process (see the introduction)
and obtain a closed-form representation; however, we use the adjusted velocity pro-

cess Xt(w) = 4 X; (here the deterministic function v, tends to ¢¥* # 0 as t — oo,

where ¥* is some constant) as a diffusion-generating process. Then the processes Y

and quw) are characterized by mean square displacements of the same order, that is,

Dy~ Dgf/’). More precisely,

T T t t
Y = / YeXedt and DY) =2 / / 1p51/1texp{— / 5vdv}EX§dsdt.
0 0 0 s

By the assumption on the function 1, we have

D)

0< lim =L~ <00 and Dy~ DY
T—o0 T

We represent the process Yiﬁw) as

T T
(8) v = / Y Xpdt = Up Xy — / U0, dwy,
0 0

where

t t
v, :/ exp{/ 0w dv}ws ds.
0 s

Hence, the upper function of the process Zp = |Y:ﬁw)| is determined by two com-
ponents: the upper function hgpl ) for erpl) = |UrXr| and the upper function hg,? )

for Z,EFZ) = | fOT Uy0¢ dwy|. In what follows, the process Yj(fp) is called the adjusted
displacement or the displacement process for the adjusted velocity. The form of the
adjustment function ¢, is taken depending on the values of the constants k, Kk from
Assumption Z (see (5)). First, we consider the case —1 < k¥ < 0 and set ¢, = 1 + ¢.
Then ¢y — ¢p* =14k >0 ast — oo, ¥pr = —1/4;, and representation (8) for the
adjusted displacement assumes the form

(1)
9 YW = 2Ty [T gy,
( ) T 5 0 5t t

Here it is important to note that if the coefficients §; and o; are such that Yiﬁw) — Yo(f)

with probability 1 as T — oo, where Yéow) is a random variable, then the estimate

in terms of upper functions makes no sense, because in this setting one can take as
a majorant any increasing function hp > 0, T > 0, such that hy — oo, T — 0. So,
we first find out when such a case is possible.

LEMMA 1. Let Assumption 2 be satisfied with constant —1 < k < 0, let
Jo (02 /6%) dt < oo, and let the process ngw) be defined in (9). Then DY < oo, and,

moreover, ngw) — Yo(ép) a.s. as T — oo, where YO(;/J) = fooo(at/ét) dwy.

Proof. Consider (9). It is known (see [14, section 5.4]) that for a Riemann-type
integral (and in particular, for Y}qb))7 the relation Y}w) — Yo(f) a.s., T'— oo, holds if
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UPPER FUNCTIONS FOR ANOMALOUS DIFFUSIONS 213

E[Y\")]2 is bounded for all T > 0. We have E[Y,")]2 = D', and hence it is required
to examine the functions Dgf/’) and Dr of the mean square displacement. From (9)
we have Dgpw) < 2E[X2/62]+2 [ (0?/6%) dt. By the assumption, the second term is
bounded. The process )Z't = —X;/0; is given by the equation

(10) dj(:t = —gt)?t dt — % dwt, )?0 = 0,
t

where gt = (1 + ¢¢)d is a stability rate because gt ~ 0; and due to the condition
—1 < k <0 of Assumption Z. Therefore, the expectation

EX%:/ exp{—2/ 5vdv} Lt
0 ¢ o3

is also bounded. Therefore, Dgf) < oo and Yr}w — Y(fow) a.s. as T — oo. Next, we

show that under the above assumptions Xr — 0 a.s., T — oo, and hence Yéow =
Iy~ (0¢/6:) dwy. First, we note that if [~ (07/67)dt < oo, then EXZ — 0, T — ooc.
The proof of this fact for bounded coefficients §; and o; can be found in [15], [16];
here we proceed analogously. Given a fixed arbitrarily small number ¢ > 0, for

ft 0?/6%)dt < e, where T > to(g), we have

T t o, 2 T _ T/, 2
/ exp{Z/ 5vdv}<—) dt:exp{Z/ 5vdv}/ <—> dt
0 0 515 0 0 515
T _ t Lo\ 2
—2/ 5texp{2/ 5vdv}/ (—t> dsdt
0 0 o \ 0t
T _ T/ g, 2 T
< —exp{2/ Oy dv}/ (—) dt+£exp{2/ Oy dv}
0 to \ Ot 0
T~
<5exp{2/ 5vdv}.
0

As a result, E)N(% — 0 as T — oo. Moreover, the process X, asymptotically converges
to zero, rather than just in the mean square, with probability 1 also. Consider (10)
in the integral form

_ T _ T o
XT = — 5tXt dt—/ —d’LUt.
0 0 515

Integration by parts shows that the expression
T 2
E ( 5tXt dt)
0
T _ t t s __ .
= 2/ Oy exp{—/ 0w dv} / O exp{/ 0w dv}Est dsdt
0 0 0
/ o dt

is bounded. Therefore, fo 0 X, dt — fo 5 X; dt a. s., T — 0o. Moreover, the mtegral
fo o1 /6:) dwy also exists, and hence XT — X Wlth probability 1, where Xoo is
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214 E. S. PALAMARCHUK

some random variable. According to the above, X7 — 0 in mean square, and since
the limit random variables should coincide a.s. (see [14, section 3.5]), we have X, = 0.

