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Abstract—The stochastic linear control problem over an infinite-time horizon with a two-sided
cost functional and a time-varying diffusion matrix is considered. In the two-sided quadratic
cost functional, the limits of integration have opposite sign and depend on the length of planning
horizon. It is shown that under conditions on the diffusion matrix growth, the well-known linear
feedback law is optimal in terms of the extended long-run average cost and its pathwise analog.
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1. INTRODUCTION

Stochastic linear controllers belong to the class of control systems that are of theoretical and
practical importance; see [1, Chapter 3]. Their dynamics are often considered on the positive semi-
axis of the time parameter t ∈ [t0, T ] and a planning horizon [t0, T ] ⊆ [0,+∞). At the same time, in
a theoretical-operator perspective (i.e., in the case of infinite-dimensional state spaces; e.g., see [2]),
the evolution of such systems can be analyzed on the entire real axis, t ∈ (−∞,+∞). Then control
problems are posed on the intervals [t0 − T, t0 + T ], where T � 0, with further letting T → +∞;
see [3, 4]. Moreover, as was emphasized in [5], there exist applications (signal processing, statistical
estimation, data transmission, and others) in which the models have the independent variable
t ∈ (−∞,+∞). Let us describe the control system studied in this paper. Consider a complete
probability space {Ω,F ,P} and let an n-dimensional stochastic process Xt, t ∈ R, where R denotes
the set of real numbers, be defined on this space according to the equation

dXt = AtXtdt+BtUtdt+Gtdwt, (1)

where At and Bt are bounded matrices with time-varying entries; the disturbances are modeled

by the so-called two-sided Wiener process wt, t ∈ R, defined in an usual way, i.e., wt = w
(1)
t for

t � 0 and wt = w
(2)
−t for t < 0, where w

(1)
t and w

(2)
t , t � 0, are two independent d-dimensional stan-

dard Wiener processes [6, p. 7]; the set of admissible controls U consists of the k-dimensional
square integrable stochastic processes Ut, t ∈ R, adapted to a filtration {Ft}t∈R, Ft = σ{ws, s � t}
(σ(·) denotes a σ-algebra) such that there exists a solution to Eq. (1), i.e., a process Xt, t ∈ R,
for which [3] the equality Xt = Xs +

∫ t
s AτXτ dτ +

∫ t
s BτUτ dτ +

∫ t
s Gτ dwτ holds for all s � t al-

most surely (a.s.); Gt is the diffusion matrix whose elements satisfy the assumptions below (for the
time being, note that the disturbances parameters can be either bounded, e.g., constant Gt ≡ G or
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damping ‖Gt‖ → 0, or increasing ‖Gt‖ → ∞, t → ±∞, where ‖ · ‖ denotes the Euclidean matrix
norm).

For T > 0, as a two-sided cost functional on [−T, T ] we defined the random variable

J2T (U) =

T∫

−T

(X ′
tQtXt + U ′

tRtUt) dt, (2)

where U ∈ U is an admissible control; Qt � qI andRt � ρI, t ∈ R, are bounded symmetric matrices,
q, ρ > 0 are some constants. (As usual, ′ indicates the transpose; for matrices A and B, the relation
A � B means that their difference A−B is a nonnegative definite matrix; I denotes an identity
matrix.)

Previously, stochastic linear control problems on infinite horizon (T → +∞) with the cost
functional (2) were considered in [7] subject to data transmission in networks and also
in [8; 9, part 13.2.10] for to engineering applications. The optimality criterion was the long-run
average cost, i.e., lim sup

T→+∞
{EJ2T /(2T )} → inf

U∈U
. Obviously, such an approach does not take into

account the time-varying features of the diffusion matrix Gt, e.g., its unboundedness at infinity (as
in the cognitive model [10]) or its singularity (see the case of diffusion in [11]). In this paper, the
average optimal controls over an infinite-time horizon are derived using the extended functional

lim sup
T→+∞

EJ2T (U)
T∫

−T
‖Gt‖2 dt

→ inf
U∈U

, (3)

which is a generalization of the above-mentioned criteria. In the probabilistic sense, a stronger
criterion than the long-run average cost is the pathwise ergodic cost in which the problem

lim sup
T→+∞

{J2T /(2T )} → inf
U∈U

is solved with probability 1; see [3]. When considering the impact of the diffusion matrix on the
system dynamics, the extended pathwise long-run average cost can be used:

lim sup
T→+∞

J2T (U)
T∫

−T
‖Gt‖2 dt

→ inf
U∈U

with probability 1. (4)

