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1. INTRODUCTION

Linear stochastic differential equations are widely used in the simulation of physical, chemical—bio-
logical, economic, and other processes (see, e.g., [1—4]) and in the mathematical control theory [5, 6].
The study of the asymptotic behavior of solutions to such equations plays an important in various appli-
cations. For example, in [7], this issue was directly related to the possibility of applying the simulated
annealing algorithm to global minimum search (see [1]). In [6, 8] information of this kind was also
required in the study of almost sure optimality (i.e., optimality with probability 1) for a controlled stochas-
tic process on an infinite horizon in various formulations (so-called stochastic optimality). In the study of
stochastic optimality in the control problem for a linear system with a quadratic objective functional (lin-
ear-quadratic regulator), a key issue addressed in [6] was the almost sure asymptotic behavior of a con-
trolled process with average-optimal control. In this paper, we examine more general asymptotic proper-
ties of this process, which makes it possible to improve and generalize the results obtained in [6, 8] con-
cerning almost sure optimality in the sense of the so-called stochastic long-run average in the linear-
quadratic regulator problem for various nonstandard situations, including a general discount function
present in the cost functional.

Consider an n-dimensional stochastic process X,, #> 0, defined on a complete probability space {Q2, . P}.
The dynamics of this process is described by the equation

dX, = AXdt+Gdw, X, = x, (1.1)

where the initial state x is nonrandom, w, (f > 0) is a d-dimensional standard Wiener process, and 4, and
G, (t 2 0) are bounded matrix functions of appropriate sizes. Specifically, an equation of form (1.1)
describes the above controlled stochastic process with average-optimal control in the linear-quadratic reg-
ulator problem. Additionally, all the processes considered in what follows are assumed to be defined on the
same probability space.

Assume that the solution of problem (1.1) with G,= O (O is a zero matrix) and with the initial condition
Xt(, =X (#, = 0 is an arbitrary moment of time), i.e., the solution of a deterministic equation, is exponen-

tially stable. The following assumption is made according to the definition of exponential stability
(see, e.g., [5]).
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Assumption 1. The function 4, is such that the fundamental matrix ® (¢, s) for the function o, := 4,
admits the exponential estimate

—iy(1=5)
Dt )| <k 7, s<t, (1.2)
where K, K, > 0 are positive constants and ||| is the Euclidean norm. Recall that the fundamental matrix
® (2, s) for the matrix function 4, #> 0, solves the problem

0D, (1,5)

ot ‘ﬂtq)sﬁ(ta S)a CDW(S, S) = [7 (13)

where [/ is the identity matrix. Moreover, ® (¢, s) = @ 4(¢, 0)D 4(0, s) and D (s, 1) = @;gl (1, s).

Two approaches can be used in the study of asymptotic probability properties of the solution to
problem (1.1). One is associated with the construction of upper functions for processes. It is well known
(see [6, 8]) that upper functions majorize a process with probability 1, starting at a finite time, and the
search for them is based on applying the law of the iterated logarithm for stochastic integrals. In the gen-
eral case of a bounded function G, satisfying Assumption 1, it was shown in [6] that an upper function for
||X]|?is byInt, where b, > 0 is a constant. The form of the upper function was refined in [8], where its various
representations involving the parameters of the perturbing process (as functionals of ||G)||, ¢ > 0) were
obtained. The other approach involves the search for suitable normalizing multipliers guaranteeing that
the process almost surely (a.s.) tends asymptotically to zero. This approach is associated with applying
limit theorems from probability theory, specifically, the strong law of large numbers for semimartingales
(see [9]). Examples of assertions of this type for solutions of stochastic differential equations can be found
in [10]. In this paper, the result of [11] on the behavior of the process ||X)||? is extended to several dimen-
sions in the case of suitably chosen normalization, which involves the parameters of the perturbing process
in explicit form and has a simple interpretation. Accordingly, as was said above, the result of [8] on almost
sure optimality in the linear regulator problem can be generalized without using a number of additional
constraints.