Returning to (9), we see that the adjusted displacement process ngw) converges to
Iy (0¢/6:) dwy a.s. as T — co. The lemma is proved.

It should be pointed out that in the rest of the cases, we always have Dp — oo,
D<T”’> — 00 as T — oo from condition (5) of Assumption 2 (that is, for k < —1
and —1 < % < 0). Indeed, 5;1exp{—f0t§vdv} —~ooast —» oo if -1 < & <0,
and ¢ < 6; ! exp{— fot 6ydv} < @ if K = —1 by virtue of the condition ‘fooo(l/t —
0t) dt| < oo (here ¢, ¢ > 0 are some constants). Hence, from (6), for the mean square
displacement we have Dy > cfo 5 fo exp{f0 by dv}EX2 ds dt for T > TO( ) for some

constant ¢ > 0. By the definition of the stability rate d;, we have fo O¢ dt — 00,
T — o0, and hence we find also that Dp — oo, T — 0.
The next result gives the form of the upper function in the case —1 < k < 0.

THEOREM 1. Let Assumption 9 hold with constant —1 < k < 0. Then, for the
adjusted displacement process Y( ), as defined in (9), we have the following:
a) If fo 07 /8%)dt < oo, then Y(w) S YW = I3 (01/6:) dwy a.s. as T — oo;
b) if fo 02/62)dt — oo, T — oo, then the upper function of the process Zr =
|YTw)| has the form

(11) hTw\/XQIn/ 5tdt+\// 5tdt1nln/ 5tdt

where EX2 = fot exp{—2 fst 8, dv}(02/82) ds, 6, = (1+ ¢¢)0s, ¢r = 61/ 67.

Proof. Case (a) is considered above in detail in the proof of Lemma 1. Regarding
case (b) and representation (9), we see that the process X; = —X; /0, satisfies (10).

‘We have
_ T _ T t
XT:eXp{—/ 5vdv}/ exp{/ 5vdv} dwy,
0 0 0 0y

and so, by the law of the iterated logarithm for stochastic integrals (see [17]), the
upper function for the process erpl) = | Xr| reads as

T T t
hg,}) ~ exp{—/ 0w dv}\/lnln T My :/ exp{/ 20, dv} 5; dt.
0 0 0

Taking into account the equality EX 2 = fo exp{ 2 f S dv} 2/62) ds, we define the

upper function hgw) ~ \/EX% Inln M7. Moreover,

lim sup Inn Mz < 00,

T—>oo In fo Oy dt +Inln MT

where the upper function hg?) ~ \/MT Inln MT for Z; (2) _ |f0 (01/04) dwt| can be

obtained using the quadratic characteristic MT = fo 0?/6%) dt. Combining the above
results, we get hp of the form (11). This proves Theorem 1.
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UPPER FUNCTIONS FOR ANOMALOUS DIFFUSIONS 215

Next, we consider the case when Assumption & is satisfied with the constants
k = Rk = —1 (this also implies that lim; o, (¢6;) = 1). In what follows, by gr we
denote any monotone function with the following properties:

(12) gr >0, T >0; gr oo, T — oc.

For the displacement process Y = fOT X, dt, we have

T t t s
YT:/ exp{—/ 0w dv}/ exp{/ (Svclv}crS dwyg
0 0 0 0
T t T
(13) :mT/ exp{/ 5vdv}at dwt—/ Moy dwy,
0 0 0

where m; = fot exp{— fos by dv}ds, my = exp{fot by dv} fot exp{— fos by dv} ds. More-
over, from the condition ‘fooo(l/t —d¢) dt‘ < oo of Assumption 7 it easily follows that

the functions m;/Int, exp{fot Sy dv}/t, my/(tInt), are bounded away from zero and
from above.

LEMMA 2. Let Assumption 9 hold with the constants Kk = k = —1, and let
T . T
(14) My = / t2o? dt, Mg = / t2In’(t + 1) o} dt.
0 0

Then the upper function for the process Zp = |Yr| has the following form:
(a) If M < 00, then hp ~ grInT, where the function gr is defined in (12);
(b) if My < o0 and My — oo, T — 00, then hy ~InT vInlnln T

(¢) if My — oo, T — oo, then hy ~ InT /My Inln My + \/ My Inln My.