Note that the extended long-run average costs were also introduced in [12–14] for the stochastic
linear control problem with a one-sided cost functional, i.e., with the limits of integration [0, T ]
in (2). The problems with two-sided cost functionals were considered in [3, 4]; the criteria of
optimality used there are standard for the systems with bounded coefficients (the long-run av-
erage and pathwise ergodic costs mentioned above). The admissible controls were assumed to
have finite moments of the corresponding processes (more precisely, supt∈R(E‖Xt‖2 + E‖Ut‖2) < ∞
in [4], or supt∈R(E‖Xt‖4 + E‖Ut‖4) < ∞ in [3]), as well as the finite value of the ergodic average

lim supT→∞{(2T )−1
∫ T
−T ‖Ut‖2 dt} < ∞, in [4]. In comparison with the analysis performed in [3, 4],

this paper presents a series of generalizations for the case of finite-dimensional control systems as
follows. First, the unbounded time-varying diffusion matrices are allowed (‖Gt‖ → ∞, t → ±∞),
and new extended long-run average cost criteria are considered (see (3) and (4)), which take the
former fact into account. Second, problems (3) and (4) are solved for a much wider class of controls
than in [3, 4]: we only require the existence of a solution to (1) and the square integrability of
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controls, i.e.,
∫ t
s ‖Uτ‖2 dτ < ∞, −∞ < s � t < +∞. It is important to note the well-known opti-

mal linear feedback law, whose structure also includes the solution of the Riccati equation (for
example, see [1, 3, 4]), is also preserved in this case for (3) and (4). As it was established in [3],
the optimal path corresponding to this control law has the global asymptotic stability in mean
square. In this paper, we obtain more precise estimates for the variations of this process over time,
in the mean-square sense and also with probability 1, depending on the coefficients of the diffusion
matrix. This seems to be a generalization of the result of [15], where the scalar stationary process
was studied. Thus, the aim of this paper is to find an optimal control U∗

t in problems (3) and (4)
as well as to analyze the properties of the corresponding optimal path X∗

t as t → ±∞. The rest
of this paper is organized as follows. In Section 2, basic assumptions on the parameters of the
control system (1), (2) are introduced and problem (3) is solved. Section 3 is dedicated to the
pathwise optimality of U∗ in problem (4) and the stochastic analysis of the path X∗. Besides, in
Section 3 some examples of different classes of time-varying diffusion matrices Gt satisfying the
basic assumptions are given. In the Conclusions, the outcomes of this paper are outlined and the
lines of further research are discussed.

2. AVERAGE OPTIMALITY ON INFINITE HORIZON

First, we formulate the assumptions on the coefficients of (1), (2), which will be used below.

Assumption AB. The pair of matrices (At, Bt) is stabilizable for t ∈ R.

The stabilizability of the pair (At, Bt) (e.g., see [2, 4]) means the existence of a bounded piecewise
continuous matrix Kt such that the matrix At = At +BtKt, t ∈ R, is exponentially stable, i.e., the
corresponding fundamental matrix Φ(t, s) admits the upper bound ‖Φ(t, s)‖ � κ0e

−κ(t−s), s � t,
where κ0, κ > 0 are constants. It is well-known, that the fundamental matrix is determined by
solving the problem ∂Φ(t,s)

∂t = AtΦ(t, s), Φ(s, s) = I. The next assumption concerns the disturbance
parameters, i.e., the matrix Gt, t ∈ R. We introduce the set T = {−∞; +∞;±∞} and use the
compact notation t → T for any of the cases t → −∞, t → +∞ or t → ±∞.

Assumption G. The diffusion matrix Gt satisfies one of the following conditions.

1) Gt is bounded for t → T .

2) ‖Gt‖ → +∞, Gt is differentiable and d ln ‖Gt‖/dt → 0 as t → T .

It is important to note that the validity of conditions 1 and 2 is related to a particular semi-axis
of the parameter t ∈ R under consideration (positive or negative). Specifically, for ‖Gt‖ = e

m√t,
where m is an odd number, condition 1 is the case as t → −∞ while condition 2 as t → +∞.