This work is organized as follows. Section 2 presents the main result concerning the almost sure con-
vergence of a normalized process and gives several auxiliary assertions that are of interest on their own.
Additionally, an example of modeling a process is presented that illustrates the validity of the results
proved. In Section 3, the results are applied to the study of stochastic optimality in the infinite-horizon
linear regulator problem. A problem with discounting is considered separately.

2. MAIN RESULTS AND A MODELING EXAMPLE
2.1. Main Results

Theorem 1. Let Assumption 1 hold and J.:||G,||2dt > 0. Then, for the process X, described by Eq. (1.1), it is
true that || X4||*/ j§||G,||2dt —0as.as T— .

Note that the normalization J.OT||G,|| 2dr directly takes into account the contribution of the noise accu-

mulated over the time 7. More precisely, it is equal to the sum of the variances of the random variables
making up the vector of integral disturbances % ;= J OTG,dw, ontheinterval [0, 7] (indeed, it is easy to show

with the use of the multidimensional Ito formula that E%7% ; = J.OT||G,|| 2dr).
To prove Theorem 1, we need several lemmas.
Lemma 1. Let {&,},_, be a stochastic process, {w,},, be a standard one-dimensional Wiener process,

and the stochastic integral I Ori,dﬁz, be defined. Suppose also that T, is a nondecreasing function and I'j = 0.

Given any a, b: 0 <a < b, if J.bEatzdt <c(I'y —T,) (where ¢, > 0 is a constant) and lim I'; = o, then

T— o

J.OTé,d\XI,/FT—> 0a.s.as T— .
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ASYMPTOTIC BEHAVIOR 85

Proof. This result is proved using the approach described, for example, in [12]. It is based on well-
known tests for the convergence of random sequences to discretized versions of continuous-time pro-

cesses. Define the process My = Jgi,dfv, /T . By assumption, E]I/Izr = IOTEEf dt/l“i < ¢/T'7. Next, a

sequence M, is constructed that approximates (in a sense) the process M7 on sequences of intervals (in #)

so that M, — Oa.s. and sup |M T— M,,| — 0 asn — o (where %(x) is a nondecreasing function).
G(n)<T<%Gn+1)

Forn =1, 2, ... consider the sequence W, = n" (y > 1), and let M, = jg (W) E,dw,/W, . Then E]I/Iz,, =

o0

Ior (W")Ec';,zdt/Wf <c¢/W, = ¢/n. Thus, Z,_ IEMH < oo and, by the convergence test for random

sequences, M, — 0 a.s. asn — o©.
Define the set

T, = {T,T'(W)<T<T'(W,, )} Q2.1

and the sequence of random variables Z, := 51_1p|1f/[ T— Mn| . Then
T,

T o, o,

T
Z,=sup| [e,dw/Tr~ [ &dw/W, =sup|(1/Tr=1/W,) [ &dw,+1/Tr [ Edw,
"o 0 " 0 UA
' (w,) T
SWori=W)| [ G/ W, wsup) [ &/ W,
0 rtow)

With the help of the last inequality, Zn2 is estimated as

4 W 2 o, ? T 2
stz(—-"-tl—}-—")— j Edw| + = sup j £, dw,
W, W\ 7

0 W)

The expectation of the second term in this relation is estimated using the inequality from [13], accord-
ing to which, for a local martingale M, with M, = 0 and a quadratic characteristic {(M,) for any p > 0, there

exists a number C, such that E(M; )* < C,E([(M)]"/*), where M;" = sup|M,| . Using this result with p = 2,
we obtain =
U
EZ, <2¢(W,, - W,)’/W, +2C, I EE dt/ W’
U

and, accordingly,

EZ, <2¢(W,, = W) /Wy +2¢,Co(W,, - W,)/W,. (2.2)
Consider (W, ., — W,)/W,=({n+ 1) —n")/n’ = (1 + 1/n)" — 1. Let y, be an integer such that y <y,. Obvi-

ously, (1 +1/n)Y<(1+ 1/n )VO . By applying a well-known formula, (1 + 1/n )V0 is expanded in the power
series

Yo
(L+1/m)" = L+yy/n+ Y C /n,

k=2
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where

k Yo!
G, = et
k! (vo—K)!

which yields the estimate (1 + 1/n )VO <1+ ¢/n with a constant c¢. In what follows, ¢ > 0 denotes constants
(possibly varying from formula to formula) whose particular values are of no importance. Therefore,

(W, =W/ W, = (1+1/n) —1<c/n. (2.3)

Then it obviously follows from (2.2) and (2.3) that EZ; < ¢/n*. By the convergence test for random
sequences, this estimate implies that Z, — 0 a.s. as n — oo, whence M T = J‘(]T&,dv;t/ ') — 0O as. as
T — . The lemma is proved.