Proof. Representation (13) can be put in the form
Yo = meplp — Ir,

where the stochastic integrals

T t R T
Ir = / exp{/ Oy dv}at dw; and Ip = / myoy dw;
0 0 0

have the quadratic characteristics (I}, (I), and moreover,

I I
0 < liminf Y77 < nmsup@ < 00,
T—oo My T—oo Mt

0< liminf@ < limsup@ < 00,
T—o00 MT T—00 MT

where My and My are defined in (14). Then, by the law of the iterated logarithm, for
the stochastic integrals [17], we see that hg,}) ~ v/ MpInln My is the upper function

for the process |Ip| as Mp — oo, and hg?) ~ \/J\/J\T Inln ]\//TT is the upper function
of the process |fT| as ]/W\T — o0, T — oo. Further, if M, < oo, then It — I,
and It — I in the case My, < oco. Using these relations, we next obtain an upper
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216 E. S. PALAMARCHUK

function hp depending on the asymptotic behavior of the quadratic characteristics.
It is clear that a random variable with finite moments is majorized by any function
gr > 0 with properties (12). We have My < Mp < oo for My, < oo, and hence
we have the upper function of the form hp ~ gr InT for the process Zy = |Yr|. If
My, < 00 and My — 0o, T — oo, then, since My < In? (T +1)Mrp,

B2
lim sup A

— < X
Tooo InTVInlnlnT

for hg? ). Now the resulting upper function reads as hy ~ In7T+VInlnln7T. Finally,
hr ~ hg) + hg?) in the case Mp — oo, T'— oo. Lemma 2 is proved.

We now analyze the situation when Assumption 2 holds with constant —1 < k < 0.
Setting 1y = 1 —td; in representation (8), we have Uy = ¢, ¢y — * =1 —K as t — oo,
and so (8) assumes the form

T
(15) v =Tx, —/ to, dwy.
0

THEOREM 2. Let Assumption 2 hold with constant —1 < k < 0. Then the upper
function for the process Zp = |Y7£w)|, as defined by (15), has the following form:

a) If [ 1?07 dt < oo, then hp ~ Tgr\/EXZ;
) if [ exp{2 fot Sy dv}o? dt < oo and fOT t?02 dt — oo, T — 0o, then

T
hr ~ Tgr\/EX2 + \// 20 dtlnln/ t202 dt;

c) if fOT exp{2 fot Sy dv}of dt — oo, T — oo, then

T T
0 0
T T
+ / t202 dt lnln/ 202 dt.
0 0

Here, gr is a monotone function satisfying (12), and EXZ is calculated per (7).

Proof. Regarding representation (15), it should be noted that the equation for the
process X; = tX; (see (10)) contains the unstable coefficient &, = (1 — 1/(¢6;))d, < 0,
which results in growing upper functions. For example, in [18] it was shown that, in
the case of constant coefficients in (10), the upper function grows exponentially.

In assertion (a) of Theorem 2, the condition fooo t?c? dt < oo also implies that

fOT exp{2 fg by dv}o? dt < oo and EXZ ~ exp{—2 fOT 8y dv}, and it follows from here

that
T t 00 t
Ir :/ exp{/ 0w dv}at dwy 225 T :/ exp{/ Ou dv}at dwy,
0 0 0 0

and hence, as an upper function for the process

T
Z\M = |TXT|—‘Texp{ /6vdv}IT
0
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UPPER FUNCTIONS FOR ANOMALOUS DIFFUSIONS 217

one can take the function h(T” ~ Tgr\/EXZ2 (gr is defined in (12)), which is also
; .72 _ 7
a majorant of the process Z;’ = |Ir|, where

T 0o
IT = / toy dwt — I = / toy d’LUt.
0 0

The function hy reads as hr ~ hg}) — 00, T'— 00, since the function T’ exp{ —fOT Ou dv}
is bounded away from zero by the condition —1 < & < 0 of Assumption 2.
Assertion (b) of the theorem is clear if one looks at the form of the upper function
hg,?) for the process Zq(?) = |fT| according to the law of the iterated logarithm and
combines this estimate with the above upper function hgpl ).
If fOT exp{2 fot Sydv}ofdt — oo, T — oo, then the derivation of the upper
function hgpl ) for erpl) = |TXyp| is similar to that given in the proof of Theorem 1;

that is, hg,}) ~ T\/EX% (In fOT d¢dt + Inln fOT oZdt). This in combination with hg,?) ~

\/ fOT t202 dt Inln fOT t202 dt gives the representation in assertion (c) of Theorem 2.
Theorem 2 is proved.

Remark 1. The form of the upper functions was obtained above for the adjusted
displacement Yr}w) (see (8)), which is equivalent under the hypothesis of Assumption &

to the original process Yr in the mean square sense; that is, D<T”’> ~ Dp. In the
absence of Assumption 2 the form of upper functions can also be derived using the
above arguments.

First, if one manages to replace the equivalence requirement Dgf/’) ~ Dr by the
weaker condition of mean square comparability of the processes Y}w and Y7, that is,

() D)
0 < liminf =L~ < limsup —£— < oo,
T—oo T T—00 T

then the above results on upper functions for the processes Y:;w) can be used. The
processes are comparable in the above sense, when, in particular, instead of (5), one
has

ko < liminf ¢, < limsup ¢y < k1 <0,
T—o0 T—o0

where k1, ko < 0 are constants such that 1 + 2xko + n% > 0.

