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1 Introduction

One of the robust observations based onmicro-level data is a strongwithin-industry firmhetero-
geneity (Schott, 2004; Khandelwal, 2010). Firms differ in many respects, including productivi-
ties, sales, employment, or, the central focus of this paper, quality of products. Among different
sources of firmheterogeneity, quality differentiation across firms plays an important role as it di-
rectly affects consumer decision making. This paper considers two product quality dimensions:
vertical and horizontal. For instance, in the car industry, vertical quality can be represented
by car’s reliability, while horizontal quality may be captured by variations in configurations of
the same model, such as hatchback or sedan. While the literature on product quality choice is
quite extensive, not much attention has been paid to how firms strategically choose both hori-
zontal and vertical quality of a product. In this paper, we aim to fill this gap by studying how
firms simultaneously choose both types of product quality, how these decisions depend on firm
productivity heterogeneity, and the resulting implications for social welfare.

We develop a general equilibrium single-sector model of monopolistic competition. Firms
- heterogeneous in productivity - choose not only the price-quantity pair, but also two types
of product quality. Importantly, both qualities are costly for firms, which allows modeling the
interplay between exogenous firm productivity and the choice of quality levels. We then deter-
mine welfare distortions arising in the model and quantify them.

Our framework builds on Eaton and Fieler (2024) and relies on consumer preferences similar
to the constant elasticity of substitution (CES) preferences. In our framework, horizontal qual-
ity acts as a product demand shifter in the utility function, functioning as a perfect substitute
for the quantity consumed. In contrast, vertical quality complements the quantity, enhancing
consumer utility. We assume that production costs rises with both types of quality. However,
given the distinction between the two quality types, we differentiate between the overall cost of
quality and the cost of horizontal quality, relative to the cost of vertical quality. As is typical in
monopolistically competitive with free entry, the zero profit condition and zero expected profit
condition determine the production cost cutoff and the number of firms active in the market.
We then investigate firms’ choice of the qualities, the impact of market size expansion on that
choice, and provide normative analysis to uncover distortions associated with the endogenous
choice of the qualities.

To isolate the effects of two qualities, we work with CES alike preferences. First, CES de-
mand leads to the optimum product diversity in a monopolistically competitive market (Dixit
and Stiglitz, 1977). This result stems from the fact that two distortions of imperfect markets, the
price distortion due to pricing above marginal costs and the entry distortion caused by the busi-
ness stealing effect, are balanced. Demand systemswith the variable elasticity of substitution do
not feature this property neither for symmetric firms nor for heterogeneous firms (Dhingra and
Morrow, 2019). Thus, to encapsulate the pure effect of the quality distortions, we assume away
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the other distortions by working with CES alike preferences, which still feature the balance be-
tween price and entry distortions. Second, the demand specification leads to constant markups
in the equilibrium. Thus, price variation across firms is not affected by pro-competitive effects
and is solely explained by differences in qualities choice based on firms’ productivity.

Our main results can be summarized as follows. First, we show that in the equilibrium, the
vertical quality of products increases with firm productivity. At the same time, we find that
the relationship between firm productivity and the level of horizontal quality is ambiguous and
depends on the parameters in the model. In particular, if increasing the product qualities ap-
pears to be relatively costly, more productive firms tend to produce goods with lower horizontal
quality. Conversely, when the cost of increasing quality levels is not too high, more productive
firms find it profitable to keep high quality standards for both vertical and horizontal quali-
ties. We also show that in our framework, more productive firms can set higher prices for their
products. This happens when the quality component in the marginal production cost is rela-
tively substantial, which in turn takes place under relatively low product differentiation in the
market. Finally, we find that market size matters for the choice of the qualities. Specifically, mar-
ket size expansion fosters each firm to produce goods with higher horizontal but lower vertical
qualities.

Second, we investigate a problem of utilitarian social planner who chooses the number of
products, production amounts, and the qualities of each product. We show that, similar to the
standard CES based models, the market provides the optimum levels of firm outputs, the num-
ber of entrants, and the production cost cutoff. However, each firm chooses non-optimal levels of
both horizontal and vertical qualities. To be precise, in the equilibrium, each firm chooses lower
horizontal quality and higher vertical quality compared to the socially optimal levels. These
deviations from the optimal quality levels lead to welfare losses.

Third, to quantify the welfare losses caused by the quality distortions, we calibrate some
parameters in the model using data from the pizza restaurant industry in Oslo, Norway. The
characteristics of the pizza restaurant sector closely alignwith our theoretical framework. Specif-
ically, we consider a pizza restaurant as a firmproducing a differentiated product, where the hor-
izontal quality is interpreted as the number of different pizza varieties offered by the restaurant.
Meanwhile, the vertical quality is interpreted in the usual way and proxied by the restaurant’s
rating. Using the collected data, we uncover all key for the welfare losses parameters besides
the elasticity of substitution between the two qualities. We then estimate welfare losses for dif-
ferent values of this elasticity and find that for the moderate values of the elasticity, the losses
are somewhat between 30% and 50%: the welfare level in the market equilibrium can be up to
the half of the social optimum. These quantitative findings support the idea that the considered
quality distortions can be substantial and, therefore, play an important role in analyzing market
outcomes in monopolistically competitive markets.

This paper contributes to the growing literature on exogenous and endogenous product
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quality. In this literature, product quality is typically modeled as a demand shifter in the con-
sumer utility function. For instance, Schott (2004), Hummels and Klenow (2005), Hallak (2006)
and many others consider frameworks where product quality is an exogenous parameter. An-
other strand of this literature (Kugler and Verhoogen, 2012; Feenstra and Romalis, 2014; Fan
et al., 2015; Flach and Unger, 2022) considers monopolistically competitive markets with CES
consumer preferences and firm heterogeneity where firms choose quality of their products de-
pending on their productivity. Antoniades (2015) follows the same approach in determining
endogenous quality by heterogeneous firms, but relies on a non-CES linear demand system. In
Picard (2015), the choice of product quality is examined within a framework with a regional
dimension: firm’s quality choice depends on the region of the firm origin. The quality choice
problem is also explored within other market structures (see, for instance, Ma and Burgess Jr.,
1993, andWauthy, 1996, for the analysis of duopoly). The most of this literature agree on a pos-
itive correlation between firm’s productivity and its quality, which is in turn supported by the
empirical evidence (see, for instance, Manova and Zhang, 2012; Kugler and Verhoogen, 2012).
Our paper contributes to this literature by qualitatively and quantitatively analyzing the frame-
work, in which firms endogenously choose not only horizontal quality (a demand shifter), but
also vertical quality, which complements quantity and horizontal quality.