Lemma 2. Let {Y,} ;Oz o be astochastic process such that EY,= 0 for any t >0, and let 1", be a nondecreasing
Sfunction with T'y = 0. If there exists a number A > 0 such that, for any a and b : A < a < b, we have

J.S‘[SE( Y, Y)dsdt <c, [, J.bA/EY,Zdt < eyl — T,) (Where ¢y, cyy > 0 are constants) and lim ', = oo, then

t—> 0

I Ydi/T; — Oas. as T— oo.

Proof. Define the process i’r = I OTY,dt/ I' ;. According to a well-known relation for mean-square inte-
grable processes (see [12]), we have Ei’zr = E( J-OTY,Zdt)/F; = J.OTJ.OTE( Y,Ys)dsdt/l“;. Moreover, by
assumption, I OT '[ OTE( YtYS)dsdt/F; < ¢,,/T' 7. As in the proof of Lemma 1, a sequence S’n approximating

the process S/T is constructed by setting W, = n?, (y > 1). More precisely, let 3’,, = I g W) Ydt/W, (n=
1, 2, ...). We find that

r'(w,)
EY - E f Ydt| /W<, DT (W) /W2 = ey /n.

0

Therefore, Efz WE ~Y2,1 < o and, by the convergence test for random sequences, ~Y,, — Oa.s.asn — .
For the set 7, » defined in (2.1), consider the sequence

T r'w,
Z,:=sup|Yr= Y| = sup| Yy/T'r— Y,/ W,| = sup| [Yat/Tr— [ Yt/ W,
T‘” Tn TH 0 0
r'w,) T

= sup|(1/T 7~ 1/W,) J‘ Ydi+1/T, I Y,dt
" 0 r'ow,)
r'ow,) r'w,..)
W= W) [ [YjdyW,+ [ |Y]dyW,
0 rw,)
Then
N UAR A W) T W)

2 <2 Wi = W) OI 0I|Y,Ys|afsdt+wi/2 [ [ Irridsa

n 4

/4

n no_ -1
rw,) I (W)
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ASYMPTOTIC BEHAVIOR 87

Using the Cauchy—Schwarz inequality E]Y,Y,| < A/ E 1/,2 NE Ys2 , the condition of the lemma, and (2.3), we
obtain

2

r'w,) W) ?
EZ. <2(W,, - W,) J’ EYidt| /W!+2 I JEY:dt| /W
0 o,

<265 (W1 = W) W/ Wy 4 2en(W, 0= W)W, <c/n’.
Therefore, Z, — 0 a.s. as n — o, and Yr = J.OTY,dt/FT — 0 a.s. as T— . The lemma is proved.

Lemma 3. Let a one-dimensional stochastic process {z,} ,w: o be described by the equation
dz, = —zdt+o,dw,, z, =0, 24

where a, is a d-dimensional bounded vector function of time t and w, is a d-dimensional Wiener process (here,

" denotes transposition). Let J.OT||oct||2dt >0, at least, for sufficiently large T. Then, as T — o,

2
Zr

T

2
floc)ar
0

— 0 a.s. (2.5)

Proof. By using Ito’s formula, we write the equation for the dynamics of z,z ,
2 2 2 . 2
dz, = =2z,dt+ || dt + 2aiz,dw,, z, = 0, (2.6)
and the corresponding equation for Ez,2 :
2 2 2 2
d(Ez)) = —2Ez;dt+|o| dt, Ez, = 0. 2.7)
Subtracting Eq. (2.7) from (2.6) yields

d(z) — Ez)) = — 2(z, — Ez))dt + 2a.z,dw,, zo— E(z;) = 0. (2.8)