Second, regardless of the behavior of ¢;, upper functions can be derived by us-
ing (8) with ¢; = 1, that is, by direct integration of the velocity process (see also
representation (13), as obtained for Lemma 2). Consider the function B; defined by

[e%s} s [e%s} t
(16) B; = —/ exp{—/ Ov dv} ds if / exp{—/ Ov dv} dt < oo
t 0 0 0

and

t s t s
(17) Bt:/ exp{—/ 5vdv}d5 if / exp{—/ Oy dv} ds — 00, t— 00.
0 0 0 0
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218 E. S. PALAMARCHUK

Then the displacement process Yr can be put in the form

T
Vo= [ X
0

T t T t
(18) = BT/ exp{/ O dv}at dwy —/ By exp{/ 0w dv}at dwy.
0 0 0 0

Below we present a result on upper functions of the displacement process. This result
is based on the analysis of (18), which repeats steps in the proof of Lemma 2. The
next lemma extends Lemma 2 to the case of an arbitrary velocity process X; with
dynamics (1).

LEMMA 3. Let

T t T t
(19) M:(Fl) 2/ exp{Z/ Oy dv}atz dt, M:(F2) z/ B? exp{Z/ Oy dv}af dt,
0 0 0 0

where the function By is defined in (16), (17). Then the upper function hr of the
process Zr = |Yrp| is of the following form:
(1) If MS)) < 00, M(g) < 00, then

] t
(lLa) Ypr =Y. :—/ Btexp{/ 5vdv}atdwt a.s., T — oo,
0 0

e} t
in the case / exp{—/ Oy dv} dt < oo
0 0

(1b) hT NgT|BT|

t s
in the case / exp{—/ O dv} ds — oo, t— o0;
0 0

(2) if MY < o and MF}Q) — 00, T'— o0, then

hr ~ |Br|y/Inln |Br|;

(3) if Mj(wl) — 00, T — 0o, and M2 < 00, then
hr ~ |Br] Mj(ql) 1nlnM:(F1) + g7;

(4) if Mr}l) — 00, Mr}z) — 00, T — o0, then

hy ~ | BT|\/ M I m{ 4 \/ M Inn M

here gy is a function with properties (12).

The following examples illustrate the above approaches to the derivation of upper
functions in cases when Assumption & is not met.

Ezample 1. Consider the family of stability rate functions

(k) _ ! 1
A T NN 5 R or S LAY
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UPPER FUNCTIONS FOR ANOMALOUS DIFFUSIONS 219

Let the velocity process Xt(k), t > 0, be governed by equation (1) for §; = 5t(k) and

() and the mean

an arbitrary diffusion coefficient o,. The displacement process Y,
square displacement DgC ) are defined by equations (2) and (3), respectively. For

the above 5t(k), it is clear that the function (bik) = 2k(—1 + sin®t) does not satisfy
relations (5) of Assumption 2. The adjusted displacement is defined by (9), and

the inequality (1 — 4k)D§1C ) < Dgpw) < DgC ) holds for it. Hence, in the mean square
sense, the processes Yt(k) and Yt(w turn out to be comparable, and so the upper
function can be found from the previous results. Note that just the stability of the
coefficient d; = 04(1 + ¢;) was required in Theorem 1 to determine the form of the
upper function, that is, the property gt > 0, t > 0. In this case, this property also
holds for gik) = 5t(k)(1 + ¢§k)), because 5t(k) >0and 0 <1 -2k <1+ ¢§k) < L
Then assertions (a) and (b) of Theorem 1 remain valid if d; is replaced by 5t(k), oy is
replaced by St(’“), and, instead of the functions ¢; and E)?:Qp, one puts, respectively,
the functions ¢\" and E(XW)2 = B(X{")2/(5*)2. Using the formulas

5(k)N1 /t5(k)va/t dv
i tt Sy " o v+1’

to simplify the above expressions, we see that the upper function has the form

T
% 1
E(X;h%m/o (t +1)%ko2 dt

hr ~ hy + b,

where

T T T
M :Tl—k\/mlnT,// g2 dt, hY = \// t20? dt lnln/ t20f dt,
0 0 0

if fOT t?02 dt — oo as T — oo, and

YT<w>_>yo<ow>:/0 %dwt a.s.
t

if [,°t%07 dt < occ.
Ezxample 2. Let

1 a

=t (t+1)In(t+b)’

where a, b are real numbers, a # 0, b > 1. For this family of functions, despite the
fact that the constants x and  in (5) are equal to —1, we have

broa
/( —5S>ds
0 S+1

that is, Assumption Z does not hold. We use Lemma 3 to find the form of the upper
function. In (19) the function By reads as

— 00, s — 00;

1
B: N/ GOt
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and hence B; ~ Inln(t + b) for a = 1 and |B;| ~ In' (¢ + b) for a # 1. In the above
example,

T
M ~ / 212t + b) 02 dt.
0
For the second quadratic characteristic MQ(?), we have
T
M N/ P2t +b)o?dt if a1
0
and
T
M N/ 212(t +b) In? n(t +b) 02dt  if a=1.
0

We also note that if t — oo, then B; — oo in the case a < 1, and B; — 0 in the case
a > 1, which enables us to find out which of the cases of assertions (1)—(4) in Lemma 3
are possible for various values of the parameter a. For a < 1, assertion (1.b) holds

in the case M2 < oo, while assertion (2) is true when MY < o and Mr}g) — 00,
T — oo. If, further, a > 1, then the relation from assertion (1.a) holds if MY < 005
the upper function of assertion (3) ensues if M:(pl) — 00, T — o0, M2 < co. The

result of assertion (4) appears in the case M:(pl) — 00, Mj(?) — 00, T — oo, with no
constraints on the parameter a.