According to [2, 4], under Assumption AB there exists the control law

U∗
t = −R−1

t B′
tΠtX

∗
t , (5)

where a bounded symmetric matrix Πt is the solution to the Riccati equation

Π̇t +ΠtAt +A′
tΠt −ΠtBtR

−1
t B′

tΠt +Qt = 0 (6)

and Πt � pI with a constant p > 0. Substituting (5) into (1), we find that the process X∗
t , t ∈ R,

is the solution to the linear stochastic differential equation (SDE)

dX∗
t = (At −BtR

−1
t B′

tΠt)X
∗
t dt+Gtdwt, (7)

representing an analog of the Ornstein–Uhlenbeck process for t ∈ R in the case of SDEs with time-
varying coefficients. Moreover, the matrix A∗

t = At −BtR
−1
t B′

tΠt is exponentially stable [2, 4], and
some other properties of X∗

t , t ∈ R, are presented in Lemma 1.
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Lemma 1. Let Assumptions AB and G hold. Then the solution to (7) is a process of the form
X∗

t =
∫ t
−∞Φ(t, s)Gsdws, where Φ(t, s) is the fundamental matrix corresponding to the exponen-

tially stable matrix A∗
t = At −BtR

−1
t B′

tΠt. Moreover, there exists a constant cG > 0 such that
E‖X∗

t ‖2 � cGmax{1, ‖Gt‖2}, t ∈ R.

The proof of Lemma 1 as well as the proofs of all other theoretical results below are postponed
to the Appendix. The next theorem establishes the average optimality of the control law U∗ over
an infinite-time horizon.

Theorem 1. Let Assumptions AB and G hold. Then the control law U∗ given by (5)–(7) is the
solution to the problem

lim sup
T→+∞

EJ2T (U)
T∫

−T
‖Gt‖2 dt

→ inf
U∈U

, (8)

and

0 < lim sup
T→+∞

EJ2T (U
∗)

T∫

−T
‖Gt‖2 dt

= lim sup
T→+∞

T∫

−T
tr(G′

tΠtGt) dt

T∫

−T
‖Gt‖2 dt

< ∞, (9)

where tr(·) denotes the matrix trace.

3. PATHWISE STOCHASTIC OPTIMALITY

Lemmas 2 and 3 characterize the asymptotic properties of the paths of the process X∗
t , t ∈ R.

These properties are necessary to study the stochastic optimality of the control law U∗ in prob-
lem (4).

Lemma 2. Let Assumption AB and item 2 of Assumption G hold. Then there exists a constant
c̄ > 0 such that

lim sup
t→T

‖X∗
t ‖2

‖Gt‖2 ln |t|
< c̄ < ∞ with probability 1,

where | · | denotes the absolute value of a scalar variable.

The function ht = ‖Gt‖2 ln |t| in Lemma 2 is a majorant, i.e., an upper function for the process X∗
t

(see [16, Definition 1]) under item 2 of Assumption G. For the bounded diffusion matrix Gt,
t � 0, the function ht was explicitly found in [16]; a special case of a scalar stationary process was
considered in [15].

Lemma 3. Let Assumptions AB and G hold. If also d ln ‖Gt‖/dt× ln |t| → 0 as t → T in item 2
of Assumption G, then

lim
T→+∞

‖X∗
−T ‖2 + ‖X∗

T ‖2
T∫

−T
‖Gt‖2 dt

= 0 with probability 1.

The relation in Lemma 3 shows that normalizing previous (X∗
−T ) and subsequent (X∗

T ) values of the

path by ΓT =
√∫ T

−T ‖Gt‖2 dt, as a result, we obtain a vanishing process a.s. when the observation
“window” increases. The function ΓT defined in this way determines the standard deviation of the
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integrated vector disturbances over the period [−T, T ]; more specifically, ZT =
∫ T
−T Gtdwt and then

E‖ZT ‖2 =
∫ T
−T ‖Gt‖2 dt.

To analyze problem (4) in the case ‖Gt‖ → ∞, t → T , we need a stronger condition than item 2
of Assumption G.

Assumption G1. Let item 2 of Assumption G hold and additionally, d ln ‖Gt‖/dt×
ln |t|(ln ln |t|+ ln ln ‖Gt‖) → 0, t → T , where ‖Gt‖ is a monotone function as t → T .