By introducing different quality types, the present paper also contributes to the literature
on monopolistic competition with firm heterogeneity (see Melitz, 2003; Bernard, Redding, and
Schott, 2007; Melitz and Ottaviano, 2008, among many others). The paper potentially con-
tributes to the trade literature, since, as it is common in this literature (see, for instance, Krug-
man, 1979; Zhelobodko et al., 2012), we examine the impact of market size expansion that can
be treated as the first approximation for opening up to free trade between countries. However,
in contrast to those papers, we assume away the pro-competitive effects such that in our frame-
work markups are invariant to market size (as, for instance, in Krugman, 1980). To some extent,
this allows us to disentangle the impact of endogenous choice of qualities on product prices and
to uncover distortions associated with the quality choice problem. Our paper is also close to
normative studies, which deal with various distortions arising in imperfectly competitive mar-
kets (Spence, 1976; Dixit and Stiglitz, 1977; Mankiw andWhinston, 1986; Dhingra and Morrow,
2019).

As noted earlier, we employ the structure of consumer preferences with two qualities from
Eaton and Fieler (2024). They use this framework to explore quantitatively the role of quality
in the welfare gains from international trade and economic growth. Our paper focuses instead
on the closed economy general equilibrium and provides one more step towards understand-
ing the interplay between firm heterogeneity and product quality choice as well as the welfare
distortions that can arise in such frameworks.

The remainder of the paper is organized as follows. Section 2 develops the model. Section 3
discusses themarket equilibriumwith free entry, while Section 4 examines the optimal allocation
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and compares it with the market outcome. Section 5 calibrates the model. Section 6 concludes.

2 The model

We consider a single-sector economy, which produces a set Ω of varieties of the differentiated
good. Following Eaton and Fieler (2024), we distinguish between two types of quality of a
certain variety. Horizontal quality reflects the direct characteristics of the product: for instance,
the size of the product unit (the weight of a dish served in a certain restaurant or the capacity of
a wine bottle). Vertical quality can be considered as a proxy for indirect product features, such
as the restaurant’s non-food characteristics (the level of service, location, in-door amenities) or
the position of the wine in global wine rankings.

2.1 Consumption

There are L identical consumers with the following utility function:

U =

�
Ω

[(Q(ω)x(ω))ρ + q(ω)ρ]
β
ρ dω, (1)

where x(ω) is the quantity of variety ω ∈ Ω, Q(ω) is the horizontal quality, and q(ω) is the
vertical quality. Horizontal quality is the perfect substitute for quantity, whereas vertical quality
complements x(ω). Parameter ρ represents the elasticity of substitution between the two types
of quality, while β measures for the elasticity of substitution between different varieties, which
is given by 1/(1 − β). We assume that β ∈ (0, 1) and ρ < 0, which implies complementarity
between the two qualities in consumption.

Consumers choose optimal quantities subject to the budget constraint: � p(ω)x(ω)dω = w,
where w is the wage level per unit of labor, which is chosen as a numéraire. The first order
condition of the consumer problem implies the inverse demand function for variety ω:

p(ω) =
β

λ
((Q(ω)x(ω))ρ + q(ω)ρ)

β
ρ
−1

Qρ(ω)xρ−1(ω), (2)

where λ is the Lagrange multiplier given by

λ = β

�
[(Q(ω)x(ω))ρ + q(ω)ρ]

β
ρ
−1

(Q(ω)x(ω))ρ dω. (3)

2.2 Production

Each firm draws its cost of production c from the cumulative distribution G(c). Hereafter, we
suppress the variety index ω for notation convenience. The profit function of a firm with cost c
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(as a function of its output, price, and two qualities) is given by

π(p, y,Q, q, c) = py − T (Q, q, y, c), (4)

where T (Q, q, y, c) is the total cost of production that depends on two qualities of the variety,
marginal cost c and firm output y. To make the model analytically tractable, we assume that the
total cost function has the following form:

T (Q, q, y, c) ≡ F + (f + yc)(Qαq)γ, (5)

with α,γ > 0. Thus, we distinguish between fixed costs which are related to the qualities (rep-
resented by f) and those which do not (represented by F). The above specification means that
f and the marginal costs c depend on the qualities of the product in the same positive way rep-
resented by (Qαq)γ . The latter stands for the costs of qualities, where parameter α reflects the
cost of production of the horizontal quality Q relative to the vertical quality q. In other words,
higher α means higher cost of improvements in horizontal quality relative to vertical quality.
Note that the cost function (5) implies the supermodularity property of the two types of qual-
ity: TQq ≡ ∂2T/∂Q∂q > 0; which captures the idea that the cost of quality improvement is
greater when the level of the other quality is higher. Note that the assumed specification is rich
enough to generate a number of interesting implications, while assuming a more general total
cost function leads to unnecessary complexity of the analysis.

Plugging the demand function (2) into the profit (4), we obtain

π(y,Q, q, c) =
β

λ
L

[(
Qy

L

)ρ

+ qρ
]β

ρ
−1(

Qy

L

)ρ

− (f + yc)(Qαq)γ − F, (6)

where λ is taken by firms as given. Each firm simultaneously chooses output y and two qualities
Q and q. Let us assume for the moment that the triple {y,Q, q} maximizing the profit function
is strictly positive. In this case, it solves the following first order conditions:

∂π

∂y
= 0 ⇐⇒

[
β

(
Qy

L

)ρ

+ ρqρ
]
G(y,Q, q) = c,

∂π

∂Q
= 0 ⇐⇒ y

[
β

(
Qy

L

)ρ

+ ρqρ
]
G(y,Q, q) = αγ(f + yc),

∂π

∂q
= 0 ⇐⇒ (β − ρ)yqρG(y,Q, q) = γ(f + yc),

where
G(y,Q, q) ≡ βQ

λ(Qαq)γ

(
Qy

L

)ρ−1 [(
Qy

L

)ρ

+ qρ
]β

ρ
−2

.
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After some simplifications, the first order conditions can be rewritten in the following way:

yc =
αγ

1− αγ
f, (7)

β

(
Qy

qL

)ρ

= α(β − ρ)− ρ, (8)

(β − ρ)yqρG(y,Q, q) = γ(f + yc). (9)

Combining (7)-(9), it is straightforward to show that the above first-order conditions imply
that the price of the variety is given by

p(c) =
β

λ

[(
Qy

L

)ρ

+ qρ
]β

ρ
−1

Qρ
( y
L

)ρ−1

=
1 + α

αβ
c(Qαq)γ, (10)

while the profit function can be written as follows:

π = py − (f + yc)(Qαq)γ − F =
γ(1 + α)− β

(1− αγ)β
f(Qαq)γ − F. (11)

Note that if β − γ < αγ < 1, the first term in the right-hand side of (11) is strictly positive and
increasing in both qualities q and Q. Next, we formulate a lemma regarding the existence of
optimal {y,Q, q}.