3. On the matching of the diffusion types detected from the mean
square displacement behavior and upper functions. The present section is
concerned with the issue of matching the diffusion types that are detected from the
mean square displacement (see Definition 1) and on the basis of upper functions. Ex-
tension of the approach towards determination of the diffusion type by comparing its
characteristics with the known characteristics of the normal diffusion (in the case un-
der consideration, with the upper function hp ~ vT'InlnT) leads us to the following
definition.

DEFINITION 3. Assume that we know hp, which is the upper function of the dis-

placement process Y or the adjusted displacement process ngw) (see Theorems 1 and 2
and Lemmas 1 and 2). Let

d; = liminf T and do = lim sup

hr
t=oo /TInlnT tsoo V/TInInT

If0 < dy < dy < oo, then the diffusion is called normal from the point of view of the
upper function; otherwise, the diffusion is anomalous; we refer to it as a subdiffusion
for dy = 0 or a superdiffusion for di = co.

As pointed out above, in the case Yy — Y., T' — oo, where Y, is a random
variable, one can take any positive unboundedly increasing function hy ~ gr as an
upper function hp (see (12)). Hence, we have a subdiffusion by Definition 3. The
next example shows that the results of detection of the diffusion type from the mean
square displacement and on the basis of upper functions may differ from each other.
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Ezxample 3. Consider the displacement and adjusted displacement processes in
the cases when the velocity equation (1) contains equal diffusion coefficients oy, but
the coefficients (stability rates) 5,@ are different: 5t(1) ~ 5t(2) ~ 5,53) ~ 1/t. More
precisely, 5t(i) = k;/t, where k; are constants: k1 > 1, ke = 1, 0 < k3 < 1. Hence, we
see that the constants in Assumption & are as follows:

—1<K1:—k;1<0, /€2=—k2:—1,
/€3=—k§1<—1, —1< kg =—ks <0.

Assume also that

[ele} 2 [ele}
/ ((’—.t)dtw/ 202dt < 0o,  i=1,2,3.
0 (‘StZ )2 0

Then for 5,51) = ky/t, by assertion (a) of Theorem 1, the adjusted displacement Yiﬁw)
converges to YW = (1//€1)fOOO toy dwy, DY) < oo, and we have the limit case of
subdiffusion. For 5,52) = 1/t, using Lemma 2 (assertion (a) or (b)), we find that

. hr
lim sup

e 0 ¢)
T—oo InTVInlnlnT

and

(%) T1ts f° 2 2 2
D~ Dy = - oo drdsdt ~1In" T,
T t 82 T
0 0 0

which also corresponds to a subdiffusion. If 5t(3) =k3/t and —1 < K3 = —ks < 0, then
by assertion (a) of Theorem 2,

T
k
hp ~ Tgr exp{—/ 73 dt}, that is, hp ~ Tl_k3gT,
0

and Dy ~ T2(1=%3)  The analysis of the dynamics of Dy shows that we have a normal
diffusion for ko = 1/2, a superdiffusion for 0 < k3 < 1/2, and a subdiffusion for
1/2 < ks < 1. Taking into account the form of the upper functions, we detect
a subdiffusion for 1/2 < k3 < 1 and a superdiffusion for 0 < k3 < 1/2. However,
for ks = 1/2 a subdiffusion is also detected: hp ~ VTgr and hp /VTInlnT — 0,
T — oo, if a function gr grows slower than vInln7. So, in this case we have
a disagreement with the conclusion about the diffusion type based on the mean square
displacement — this is because the representation for the upper function involves an
arbitrary increasing function gr.

Let us now proceed with a more detailed analysis of situations of mutual determi-
nation of the diffusion types by using the mean square displacement (see Definition 1)
and upper functions (see Definition 3). In [3], the diffusion type was detected by com-
paring the variance EX? of the process X;, t > 0, and the stability rate function .
More precisely, analyzing the limits of the ratio EX?/§;, t — oo, the following result
was proved.

THEOREM 3 (see [3]). Let
2 2

d7 = liminf Y and dj =limsup ,
t—o00 t t— 00 61&

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



222 E. S. PALAMARCHUK

where EX? is defined in (7). Then the following types of diffusions take place:
(1) a normal diffusion for 0 < dj < dj < oo,
(2) a subdiffusion for d5 =0,
(3) a superdiffusion for df = co.