The main result of this section is Theorem 2 on the pathwise optimality of the control law U∗.

Theorem 2. Let the hypotheses of Theorem 1 and Assumption G1 hold. If
∫ T
−T ‖Gt‖2 dt → ∞ as

T → +∞, then the average optimal control law U∗ is also the solution to the control problem with
the extended pathwise long-run average cost, i.e.,

lim sup
T→+∞

J2T (U)
T∫

−T
‖Gt‖2 dt

→ inf
U∈U

with probability 1, (10)

and

lim sup
T→+∞

J2T (U)
T∫

−T
‖Gt‖2 dt

= lim sup
T→+∞

EJ2T (U)
T∫

−T
‖Gt‖2 dt

a.s. (11)

We give some examples of various classes of functions describing the dynamics of the diffusion
matrix norm Gt. For two scalar nonnegative functions ft and gt, the relation ft ∼ gt means that
0 < limt→±∞(ft/gt) < ∞.

Example 1.

1. The power family ‖Gt‖2 ∼ |t|2α, α ∈ R : for α � 0, item 1 of Assumption G holds; for α > 0,
item 2. Since d ln ‖Gt‖/dt ∼ 1/|t| and ln ln ‖Gt‖ ∼ ln |t|, the Assumption G1 is valid for any α. In
addition, the hypotheses of Theorem 2 are satisfied for α � −1/2.

2. The logarithmic family ‖Gt‖2 ∼ ln2α |t|, β ∈ R : if β � 0, then item 1 of Assumption G holds;
if β > 0, item 2. Due to d ln ‖Gt‖/dt ∼ 1/(|t| ln |t|) and ln ln ‖Gt‖ ∼ ln ln |t|, Assumption G1 is true
for any β. In addition, for each β ∈ R the hypotheses of Theorem 2 are satisfied.

3. The exponential family ‖Gt‖2 ∼ e|t|
µ
, μ < 1 : for μ � 0, item 1 of Assumption G holds; for

μ > 0, item 2. Also, d ln ‖Gt‖/dt ∼ |t|μ−1 and ln ln ‖Gt‖ ∼ |t|μ, i.e., the relation from Assump-
tion G1 follows for any 0 < μ < 1. Obviously, the hypotheses of Theorem 2 are satisfied for each
μ < 1.

4. CONCLUSIONS

In this paper, the stochastic linear control problem over an infinite-time horizon with a two-
sided cost functional and a time-varying diffusion matrix Gt has been considered. In the two-sided
quadratic cost functional J2T (U) (2), the limits of integration have opposite sign and depend on
the length of planning horizon, i.e., t ∈ [−T, T ] in (2) and then T → +∞. Under the standard
stabilizability condition of the deterministic system (see Assumption AB) and conditions on the
diffusion matrix growth (see Assumptions G and G1), it has been shown that the well-known
linear feedback law U∗ (5)–(7) is optimal with respect to the extended generalized long-run average
cost (Theorem 1) and its pathwise analog (Theorem 2). Also, the asymptotic probabilistic behavior
of X∗

t —the optimal path (7) of the system—has been studied. In particular, it has been established
that the upper estimates on variations of X∗

t in the mean-square sense can be determined depending
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on ‖Gt‖ (Lemma 1). In the pathwise dynamics, a sufficient normalization under which the process
tends to zero with probability 1 has been found (Lemma 3); this normalization has been defined via
a statistical characteristic (standard deviation) of the integrated vector disturbances. Concerning
the lines of further research, we mention the stochastic path tracking problem in a more general
setup than, e.g., the model [7], where the reference path was a Gaussian process.