Lemma 1. If β− γ < αγ < 1, then, for any c > 0, there exists a unique strictly positive and finite triple
{y,Q, q} that maximizes the firm profit π(y,Q, q, c).

Proof. In the Appendix A.

Notice that the markup is equal to

m(c) =
p(c)− c(Qαq)γ

p(c)
= 1− αβ

1 + α
. (12)

As can be seen, themarkupdoes not depend on themarginal costs c and costs of qualities (Qαq)γ .
That is, our framework resembles themonopolistic competitionmodelwithCES preferences. As
in the standard monopolistic competition models, the markup is lower when varieties are less
differentiated (higher β). This is the standard effect of monopolisitcally competitive markets
where tougher competition leads to reduction in firms’ markup. However, there is an additional
term in the markup, α/(1+α), that stands for the presence of qualities in the utility function. In
particular, higher α leads to lower firms’ markups. The intuition behind this additional term is
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as follows. Consider the price elasticity of demand that can be derived from (2):

∂x

∂p

p

x
= −

1 +
(

Qx
q

)ρ
1− ρ+ (1− β)

(
Qx
q

)ρ .
As can be seen, the absolute value of the elasticity is increasing in (Qx/q)ρ. For instance, if

(Qx/q)ρ is close to infinity, the price elasticity is close to that derived in the standardmonopolistic
competition framework with CES preference,−1/(1−β). Since parameter α represents, to some
extent, the cost of production of the horizontal quality Q relative to the vertical quality q, an
increase in this parameter decreases the ratio Qx/q in the market equilibrium (this can be seen
from (8)) and, therefore, raises (Qx/q)ρ (as ρ is negative). Hence, a rise in αmakes demand for
a certain product more elastic, which in turn reduces firms’ markups.

3 The free entry equilibrium

As in a standard Melitz type model of monopolistic competition with firm heterogeneity, firms
pay the sunk entry cost Fe to enter the market and learn their cost of production c. The least
productive firms, with c > c∗, leave the market, as their potential profits are negative. In this
case, we define the free entry equilibrium in the following way. Given the Lagrange multiplier
λ, firms choose the triple {y(c), Q(c, λ), q(c, λ)} that solves (7), (8), and (9). The cutoff cost of
production c∗(λ) is determined from the zero profit condition (the profit of a marginal firm is
equal to zero):

(Qα(c∗, λ)q(c∗, λ))γ =
F

f

(1− αγ)β

γ(1 + α)− β
. (13)

The Lagrange multiplier λ that can be found from the free entry condition:
� c∗(λ)

0

[
γ(1 + α)− β

(1− αγ)β
f(Qα(c, λ)q(c, λ))γ − F

]
dG(c) = Fe. (14)

Finally, the number of entrants N is pined down by the labor market clearing condition:

L = N

[� c∗(λ)

0

(F + (f + yc)(Qα(c, λ)q(c, λ))γ)dG(c) + Fe

]
.

In particular, using (7), one can obtain the following expression for N :

N =
L

FG(c∗(λ)) + f
1−αγ

� c∗(λ)

0
(Qα(c, λ)q(c, λ))γdG(c) + Fe

. (15)
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3.1 Choice of qualities and production costs

We start with exploring how the cost of production c affects the equilibrium choice of the qual-
ities. In particular, we consider the dependence of Q and q on c. The first thing to notice is that
due to the envelope theorem

∂π(y,Q, q, c)

∂c
= −y(Qαq)γ < 0.

Taking into account (11), this immediately implies that costs of qualities (Qαq)γ is decreasing in
c. Note also that by plugging (7) and (8) into (9), one can derive that

L

λ
(β − ρ) (α(β − ρ)− ρ)

(
(1 + α)(β − ρ)

β

)β
ρ
−2

qβ =
fγ

1− αγ
(Qαq)γ. (16)

Since the right-hand side in the above equation is decreasing in c, while the left-hand side in-
creases with q due to positive β, the vertical quality q is unambiguously decreasing in c. More-
over, the latter equation can be rewritten as follows:

L

λ
(β − ρ) (α(β − ρ)− ρ)

(
(1 + α)(β − ρ)

β

)β
ρ
−2

qβ−γ =
fγ

1− αγ
Qαγ.

As αγ is positive, the horizontal qualityQ is decreasing in c if and only if β−γ is positive. Hence,
the following proposition holds.

Proposition 1. The vertical quality q decreases with the firm marginal cost c. The horizontal quality Q

increases with c if and only if γ > β.

The above results imply thatmore productive firms choose a higher or lower horizontal qual-
ity depending on the interplay between the elasticity of substitution among varieties, captured
by β, and the cost of quality represented by γ. If the cost of quality is high, γ > β, more pro-
ductive firms find it profitable to keep higher standards only for the vertical quality q.1 In this
case, less productive firms compete with more productive ones by choosing a higher horizon-
tal quality and, thereby, differentiating their products from those produced by more produc-
tive firms. Indeed, the quality difference is a source for vertical product differentiation, which
complements horizontal product differentiation captured by β. When the cost of quality is rel-
atively low, γ < β, more productive firms choose both higher horizontal and vertical qualities
for their products. To differentiate their goods, less productive firms find it optimal to produce
goods with both qualities being lower. Note that the level of horizontal product differentiation
captured by β plays a role here. Lower product differentiation (higher β) leads to tougher com-
petition in the market and makes the inequality γ > β less likely to hold. As a result, tougher

1In particular, this case takes place, when γ > 1, as β is strictly lower than unity.
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competition can foster more productive firms to produce goods with higher vertical and hori-
zontal qualities.

Finally, combining (7) and (8), and substituting for q in (10), we derive that

p(c) = C1c
1−βQβ(c),

where C1 is a positive constant. In words, the product price is determined by the exogenous
production cost c and the endogenous choice of the horizontal quality Q. The relative impor-
tance of the ingredients is represented by the elasticity of substitution β. In particular, if β is
sufficiently close to unity (varieties are close substitutes), the price is mostly determined by the
horizontal quality. In this case, the price can decrease or increase as a function of c depending
on the sign of β − γ. If, however, β is close to zero, then the price is mainly determined by the
production cost c. In the next section, we derive an explicit expression for the product price in
the equilibrium and show exactly how the price depends on the production cost c.

3.2 Market size effects

We now turn our attention to the effects of market size. To this end, we formulate next lemma
which helps to describe the properties of the equilibrium.

Lemma 2. In the equilibrium,

Qα(c, λ)q(c, λ)

Qα(c∗, λ)q(c∗, λ)
=
( c

c∗

) αβ
β−γ(1+α)

,

with the cutoff c∗ solving

(c∗)
αβγ

γ(1+α)−β

� c∗

0

c−
αβγ

γ(1+α)−β dG(c) =
Fe

F
+G(c∗). (17)

Proof. In the Appendix B.