Remark 2. Tf Assumption 2 holds with —2 <k <0, then the conditions of asser-
tions (1)—(3) of Theorem 3 can be replaced, respectively, by the following requirements
based on the limit behavior as t — oo of the relation o7 /67:

(1) 02/6% — ¢* for some constant ¢* > 0,

(2) 0f/57 =0,

(3) 02/6? — 0.

The relations from Theorem 3 appear below when figuring out agreement/

disagreement between diffusion types obtained from the analysis of mean square dis-
placements and upper functions.

THEOREM 4. Assume that Assumption 2 holds with —1 < k < 0 and
liminftﬁoo(étt/dt) > 0 with k = 0. Then the types of diffusions, as detected from
the mean square displacement dynamics and the upper functions, coincide and can be
determined from assertions (1)—(3) of Theorem 3 (the quantities di and di are defined
in Theorem 3) as follows:

(1) a normal diffusion for 0 < dj < di < oo,

(2) a subdiffusion for ds =0,

(3) a superdiffusion for df = oo.

Proof. In the case —1 < k < 0, the form of the upper function is given in assertion
(b) of Theorem 1:

(20) hr ~hi + B,

where

" T T 2 T 2
1) Al = ,/Ex%ln/ Sedt,  hYY = \// ot dt lnln/ oL at.
0 0 61& 0 51&

Consider EX'% =EX2/62,

_ t t o2 T 52 T_ o
EX%:/ exp —2/ 0y dv —Sds:/ —;dt—2/ sEX dt.
0 s o3 0 O 0

Hence, for fOT(Uf/df) dt, we have

T 2 N T
/ 5—5 dt = EXZ + 2/ SEX7 dt,
(22) 0 t ~ 0

~ ]
where 8y = (1 + ¢¢)0y, 5—t—>1+/<:>0, t— o0.
¢

Let us begin the proof of the theorem with assertion (3), when 5tE)~(t2 — 00,
t — oo, and, correspondingly, fOT S EX?dt — oo, T — oo. Using (22), this gives

i/T”—tZdwl/TSEX'?dt—mo T — oo
T), 2771} ’ '
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Now an appeal to representation (20), (21) shows that

2
hr s .
VTInlnT =~ v/TInlnT

and so this is the case of a superdiffusion. B

In assertion (2), vice versa, 6; EX? — 0,t — oo. In this case we have EX2 /T — 0,
T — oo. Indeed, E)N(%/T = 5TE)~(:2F/(T5T), and, moreover, lim infr_, o (T'97) > 0 by
the condition —1 < k < 0 of Assumption Z (more precisely, Tor — 0o as T — oo if
k=0, and Top — —1/k as T — oo if —1 < x < 0). Hence T~ [ (07/82) dt — 0,
T — o0, and so, in (20), (21),

0, T — oo,

e
VTInInT
Next, we consider the ratio
e — In [ 8 dt
2 —L_ —\/5;EX2H h Hp— —Jo %t%
( 3) vVTInlnT T T where T 5TT1H1DT

To evaluate the limit on the right of (23), we argue as follows. If —1 < k < 0,
then &; ~ 1/t, In fOT O¢dt ~ InlnT, and so Hr — ¢ as T — oo for some constant
¢ > 0. For k = 0, using L’Hopital’s rule and since liminf; o (6:¢/d;) > 0, we
have limyp_,o Hr < limTﬁool/{(STT/éT +1) fOT Oy dt} = 0. Hence, in both cases
S7EXZHr — 0, T — oo, and in (23),

hy)
— =0
vVITInlnT

which, in combination with the convergence hg? ) /VTInlnT — 0 already established,
gives a subdiffusion from upper functions.

Under the hypotheses of assertion (1), the integral fOT(crt2 /62) dt is estimated with
the help of the inequalities d < 5,5E)Z',52 < Jg, which hold for some positive constants
élvl, Jg As a result, we get

T — o0,

d 2dy (T4 1 [T o2 dy  2dy [T
it} < = U_;dtg_2+_2 -t at,
5TT T 0 5t T 0 5t 5TT T 0 515

and, moreover, since by the above, liminfr_, o (797) > 0 and gt/ét — 1+x >0,
t — 00, it can be concluded that

~ 1 [T 52 ~ o~ o~
(24) d; < T/ % dt < dy for some constants dq,ds > 0.
0o 9%

From (24) it follows that
2) R

L < lim sup T

— —— <X
VITInlnT T—oo VI'InlnT
In the analysis of hgpl)/\/TlnlnT, we put hg})/\/Tlnln = \/5TE)Z'%HT (see (23)),

as in the proof of assertion (2), and show that limp_,. Hr = 0 if K = 0, and

(25) 0 < liminf
T—o00
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limy o0 Hy > 0 if —1 < 5 < 0. Hence limsupy_, (b /VTInInT) < oo, which, in
view of (20) and (25), enables one to classify the diffusion as normal from the point
of view of upper functions. Theorem 4 is proved.