In integral form, (2.8) is written as

T T

= B(p) = =2 [(] =~ E(z))dr +2 [oiz dw, 2.9)
0 0

Dividing both sides of (2.9) by IOT||(1,|| 2dr yields

T T
2 2 .

o 2 j(z, —Ez)dt 2 ja,z,dw,

T T) _

4 S + -0 . (2.10)

2 2 2
f||0w|| dt jlloctH dt jllocrH dt
0 0 0

Now the task is to analyze the asymptotic behavior of the terms on the right-hand side of (2.10). The fol-

lowing two cases are considered separately: (i) IOTch,szt — o0, T— oo and (ii) J.OT||(x,||2dt < 0.
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Consider case (i) first. Let [';:= IOT”(X,” *dt, and let o and w! be the jth components of the vector func-

tion o, and the Wiener process w,, respectively. Then I()Ta}z,dw, = Zj . I OT(x{z,de . Let us verify that the

conditions of Lemma 1 are satisfied for each of the terms of the last sum.
Note that z, is a Gaussian stochastic process with the expectation Ez, = 0 and the covariance function

T
—|t—s 2

E(zpz) = e “El=¢"" je_z(T_e)||a9]|2d6, T = min(,s). Q2.11)

0

The bounded function Ez, = eiztj.;e23||ocSH2ds satisfies Eq. (2.7), whence

t t t
IEzfds = 1,2 ﬂ|as||2ds—Ez,2/2£ 1/2 J.H(xtzds = 1/21,. (2.12)
0 0 0

Therefore, IOT(OL{)ZEz,Zdt <cl'yforanyj=1,2, ..., d, and, by Lemma, 1 joroc;z,dw,/ﬁ”(xtnzdt — 0 as.

as T — oo.

To analyze the asymptotic behavior of the first term in (2.10), we need Lemma 2 for ¥, = z,2 — Ezf .
First, we show that

—2|t—s]

E(Yth) = 2(E(Zn Zs))2 = 2e

For ¢ > s, the solution of Eq. (2.4) is written as

2
(EZminr.s)) - (2.13)

t t
Z, = eitJ.eroc'Ta’wT = ef(tfs)zs+eft_[eToc'waT.
0 s
Then zz, = e ¢ *S)zf + e_tzs J‘;etoc;dwr. Note that z; and I Zeroc'ra’wT are independent random variables
(for s < 7). Accordingly, E(z,2 zf ) =e 20 ‘S)Ezs4 + e72th52 I 2621”0,1”2611. By using the expression obtained
previously for Ez,2 , it is easy to show that

t
e J'e21||ocT||2thz52 = Ef Ez —e

N

—2(r—s)(Ez2)2
<) -

Then

=2(t-ys)

2
E(Y,Y,) = E(z,z,)- EZ,Ez, = ¢ " (Ez, — (Ez))).

From (2.7) and (2.8), we derive the equations
2 2
d(Ez) ~(Ez))) = ~4(Ez) - (E2)) )dr + 4]o]] ar,

2 2
d((E5)) = —4(E) dr+2]af] dr.
4 2.2 2.2 . —2(t-ys) 2.2 . .
Note that £z, — (Ez,) = 2(Ez;) ;ie., E(Y,Y)) = 2e (Ez,) fors<t The case s> tistreated in a
similar manner. Now, we check the conditions of Lemma 2. From (2.11) and (2.13), it follows that

}}E( Y,Y,)dsdt < c}]‘E(z,, z,)dsdt = c}e_t ]‘esEzfdsdt + c}e_s}eszfdsdt. (2.14)
00 00 0 0 0 ¢

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS VWol. 54 No.1 2014



ASYMPTOTIC BEHAVIOR 89

Define §,:= e’ ;eSEzS2 . The first term in (2.14) represents IZS \dt , where the function S, satisfies the equa-
tiondsS,=—Sdt + Ez,2 dt, S, = 0. Therefore, I gStdt = I zEz,2 dt — §,. Concerning the second term, we note

that ¢ J.Zefs ﬁ’ethf dsdt = I z(eft — eib).erEz,2 dt = IZEzf dt — §,. By applying (2.12), relation (2.14) is trans-

formed into

bb
j J'E(Y,Ys)dsdts cT,. (2.15)

