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Abstract—1In this paper we consider infinite-time linear
quadratic Gaussian control problems for non-autonomous sys-
tems with possibly unbounded coefficients of their inhomoge-
neous components. It is shown that under standard stabiliz-
ability and detectability conditions, along with assumptions on
inhomogeneous term growth, there exists an optimal control
law. This control law of well-known feedback form appears
to be optimal with respect to proposed extended criteria. The
applied criteria expand the notions of long-run average and
pathwise long-run average, commonly used for ergodic control.
We also investigate the discounted tracking problems, where
the cost incorporates a discount function penalizing deviations
from reference trajectories.

I. INTRODUCTION

The linear system theory has been recognized one of
the most intensively studied fields with a wide range of
applications. Stochastic control problems posed over an
infinite-time horizon are of particular interest involving,
along with investigation of basic system properties such as
stabilizability, controllability etc., some specific issues. As
the commonly used long-run average cost does not always
conform, the first important task which seems to arise is the
choice of optimization criterion. Being in a stochastic setting
means that we may also like to consider pathwise control
problems, e.g., pathwise ergodic control, developed mainly
for time-invariant systems [1]-[3]. However, in economic
applications time-invariance could not be perfectly adopted,
at least if we include non-exponential discounting in the
model. Again, long-run macroeconomic policy evaluation,
assuming integral quadratic performance index, requires the
use of target states [4], [5], as well as possibly unbounded
reference trajectories that vary in time [6], [7] (for financial
and insurance applications see [8], [9]). This paper deals
with infinite-time linear quadratic Gaussian control for non-
autonomous systems having inhomogeneous part both in the
state equation and cost. In contrast to the standard LQG
setting, we permit unbounded growth of inhomogeneous
components as time goes to infinity. For such a class of
control systems the long-run average cost becomes irrelevant,
not providing finite values even on stable feedback laws.
Therefore, one of the main contributions of this work consists
in development of an extended criterion within the study
of average optimality. The average optimality concept, e.g.,
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in Markov Decision Processes, see [10], emphasizes that
the problem of seeking an optimal control relies on some
criterion associated with expected costs. The essential feature
of infinite-time LQG control is that the form of an average
optimal strategy should be derived as a limit of solutions
obtained on bounded time intervals. This implies the con-
sideration of the stable linear feedback law, which we prove
to be optimal. In stochastic environment optimality on the
average may not represent the best potential long-term per-
formance characteristic of a control. Instead, one might wish
to consider a criterion based on sample paths of stochastic
processes. It is calculated pathwise, and, in general, defines a
random variable (e.g., pathwise long-run average or pathwise
ergodic costs, see [2], [3]). Here we propose an extended
pathwise criterion for inhomogeneous systems. Another con-
tribution of our research is that the optimal feedback is also
shown to possess the pathwise optimality property under
conditions on criterion denominator. The case of discounted
tracking problem is also considered, when the cost contains
asymptotically singular matrices and possibly unbounded
reference trajectories. The work is organized as follows. In
Section 2 we introduce the linear inhomogeneous control
system together with basic assumptions which guarantee the
existence of optimal feedback law. Section 3 presents our
main results regarding the optimality of the feedback with
respect to extended criteria. Section 4 is devoted to the
discounted control problems. The last section concludes.

II. PROBLEM FORMULATION

Let X;, t >0, be an R"—valued process defined on a
complete probability space {2, F,P} by

dXt = AtXtdt+BtUtdt+mtdt+thwt 5 XO =T, (1)

where x is a non-random vector; A;, Bi, Gi, t >0,
are bounded (non-random) time-varying matrices of appro-
priate dimensions; wy,t > 0 is a d-dimensional standard
Wiener process; Uy, t > 0, is an admissible control, i.e. an
Fi = o{ws, s < t}-adapted k-dimensional process such that
there exists a solution to (1). Let us denote by I/ the set of
admissible controls. The quadratic cost over the planning
horizon [0,77] is given by