APPENDIX

Proof of Lemma 1. Since X∗
t = Φ(t, 0)χt, where χt =

∫ t
−∞Φ(0, s)Gsdws, first we have to show

the existence of the stochastic integral χt with infinite lower limit; then, using differentiation
we have to check that X∗

t satisfies (7). Due to the definition of a two-sided Wiener process

wt = w
(2)
−t , t < 0, where w

(2)
τ is a standard Wiener process and τ � 0, the stochastic calculus of

integrals χt obeys the same rules as Itô integration; also, see [6, pp. 13–14]. For t � 0, the pro-
cess X∗

t = Φ(t, 0)X∗
0 +

∫ t
0 Φ(t, s)Gsdws, where X∗

0 = χ0. It is well-known [6, Theorem 5.1, p. 54],

that the existence of χt, t ∈ R, is related to the condition E‖χ0‖2 =
∫ 0
−∞ ‖Φ(0, s)Gs‖2 ds < ∞,

which holds because of the exponential stability of the matrix A∗
t and Assumption G. Indeed,

‖Φ(0, s)‖ � κ0e
κs, s � 0, and lim sups→−∞ ‖Gs‖2eγs < ∞ for any γ > 0. Then choosing γ < 2κ

gives E‖χ0‖2 < ∞. Next, we obtain

E‖X∗
t ‖2 =

t∫

−∞

tr{Φ(t, s)GsG
′
sΦ

′(t, s)} ds � c

t∫

−∞

e−2κ(t−s)‖Gs‖2 ds, (A.1)

where tr(·) denotes the matrix trace; hereinafter, c is some positive constant whose precise value
makes little sense and may vary from formula to formula. From (A.1) it follows that for a bounded
diffusion matrix Gt, the expression of E‖X∗

t ‖2, t ∈ R, is bounded as well. If ‖Gt‖ → +∞, t → T ,
then integration by parts (like in [14, Lemma 1] for the case t → +∞) can be used for showing that
lim supt→T (E‖X∗

t ‖2/‖Gt‖2) < ∞. The proof of Lemma 1 is complete.

Proof of Theorem 1. We fix a control U ∈ U and determine the corresponding process (1). Let
xt = X∗

t −Xt, ut = U∗
t − Ut, and x̄ = X∗

0 −X0. Then we have the representation

J2T (U
∗)−J2T (U) = 2x′TΠTX

∗
T −2x′−TΠ−TX

∗
−T −

T∫

−T

(x′tQtxt+u′tRtut)dt−2

T∫

−T

x′tΠtGtdwt. (A.2)

For estimating (A.2), the dynamics of xt with t ∈ [−T, T ] are analyzed. By construction,

dxt = Atxtdt+Btutdt. (A.3)

First, let t ∈ [0, T ]. In this case, the consideration of (A.3) with the initial condition x0 = x̄ un-
der the assumption Qt � qI yields a solution to (A.3) of the form xT = Φ̄(T, 0)x̄ +

∫ T
0 Φ̄(T, t)×

(k̄
√
Qtxt +Btut)dt, where Φ̄(t, s) is the fundamental matrix that corresponds to the exponentially

stable matrix Āt = At − k̄
√
Qt for some constant k̄ > 0. This relation can be estimated as

‖xT ‖2 � c̄e−κ̄T ‖x̄‖2 + c̄

T∫

0

e−κ̄(T−s)(x′sQsxs + u′sRsus)ds, (A.4)

where c̄, κ̄ > 0 are some constants. In the case t ∈ [−T, 0], Eq. (A.3) is considered with the
boundary condition x0 = x̄. Due to Qt � qI, there exists a constant k̃ > 0 such that the ma-
trix Ãt = At + k̃

√
Qt is exponentially antistable, i.e., ‖Φ̃(s, t)‖ � κ̃e−κ̃1(t−s), s � t, where κ̃, κ̃1 > 0

AUTOMATION AND REMOTE CONTROL Vol. 81 No. 1 2020



OPTIMAL CONTROLLER 59

are constants. Then, writing the solution to (A.3) in the form x−T = Φ̃(−T, 0)x̄−
∫ 0
−T Φ̃(−T, s)×

(k̃
√
Qsxs +Bsus)ds, we obtain the upper bound

‖x−T ‖2 � c̃e−κ̃1T ‖x̄‖2 + c̃

0∫

−T

e−κ̃1(T+s)(x′sQsxs + u′sRtus)ds (A.5)

with some constant c̃ > 0. Consequently, the boundedness of Πt, t ∈ R, together with the elementary
inequality 2ab � ca2 + b2/c, holding for an arbitrary constant c > 0, and (A.4), (A.5) lead to the
following upper bound on the average value of (A.2):