As can be seen from Lemma 2, the cutoff c∗ does not depend on the Lagrange multiplier
λ and the market size L. This outcome is similar to that in the standard Melitz type model of
monopolistic competition with CES preferences.

Using Lemma 2, we show in the same Appendix that the horizontal and vertical qualities in
the equilibrium are given by

q(c) =

(
L

f

)− α
1+α

(c∗B)−
α

1+α

( c

c∗

)− αγ
(1+α)γ−β

(
F

f
D

) 1
γ(1+α)

, (18)
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Q(c) =

(
L

f

) 1
1+α

(c∗B)
1

1+α

( c

c∗

)− β−γ
(1+α)γ−β

(
F

f
D

) 1
γ(1+α)

, (19)

where B and D are positive constants. It is straightforward to see that, for each product, a rise
in the market size L decreases the vertical quality and increases the horizontal one. To provide
the intuition for these findings, we consider the profit function in (11) that can be rewritten as
follows:

π(y,Q, q, c) =
β

λ
L1−β ((Qy)ρ + (Lq)ρ)

β
ρ
−1 (Qy)ρ − (f + yc)(Qαq)γ − F.

As can be seen, the impact of L on the profit can be decomposed into two effects. First, a rise
in L1−β (recall that β is strictly less than unity) increases the first term in the profit function,
making investment in both qualities more profitable. Second, a rise in L decreases Lρ, which
also in turn increases the first term in the profit function, but at the same time reducing the
returns from investment in the vertical quality. The latter is explained by the complementarity
between individual consumption x, which falls under a rise inL (given the same total output y),
and vertical quality q in the utility function. As a result, the overall effect of a rise in L is positive
for the horizontal quality and negative for the vertical one. Note that one needs to take into
account the effect of L on qualities through entry, which is captured by λ in the profit function.
However, changes in λ “uniformly” shift the first term in the profit function, which does not
affect our intuition. We summarize our findings in the following proposition.

Proposition 2. Each firm increases horizontal quality Q and decreases vertical quality q of its product
with larger market size L.

It is worth noting that the trade literature acknowledges the positive effect of market size on
horizontal quality (Antoniades, 2015; Picard, 2015). The above proposition in turn states that
an improvement in horizontal quality comes at the cost of lower vertical quality. In other words,
it reflects the idea that firms in larger markets gain more from mass-market production rather
than from hi-end products.

The findings in Lemma 2 also allow deriving an explicit expression for the product price. In
particular,

p(c) =
1

β

(
1 +

1

α

)
c(Qαq)γ =

1 + α

αβ

F

f
Dc1−

αβγ
γ(1+α)−β (c∗)

αβγ
γ(1+α)−β . (20)

In standard Melitz type models, prices increase with production cost c. However, the presence
of the qualities leads to more complex price patterns. As can be inferred, the price is increasing
in c if and only if 1 + αβγ/(β − γ − αγ) > 0. The idea behind is straightforward. Recall that
p(c) = C1c

1−βQβ(c). When γ > β, Q(c) is increasing in c and, as a result, p(c) is increasing.2 If,
however, the opposite holds, then Q(c) is decreasing and the behavior of p(c) depends on the
sigh of 1 + αβγ/(β − γ − αγ). As γ < β is a necessary condition for p(c) to decrease with c, the

2It is easy to check that if γ > β, 1 + αβγ/(β − γ − αγ) > 0.
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latter takes place only when less productive firms produce varieties with both lower horizontal
and vertical quality. It is worth noting that 1 + αβγ/(β − γ − αγ) > 0 is equivalent to

β <
γ(1 + α)

1 + αγ
. (21)

Condition (21) implies that the level of product differentiation is high enough, implying the
sufficiently low level of competition betweenfirms. Furthermore, (21) shows that prices increase
with c for any level of product differentiation if and only if γ ≥ 1. This is because the right hand
side of (21) in this case is larger than or equal to unity. We summarize our findings in the
following proposition.

Proposition 3. Equilibrium prices decrease with production cost c if and only if the level of production
differentiation is sufficiently low: β > (γ(1 + α)) / (1 + αγ).

Finally, note that, since c∗ is not affected by the market size, firms’ prices (20) are not affected
by it as well. This is again similar to the corresponding outcome in a standard monopolistic
competition framework with CES preferences.

4 Social optimum

In this section, we find the first best outcome in the model assuming that the social planner can
choose the number of products in the market and production amounts and qualities of each
product to maximize the consumer utility. Specifically, the social planner solves the following
optimization problem:

maxNo,c∗o,xo(c),qo(c),Qo(c)No

� c∗o

0

((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ dG(c)

subject to the resource constraint

L = No

[� c∗o

0

(F + (f + Lcxo(c))(Q
α
o (c)qo(c))

γ)dG(c) + Fe

]
. (22)

In the Appendix C, we show that the equilibrium results in socially optimal total firm outputs,
the number of entrants, and the production cost cutoffs. However, the qualities firms choose are
not optimal. In particular, the following proposition holds.

Proposition 4. In the market equilibrium, total firm outputs, the number of entrants, and the production
cost cutoffs are socially optimal, whereas each firm chooses lower horizontal quality and higher vertical
quality compared to the socially optimal levels.

Proof. In the Appendix C.
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As can be inferred, the comparison of the market equilibrium with the social planner out-
come resembles that in the traditional model of monopolistic competitionwith CES preferences,
where the market equilibrium is socially optimal (see Dixit and Stiglitz, 1979, and Dhingra and
Morrow, 2019). However, in our framework, the presence of product qualities leads to a market
distortion associated with inefficient investment in these qualities.

In particular, in theAppendix Cwe show that each firm employs the socially optimal amount
of labor, as Qαq = Qα

0 q0 holds for any marginal cost c. However, the “combination” of the
qualities is determined by (

Qo(c)xo(c)

qo(c)

)ρ

= α (23)

in the social optimum (see the Appendix C) and by(
Q(c)x(c)

q(c)

)ρ

=
α(β − ρ)− ρ

β

in the market equilibrium (see (8)). Since ρ < 0, (α(β − ρ) − ρ)/β > α, and Qαq = Qα
o qo, we

have that Q(c) < Qo(c) and q(c) > qo(c) as stated in Proposition 3. The inefficient investment
in the qualities in the market outcome are explained by different objective functions the social
planner and firms in the market equilibrium face. Indeed, in the social planner problem, Qo(c)

and qo(c) are relatively symmetric: the relative size of Qo(c) and qo(c) is mainly determined by
xo(c) and α (see (23)). For instance, if α and xo(c) are equal to unity, the qualities are equal to
each other in the social optimum. In contrast, in the market equilibrium, firms maximize their
profits, which follows from the consumer demand function and represented by (6). As can be
seen, the qualities in this function are not symmetric. Specifically, there is term (Q(c)x(c))ρ in the
revenue part of the profit function, which is decreasing in Q(c) and makes the role of qualities
for firms asymmetric compared to the social optimum. As a result, in the market equilibrium,
there are fewer incentives to invest in the horizontal quality.