T
0

where U € U is an admissible control on [0,7], Q; > 0,
R; > pl, t >0, are bounded symmetric time-varying ma-
trices. Here ' denotes the matrix transpose, p >0 is a
constant, we write A > B if the difference A — B is positive



semidefinite, I is an identity matrix. We allow the vector
functions my, 1, ¢ describing inhomogeneous terms to
be unbounded as ¢ — oco. More specifically, we adopt the
following assumption:

Assumption 1. Let L; = ||my||? + ||q||* + [|r]|* with
|| - || stated for the Euclidean matrix norm. Then

By Assumption 1 possible extreme growth of inhomo-
geneous part is avoided. We also need to assume that
the standard requirements concerning system properties are
satisfied.

Assumption 2. (A;, B,) is stabilizable and (A, /@) is
detectable (for the definitions of these properties refer to,
e.g., [11]).

Assumption 2 implies, see, e.g., [12], that there exists a
bounded symmetric solution II; > 0, ¢ > 0, to the matrix
Riccati differential equation

I, + A, + AL, — LB R 'BIL +Q, =0,  (3)

such that the matrix A; = A; — By R, 1B£Ht is exponen-
tially stable, i.e. the transition matrix ®(¢,s) corresponding
to A; admits the upper bound

(t—s)

(1Dt s)]| < ke~ ™23, s<t

)

with some constants k1, ko > 0.
Then we can define the so-called stable feedback control
law U* in the form

U = —R; '[ri + Bi(IL X7 +po)], 4)

where p; is the solution to

]jt + Aépt + Ht(mt — BtR;lrt) +q = O, (5)

and the process X}, ¢t > 0, is governed by

with py = my — ByR; ' (r + Bipy) -

In the autonomous case of (1)—(2), the stable feedback U*
happens to be optimal with respect to the long-run average
cost criterion [13]. Namely, U™ solves

EJr(U)
T

lim sup — inf .

T—o0
The above criterion does not seem to be suitable for the inho-
mogeneous system, e.g., being unbounded when L; — oo,
t — oo, or taking zero value if ||Gy||? + L; — 0, t — oo.
Thus the long-run average, as well as its respective pathwise
(ergodic) modification, needs to be extended in order to cover
the inhomogeneous case. The control problem with pathwise
long-run average
Jr(U)

T

— inf

lim sup
veu

T—o0

almost surely (a.s.) @)

also has U™ as a solution if the linear control system is time-
invariant [14]. The notion pathwise comes from the fact that

U*)/T) < limsup(Jr(U)/T)

T—o0

lim sup(Jr(

T—o0
holds P-almost surely. The probability measure P was
previously introduced to define the Wiener process w; on
{Q,F,P}, see (1). Here and in what follows we adopt the
notation a.s. (almost surely) to indicate a particular relation
valid with probability 1 when P is used (e.g. convergence
of stochastic processes).

It is worthwhile to mention previous studies [15], [16]
on pathwise LQG control with inhomogeneous terms. The
primary focus there was on the cost difference growth
as T'— oco. The problem of tracking periodic function
under considerable restrictions on the set of admissible
controls (in particular, those providing bounded variance
of the state process) admitted a.s. overtaking optimal U™,
ie. Jp(U) — Jr(U*) — oo, as., T — oo, see [15]. In the
case of (1)-(2) with bounded vector functions, it was
proven [16] that lim sup g7 (J7(U*) — Jr(U)) <0 a.s. for

gr =o0(1/InT), mTe;rTfng gr is infinitesimal compared with
1/InT as T — oo. In the next section we will investigate
not only the cost difference asymptotic behavior, but also the
cost Jr(U™) itself in order to establish appropriate average
and pathwise optimality criteria.

IIT. ON AVERAGE AND PATHWISE OPTIMALITY
OF THE STABLE FEEDBACK

In this section we consider infinite horizon control prob-
lems for (1)—(2).