The arguments given below pertain to the agreement of diffusion types in the
case kK = —1. Assume that the relation of assertion (2) in Theorem 3 is satisfied;
that is, the process is a subdiffusion from the point of view of the mean square dis-
placement dynamics. Therefore, tEX? — 0, t — oo, and M7y /T — 0, T — oo,
where Mr = fOT t202 dt. Various types of diffusion can be determined from upper
functions (see assertions (a)-(c) of Lemma 2). Indeed, the definition of the up-
per function in Lemma 2 involves, in addition to My, the quadratic characteristic
My = fOT t2In?(t + 1) o2 dt. Assertions (a) and (b) of Lemma 2 produce a sub-
diffusion, which agrees with the condition My/T — 0, T — oo. However, under
this approach, a subdiffusion (if (In® T)Mz/T — 0), a normal diffusion (if Mr ~T,
(InT)Mr/T — 0), or a superdiffusion (if J\/ZT/T — 00, T" — 00) may correspond
to the upper function from assertion (c). Passing to the conditions of assertion (1)
in Theorem 3, we see that ¢; < tEX? < ¢ (c1,c2 > 0 are some constants) and
1T < My < T that is, the upper function of assertion (c¢) is found to be related
to a superdiffusion, since hy ~ InT T InlnT, which is also in disagreement with
the normal diffusion type, as detected from the mean square displacement. For asser-
tion (3) of Theorem 3, that is, in the case tEX}? — oo, t — 0o, both approaches lead
to a superdiffusion. The above disagreements for k = —1 are due to the presence of
the terms TT = fOT meoy dwy and mely = my fOT tot dwy in representation (13) for the
displacement process with more rapidly increasing quadratic variations.

Next, we proceed with the analysis of the case —1 < k < 0 of Assumption Z. The
relation EX?/6;, which appears under the hypothesis of Theorem 3, can be written
in a more convenient form as follows:

EX? 1

t s
—/ exp{Z/ 5vdv}agds;
Ot 2t Jo 0

here the function z; = d; exp{2 fot b, dv} satisfies the equation

(26)

. )
(27) Zt = (2 + ¢t)5tzt, (bt = 5—;
t
In the case k = 0, that is, when ¢; — —o0, t — o0, it readily follows that
2z —0, EX}/6; =00 as t— oo,

and hence by assertion (3) of Theorem 3, the process is a superdiffusion in the mean
square sense. The upper functions hp of the process are given by Theorem 2, and,
moreover, we have hy > h(T”, where hg) = Tgr/EX?Z. Note that 767 — 0, T — oo,
since Kk = 0. More precisely, we have

t
T?*EX% > T? exp{—2/ 8y dv} >cT? e,
0
where € > 0 is a small number, and ¢, ¢ > 0 are some constants. Hence,

hg}) T1l-e

—T > %\ —— — 0, T — oo,
STt > "V It
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for some constant ¢ > 0. So, we also have a superdiffusion according to the upper
functions. A similar argument also holds for —1/2 < K < 0. As a result, z; — 0,
t — oo, and we have &; ~ 1/t and Tor — —kK, T — oo, for the stability rate.
Moreover, hp > hgpl), where hgpl) = Tgr/EXZ and T?EX2 > T2+ with some
constants ¢ > 0 and —1/2 < kK < Kk < 0, which implies that

hg}) cT1+2R
e > g1\ T
VvTInTInT InlnT

in this case, a superdiffusion also takes place. In the next theorem, we combine the
above results of the case —1/2 < & < 0 with the case —1 <k < —1/2.

0, T — oo;

THEOREM 5. Let Assumption 2 hold with constant —1 <k < 0, kK # 1/2. Then
the types of diffusions, as detected from the dynamics of the mean square displacement
and from the upper functions, coincide and can be specified from assertions (1)—(3) of
Theorem 3 (the quantities dj and d3 are given in Theorem 3) as follows:

(1) a normal diffusion for 0 < dj < dj < oo,

(2) a subdiffusion for d5 =0,

(3) a superdiffusion for dj = co.

Proof. Tt remains to consider the case —1 < k < —1/2. Hence in (27) we have
1
24+ ¢ —>2+=>0, t—o00, and z — o0, t— 0,
R

which shows that the conditions of assertions (1)—(3) of Theorem 3 may be satisfied.

Using representation (22) for E)?f, and taking into account that &; ~ 1/t, we find
that

T T <

B - ~ 5 1

(28) c/ t2ot2dt:EX:2p+2/ SEX7 dt, 5—t—>1+z<0, t — 00,
0 0 t

where ¢ > 0 is a constant. It is clear that d5 = 0 (see assertion (2)); that is,

EX2/T — 0, T — oo, and so it follows from (28) that 7~ fOT t202dt — 0, T — oo.
The upper function hr, as given by Theorem 2, can be estimated as