4.1 Welfare losses

In this section, we quantitatively compare consumerwelfare in themarket equilibriumwith that
in the social optimum. As the measure of the individual welfare, we consider

W =

(�
((Q(ω)x(ω))ρ + q(ω)ρ)

β
ρ dω

) 1
β

evaluated at the market and social optimum outcomes (which is in fact the indirect utility de-
rived from (1) to the power of 1/β).
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Using (8), in the market equilibrium, the latter can be rewritten as

W =

(
(1 + α)(β − ρ)

β

) 1
ρ
(
N

� c∗

0

q(c)βdG(c)

) 1
β

.

Similarly, in the social optimum, taking into account (23), we derive that

Wo = (1 + α)
1
ρ

(
No

� c∗o

0

qo(c)
βdG(c)

) 1
β

.

Thus, the relative welfare is given by (remember that the number of firms in the market equi-
librium is the same as that in the social optimum)

W

Wo

=

(
β − ρ

β

) 1
ρ

( � c∗

0
q(c)βdG(c)� c∗o

0
qo(c)βdG(c)

) 1
β

. (24)

As can be seen, to evaluate the relative welfare one needs to know qo(c). The following lemma
holds.

Lemma 3. In the social optimum, the vertical quality is given by

qo(c) =

(
L

f

)− α
1+α
(
1− αγ

αγ
α

1
ρ c∗o

)− α
1+α
(

c

c∗o

)− αγ
γ(1+α)−β

(
F

f
D

) 1
γ(1+α)

,

where D is the same constant as in (18).

Proof. In the Appendix D.

Using the result in Lemma 3, (18), and that c∗ = c∗o, we derive

W

Wo

=

(
β − ρ

β

) 1
ρ

(
αγB

(1− αγ)α
1
ρ

)- α
1+α

.

Taking into account that (see the proof of Lemma 2 in the Appendix B)

B =
1− αγ

αγ

[
α(β − ρ)− ρ

β

]1/ρ
,

we can formulate the following proposition.

Proposition 5. The individual welfare in the market equilibrium relative to that in the social optimum
is given by
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W

Wo

=

(
β − ρ

β

) 1
ρ
(

αβ

α(β − ρ)− ρ

) α
(1+α)ρ

. (25)

Proof. The proof directly follows from (25).

It is worth noting that the relative welfare in the above proposition does not depend on γ,
which captures the joint impact of the qualities on the production costs, but depends on α that
stands for the relative role of the horizontal quality with respect to the vertical one in the pro-
duction.

5 Calibration

In this section, we calibrate the model to assess the welfare losses caused by the quality dis-
tortions, focusing on the pizza restaurant industry in Oslo, Norway. The characteristics of the
pizza restaurant sector closely align with our theoretical framework. Specifically, we consider
a pizza restaurant as a firm producing a differentiated product, where the horizontal quality is
interpreted as the number of different pizza varieties offered by the restaurant. Meanwhile, the
vertical quality is interpreted in the usual way and proxied by the restaurant’s rating.

5.1 Data description

The datawe use for calibrating themodel come fromdifferent sources. First, we leverage Google
Maps to compile the list of restaurants in Oslo available in May 2023. In particular, we collect
the name of a restaurant, rating, and the number of reviews, geographical location, and web-
site URL. Further, we collect the information on pizza prices and menu offerings. This step
requires collecting data frommultiple sources, such as visiting the restaurants’ official websites,
scrutinizing photos of their menus available on TripAdvisor and Google Maps, and, in some
cases, conducting in-person visits. For each pizzeria, we calculate the number of pizza varieties
offered and the average price of a pizza. Finally, we augment our dataset with data on each
restaurant’s revenue using the information on the website proff.no.3 During the data collection
process, we intentionally exclude certain establishments that, although serving pizza, do not
meet the criteria for traditional pizzerias. For example, we exclude a restaurant Olivia, which
offers a wide variety of dishes but only a few pizza options. Ultimately, we obtain data on 56

pizza restaurants, forming our final dataset. Descriptive statistics for this dataset are presented
in Table 1.

3proff.no is a Norwegian business information website that provides comprehensive data on firms operating
in Norway. It offers detailed financial information, including revenue, profit, and other key business metrics. The
platform is widely used for business analysis and market research, offering information about the financial health
and performance of firms across various industries in Norway.
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The Google Maps ratings for pizza restaurants range from 2.7 to 5, with an average rating
of 4.27. On average, a restaurant offers around 21 different pizza varieties, though this number
varies significantly, ranging from 7 to 47 different types, highlighting a wide dispersion in menu
diversity. The average price of a pizza is NOK 184.45, with prices spanning from NOK 110.3

to NOK 234.4. Restaurant revenues also exhibit substantial variation, with values ranging from
NOK 0.50million to NOK 40.03million. Finally, the quantity metric, defined as revenue divided
by the average price, varies between 2.5 to 180 thousand pizzas and, on average, amounts to 47.

Table 1: Descriptive Statistics
mean std min median max

Google Maps rating 4.27 0.39 2.70 4.30 5.00
Number of offerings in menu 21.61 11.54 7.00 18.00 47.00
Average price, NOK 184.45 32.56 110.33 184.70 234.39
Revenue, mln NOK 8.77 8.17 0.50 6.16 40.03
Quantity, thou. 47.24 38.13 2.47 38.40 180.04

Note: For the rating of Google Maps, 5 is the highest rating.
Quantity is calculated as revenue divided by average price

5.2 Calibration strategy and results

To calibrate the parameters that are necessary to compute the welfare losses, we start with the
firm revenue r(c) = p(c)y(c). Using (7) and (10), we derive that

r(c) =
fγ(1 + α)

(1− αγ)β
(Q(c)αq(c))γ. (26)

Taking logs results in

log(r(c)) = const1 + αlog(Q(c)) + αγlog(q(c)), (27)

where
const1 = log

(
(1 + α)γf

(1− αγ)β

)
.

Since we observe firms’ revenue and both types of their product quality, we can run the across
firms OLS regression in (27) and then set α and γ in the model to the corresponding OLS esti-
mates.4 Specifically, we have that α = 0.47 and γ = 0.23. Notice that in this case, αγ < 1, fitting
the condition on the parameters formulated in Lemma 1.