The criterion used here has more general form than the
well-known long-run average, so we call it the extended long-
run average and have to solve

lim sup EJr(U) — l}nzf/{ . (8)
T—o0 S
JUGH? + Ly) dt
0

As it was pointed out in Section 2 regarding linear au-
tonomous systems, in fact we are to study an average
optimality over an infinite time-horizon of the feedback U*.
Generally speaking, one may define the average optimality of
control as being established with respect to an index based on
expected values of the cost (e.g. the long-run average cost).
The problem for homogeneous case, L; = 0, was treated in
[17] with the impact of G; included into the criterion.

Next we provide two useful lemmas concerning bounds
on p; and X/ in terms of L.

Lemma 1. Let Assumptlons 1 and 2 be satisfied. Then

a) /||p9H ds < CL/L ds for some constant ¢y, > 0;

0
b)
2
T

e fLs ds
0

=0.



Proof. Obviously,
Py = /@’(s,t)[qs + y(ms — BsR;'ry)] ds
t

is a solution to (5). Using the Cauchy-Schwarz inequality
and the exponential stability property of A; , we obtain

(o)

P = /eiﬁz(sft)Ls ds
t

and ||p;||> < ¢P;, for some constant ¢ > 0. The integration
of the latter by parts gives a).

Applying Assumption 1, we may write for € < ko and
t >t (6)

t

€ /Lsds7
Ko — €

0

P <

t
Lt<e/LSds7
0

¢
which implies that P,/ [ Ly ds — 0, t — co and, together
0

with the estimate previously obtained for ||p;||?, gives b).
Lemma 2. Let Assumptions 1 and 2 be satisfied. Then

Rels

tlim
g’(llell2 + L) ds

=0 almost surely .

Proof. We express the solution of (6) in the form
X} = Z, + B, where Z, solves the homogeneous stochastic
differential equation (6), i.e. for m; = ¢ = r; =0, and

t

5, = /@(t,s)[mt — BB Y(ry + Blp)).
0
Then from Assumptions 1-2, b) of Lemma 1 and for some
constant ¢ > 0 it follows that
t

18] < e / er2 L ds. 9)
0

Based on (9), by the similar argument as in the proof
of Lemma 1, we have ||6t||2/fth ds — 0, t — 00. As
concerns Z;, it is known (see [18(]J) that

121>

—0, as,t—o00,

t
0f||Gs||2dS

and this concludes the proof of the lemma.

Detectability of (A;,+/Q;) required in Assumption 2
implies state-dependent inequality for deterministic homo-
geneous linear regulator with zero initial condition. It will
be needed later to prove the optimality of the feedback U*.

Lemma 3. Consider (z;,u;), satisfying the deterministic
linear system

dl‘t = Atiﬂtdt + Btutdt, o — 0. (10)

If (A4, +/Q:) is detectable, then there exists a constant
¢o > 0, such that for any (z,u;) obeying (10), and T' > 0,
we have

T

T
\|xT||2+/||xt||2dtgco/(x;tht+u;Rtut)dt.
0 0

The validity of the above statement may be established by
straightforward adaptation of the argument from the proof
of Lemma 3.6 in [12] using the detectability property of
(A¢,/Q¢), and hence we omit the proof here.

Now we are ready to state the main result on the average
optimality of the feedback U™.

Theorem 1. Let Assumptions 1 and 2 be satisfied. Then
the control U* given by (4)—(6) is a solution to (8).

Proof. Choose U €U and define wu, =U;— U/,
xy = Xy — X, Note that (z,u,) satisfies (10). It may be
shown, see also [16], that Jp(U*) — Jp(U) =

T
=2 [10X0) Qur + (U Re + g + i) i
0

(2} Qs + uy Ryuy) dt = 220 (M X5 + pr)

St~

St~

T
(CEQQtIEt + UgRtUt) dt — 2 / I'QHth dwt
0

T T
< e (150 + Iprl?) — 2 / |2 dt — 2 / 2TL,Gy du,
0

(1D

The last inequality (11), valid for some constants

c1,co > 0, was obtained by the use of Lemma 3 and the

elementary inequality 2ab < a?/c + cb? for appropriate a, b,
and ¢ > 0. Thus we have

EJp(U*) < EJr(U) + ci(B| X512 + llprl?)  (12)

T
After dividing both sides of (12) by [(||G¢||* + L) dt, apply

Lemmas 1-2 and get the required c?ptimality of U*.