00

The second condition in Lemma 2 holds as well. Indeed, by virtue of (2.13),

b b
JEY dt = J2 (EZldr. (2.16)
]

Therefore,
b b
I EYidt = 2 I||a,||2dt— N2Ez+ 2EZ <ce(T,-T,) for a>A.
By Lemma 2,
T T T T
j Y,dt/ I||(x,||2dt = I(zf — Ez})dt/ I||a,||2dt —0 as.as T—» oo
0 0 0 0

Taking into account that Ez,2 is bounded and using the above relations and (2.10), we complete the
proof of (2.5) in case (i).

Consider case (ii). Let us show that z;, — 0 a.s. as T'— co. For this purpose, we use representation (2.9).
Define @, := J.Or(z,2 - Ez,2 )dt = J.OTY,dt. It is well known (see [12]) that the limit ®_, = lim ® exists if so

T— o0

does the improper integral J.:A/E Y,2 dt . The validity of the latter can be shown using (2.12) and (2.16).

It remains to analyze the asymptotic behavior of the martingale M := J' OTOL}z,dw,. Making a random

change of time, we have My = W, , , where {,},_, isa Wiener process ans (M) = r||0t,|| *22dt . By anal-

0
ogy with the proof of the existence of @, it is easy to see that (M;) — (M_), T — . Therefore, M_, =
W,y existsas well. It can be shown (see [8]) that Ez; — 0, T— oo. Using the above results concerning
the convergence of the terms on the right-hand side of (2.9), we obtain z; — z,, a.s. as T — oo. Since
Ez2T — 0, T— oo, we conclude that, by definition, z; — z., in mean square and, moreover, z,, = 0.
As was noted in [12], if there are two types of convergence for a random sequence, then the limiting ran-
dom variables a.s. coincide; i.e., z, = z,, = 0. Lemma 3 is proved.

Proof of Theorem 1. Consider the process :Y, defined by the equation

dX, = —IXdt+Gdw, Xo =0, (2.17)
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where 0 denotes a zero vector. For the ith component of this vector process, we can write dX;; = —X;dt +

G;dw, and Xy = 0, where G,i is the ith row of the matrix G,. Obviously, this equation implies that X;: cor-

2
dt >0, then the lemma holds;

responds to the process in Lemma 3 with z, = ;Y,-, and o, = (G;)' f J-:”(G:)

otherwise, it is clear that ;\’iz, — 0, T—> o. Thus, as T — oo,

T
~ 2
x|/ I||G,||2dt — Oas. (2.18)

0

Define the process Z, .= X, — )~(, . By virtue of (1.1) and (2.17), it is described by the equation dZ, = A, Zdr +
(A, + D Xidt, Z, = x, whose solution is given by Z, = @ 4(7, 0)x + L)Tq)&q (T, (A, + D X.dt, where @ (1, 5)
is a fundamental matrix for the matrix function &, := A4,. Dividing both sides by (I'y)!'/? = (J‘OT||G,||2a’t)l/2

and using Assumption 1, since the matrix function A4, is bounded, we obtain the estimate

T
fe™ Xl )™ ar (2.19)

0

-1/2 -, T

-, T —
<xk,e 2 Ty VX + ce

|ZA(T7)

Applying property (2.18), we find that, for any number € > 0, there exists a.s. a finite time #,(®) such that
|| X;||(T,)~/% < € for any ¢ > £, and almost all ®. Substituting this relation into (2.19) yields

f T
1Z (™ < (T Px+ jce’“‘”_')HXH (T)dt + ce je‘“‘”"’dt. (2.20)
0 %

Since the second term in (2.20) tends a.s. to zero as 7'— oo, in a similar manner, for arbitrary €, >0, we

. -k (T-0)|| 7 - .
obtain Ig’ce o ”XrHF, Var < €, a.s. forany 7> #,(®). Accordingly,

T

—x,T ~12 —k(T-1)
<k (Typ) /x+el+ce'|.e 1

e dt<e, as.forany T>b(w),

|ZA(T7)

where #,(0) and #,(®) are a.s. finite.