Next, from 7) and (20) one can derive that in the equilibrium,
4Note that we use OLS estimation to identify correlation rather than to establish a causal link.
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log(p(c)) = const2 −
(
1− αβγ

(1 + α)γ − β

)
log(y(c)). (28)

To calibrate β, we estimate the above OLS regression and then substitute for the derived values
of α and γ. As a result, β = 0.31.5 Again, the condition in Lemma 1, β − γ < αγ, is satisfied.

Note that to assess the welfare losses caused by the quality distortions, we also need to cal-
ibrate the elasticity of substitution between the two types of quality, ρ. Unfortunately, the em-
ployed data set does not allowus to do that. To handle this issue, we build a graph that illustrates
the dependence of the welfare losses on the value of ρ. Specifically, we substitute the calibrated
values of α and β into (25) and then depict the following function of ρ:

W

Wo

(ρ) =

(
0.31− ρ

0.31

(
0.31 ∗ 0.47

0.47 (0.31− ρ)− ρ

) 0.47
1+0.47

) 1
ρ

. (29)

The above function is plotted in Figure 1.

Figure 1: Welfare Distortion

As can be seen, the dependence of the welfare losses on ρ is not monotonic. If ρ is close to
5The estimate of β remains 0.31 if we use price of Margarita instead of average price of pizza.
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zero or sufficiently large (in the absolute value), then the welfare losses are close to zero: the
market equilibrium is close to the socially optimal allocation. The losses are the highest when
ρ is around −0.4 and constitute more than 50%: the welfare level in the market equilibrium is
more than two times lower than that in the social optimum. For higher (in the absolute terms)
values of ρ, the losses are smaller, but still substantial. For instance, when ρ is around −4,the
losses constitute around 30%. These quantitative findings support the idea that the considered
quality distortions can be substantial and, therefore, play an important role in analyzing market
outcomes in monopolistically competitive frameworks.

6 Conclusion

This paper considers a monopolistic competition model where quality of products produced
by heterogeneous firms has two dimensions: horizontal and vertical. The horizontal product
quality is modeled as a demand shifter in the CES alike consumer utility function, which sub-
stitutes the quantity consumed. The vertical quality in turn complements the quantity in the
utility function. We find that, in the general equilibrium with free entry, more productive firms
choose higher vertical quality of their products, while the choice of horizontal quality depends
on the cost of the qualities in the production. In particular, if the cost of increasing the qualities
is relatively high, more productive firms find it optimal to choose lower horizontal quality for
their products. If, however, increasing the qualities is not too costly, more productive firms tend
to keep high standards for both vertical and horizontal qualities. In the paper, we also consider
the impact of market size expansion on the quality level, which can be interpreted as the effects
of opening up to free international trade. We show that larger market size results in higher hor-
izontal quality of all products, but comes at the cost of lower vertical quality. In other words,
firms in larger markets may gain more from mass-market production rather than from hi-end
products.

We then compare the market equilibrium with the first best allocation and show that, like in
standard CES based models, the market provides the optimum levels of firm outputs, the num-
ber of entrants, and the production cost cutoff. However, in the market equilibrium, each firm
chooses lower horizontal quality and higher vertical quality compared to the socially optimal
levels. Using data from the pizza restaurant industry in Oslo, Norway, we calibrate the model
to assess the size of the quality distortions. We find that the welfare losses associated with the
quality distortionsmay be substantial: the welfare level in themarket equilibrium can be up two
times lower than that in the social optimum.

There is a number of potential extensions of the considered framework. As there are dis-
tortions in the market equilibrium, one of the next steps can be the policy analysis aimed at
eliminating these distortions. Another direction of further research can be related to the role of
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income distribution in firms’ choice of horizontal and vertical quality, which is assumed away
in the present paper. Finally, generalizing consumer preferences seems to be an important step
forward. It will allow considering the interplay of the quality distortions with the price and
entry distortions.
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Appendices

In this Appendices, we provide the proofs of some lemmas and propositions stated in the paper.

Appendix A. The proof of Lemma 1

Thefirst thing to notice is that, under the restrictions on the parameters formulated in the lemma,
the solution of the first order conditions (7) - (9) is unique. The proof follows from simple and
straightforward algebra. Now, let us turn to the existence of the internal optimum.

We have the following maximization problem:
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maxQ,q,y

[
β

λ
L

[(
Qy

L

)ρ

+ qρ
]β

ρ
−1(

Qy

L

)ρ

− (f + yc)(Qαq)γ − F

]
where α > 0, 0 < β < 1,ρ< 0, and γ > 0. Let us introduce two new variables:(

Qy

L

)ρ

= t ⇐⇒ Q =
Lt

1
ρ

y
,

and
z = qρ.

Then, the maximization problem can be rewritten as (we omit parameter F in the below)

maxz,x,y
[
β

λ
L (t+ z)

β
ρ
−1 t− Lαγ f + yc

yαγ
(ztα)

γ
ρ

]
.

The above immediately implies that the optimal value of y is

y =
f

c

αγ

1− αγ
,

which is positive if and only if 1− αγ > 0.
Substituting then for the optimal y, we derive the following optimization problem:

maxz,x
{
C1 (t+ z)

β
ρ
−1 t− C2(zt

α)
γ
ρ

}
,

where C1 and C2 are strictly positive. Note that the function,

π(t, z) = C1 (t+ z)
β
ρ
−1 t− C2(zt

α)
γ
ρ ,

has the following properties:
1) If z ∈ (0,∞),then π(0, z) = −∞ and π(∞, z) = 0

2) If t ∈ (0,∞),then π(x, 0) = −∞ and π(t,∞) = 0

3) π(0,∞) ≤ 0, π(∞, 0) ≤ 0, π(∞,∞) = 0.
Next, we explore the value and sign of π(0, 0). We have

π(t, z) = C1
1

t−
β
ρ (1 + z/t)1−

β
ρ

− C2

(z
t

) γ
ρ
t
(1+α)γ

ρ .

Assume that z/t = B ≥ 0 - some constant. When if, as assumed,

−γ

ρ
− αγ

ρ
> −β

ρ
,
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we have that π(0, 0) = −∞. If z/t = ∞, π(t, z) around (0, 0) behaves like

π(t, z) = C1z
β
ρ
−1t− C2(zt

α)
γ
ρ = z

β
ρ

[
C1

t

z
− C2z

γ(1+α)−β
ρ

(
t

z

)αγ
ρ

]

It is straightforward to see that C1t/z converges to zero (as t/x = ∞). If −γ/ρ − αγ/ρ > −β
ρ
,

then C2z
(γ(1+α)−β)/ρ(t/z)αγ/ρ converges to infinity. As a result, π(0, 0) ≤ 0.