Recall (8). We conclude the proof showing that the ex-
tended long-run average criterion is finite on U*. From (3)—
(6) we obtain the expression for the cost

Jr(U*) = o'z + 2pyx

—(X5)TUr X3 — 2p5 X5 + Ny + 2Mr | (13)
T
where Ny = /tr(G;Hth) dt
0

+ [ 20} (e + BeRy ' Bips) — vy Ry try] dt

St~



tr(-) denotes the matrix trace and the term My is of the
form

T

T

My = /(Xt*)’Hthdwt + /pQthwt,
0 0

above  expressions

1—% we get the

and the use
finite value of

limsup EJ7(U*)/ [(||G¢||* + L¢) dt. The proof is complete.
T—o0 0

From the
of Lemmas

Below we study a stochastic control problem with ex-
tended pathwise long-run average criterion

Jr(U
lim sup r(U) — inf  a.s.,
T—o0 Ueu

JUGH? + L) dt
0

(14)

which is a straightforward generalization of (7). The notion
of pathwise control means that we apply optimality criteria
constructed on sample paths themselves rather than on their
average values.

Afterwards the following assumption appears to be neces-
sary in the study of pathwise optimality:

Assumption 3.

1

lim =0.

oo T
JUIG? + L) dt
0
Note we could not expect Assumption 3 to be a corollary
of Assumption 1. For instance, it may not hold for L; and
G that tend to zero as t — oo.
Theorem 2. Let Assumptions 1-3 be satisfied. Then the
control U* given by (4)—(6) is a solution to (14). Moreover,

Jr(U*) EJr(U*)

JUIGH? + Ly) dt
0

= lim sup
T—o0

lim sup
T—o0

JUIG? 4 Ly) dt
0

(15)
Remark 1. Note that (15) can be viewed as analogous
to the well-known ergodicity property in pathwise stochastic
control of autonomous systems [1].
Proof. Recall the upper bound (11) previously established
for the difference JT(U *) — Jr(U) and notice that

hmsup gr cz/||:vt|| dt — /:c I, G dw;) <0

for any function gr — 0, T'— oo, please refer to Lemma
A.l in [16]. Since Assumption 3 holds, we may set
T

gr =1/ [(||G¢||* + L¢) dt. Then the pathwise optimality of

U* follogvs from Lemmas 1 and 2.

We use (13) to prove (15). It is sufficient to study the
asymptotic behavior of the Ito integral M. Seeing that its
quadratic variation

T

EM%gc/me2+L0ﬁ, with some ¢ > 0
0

T

by Lemma 1 from [18] we get My / [(||G¢]|? + Li) dt — 0,
0

a.s., T'— oo. Thus the proof is finished.

IV. DISCOUNTED TRACKING PROBLEMS

Consider a linear time-invariant controlled stochastic
process Yy, t > 0:

dY, = AY,dt + BV,dt + Gdw,, Yo=y, (16

where y is non-random, V;, t > 0 is an admissible control
defined similarly to that of Section 2; V is the set of
admissible controls.

Let vector functions y,, v; represent the reference trajec-
tories of state and control, respectively. Assume that any
deviation of Y;, V; from 1y, v, results in a loss. The loss
is evaluated by the agents according to the concept of time
preference which relates to the timing of an outcome and
can be expressed by means of discount function f; > 0. The
total loss over the planning horizon [0, 7] is measured by a
quadratic cost functional:

T
HOW) = [ 00 Qi)+ (Vimu) RVi—w0)] dr
0

(17)
where A, B,G,Q > 0, R > 0, are known constant matrices;
V' € V; non-increasing f; is a discount function, tlg(r)lo ft =0,