EJ2T (U
∗)− EJ2T (U) � c0e

−κ1‖x̄‖2 + c1E‖X∗
T ‖2 + c2E‖X∗

−T ‖2,

with some constants κ1, c0, c1, c2 > 0. Next, normalizing by
∫ T
−T ‖Gt‖2 in view of Lemma 1 and the

conditions of Assumption G, in the the limit as T → +∞ we arrive at the relation

lim sup
T→+∞

EJ2T (U
∗)

T∫

−T
‖Gt‖2 dt

� lim sup
T→+∞

EJ2T (U)
T∫

−T
‖Gt‖2 dt

,

which proves that U∗ is the solution to Problem (3). Note that for the processes defined by (7) for
all t ∈ R, the solution to the corresponding equation has the integral form X∗

t = X∗
s +

∫ t
s A

∗
τX

∗
τ dτ +∫ t

s Gτ dwτ for an arbitrary s ∈ R, s � t. In accordance with [17, Remark 4.3.7, p. 99], the well-known
results (in particular, the Itô formula) can be applied to such processes. By the Itô formula,

J2T (U
∗) = [(X∗

−T )
′Π−TX

∗
−T ]− [(X∗

T )
′ΠTX

∗
T ] +

T∫

−T

tr(G′
tΠtGt) dt+ 2

T∫

−T

(X∗
t )

′ΠtGtdwt. (A.6)

Based on the inequality from Lemma 1 and the property pI � Πt � cI, t ∈ R, for the average value
of (A.6) we write the two-sided estimate ĉ1

∫ T
−T ‖Gt‖2 dt � EJ2T (U

∗) � ĉ2
∫ T
−T ‖Gt‖2 dt with some

constants ĉ1, ĉ2 > 0, which finally gives (9). The proof of Theorem 1 is complete.

Proof of Lemma 2. In the case T = +∞, X∗
t = Φ(t, 0)X∗

0 + X̃∗
t , where X̃∗

t =
∫ t
0 Φ(t, s)Gsdws,

t � 0. In [14, Lemma 2] it was shown that ‖X̃∗
t ‖2 � c0‖Gt‖2 ln t a.s. as t → +∞, where c0 > 0 is a

deterministic constant. Since X∗
0 is a random variable and ‖Φ(t, 0‖ � κ0e

−κt, the result for ‖X̃∗
t ‖2

given above implies the desired result. In the case T = −∞, first consider the scalar process zt
with the dynamics dzt = −κztdt+ σtdwt, κ > 0, and the diffusion coefficient σt, which satisfies the
hypotheses of Lemma 2. Then zt = e−κtIt, where It =

∫ t
−∞ eκsσsdws. In the stochastic integral

I−T , T � 0, we may perform the change of time τ = −1/s, taking into account that τw−1/τ = ŵτ ,
where ŵτ , τ � 0, is another Wiener process; for example, see [18, p. 94]. Therefore,

I−T =

1/T∫

0

e−κ/τσ−1/τ

(
dŵτ

τ
− ŵτ

τ2
dτ

)

.

As T → +∞, the terms in I−T can be estimated using the local law of the iterated algorithm [18,

Corollary 3, p. 93]. Let I
(1)
T =

∫ 1/T
0 e−κ/τσ−1/τ

dŵτ
τ ; then |I(1)T |� ĉ1h

(1)
T for h

(1)
T =

√
MT ln ln(1/MT ),

MT =
∫ 1/T
0 e−2κ/τσ2

−1/τ
dτ
τ2

and some constant ĉ1 > 0. As T → +∞, the process I
(2)
T =

∫ 1/T
0 e−κ/τ×

σ−1/τ
ŵτ

τ2
dτ admits the upper bound |I(2)T | � ĉ2h

(2)
T , where h

(2)
T =

∫ 1/T
0

e−κ/τ
√
τ ln ln(1/τ)

τ2
|σ−1/τ |dτ

and ĉ2 > 0 is some constant. With l’Hôpital’s rule, it is easy to demonstrate that

(
h
(1)
T + h

(2)
T

)
/

√(
e2κTσ2

−T lnT
)
→ c, T → +∞.
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Then lim supT→+∞{|zT |/
√
(σ2