Thus, | Z;]|(T)~/2 — 0 a.s. as T—= oo. By the definition of Z, it is obvious that || X7|*/ J.OT||G,|| 2dt — 0a.s.

as T — oo as well, which completes the proof of the theorem.

2.2. Modeling Example
Consider the equation

12, 1/4

dX, = —Xdt+(1-1/In(¢t+3)) " /In""(¢+ 3)dw,, X, = 1. (2.21)
It is easy to see that the function ® (¢, s) = exp(s — 7) constructed for &, = —1 satisfies Assumption 1

and that the variance of integral noise actions

T T
FT: I”G,”zdt: J'l—l/ll’l(f+3)dt: (T+3) _ 3
: In"*(¢+3) JIn(T+3) J/In3
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Fig. 1.

increases indefinitely as 7'— oo. Figures 1a and 1b show the trajectories of X,(») for two different o for

large ¢. It was shown in [5] that, for n = 1 (see Eq. (1.1)), the relation Glen T — o, T— oo, is sufficient
for lim sup|X;| = +oo. Obviously, this condition holds for G, corresponding to the process given by (2.21)

T— o0

and the normalization with the help of 'y = (T + 3)//In(T+ 3) — 3/4/1In3 is required for the process

2
(X };) =X ZT/ I'; to tend asymptotically a.s. to zero, which can be seen in Figs. 2a and 2b for two realiza-

tions of the process for 7= 10000.
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3. STOCHASTIC OPTIMALITY FOR A LINEAR REGULATOR
3.1. Classical Linear-Quadratic Regulator

Now consider an n-dimensional controlled stochastic process V,, > 0, described by the equation
dv, = CVdt+ BVdt+ Gdw, V, = x, 3.1)

where the initial state x is nonrandom; w, ( > 0) is a d-dimensional standard Wiener process; U, (¢ > 0) is
an admissible control or a k-dimensional stochastic process adapted to a filtration {F},5,, F, =
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of{w,, s <t} such that Eq. (3.1) is solvable; and C,, B,, and G,, t > 0, are bounded matrix functions of time of
suitable sizes such that (3.1) makes sense.

The set of admissible controls is denoted by 9U. For every T > 0, the objective functional is defined as
the random variable

T
J(U") = [(vioV,+ URU)r, (3.2)

0
where UT = {U}, . ris the restriction of the control U € 9 to the interval [0, 7] and Q, and R, (z > 0) are
positive semidefinite and positive definite bounded matrix functions of time, respectively. Moreover, U” € U7,

where U7 is the set of admissible controls considered on [0, 7]. The parameters of the control system sat-
isfy the following assumptions.

Assumption 2. The functions C,, B,, Q,, and R,, > 0, are such that there exists an absolutely continuous
bounded function I, (#> 0) with values in the set of positive semidefinite symmetric matrices that satisfies
the Riccati equation

I, +IL,C,+ CI1,~T1,B,R,' BT, + Q, = 0 (3.3)

and such that the fundamental matrix ® (¢, s) for the function o, := C, — B,R,_IB,'H, satisfies exponential
estimate (1.2).

Assumption 3. There is a constant ¢, > 0 such that any pair (x,, u,), y obeying the equation
dx, = Cxdt+ Budt, x, =0, 3.4

satisfies the inequality

T

T
ool + [l e < e, (i@, + iR (3.5)
0 0

The standard conditions on the parameters of system (3.1), (3.2), which are sufficient for Assumptions 2 and 3
to hold, can be found in [6] (see also [5]).