—fe/ fi-

Examples of discount functions. Conventional exponential
discounting f; = e~ 7%, v > 0; hyperbolic discounting [19]
fi=1/(146t)%1/% for 6,0, > 0; double exponential [20]
fi=Xe Mt (T—=Ne 72t 4,92 >0,0< A< 1.

fo = 1, with bounded discount rate ¢; =

In the absence of reference paths known criterion for
discounted LQG control is based on long-term expected loss
per unit of cumulated discount [21]:

(d)
EJ
lim sup —=% V) — inf .
Tooo T vey
[ fedt
0

This basic criterion was firstly introduced in [22] for
controlled diffusion processes in bounded domains with
no relation to linear-quadratic control. Taking into ac-
count the presence of reference trajectories, we denote by
St = |lyel|> + l|ve]|* + ||GJ|? and solve the control problem
with extended criterion of long-run expected loss per unit of
cumulated discount:

(d)
EJ(V
lim sup = T ( )H&nﬁj, (18)
- €
o J fiSedt
0
subsequently introducing the pathwise control problem
I
1hnsup4¥l—£—lA—>inf a.s. (19)
T—o0 Vev

J feSedt
0



The denominator in the extended criteria can be justified by
the following argument. Because of the cost matrices, (16)—
(17) is non-standard compared with (1)—(2) of Section 2. Let
us perform change of variables

X: =Y, Ui=\fVi,

immediately arriving to (1)-(2), with 4; = A — (1/2)¢.1,
Bt:B? Gt:\/ﬁGa mtzos Qt:Qs Rt:R9
—V/[:Qus, 7+ = —/f:Rv; . For the costs we have

JD W) = () + / F (Yl Que + v, Ruy) dt
0

Therefore the problem (18) can be eventually transformed
into (8) for the new variables X;, U;. Let us rewrite As-
sumptions 1,3. It should be noticed that L; is then taken as
Li = fe(llyell? + [lvoe][?)-

Assumption 4.

2 2
o el + ]

(o] t 207
[ £yl + o [2) s

Assumption 5.

. 1
lim tiz()

T [ £Sdr
0

Remark 2. Since ¢; > 0, then the stabilizability of (A, B)
and detectability of (A, +/Q) imply the respective properties
for (A — (1/2)¢¢I, B) and (A — (1/2)¢:1,/Q).

Now we use (4)-(6), and by the inverse change of variables
define

Vi = —R'B'(ILY; + p1) + v,

/ Is g
Ji

t
where W(t,s) corresponds to A; = A — BR™!B'Il;, the
process Y;*, t > 0, is governed by

* = A Y dt + B(v, — R™'B'py)dt + Gdwy

(20)

)(IIsBvgs —

Qys) ds 2

Yo =vy.
(22)
Next we apply Theorems 1 and 2 to establish results on
average and pathwise optimality of the given feedback V*.
Theorem 3. Let (A, B) be stabilizable, (A4,/Q) de-
tectable, and Assumption 4 holds. Then the control V*
determined by (20)—(22) is a solution to (18). If, in addition,
Assumption 5 is satisfied, then V* also solves the pathwise
average control problem (19).

V. CONCLUSIONS

We studied LQG optimal control problems over an infinite-
time horizon. The stochastic control system possesses an ex-
ogenous component in the state equation and linear terms in
the associated cost, so called inhomogeneous. Extending the
notions of long-run average, two optimality criteria have been
proposed, both having as denominator the integral quadratic

index of system deviation from homogeneous deterministic
case on the planning horizon [0,T]. Thus, average control and
pathwise control problems were formulated. The suggested
feedback form of the control law, known from deterministic
LQ regulation, see, e.g., [23],[24], resulted to be optimal
under quite standard assumptions, such as stabilizability and
detectability, together with growth conditions on inhomoge-
neous part. We also established that the discounted tracking
problems can be handled within the inhomogeneous LQG
framework by a linear variable transformation. One direction
for future research would be to consider control systems with
stochastic inhomogeneous part. This is expected to require
more complex treatment, e.g., giving rise to linear backward
stochastic differential equations (BSDE) on infinite horizon.
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