(29) hTéhgwl)—th),

where

T
hy NT,/EX%mlnTJrT\/EX%mln/ o? dt,
0
T T
W2~ / #2602 dt Inln / 202 dt.
0 0

We have [ t207dt/T — 0, T — oo, and hence hiy) ~ T\/EXZInInT and

NSy B2
lim sup L = lim sup L

_— _— = 0
T—oo VT InlnT T—oo VT InlnT
As a result, hy/vVTInlnT — 0, T — oo; that is, subdiffusion takes place.
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We have fOT exp{2 fg §ydv}o?dt — oo as T — oo by the assumption df = oo of
assertion (3), and so, for the upper function hr from assertion (c) of Theorem 2, we
have

(1) 2
hr > hp ST EX7InlnT N,
VTInln T VTInln T VTInlnT

which corresponds to the upper function of superdiffusion.
Finally, under the hypothesis of assertion (1) we have ¢; < tEX? < ¢3 (e1,¢0 >0

T — o0,

are some constants), and, moreover, fOT exp{2 fot by dv}of dt — 0o, T — oo. Besides,

using (28), we find that 7! fOT t?02 dt < ¢, where ¢ > 0 is a constant. Hence, from
assertion (¢) of Theorem 2 we have the estimates for the upper function

1 h )<hT Cgh( + VT InlnT

with constants ¢i,¢; > 0 and the function h = T\/EX2 InlnT. Clearly, 0 <

lim 1nfT_,OO(h§~)/\/Tln InT) < limsupyp_, . (h Tl)/\/Tln InT) < oo, and hence the
diffusion is normal. Theorem 5 is proved.

The case kK = —1/2 is considered separately below. Let §; = 1/(2t). Then the
function z; in (26) is constant (see (27)), and, from the point of the mean square
displacement, just the normal diffusion (assertion (1) of Theorem 3) and the superdif-
fusion (assertion (3) of Theorem 3) are possible. The relation in assertion (1) of
Theorem 3 also implies the condition [ exp{2 [} d, dv}o? dt = [° to? dt < oo, and
so the form of the upper function of the displacement process is specified in assertions
(a) and (b) of Theorem 2. We also show that

1 (7 T 1 [T gt
—/ tzcrfdt:/ tatzdt——/ / so2dsdt — 0, T — oo.
T Jo 0 T Jo Jo

Moreover, it is clear that hp/vVTInlnT — 0, T — oo; that is;, a subdiffusion is
detected from the upper functions, which is in disagreement with the normal-type
diffusion based on the analysis of the mean square displacement. Under the hypotheses
of assertion (3) of Theorem 3 on superdiffusion, the same diffusion type (that is,
a superdiffusion) can also be detected from the analysis of upper functions: we have
at our disposal assertion (c) of Theorem 2 with

hT 2 Ch’g})v

where h ~T/EX2vVInInT and h(l)/\/Tlnln T — o0, T — o0.

In the next example we study the matching of diffusion types, as determined from
the mean square displacement and upper functions in the case of a power-law family
of coefficients (the stability rate and the diffusion coefficient).

Example 4. Let 6, ~ t*, o? ~t™, where k, m are real numbers, k > —1. Partic-
ular cases of such a diffusion are, for example, the physical processes from [19], [20]
and the cognitive model from [21]. The function ¢; reads as ¢; = 8;/02 ~ —kt k=1
and ¢; — 0, t — oo, for £ > —1; that is, Assumption & holds with x = 0. The
upper function of the process is obtained from Theorem 1. If m < 2k — 1, then
J (026 dt = [;°t™™**dt < oo, and hence, according to assertion (a) of The-
orem 1, the mean square displacement D, is finite, and the adjusted displacement
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process ngw) (see (9)) converges to YW = Jo~ t™=F dw; with probability 1 as T — oo.
If m > 2k — 1, then the upper function is of the form (11). Taking into account the
relations EX? ~ t™~% and EX?/8; ~ "2 as t — oo, we get the following types of
diffusions from Theorem 4: a subdiffusion for m < 2k, a normal diffusion for m = 2k,
and a superdiffusion for m > 2k. Indeed, for the mean square displacement, we have
Dy ~ [ ™2k dt, and hence Dy ~ T™ 21 if m — 2k # —1, and Dy ~ InT if
m — 2k = —1. Then, for m < 2k, we also have a subdiffusion; a normal diffusion ap-
pears in the case m = 2k, and a superdiffusion appears in the case m > 2k. Using (11)

to derive the upper functions, we find that EX? /0% ~ T™m=3k 1n fOT ¢ dt ~ T, the

quadratic characteristic assuming the form fOT(af/éf) dt ~ T=20+1 5 gy — 2k £ 1,
and fOT(otz/éf) dt ~InT if m — 2k = —1. Hence

hr ~ Y + b,
where
VTm=2kt1nInT, m — 2k # —1,

hy) =VTm=3kmT, A% =
vVinTInlnlnT, m — 2k = —1.

As BSP/nS2) 0, T — oo, we have hy ~ h{? and

T2kl gy 9k £ 1,

hr ~ DrInln D h Dy ~
r T T, where T InT, m — 2k = —1.

So, the results of classification of diffusions types from upper functions agree with
those obtained from the mean square displacement (see also Theorem 4).
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