Recall that we show in the main text that the function, π(t, z), can be strictly positive under
the lemma conditions. Based on that and the findings above, we can choose a compact subset
of [0,∞]× [0,∞], on which there exists a global internal maximum. Then, the uniqueness of the
solution of the FOC’s immediately implies that this solution is the global maximum.

Appendix B. The proof of Lemma 2

Taking into account (7), we have

β

(
αγ

1− αγ

Qf

cL

)ρ

= (α(β − ρ)− ρ) qρ ⇐⇒ Q =
cL

f

1− αγ

αγ

[
α (β − ρ)− ρ

β

] 1
ρ

q. (30)

We also have (see (16)) that

L

λ
(β − ρ) (α(β − ρ)− ρ) qβ−γ

(
(1 + α)(β − ρ)

β

)β
ρ
−2

=
γf

1− αγ
Qαγ. (31)

If we define
A =

(
1

γ
− α

)
(β − ρ) (α(β − ρ)− ρ)

(
(1 + α)(β − ρ)

β

)β
ρ
−2

,

and
B =

1− αγ

αγ

(
α(β − ρ)− ρ

β

) 1
ρ

,

then we derive a simple system of two equations:

L

λ
Aqβ−γ = fQαγ, and Q =

cL

f
Bq,

which implies that

q =

(
L

f

) 1−αγ

(1+α)γ−β

(Bc)−
αγ

(1+α)γ−β

(
λ

A

)− 1
(1+α)γ−β

(32)

and
Q =

(
L

f

) 1+γ−β
(1+α)γ−β

(Bc)
γ−β

(1+α)γ−β

(
λ

A

)− 1
β(1+α)γ−β

. (33)
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Thus,

Qαq =

(
L

f

) 1+(1−β)α
(1+α)γ−β

(Bc)−
αβ

(1+α)γ−β

(
λ

A

)− 1+α
(1+α)γ−β

. (34)

As a result,
Qα(c)q(c)

Qα(c∗)q(c∗)
=
( c

c∗

)− αβ
(1+α)γ−β

.

Recall that c∗ solves
� c∗(λ)

0

[
1

β

(1 + α)γ − β

1− αγ
f(Qα(c, λ)q(c, λ))γ − F

]
dG(c) = Fe.

Substituting for Qα(c, λ)q(c, λ) and rearranging result in

1

β

(1 + α)γ − β

1− αγ
f(Qα(c∗)q(c∗))γ

� c∗

0

( c

c∗

)− αβγ
(1+α)γ−β dG(c) = FG(c∗) + Fe.

Taking into account the zero profit condition (13), we derive
� c∗

0

( c

c∗

)− αβγ
(1+α)γ−β dG(c) = G(c∗) +

Fe

F
.

Using (34), the zero profit condition can be written as

(
L

f

)γ
1+(1−β)α
(1+α)γ−β

(Bc∗)−
αβγ

(1+α)γ−β

(
λ

A

)−γ 1+α
(1+α)γ−β

=
F

f
D,

where
A =

(
1

γ
− α

)
(β − ρ) (α(β − ρ)− ρ)

(
(1 + α)(β − ρ)

β

)β
ρ
−2

,

B =
1− αγ

αγ

[
α(β − ρ)− ρ

β

] 1
ρ

, D =
(1− αγ)β

γ(1 + α)− β
.

Thus,

λ = A

(
L

f

) 1+(1−β)α
1+α

(Bc∗)−
αβ
1+α

(
F

f
D

)− (1+α)γ−β
γ(1+α)

.

Finally, substituting the expression for λ into (32) and (33), we obtain

q(c) =

(
L

f

)− α
1+α

(c∗B)−
α

1+α

( c

c∗

)− αγ
(1+α)γ−β

(
F

f
D

) 1
γ(1+α)

,

Q(c) =

(
L

f

) 1
1+α

(c∗B)
1

1+α

( c

c∗

)− β−γ
(1+α)γ−β

(
F

f
D

) 1
γ(1+α)

.
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Appendix C. The Proof of Proposition 3

Substituting the resource constraint into the objective function, we can rewrite the social planer’s
problem in the following way:

maxc∗o,xo(c),qo(c),Qo(c)

� c∗o
0

[(Qo(c)xo(c))
ρ + qo(c)

ρ]
β
ρ dG(c)� c∗o

0
(F + (f + Lcxo(c))(Qα

o (c)qo(c))
γ)dG(c) + Fe

.

The corresponding first order conditions are given by

β (Qo(c)xo(c))
ρ ((Qo(c)xo(c))

ρ + qo(c)
ρ)

β
ρ
−1

Lcxo(c)(Qα
o (c)qo(c))

γ
=

� c∗o
0

((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ dG(c)� c∗o

0
(F + (f + Lcxo(c))(Qα

o (c)qo(c))
γ)dG(c) + Fe

,

(35)
β (Qo(c)xo(c))

ρ ((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ
−1

αγ(f + Lcxo(c))(Qα
o (c)qo(c))

γ
=

� c∗o
0

((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ dG(c)� c∗o

0
(F + (f + Lcxo(c))(Qα

o (c)qo(c))
γ)dG(c) + Fe

,

(36)
βqo(c)

ρ ((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ
−1

γ(f + Lcxo(c))(Qα
o (c)qo(c))

γ
=

� c∗o
0

((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ dG(c)� c∗o

0
(F + (f + Lcxo(c))(Qα

o (c)qo(c))
γ)dG(c) + Fe

, (37)

((Qo(c
∗
o)xo(c

∗
o))

ρ + qo(c
∗
o)

ρ)
β
ρ

F + (f + Lc∗oxo(c∗o))(Q
α
o (c

∗
o)qo(c

∗
o))

γ
=

� c∗o
0

((Qo(c)xo(c))
ρ + qo(c)

ρ)
β
ρ dG(c)� c∗o

0
(F + (f + Lcxo(c))(Qα

o (c)qo(c))
γ)dG(c) + Fe

. (38)

The first thing to notice is that the above equations yield (it is sufficient to divide (35) by
(36))

yo(c)c =
αγ

1− αγ
f, (39)

where yo(c) = Lxo(c). Dividing (36) by (37), we derive that(
Qo(c)yo(c)

qo(c)L

)ρ

= α. (40)

Thus, comparison between (40) with its equilibrium counterpart (8) yields

Qo(c)

qo(c)
<

Q(c)

q(c)
, (41)

as
α(β − ρ)− ρ

β
> α

since ρ < 0. From (37) by (38), we also have

(Qo(c
∗
o)xo(c

∗
o))

ρ + qo(c
∗
o)

ρ

F + (f + Lc∗oxo(c∗o))(Q
α
o (c

∗
o)qo(c

∗
o))

γ
=

βqo(c
∗
o)

ρ

γ(f + Lcxo(c∗o))(Q
α
o (c

∗
o)qo(c

∗
o))