−T lnT )} < ∞, this relation used to estimate each component of

the auxiliary process X̂−T =
∫−T
−∞ eκ(T+s)Gsdws guarantees the existence of a constant ĉ > 0

such that lim supT→+∞{‖X̂−T ‖/hT } < ĉ < ∞ a.s. if hT =
√
‖G−T ‖2 lnT . Next, for the

difference Zt = X∗
t − X̂t with the dynamics dZt = A∗

tZtdt+ (κI −A∗
t )X̂tdt and the solution

Zt =
∫ t
−∞Φ(t, s)(κI −A∗

s)X̂s ds, the exponential stability of A∗
t and ḣt/ht → 0 imply that the ratio

‖Zt‖/ht is bounded as t → −∞; this fact can be established by a standard approach (e.g., see [16]).
As a result, lim supt→−∞{‖X∗

t ‖/ht} < c̄ < ∞ for ht =
√
‖Gt‖2 ln |t|. The proof of Lemma 2 is

complete.

Proof of Lemma 3. Under item 2 of Assumption G, Lemma 2 together with the condition
d ln ‖Gt‖/dt ln |t| → 0, t → T , lead to

lim
t→T

⎧
⎨

⎩
‖X∗

t ‖2/

∣
∣
∣
∣
∣
∣

t∫

0

‖Gs‖2 ds

∣
∣
∣
∣
∣
∣

⎫
⎬

⎭
� c lim

t→T

⎧
⎨

⎩
‖Gt‖2 ln |t|/

∣
∣
∣
∣
∣
∣

t∫

0

‖Gs‖2 ds

∣
∣
∣
∣
∣
∣

⎫
⎬

⎭
= 0 with probability 1.

If the diffusion matrix Gt is bounded, then for T = +∞ we again adopt the representation
X∗

T = Φ(T, 0)X∗
0 + X̃∗

T , where X̃∗
T =

∫ T
0 Φ(T, s)Gsdws, T � 0, and the well-known result [13, The-

orem 1], stating that ‖X̃∗
T ‖2/

∫ T
0 ‖Gs‖2ds → 0 a.s. as T → +∞. Then, in view of the decreas-

ing exponential upper bound on ‖Φ(T, 0)‖, we obtain the relation ‖X∗
T ‖2/

∫ T
−T ‖Gs‖2ds → 0 as

T → +∞. For T = −∞, due to the representation ‖X∗
−T ‖2 = ‖X∗

0‖2 −
∫ 0
−T (X

∗
t )

′(At +A′
t)X

∗
t dt−∫ 0

−T (X
∗
t )

′Gtdwt −
∫ 0
−T (dwt)

′G′
tX

∗
t −

∫ 0
−T ‖Gt‖2 dt the terms can be analyzed using [13, Lemma 1,

Lemma 2] with the change of time τ = −t in the integrand; as a result, ‖X∗
−T ‖2/

∣
∣
∣
∫ 0
−T ‖Gs‖2 ds

∣
∣
∣ → 0

as T → +∞. The proof of Lemma 3 is complete.

Proof of Theorem 2. In order to estimate (A.2), we use inequalities (A.4) and (A.5). Replacing T
by t in (A.4) and (−T ) by t in (A.5) and integrating the resulting expressions on [0, T ] and [−T, 0],
respectively, yield

T∫

0

‖xt‖2 dt � c̄1‖x̄‖2 + c̄1

T∫

0

(x′tQtxt + u′tRtut)dt (A.7)

and

0∫

−T

‖xt‖2 dt � c̃1‖x̄‖2 + c̃1

0∫

−T

(x′tQtxt + u′tRtut)dt (A.8)

with some constants c̄1, c̃1 > 0. Then (A.2) can be estimated as

J2T (U
∗) � J2T (U) + c0‖x̄‖2 + c1‖X∗

T ‖2 + c2‖X∗
−T ‖2 − c3

T∫

−T

‖xt‖2 dt− 2

T∫

−T

x′tΠtGtdwt,

where c0, c1, c2, c3 > 0 are some constants. Consequently,

J2T (U
∗) � J2T (U) +R(0)

T +R(+)
T +R(−)

T , (A.9)

where the processes are

R(0)
T = c0‖x̄‖2 + c1‖X∗

T ‖2 + c2‖X∗
−T ‖2,

R(+)
T = −c3

T∫

0

‖xt‖2 dt− 2

T∫

0

x′tΠtGtdwt, and R(−)
T = −R(+)

−T .
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Recall that Assumptions G and G1 are satisfied and also
∫ T
−T ‖Gt‖2 dt → ∞ as T → +∞; hence, by

Lemma 3,

lim
T→+∞

⎧
⎪⎨

⎪⎩
R(0)

T

/ T∫

−T

‖Gt‖2 dt

⎫
⎪⎬

⎪⎭
= 0 a.s.