Definition 1. A control U* € AU is said to be almost surely optimal on an infinite horizon or optimal in the
sense of the generalized stochastic long-run average if it solves the problem

lim sup TJT(U) — inf with probability 1. (3.6)
T— ) Uel
i)z

0

This definition generalizes the well-known concept of the stochastic long-run average (see, e.g., [14]).
Under Assumptions 2 and 3, the control U* is defined as

UF = -R; BV, (3.7)

where the process { V¥ },_, is defined by the equation

dVi = (C,- B,R,'BI1)Vidt + Gdw, Vi = x. (3.8)

In [8] the stochastic optimality of U* in the sense of the solution to problem (3.6) was proved under some
additional assumptions, for example, |G|’ Int — oo,  —= 0. It will be shown later that these constraints
can be avoided by applying the results of Section 1.

Theorem 2. Let Assumptions 2 and 3 hold, and let jOT||G,||2dt —> w as T — oo. Then the control U
defined by (3.7) and (3.8) solves problem (3.6).
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Proof. Let U € AU be an arbitrary fixed admissible control. By using Eq. (3.1), we find the corresponding
process ¥, and define x,:= V, — V;* and u,= U, — U,*. Note that the pair (x,, u,) satisfies Eq. (3.4). Under
Assumptions 1 and 2, the following estimate was obtained in [6]:

~ « 2
JH(U*) T (U) + ¢ |[Vi]"+ R, (3.9)
where R ;= —c, '[OTHG;H,x,”zdt -2 I()Tx;l'[,G,dw, and ¢, >0and ¢, >0 are constants. Normalizing (3.9) by

the multiplier 'y = I |G dr yields

JA(US T <T@ + |Vl @)™ + R (3.10)

According to [6], lim supR ;g < 0 for any function g;> 0 such that g, —= 0, T— co. By assumption,
T— w0

we can set g7 = (I';)~". The process V;* satisfies Assumption 1. Consequently, Theorem 1 holds for it.
In view of the obtained relations, passage to the limit as 7'— oo in (3.10) produces

lim sup TJ (U%) < lim sup TJT( Y)

T— o T—
flG flG
0 0

To complete the proof of the theorem, we show that the criterion limsup(JAU*)/ I(]T||G,||2dt) has a finite
T—
value. Combining (3.3) and (3.8) with Ito’s formula yields
d((VIYTLVY) = = {(V7)Q. Vi + (UFY R U ydt + tr(GIL,G)dt + 2(V7) LG dw;;

i.e.,
T T
JAU*) = xTlyx — (VE)TL, Vi + Itr(G,'H,G,)dt+ 2 I( VEYILG,dw,. (3.11)
0 0

Let us verify that the conditions of Lemma 1 hold for the last term in (3.11). The solution of Eq. (3.8) has
the form V;* = ®(z, 0)x + J-;q)&q(t, 5)G,dw, , where @ (2, s) is the fundamental matrix for the function 4, :=

\J . . . . . —ZKZ
C'— B,B;T1,. By the Ito isometry, it follows from exponential estimate (1.2) that E||V;*|]? < ce t||x||2 +
=21,(t=s . . . . . . .
¢ I;e y )”GEH *ds . Since G, is bounded, this relation implies that E]| V| ? is bounded as well. The bound-

edness of [1, implies that, for each term é,[ = Ig((K*)'H,G,)ldwf, (!=1, ...,d)inthe sum jg( VLG dw,,

we have '[bE(ﬁf)zdt < ch||G,||2dt. By Lemma 1, (T';)"" J.OT( Vi)11,G,dw, — 0 a.s. as T — oo. Then

the normalized value (3.11) is asymptotically estimated as limsup(JT(U*)/J-()T||G,||2dt) <
T— o

limsup( OTtr(G;H,G,)dt/ JOT||G,|| *df) < c,, where ¢,> 0 is a constant. The theorem is proved.