γ
⇐⇒
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(
Qo(c

∗
o)xo(c

∗
o)

qo(c∗o)

)ρ

+ 1 =
β [F + (f + Lc∗oxo(c

∗
o))(Q

α
o (c

∗
o)qo(c

∗
o))

γ]

γ(f + Lcxo(c∗o))(Q
α
o (c

∗
o)qo(c

∗
o))

γ
⇐⇒(

Qo(c
∗
o)xo(c

∗
o)

qo(c∗o)

)ρ

+ 1 =
β

γ

[
F

(f + Lcxo(c∗o))(Q
α
o (c

∗
o)qo(c

∗
o))

γ
+ 1

]
Taking into account that (

Qo(c
∗
o)xo(c

∗
o)

qo(c∗o)

)ρ

= α

and
Lc∗oxo(c

∗
o) =

αγ

1− αγ
f,

we derive that
(Qα

o (c
∗
o)qo(c

∗
o))

γ = β
1− αγ

(1 + α)γ − β

F

f
. (42)

The above equation is the same as that in (13), meaning that Qα
o (c

∗
o)qo(c

∗
o) = Qα(c∗)q(c∗), where

c∗ corresponds to the market equilibrium cutoff. Combining this with (41), one can see that
Qo(c

∗
o) > Q(c∗) and qo(c

∗
o) < q(c∗).

We also have from (35) that

(Qo(c)xo(c))
ρ ((Qo(c)xo(c))

ρ + qo(c)
ρ)

β
ρ
−1

cxo(c)(Qα
o (c)qo(c))

γ
=

(Qo(c
∗)xo(c

∗))ρ ((Qo(c
∗)xo(c

∗))ρ + qo(c
∗)ρ)

β
ρ
−1

c∗xo(c∗)(Qα
o (c

∗)qo(c∗))γ
⇐⇒

(Qo(c)xo(c))
ρ qo(c)

β−ρ
((

Qo(c)xo(c)
qo(c)

)ρ
+ 1
)β

ρ
−1

(Qα
o (c)qo(c))

γ
=

qo(c
∗)β−ρ (Qo(c

∗)xo(c
∗))ρ

((
Qo(c∗)xo(c∗)

qo(c∗)

)ρ
+ 1
)β

ρ
−1

(Qα
o (c

∗)qo(c∗))γ
.

As a result, from (40) we derive

qo(c)
β

(Qα
o (c)qo(c))

γ
=

qo(c
∗)β

(Qα
o (c

∗)qo(c∗))γ
. (43)

Taking into account (39) and (40), we obtain that(
αγ

1− αγ

f

Lc

Qo(c)

qo(c)

)ρ

= α ⇐⇒ qo(c) =
αγ

1− αγ

f

α
1
ρ cL

Qo(c).

Combining with (43), we have (
Qo(c)

c

)β
(
Qα

o (c)
Qo(c)

c

)γ =

(
Qo(c∗)

c∗

)β
(
Qα

o (c
∗)Qo(c∗)

c

)γ
implying that

Qo(c)

Qo(c∗)
=
( c

c∗

) γ−β
γ(1+α)−β
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and
Qα

o (c)qo(c)

Qα
o (c

∗)qo(c∗)
=
( c

c∗

)− αβ
γ(1+α)−β

. (44)

The latter equation is the same as that in Lemma 2.
Finally, taking into account the results above, we can rewrite (35) as follows:

βqo(c)
β(1− αγ)

γf
=

(Qα
o (c)qo(c))

γ(1 + α)
� c∗o
0

qo(c)
βdG(c)

FG(c∗o) +
f

1−αγ

� c∗o
0
(Qα

o (c)qo(c))
γdG(c) + Fe

.

As the latter holds for any c, we can integrate on [0, c∗o] deriving

β(1− αγ)

(1 + α)γf

� c∗o

0

qo(c)
βdG(c) =

� c∗o
0
(Qα

o (c)qo(c))
γdG(c)

� c∗o
0

qo(c)
βdG(c)

FG(c∗o) +
f

1−αγ

� c∗o
0
(Qα

o (c)qo(c))
γdG(c) + Fe

,

which in turn implies that

β(1− αγ)

(1 + α)γf
=

� c∗o
0
(Qα

o (c)qo(c))
γdG(c)

FG(c∗o) +
f

1−αγ

� c∗o
0
(Qα

o (c)qo(c))
γdG(c) + Fe

.

Using (44) and (42), we obtain

β(1− αγ)

(1 + α)γf
=

(1− αγ)β

(1 + α)γ − β

F

f

� c∗o
0

(
c
c∗

)− αβγ
γ(1+α)−β dG(c)

FG(c∗o) +
βF

(1+α)γ−β

� c∗o
0

(
c
c∗

)− αβγ
γ(1+α)−β dG(c) + Fe

,

which is equivalent to

G(c∗o) +
Fe

F
=

� c∗o

0

(
c

c∗o

)− αβγ
γ(1+α)−β

dG(c).

The latter equation determines c∗o in the social optimum. As can be seen, this is exactly the same
equation as that determining c∗ in the market equilibrium. In other words, the cutoffs are the
same: c∗o = c∗. Since the cutoffs are the same and the resource constraint holds both in the
market equilibrium and in the social planner outcome, it is straightforward to show using the
derived findings that the number of entrants in the social optimum is the same as that in the
market outcome: No = N .

To summarize, we show that in the market equilibrium, the total firm output, the number of
entrants, and the production cost cutoff are “socially optimal”, while the choice of qualities is
not. Specifically, using (44) and (42), one can see thatQα

o (c)qo(c) = Qα(c)q(c)withQo(c) > Q(c)

and qo(c) < q(c) (see (40)). In the market equilibrium, firms invest too much in the horizontal
quality and too little in the vertical one.
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Appendix D. The Proof of Lemma 3

Note that combining (39) and (40) results in

Qo(c) = α
1
ρ
1− αγ

αγ

cL

f
qo(c).

Moreover, plugging (42) into (44) yields

Qα
o (c)qo(c) =

(
(1− αγ)β

(1 + α)γ − β

F

f

) 1
γ ( c

c∗

)− αβ
γ(1+α)−β

.

Substituting the former into the latter, we obtain
(
α

1
ρ
1− αγ

αγ

cL

f
qo(c)

)α

qo(c) =

(
(1− αγ)β

(1 + α)γ − β

F

f

) 1
γ ( c

c∗

)− αβ
γ(1+α)−β

.

After some simplifications, we have

qo(c) =

(
L

f

)− α
1+α
(
1− αγ

αγ
α

1
ρ c∗
)− α

1+α ( c

c∗

)− αγ
γ(1+α)−β

(
F

f
D

) 1
γ(1+α)

.
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