Next, consider the behavior of the processes R(+)
T and R(−)

T as T → +∞. As is well-known (e.g.,

see [12]), for a bounded diffusion matrix Gt, t � 0, the inequality lim sup
t→+∞

{R(+)
T /gT } � 0 holds a.s.

for any function gT > 0 such that gT → ∞, t → +∞. By the hypothesis gT =
∫ T
−T ‖Gt‖2 dt can be

taken as the normalizing function. If item 2 of Assumption G and also Assumption G1 hold, then

using the law of the iterated algorithm of stochastic integrals (e.g., see [19]), R(+)
T can be estimated

as |R(+)
T | � LT , T → +∞, where

LT = ĉ1‖GT ‖2

√
√
√
√
√

T∫

0

‖xt‖2 dt ln ln

⎛

⎝
T∫

0

‖xt‖2 dt

⎞

⎠− ĉ2

T∫

0

‖xt‖2dt+ ĉ3‖GT ‖2 ln ln ‖GT ‖,

and ĉ1, ĉ2, ĉ3 are some constants. Using the same arguments as in the proof of [14, Lemma 3], we es-

tablish the inequality LT � c‖GT ‖2 ln ln ‖GT ‖, and consequently lim sup
t→+∞

{R(+)
T /gT }=0 a.s. for gT =

‖GT ‖2 ln ln ‖GT ‖. From this result and Assumption G1 it follows that lim
T→+∞

{
gT

∫ T
−T ‖Gt‖2dt

}

=0

a.s. Also note that the results on the choice of the normalizing functions gT for the process R(−)
T

are obtained using the relations for R(+)
T (see above) with the change of variable τ = −t in the in-

tegrands. Due to these remarks, the passage to the limit as T → +∞ for (A.9) gives the inequality

lim sup
T→+∞

J2T (U
∗)

T∫

−T
‖Gt‖2 dt

� lim sup
T→+∞

J2T (U)
T∫

−T
‖Gt‖2 dt

with probability 1.

Next, consider (A.6); in view of (9) and Lemma 3, to prove (11) we have to study the behavior of

IT =

T∫

−T

(X∗
t )

′ΠtGt dwt = I
(+)
T + I

(−)
T ,

where I
(+)
T =

∫ T
0 (X∗

t )
′ΠtGt dwt, I

(−)
T = −I

(+)
−T . More specifically, it is necessary to analyze I

(+)
T /ΓT ,

with ΓT =
∫ T
0 ‖Gt‖2 dt; note that the case I(−)

T /|Γ−T | is treated similarly through the change of time.

For a bounded diffusion matrix Gt, t � 0, the ratio I
(+)
T /ΓT → 0 a.s. as T → +∞; see [13]. For

‖Gt‖ → ∞, t → +∞, and the relations of Assumption G1, we apply the law of the iterated algorithm

for stochastic integrals [19], which claims that lim sup
T→+∞

{

|I(+)
T |/

√
〈I(+)

T 〉 ln ln〈I(+)
T 〉

}

<∞ a.s., where

〈I(+)
T 〉 =

∫ T
0 ‖X∗

t ‖2‖Gt‖2‖Πt‖2dt. Lemma 2 together with the monotonicity property of ‖Gt‖ yields

the upper bounds 〈I(+)
T 〉 � c‖GT ‖2

∫ T
0 ‖Gt‖2dt lnT and ln ln〈I(+)

T 〉 � c(ln lnT + ln ln ‖GT ‖). Then

〈I(+)
T 〉 ln ln〈I(+)

T 〉 /Γ2
T � c‖GT ‖2 (ln lnT + ln ln ‖GT ‖) ln T /ΓT → 0, T → +∞.
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(Here convergence to 0 follows from Assumption G1.) Consequently, I(+)
T /ΓT → 0 with probability 1.

In accordance with the aforesaid,

IT /

T∫

−T

‖Gt‖2 dt → 0 a.s., T → +∞,

and (11) holds. The proof of Theorem 2 is complete.
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