T—

3.2. Linear-Quadratic Regulator with Discounting
Consider an n-dimensional controlled stochastic process )~(, , 1> 0, described by the equation
dX, = CXdt+ BUdt+ Gdw,, Xo = %, (3.12)
where U is an admissible control in the sense described in Section 3.1 ; C, B, and G are matrices of suitable

sizes; and x is a nonrandom vector. The set of admissible controls is denoted by AL . Assume that ||G|| > 0.
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Let X, and u, be a fixed state vector and a fixed control vector such that Cx, + B, = 0 . The cost func-

tional taking into account the losses due to the deviations of 5(, from x, and z], from u, on [0, 7] is defined as
T
=T ] ~y = ~ jagt] ~ =~ ~
J(U) = [fAXi=5)0Xi~%o) + (Ui~ tg) R(Us~ o) i, (3.13)
0

where l~]T ={ f],},g r is the restriction of the control U € AU to the interval [0, 7] and Q and R are positive

semidefinite and positive definite symmetric matrices, respectively. Moreover, UT e U ! , Where OILT isthe
set of admissible controls considered on [0, 71, and f;is a discount function having the properties described
in the following assumption.

Assumption 4. The discount function f; > 0, # > 0, is nonincreasing and differentiable; f; = 1; f, — 0,

t — oo; and ¢, = —f;/f, is bounded.
For example, the function f,=e™, y > 0, corresponds to traditional exponential discounting, while f, =

0,/6 . . .
1/(1 +01) ", 0,,0>0, to hyperbolic discounting.

Let us define almost sure optimality for a system with discounting. For this purpose, the functional is
normalized using the accumulated discount approach proposed in [15], where the average optimality of
controlled stochastic processes on an infinite horizon with a cost functional involving a discount function
was studied.

Definition 2. A control U* e Al is said to be almost surely optimal on an infinite time horizon in the prob-
lem with discounting if it solves the problem

lim sup '—I-T-T-g-l-/—) — inf  with probability 1. (3.14)
T—w Uea

j f.dt
0

As was noted in [8], the parameters of system (3.12), (3.13) do not satisfy a property from the set of suffi-
cient conditions allowing one to consider control problems for a linear-quadratic regulator when 7'— oo.
More precisely, the matrix function ;R in (3.13) has to be bounded away from zero, which is obviously not
satisfied if Assumption 4 holds for f,. However, it was shown in [8] that, in the case n = 1, system (3.12),
(3.13) can be reduced to standard regulator (3.1), (3.2) by changing variables. Define

X, = Jf(Xi-X), U= Jf(U-u). (3.15)
The dynamics of the process X,, # > 0, is described by the equation
dX, = (C-1/2¢,HX,dt+ BU,dt + Jﬁde,, X, = x—X,. (3.16)
In the new notation, functional (3.13) becomes
T
J(U) = [(X,0X,+ URU)d. (3.17)

0
Obviously, JA U) = J{U). Let
C =C-1/2¢,, B =B, G =G, 0,=0, R =R, x=3x-%,

and the set U is specified by AU . Then system (3.16), (3.17) corresponds to the form of (3.1), (3.2). More-
over, the optimality criterion from Definition 1 then becomes

lim sup &
T— o 5
IGt* [fa
0

— inf  with probability 1,
UeU
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which coincides with (3.14) in Definition 2. Therefore, if the parameters of system (3.16), (3.17) satisfy

the conditions of Theorem 2, then the control Z/,* =U*/ ﬁ + u,, where U* is given by (3.7), is almost

surely optimal on an infinite horizon in the problem with discounting. This result can be stated as the fol-
lowing theorem.

Theorem 3. Let Assumption 4 hold and J.OTf,dt — o as T — . Additionally, assume that the parameters

of system (3.12), (3.13) are such that Assumptions 2 and 3 hold for C,=C —1/2¢,1, B.=B, 0,=0, and R,=R. Then
the control

UF = - R'BTL(XF —%,) + iy, (3.18)
where the process {)~(,*}?O= o is defined by the equation
dX; = (C— BR'BTL)(X] - X,)dt + Gdw,, Xi = X, (3.19)

is a solution of problem (3.14).
Proof. By assumption, Theorem 1 holds for control system (3.16), (3.17). Using the inverse of trans-

formation (3.15), i.e., X = X*/.[f, + %o, U’ = U*/ Jf, + X, , we obtain U = —R"'BTI(X/ - X,) + i
and derive the equation

dX} = CX'dt— BR 'BTI(X] —X,)dt + Buydt + Gdw,, Xi = X.

By assumption, Cx, + Biz, = 0, which yields (3.19). The theorem is proved.
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